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Lattice Resonances in
Optical Metasurfaces
With Gain and Loss

By RADOSLAW KOLKOWSKI AND A. FEMIUS KOENDERINK

ABSTRACT | Periodic lattices of strongly scattering objects

coupled to active media are of central importance in applied

nanophotonics, serving as light-emitting metasurfaces of tai-

lored emission properties and promising an attractive platform

for testing novel physical concepts and realization of unprece-

dented light-shaping functions. We provide an overview of

the semianalytical Green function method with Ewald lattice

summation applied to the investigation of surface lattice res-

onances in periodic arrays of resonant nanoscatterers with

gain and loss. This theory is meant as a minimal model for

plasmonic lattices and metasurfaces with gain: minimal in

complexity, yet sufficiently rich to be a self-consistent, fully

retarded multiple scattering model. It enables to include the

electromagnetic interactions between electric and/or magnetic

point dipoles of arbitrary orientation and arrangement, taking

into account retardation and tensorial nature of these inter-

actions and including radiation damping. It gives access to

the far-field observables (reflection/transmission), as well as

to the photonic band structure of guided modes. At the same

time, it does not violate the optical theorem, as opposed to

the commonly used tight-binding or quasi-static models. After

extending the lattice Green function formalism to include gain

and loss in the unit cell, we demonstrate the effects of parity-

time (PT) symmetry breaking in active-lossy plasmonic arrays:

the emergence of exceptional points, nontrivial topology of

photonic bands, diverging effective unit-cell polarizability, and

spin polarization in the PT-broken phase.
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I. I N T R O D U C T I O N

The purpose of this section is to briefly review recent
state of the art in the field of optical metasurfaces based
on plasmonic arrays. It makes the tutorial part of this
article, together with Sections II and III, which provide a
didactic self-consistent description of the theory of light
scattering by periodic resonant nanoparticle arrays with
gain and loss. Readers interested in new research results
can find them in Section IV, followed by the outlook
in Section V.

The physics of periodic 2-D arrays of very strongly
scattering resonant subwavelength building blocks is a
cornerstone of research in active nanophotonics, appear-
ing in various guises throughout the disciplines of
plasmonics [1]–[3], metasurface science [4], [5], and
the emerging field of topological and non-Hermitian
photonics [6], [7]. Plasmonics traditionally focuses on
exploiting the collective excitation of free electrons in
noble metals for enhanced coupling of light to matter.
Notably, plasmon oscillations in nanoparticles are asso-
ciated with substantial and localized field enhancement.
However, as plasmon excitations in single nanoparticles,
often dubbed “nanoantennas,” have intrinsically low qual-
ity factor due to radiative and absorptive damping, there
has been a lot of interest in diffractive nanoparticle arrays.
As first noted by Zou et al. [8], the limitations on quality
factor can be largely removed by coupling nanoantennas
in diffractive arrays via hybridization of the localized
plasmon resonances with grating anomalies [Fig. 1(a)].
The resulting “surface lattice resonances” or “waveguide-
plasmon polaritons” have enabled a variety of active
nanophotonic applications [1], [2]. Notably, these include
record efficiency structures for enhancing the brightness
and directivity of ensembles of fluorophores [Fig. 1(b)],
a holy grail for solid-state lighting phosphors [9], [10].
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Fig. 1. Examples of periodic arrays of nanoscatterers, with properties determined by their photonic band structures. (a) Surface lattice

resonances resulting from hybridization between localized resonances and RAs modify the optical response of 2-D array of plasmonic

nanoparticles (left), giving rise to clear anticrossing signatures in the frequency-momentum dependence of the optical transmission (right).

Reprinted from [27]. (b) Plasmonic arrays can be integrated into light-emitting devices (left) to improve the emission efficiency by diffractive

outcoupling at RA. This is clearly evidenced by the photoluminescence directional enhancement (PLDE, right) measured as a function of

photon energy (vertical axis) and emission angle (horizontal axis). Reprinted from [9]. (c) Example of band structure design for controlling

the light emission of plasmonic lattice lasers: hierarchical periodic arrays (scheme: top left, SEM image: top right) feature multiple band

edges (bottom left) that provide distributed feedback for simultaneous lasing at various wavelengths and in-plane momenta (bottom right).

Reprinted from [28]. (d) Example of a nontrivial topology due to PT symmetry breaking in a non-Hermitian photonic crystal:

polarization-resolved isofrequency contour of the scattered light (top left) around a pair of EPs show that the photonic bands (bottom left)

have a fractional topological charge around each EP, which gives rise to the unique polarization signature (right). Reprinted from [29].

This same geometry also has been shown to bring active
media to lasing [Fig. 1(c)], where feedback is essen-
tially distributed feedback by in-plane Bragg diffraction
generated by scattering off the plasmonic resonators [3].
Recently, these structures have also been extended to the
regime of strong light–matter coupling, where the lattices
are coupled to dense excitonic media in which one hopes
to observe collective effects, such as Bose condensation of
hybrid exciton–polariton excitations [11]. In these struc-
tures, the “building blocks” are essentially resonant electric
dipole scatterers, the focus is on their hybridization with
diffraction conditions, and the open questions revolve
around the interaction with active media to create direc-
tional sources, with enhanced spontaneous emission rates
(Purcell effect) and brightness and with enhanced local
fields for efficient pumping [12].

In the field of metamaterials and metasurfaces, very
often, the view is more strongly geared toward subwave-
length periodicities and encoding of remarkable physics
through the response function of the building blocks

in each unit cell [13]. Primary examples are artifi-
cial nanostructured sheets with a magnetic and chiral
response (bianisotropic or magnetoelectric scattering
lattices) [14]–[16] and the so-called Huygens and Kerker-
condition metasurfaces [17]–[22]. Key questions are how AQ:2

the single-building block properties ultimately reflect in
the lattice response, especially given that, at high den-
sities, subradiant and superradiant collective modes to
form could be expected. Inspired by topological condensed
matter physics, several groups have noted that particular
periodic lattices of plasmonic antennas, such as the hon-
eycomb lattice, may offer band structures with nontrivial
topological properties [23]–[26]. Here, solid-state physics
transposes directly to optics if the tight-binding approxima-
tion (nearest-neighbor and instantaneous interactions) is
used, which is equivalent to the quasi-static approximation
of plasmonics.

Recently, another kind of topological properties [30]—
associated with the non-Hermitian physics of periodic
photonic systems—has attracted significant attention.
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The most exciting ideas in this field involve parity-
time (PT) symmetry and exceptional points (EPs). In the
photonic context, PT symmetry can be understood as the
hybridization of a pair of optical modes that are frequency-
degenerate (have identical real eigenfrequencies) but
differ in damping rates (have different imaginary eigen-
frequencies). If the coupling is strong enough, the modes
get separated in frequency and acquire identical damp-
ing rates, forming a PT-symmetric phase. If the initially
uncoupled modes have exactly balanced gain and loss,
the resulting hybridized modes would be lossless (purely
real) and infinitely sharp. In the band structure of a lattice,
the coupling strength varies as function of the parallel
momentum. Therefore, in the momentum space of a peri-
odic lattice, one may expect the emergence of a PT-broken
phase [31], separated from the PT-symmetric phase by
transition points (lines of EPs in the mometum space
of 2-D lattices [32] and surfaces of EPs in 3-D [33]),
at which the two complex-valued eigenmodes merge into
one. EPs are very interesting from a fundamental view-
point, as they challenge the Hamiltonian-based descrip-
tion of photonic systems by violating the completeness
of the Hamiltonian basis [7], [34]. Furthermore, pho-
tonic bands around EPs have nontrivial Möbius strip-
like topology, corresponding to a fractional topological
charge [29]. At the same time, the singular character of
EPs could be of potential use, e.g., for sensing [6], light
shaping [32], and Purcell enhancement [35]. A popular
strategy to achieve PT symmetry in periodic lattices is
by spatially structuring the distributions of gain and loss
on length scales of/within the unit cell [32], although
to-date experimental demonstrations have exploited
passive photonic crystals with accidentally degener-
ate multipolar modes of different radiative damping
rates [29], [36]. Interestingly, both Hermitian (e.g., spin-
Hall and valley-Hall effects) and non-Hermitian topologi-
cal features (EPs and PT symmetry) can be identified by
their polarization signatures [37] [Fig. 1(d)]: either in
the scattered polarization state [29] or in the response
to incident polarization [38]. EPs embedded in the polar-
ization space (instead of the momentum space) have also
been observed in THz metasurfaces by exploiting their
anisotropic damping factor [39].

In view of the large importance of periodic 2-D arrays of
very strongly scattering resonant subwavelength building
blocks coupled to gain and loss, there is a large need
for a theoretical framework that can act as a “minimal
model.” The requirements of a “minimal model” are that,AQ:3

on one hand, the model is sufficiently simple with essen-
tial physical ingredients such as the resonant response
of single building blocks, and the lattice geometry is
clearly tractable as semianalytical input; on the other hand,
it should be sufficiently rigorous to provide access in a
self-consistent way to the essential physical properties.
This implies access to observables reflection, transmission,
diffraction, absorption, local density of states (LDOSs),
and band structure with a closed energy balance and also

implies properly accounting for essential phenomena such
as near-field and long-range electrodynamic interactions,
retardation effects, subradiant damping, and superradiant
damping. This idea of a “minimal model” should be jux-
taposed against two complementary approaches. On the
one hand, full-wave simulations are exact but intrinsi-
cally slow to evaluate and hard to interpret as these
simulations are essentially numerical experiments. On the
other hand, we require more of a “minimal model” than
that is offered by, e.g., coupled oscillator and quasi-static
hybridization approaches to describe plasmon particle sys-
tems. These approaches typically violate energy conserva-
tion (i.e., the optical theorem that states that extinction
should equal the sum of absorption and scattering in the
absence of gain), have no retarded, subradiant, and super-
radiant physics in them and are generally limited to near-
est neighbor/tight-binding approximations. The method of
choice that we review here is a multiple scattering method
for dipolar and bianisotropic scatterers, where we account
for multiple scattering to all orders by solid-state tech-
niques for dealing with lattice interactions [8], [40]–[47].
Here we show its effectiveness as a minimal model for the
optical response of strongly scattering lattices with loss and
gain, giving access to the band structures, eigenmodes, and
observable signatures of PT-symmetric systems.

This article is organized as follows. In Section II,
we briefly review the theory of scattering from individ-
ual resonant nanoparticles, including the effects associ-
ated with optical gain. Section III elaborates on lattices,
providing a self-consistent tutorial on the calculations of
the effective polarizability and reflection/transmission as
a function of frequency and in-plane component of the
momentum. Both Sections II and III provide a compre-
hensive and didactic description of the basic and general
theory that can be used to model a rich variety of opti-
cal systems. Experts in the field are encouraged to read
these Sections only cursorily and focus their attention on
Section IV that presents example results of our ongoing
research in a new application domain, namely, on plas-
monic arrays with gain and loss, showing the capability
of Green function methods to study PT symmetry and
nontrivial properties of EPs.

II. O P T I C A L R E S P O N S E O F
A S I N G L E S C AT T E R E R

This section briefly reviews the general theory of light
scattering by individual nanoparticles in the frame of
classical linear frequency-domain electrodynamics, dis-
cussing the most basic aspects of this phenomenon such
as bianisotropy, energy conservation, absorption, scatter-
ing, extinction, plasmon resonance, and gain. Readers
familiar with these aspects are encouraged to focus on
Section III, which provides a tutorial on multiple scat-
tering in nanoparticle arrays (based on theory consistent
with Section II), or to move directly to Section IV, which
contains new results related to PT symmetry.

PROCEEDINGS OF THE IEEE 3
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A. Point-Dipole Polarizability Tensor

The main approximation of our method is to approx-
imate the response of single scatterers by a single-point
dipole polarizability [48]–[51], where we treat electric
and magnetic dipoles on equal footing. Thus, the optical
response is approximated by a 6-vector of the electric and
magnetic dipoles P induced by the incident electromag-
netic fields Fin

P = αFin. (1)

Here and throughout the entire article, we will use a mod-
ified system of units for P, α and Fin (conversion from SI,
Appendix V) to ensure elegant symmetry between the
electric and magnetic terms. We express P and Fin as six-
element vectors of Cartesian components of the induced
electric and magnetic dipoles and fields, respectively,

P =

�
p
m

�
=

���������

px

py

pz

mx

my

mz

���������
, Fin =

�
Ein

Hin

�
=

���������

Ex,in

Ey,in

Ez,in

Hx,in

Hy,in

Hz,in

���������
. (2)

Equation (1) must, therefore, contain a 6 × 6 polarizabil-
ity matrix α, which, in the most general case, can be
expressed as four 3 × 3 blocks

α =

�
αEE αEH

αHE αHH

�
(3)

where the diagonal blocks αEE and αHH are the electric
and magnetic polarizability tensors, respectively, whereas
the off-diagonal terms αEH and αHE are the so-called bian-
isotropic terms that describe the magnetoelectric coupling,
i.e., the induction of electric dipoles by magnetic fields
and magnetic dipoles by electric fields [52]–[55]. In plas-
monics, generally αEE dominates over the other terms and
describes the most common scattering systems. However,
other terms may become significant in specially designed
scattering objects, such as split-ring resonators, where the
bianisotropic terms give rise to the so-called pseudochiral-
ity, i.e., direction-dependent scattering of right- and left-
handed circularly polarized lights [14], [56].

The components of a realistic polarizability tensor can-
not be chosen arbitrarily, as they are subject to Onsager
constraints [52], [57], [58] without which reciprocity is
violated

αEE = αT
EE, αHH = αT

HH, αEH = −αT
HE (4)

where (. . .)T indicates a matrix transpose. Furthermore,
if α does not contain any loss or gain, equating the

scattered power to the work done by the incident
field imposes the following energy conservation for-
mula originally due to Sipe and Van Kranendonk [59]
and extended to bianisotropy by Belov et al. [53] and
Sersic et al. [54]

1

2i
[α − α∗T ] =

2

3
k3α∗T α (5)

where (. . .)∗ means the complex conjugation, k = nω/c

is the wavenumber, n is the refractive index, and
c is the vacuum light speed. The above-mentioned
theorem also enables to convert any magnetoelectrostatic
6 × 6 polarizability αstat (e.g., any static RLC-circuit-
derived polarizability) into electromagnetically consistent
dynamic polarizability αdyn [50], [51], [54] via

α−1
dyn = α−1

stat − 2i

3
k3

I6×6 (6)

where I6×6 is the 6 × 6 identity matrix. The second
term in the above equation introduces radiative damping,
the inevitable consequence of interaction with continuous
bath of optical states at infinity. Inserting this radiation
damping converts any electrostatic model for a scatterer
into one for which the optical theorem (extinction equals
absorption plus scattering) is satisfied for any physical
incidence condition.

If αdyn is diagonalizable, i.e., one can calculate its eigen-
values αj (“eigenpolarizabilities”) and the corresponding
eigenvectors vj (“eigenilluminations”), it can be shown
that, in the absence of gain, Im(αj) will always be posi-
tive, even for an intrinsically lossless scatterer (i.e., purely
real αstat). Furthermore, if αstat contains some off-diagonal
magnetoelectric coupling terms αstat,EH,HE, the above-
mentioned relation would impose an upper limit on their
magnitude, which would depend on the product of the
diagonal terms αstat,EE,HH [54]. In addition, (6) leads to
a generalized optical theorem for the eigenpolarizabilities

Im(αj) � 2

3
k3|αj |2 (7)

with strict equality for a lossless scatterer (the “unitary
limit”). If αdyn is diagonal, (7) states that energy is
conserved only when each tensor element satisfies the
scalar optical theorem Im(α) � (2/3)k3|α|2. On the
other hand, adding gain relaxes the above-mentioned con-
straints, allowing, e.g., negative Im(αj), if the material
gain overcomes all (radiative and material) losses. Inasfar
as the eigenilluminations can be realized, the eigenpolar-
izabilities αj are directly linked to experimental observ-
ables, i.e., to the scattering σscat,j and extinction cross
sections σext,j

σscat,j =
8π

3
k4|αj |2, σext,j = 4πk Im(αj) (8)
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which define the absorption cross section via σabs,j =

σext,j − σscat,j [48]. While σscat,j is always positive as it
quantifies the amount of energy that is radiated away,
negative Im(αj) implies that σabs,j and σext,j can also
be negative. This means that, in the presence of gain,
energy is added to the incident wave [60] instead of being
subtracted from it. Note that ultimately, gain could lead to
lasing. However, in our linear model, gain is not saturable,
population inversion is not accounted for, and our model
only reaches up to, but not beyond any lasing threshold.

B. Electrostatic Polarizability of Plasmonic
Nanoparticles

Classical electrodynamics predicts an onset of optical
resonances that may exist in a nanoparticle depending on
the optical constants of the nanoparticle material and the
surrounding medium, as well as on the nanoparticle size
and shape [61], [62]. They can be classified into two main
groups: localized surface plasmon resonances (LSPRs) and
dielectric Mie resonances. Each group forms a sequence
of multipolar modes: electric dipole, magnetic dipole,
electric quadrupole, and so on. In most cases, subsequent
resonances can only emerge in a nanoparticle that is
sufficiently large compared to the optical wavelength. The
notable exception is the dipolar LSPR, which is predicted
in the electrostatic approximation. This resonance
exists independently of the particle size, provided that
the optical constants fulfill the resonance conditions
governed by the dispersion of αstat,EE. For a spherical
nanoparticle with electric permittivity ε2 embedded in a
medium ε1 [51], [63]

αstat,EE = 3V
ε2 − ε1
ε2 + 2ε1

I3×3 (9)

where V is the nanoparticle volume and I3×3 is the
3 × 3 identity matrix. The resonance occurs at the
so-called Fröhlich condition: ε2 = −2ε1, requiring that
the nanoparticle and the surrounding medium have optical
constants of opposite signs, i.e., one of them is metal and
the other is dielectric. Calculation of αstat,EE for arbitrary
shapes typically requires numerical methods [48];
however, for certain simple shapes, it can be analytically
derived [61], [62], [64], [65]. In this article, we will
consider ellipsoidal core–shell geometries, described by
formulas given in Appendix V.

LSPR originates from the frequency dependence
(dispersion) of the optical constants. A common approach
to accurately simulate optical properties of metals is to
interpolate the experimental data, e.g., from Johnson and
Christy [66]. On the other hand, these data are often
approximated by the Drude model

εD = ε∞ − ω2
p

ω2 + iωγ
(10)

where ε∞ is the electric permittivity in the high-frequency
limit, ωp is the plasma frequency, and γ is the Drude
damping coefficient. Drude model can be extended to the
Lorentz–Drude model, which contains additional oscillator
terms

εLD = εD − ω2
p

N	
n=1

fn

ω2
n − ω2 + iωΓn

. (11)

For the examples presented in this article, we will use a
custom fit of the optical constants of silver with only two
Lorentz terms. Parameters of our model are: ε∞ = 5.3,
�ωp = 9.5 eV, �γ = 0.013 eV, f1 = 0.012, �ω1 = 3.8 eV,
�Γ1 = 1.1 eV, f2 = 0.006, �ω2 = 2.2 eV, and �Γ2 = 0.88 eV.
This fit nicely reproduces both real and imaginary parts
of electric permittivity of silver in the spectral range
of 1.4–3.7 eV, which covers the entire visible part of the
spectrum. To cover a wider spectral range, more Lorentz
terms can be added [67]. Since all calculations presented
in this article are linear and in the frequency domain,
we could use tabulated ε from the literature instead of
Lorentz–Drude models. However, Lorentz–Drude models
are useful for seamless comparison to possible extensions
of our theory into the time domain, enabling studies of
nonlinearity and ultrafast dynamics, which, under certain
conditions, may be relevant for gain media discussed in the
following.

C. Optical Properties of Gain Media

The simplest gain medium model is that of a two-level
gain system [68]

εg = εg0 +Q
γg

ωg − ω + iγg
(12)

where εg0 is the permittivity of gain medium in the absence
of gain, Q is a dimensionless constant that determines the
gain magnitude, γg is the gain bandwidth, and ωg is the
central frequency of the stimulated optical transition. The
imaginary part of εg may contain both a positive contri-
bution from the losses encoded in εg0, and a negative
contribution of the Lorentzian gain term. As can be noted,
gain modifies not only the imaginary but also the real part
of εg, as dictated by Kramers–Kronig relations. This leads
to gain-induced changes of refractive index, a common
effect observed in high-gain lasers as “gain-guiding” [69].

To get some intuition about the magnitude of gain, one
can convert εg into the material gain coefficient g

g = 2k0



|εg| − Re(εg)

2
≈ −k0

Im(εg)

ng0
(13)

where k0 = ω/c = 2π/λ is the vacuum wavenumber, |εg| is
the modulus of εg, and ng0 ≈ �

Re(εg0) is the refractive
index of the gain medium in the absence of gain (the
approximation is valid under assumption that the medium

PROCEEDINGS OF THE IEEE 5
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has negligible intrinsic losses). The coefficient g is given
in the units of inverse length, usually cm−1. If an infinite
plane wave propagates through an infinite nondispersive
homogeneous gain medium, then its intensity grows by
a factor of exp(gz) after propagating along distance z.
In confined systems, such as waveguides and microcavities,
g should be replaced by the so-called modal gain coeffi-
cient gmod, which is equal to g corrected by some specific
“confinement factor” [70].

Optical gain can be introduced directly into the polar-
izability description of resonant nanoparticles, as in the
theoretical work by Manjavacas [68], where the permittiv-
ity of nanoparticles was described by an equation similar
to (12), but with εg0 governed by a Drude model
(i.e., εg0 ≡ εD). Such nanoparticles could support simul-
taneously a dipolar LSPR mode and gain at a coinciding
wavelength. Here, we will consider a more conventional
system based on core–shell nanoparticles, each with silver
core εm and gain medium shell εg, embedded in pas-
sive and lossless dielectric medium εd. We will assume
that, in the absence of gain, the gain medium that
forms the shell is also a passive and lossless dielectric,
i.e., εg0 = Re(εg0) = n2

g. Fig. 2 shows the example
spectral dependencies of cross sections calculated for a
disk-shaped core–shell nanoparticle with various magni-
tudes of gain in the shell. We find that the nanoparticle
can scatter more light than it receives (σext < σscat) if
g exceeds 5100 cm−1.

To provide a perspective on this number, we note that
this gain coefficient exceeds that achievable in most gain
media. For instance, a typical material gain of laser dyes
is ≈10 cm−1 [71], [72]. The highest values for organic
media have been reported in conjugated polymers [73]
and IR-140-doped polymethyl methacrylate (PMMA) [74],
reaching ≈150 and 300 cm−1, respectively. In rare-earth-
doped glasses [75], colloidal quantum dots [76], and
semiconductor amplifiers [77], maximal values of ≈240,
650, and 800 cm−1 have been reported, respectively. How-
ever, lead halide perovskite thin films [78] have been
shown to reach ≈3000 cm−1. Moreover, recently devel-
oped quantum-confined colloidal nanoplatelets [79] can
reach up to 6600 cm−1 at room temperature. Even higher
material gain of 104–105 cm−1 is achievable at cryogenic
temperatures in bulk semiconductors [80] and epitaxial
quantum dots [81].

Our calculations are purely classical and neglect any
coupling between LSPR and energy levels of the gain
medium. Detailed microscopic picture of such effects can
be found elsewhere [82]. Furthermore, our description of
gain is valid under two assumptions: first, that the gain
is constant in time, and second, that the gain does not
saturate. While optical pumping with a nanosecond laser
could provide quasi-stationary gain that roughly meets the
first condition, the second is more tricky. This is because a
resonant nanoparticle inevitably acts like an optical cavity.
If all losses of such a nanoscale cavity are overcome by
gain, the system rapidly amplifies the local fields and

Fig. 2. Optical properties of an ellipsoidal core–shell nanoparticle,

with silver core modeled by εεεm ≡≡≡ εεεLD from (11) and dimensions

≈≈≈ 18 nm ×××18 nm × 6 nm (diameters along the symmetry axes), and

gain medium shell modeled by εεεg0 = 4, ���ωg = 2 eV, and ���γg = 0.1 eV,

with outer diameters: 54 nm ××× 54 nm ××× 18 nm, embedded in a

dielectric environment of refractive index nd = 1.5. Solid lines:

extinction cross section σσσext,x. Dashed lines: scattering cross

section σσσscat,x. Values of both cross sections are displayed on the

left axis of each plot. Dotted lines: material gain coefficient g.

Values of this coefficient are displayed on the right axes.

Subsequent plots correspond to different magnitudes of material

gain: Q = 0 (top left), Q = 0.1 (top right), Q = 0.18 (bottom left), and

Q = 0.19 (bottom right). In the absence of gain σσσext > σσσscat (top left).

In all cases, both cross sections are significantly larger than the

geometrical cross section of nanoparticles under z-incidence

(≈≈≈0.0023 μμμm2), and they are further increased by adding gain.

However, σσσscat grows faster, and it surpasses σext around

g≈≈≈ 5100 cm−1 (top right). Up to g≈≈≈ 9600 cm−1, the nanoparticle

scatters more energy than it receives (bottom left); however,

σσσext remains positive, meaning that the local field oscillations are

decaying. When g exceeds 9600 cm−1, σσσext becomes negative, and

the nanoparticle becomes a sparser (bottom right).

becomes a spaser, i.e., plasmon laser [83]. In order to
experience any gain in such system, the incident light
has to interact with the scatterer before it becomes a
spaser. From the experimental point of view, this requires a
pump–probe configuration akin to the transient extinction
measurements [84] with proper timing between pump and
probe pulses (appropriate synchronization is also needed
to separate the probe from amplified spontaneous emis-
sion). In this article, we will consider optical properties
that could be observed precisely in such pump–probe
configuration.

III. O P T I C A L R E S P O N S E O F A L AT T I C E

Plasmonic lattices are often studied in two distinct
regimes: the “diffractive” regime and the “near-field”
regime. Both limits can be intuitively understood. In the
diffractive regime, the distance between nanoparticles is
greater or equal to the optical wavelength in the embed-
ding medium, and so to first order, one could neglect

6 PROCEEDINGS OF THE IEEE
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multiple scattering and consider each nanoparticle as
an independent source of scattered light, excited by an
incident wave (“Huygens principle”) [20], [21]. In this
“nearly free photon” picture, the periodic arrangement of
scatterers folds the dispersion of the embedding medium
into the light cone, leading to sharp resonances known as
grating (Rayleigh) anomalies [12]. Upon coupling with the
localized nanoparticle resonances (introducing multiple
scattering corrections), these anomalies become “surface
lattice resonances.” Conversely, in the “near-field regime,”
the coupling between particles is very strong, while grat-
ing diffraction is forbidden. When the spacing between
nanoparticles is below λ/2π, mainly their evanescent
fields 1/r3 overlap. Such lattices are often described by
tight-binding models [23]–[26], [85] with direct analogy
to solid state physics of 2-D materials.

The above-mentioned limiting cases are not accurate
for the intermediate regime, i.e., for nanoparticles dis-
tanced by a fraction of the optical wavelength: from about
50 to 500 nm. Although in such case they are no longer
coupled by their near fields, they can strongly interact via
multiple scattering [1], [8], [12], [27], [42], [45]. This
happens especially when the scattering cross sections of
individual nanoparticles are larger than the unit cell sur-
face area. Radiative coupling between localized resonances
of individual nanoparticles gives rise to collective modes,
which we call lattice resonances. The linewidths of modes
can be very different from the single-particle linewidth
due to superradiant damping (collective modes with wave
vector within the light cone) or subradiance (wave vector
outside the light cone). This section introduces a minimal
model that enables to study lattice resonances in such
intermediate regime. We provide a rigorous theoretical
framework that enables to simulate reflection, transmis-
sion, as well as dispersion of photonic bands, in lattices
with complex unit cells hosting arbitrary arrangements of
nanoparticles, each described by its own polarizability and
gain/loss characteristics.

A. Effective Polarizability and Lattice Green
Function

We now consider an ensemble of scatterers l = 1,

2, 3 . . . , N located at positions rl, which can form an arbi-
trary 3-D spatial arrangement. Under illumination by light,
each nanoparticle will respond not only to the incident
optical field Fin but also to the sum of the optical fields
scattered by all other nanoparticles l′ located at different
positions rl′ [42], [48], [49]

Pl = αl

�
Fin(rl) +

N	
l′=1, l′ �=l

G0(rl − rl′)Pl′


(14)

where αl is the dynamic polarizability of nanoparticle l

defined in (6), Fin(rl) is the incident field at position rl,
whereas G0(rl − rl′) is the 6 × 6 dyadic point-dipole

Green function of the embedding medium. It can be
expressed in a more general form as G0(r − r′), describing
the electromagnetic fields at r created by a point dipole
at r′ [50], [51]

G0(r − r′)

=

�
I3×3k

2 + ∇⊗∇ −ik∇×
ik∇× I3×3k

2 + ∇⊗∇

�
eik|r−r′|

|r − r′|
(15)

where ⊗ is the outer product of two vectors.
Having defined the mutual spatial arrangement of

nanoparticles rl and their individual polarizabilities αl,
we now repeat this ensemble along the 2-D lattice
vectors Rm,n = ma1 + na2, where ai are the lattice
basis vectors. In this way, we create a complex lat-
tice that can be thought as a stack of primitive sublat-
tices rl,m,n = rl + Rm,n, m,n = . . . ,−2,−1, 0, 1, 2, . . .,
where rl is short for rl,0,0, denoting the origin of
sublattice l.

If we assume that the lattice is illuminated by a plane
wave of momentum k and otherwise fully specified by its
value F0 at the origin, the incident field acting on the
scatterers can be expressed as

Fin(rl,m,n) = F0e
ik·rl,m,n

= F0e
ik||·Rm,n+ik·rl (16)

where k|| is the projection of k on the lattice plane. At the
same time, Bloch’s theorem guarantees that one can write
the solution as

Pl,m,n = Pl e
ik||·Rm,n (17)

where now Pl is shorthand for Pl,0,0, i.e., the dipole
moment at the origin of sublattice l, which can be
expressed as

Pl = αl

�
F0e

ik·rl + G �=(k||, r0)Pl

+
N	

l′=1, l′ �=l

G(k||, rl − rl′)Pl′


(18)

where G �=(k||, r0) and G(k||, rl − rl′) are the “lattice sums”
describing the intrasublattice and intersublattice interac-
tions, respectively [44], [46]. Evaluation of G �=(k||, r0)

involves summation of the point-dipole Green function G0

over all positions of the lattice nodes except the origin
(Rm,n �= R0,0)

G �=(k||, r0) =
	

m�=0, n�=0

G0(r0 − Rm,n)eik||·Rm,n (19)

PROCEEDINGS OF THE IEEE 7
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where r0 is the observation point located exactly at
the nanoparticle that constitutes the lattice origin, hence
r0 = R0,0 = (0, 0, 0)T . On the other hand, G(k||, rl −
rl′) accounts for the interaction of the nanoparticle at
the origin of sublattice l with all nanoparticles from
sublattice l′; hence, it is calculated using the same formula
but also including the origin R0,0

G(k||, rl − rl′) =
	
m,n

G0(rl − rl′ − Rm,n)eik||·Rm,n . (20)

Technical details on performing summations (19) and (20)
are given in Appendix V.

Importantly, the structure of the equation that sets all
dipole moments in the unit cell is a generalized form of
our starting definition of polarizability, meaning that (18)
can be recast into

P = αeffFin (21)

where αeff now is a 6N × 6N effective polarizabil-
ity tensor for the N scatterers per unit cell, and P
and Fin are the 6N -element vectors for the N -induced
dipoles and the driving fields applied to them, that
is,

P =

����������

P1

...

Pl

...
PN

����������
, Fin =

����������

F0e
ik·r1

...
F0e

ik·rl

...
F0e

ik·rN

����������
. (22)

The effective polarizability is

αeff =
�
α−1 − Glatt

�−1
(23)

where α is a block-diagonal matrix encoding the dynamic
polarizabilities of all scatterers

α = IN×N (α1, . . . ,αl, . . . ,αN) (24)

and the complete 6N × 6N lattice Green function Glatt

reads

Glatt = Gintra + Ginter (25)

with block-diagonal tensor Gintra for the intrasublattice
interactions (⊗ denoting the Kronecker product of two
matrices)

Gintra = IN×N ⊗ G �=(k||, r0) (26)

and block-off-diagonal tensor Ginter for the intersublattice
interactions

Ginter =

�����������

0 G1,2 · · · G1,l · · · G1,N

G2,1 0 · · · G2,l · · · G2,N

...
...

. . .
...

...
Gl,1 Gl,2 · · · 0 · · · Gl,N

...
...

...
. . .

...
GN,1 GN,2 · · · GN,l · · · 0

�����������
(27)

where Gl,l′ is short for G(k||, rl′ − rl). The above
terms (26)–(27) are essential for the emergence of lattice
resonances, encoding the full information on the lattice
geometry and electromagnetic interactions. At the same
time, they are completely independent of the optical prop-
erties of individual nanoparticles, which are encoded in α.
While the model described earlier has mainly seen use in
literature for primitive lattices (one nanoparticle per unit
cell, setting N = 1 and Ginter = 0) to match the majority
of experiments on plasmon arrays, in fact, it allows to
describe an overwhelming variety of nontrivial structures
if one allows N > 1 scatterers per unit cell. This includes
nontrivial 2-D lattices (honeycomb, Kagome, etc.), gradi-
ent metasurfaces with large unit cells containing closely
spaced, distinct, building blocks [86], as well as systems
that approach bulk metamaterials by stacking 2-D lattices
one behind the other in the third dimension.

To illustrate the physics contained in the lattice sums,
and in the effective polarizability of a lattice, we present
the honeycomb lattice as a simple example of a non-
primitive lattice, equivalent to stacking N = 2 hexag-
onal sublattices A and B, with a1 = a(1, 0, 0)T , a2 =

a((1/2), (
√

3/2), 0)T and rB − rA = a((1/2), (
√

3/6), 0)T ,
where a is the lattice period. Due to its analogy to
graphene, the honeycomb lattice is particularly interesting
as the starting point for topological [23]–[26], [87] and
non-Hermitian physics [88]–[93]. Nontrivial phenomena
occur mainly at the K points of the first Brillouin zone.
In diffractive honeycomb arrays, these high-symmetry
points correspond to the intersections of multiple Rayleigh
anomalies (RAs) and, therefore, have recently been used
for plasmonic-distributed feedback lasing [94]. Here,
we will be interested in conical band degeneracies—Dirac
points [95]—that are formed by lattice resonances in these
k-space regions [96].

Fig. 3 shows the examples of the diagonal (intrasub-
lattice) and off-diagonal (intersublattice) elements of the
electric part of Glatt, plotted as a function of frequency
(on the vertical axis, expressed as photon energy �ω

in eV) and x component of the in-plane momentum k||
(horizontal axis). Each plot shows clear signatures of
repeated dispersion relations (light cone edges) from the
neighboring Brillouin zones. These sharp features give
rise to RAs and to subsequent diffracted orders in the
optical response of plasmonic lattice. Fig. 4 shows the
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Fig. 3. Elements of the electric part of the dyadic point-dipole lattice Green tensor GGG latt, calculated as a function of frequency ω

(expressed as photon energy �ω) and in-plane momentum kx (with fixed ky = 0) for the honeycomb lattice with pitch a = 150 nm, assuming a

dielectric environment of refractive index nd = 1.5. The first Brillouin zone spans from −4/3 to 4/3 in the horizontal axis of each plot (k-space

trajectory K’−Γ−K). The color scale represents the values of real (top row) and imaginary part (bottom row) of G̃̃G̃Gll′ ,ij = GGGll′ ,ij
√
S3/(4πka), where

S = |a1 × a2| ≈ 0.02 μm2 is the unit cell surface area, and k = ndω/c is the wavenumber in the dielectric medium. Diagonal elements

(intrasublattice terms GGG�=AA,ij, first four plots on the left) are identical in honeycomb and hexagonal lattices, whereas offdiagonal elements

(intersublattice terms GGGAB,ij, six plots on the right) exist only in the honeycomb lattice, where they determine the interactions between

sublattice A and sublattice B.

resulting effective polarizability (23) of the unit cell for this
lattice, as can be obtained once a scatterer polarizability
is specified. As a simple example, we assume that the
nanoparticles forming the honeycomb lattice are identical
silver ellipsoids (without shell), embedded in a dielectric
medium. Plots in the left column in Fig. 4 show the sum of
static electric eigenpolarizabilities (

�
j αstat,EE,j) of each

individual nanoparticle, excluding the effect of radiation
damping. Plots in the right column in Fig. 4 show the
sum of effective lattice eigenpolarizabilities (

�
j αeff,EE,j).

As we can see, static polarizabilities (which initially do not
depend on k||) mix with the lattice Green function shown
in Fig. 3, giving rise to dispersive lattice resonances. Here,
we deliberately choose the size of the nanoparticles (36 nm
diameter, 12 nm thickness) such that their scattering cross
sections (σscat,x ≈ 0.04 μm2) noticeably exceeds the unit
cell surface area (S ≈ 0.02 μm2), leading to signifi-
cant dispersion and hybridization due to strong multiple
scattering.

B. Reflection and Transmission

The advantage of the Green function method is the
capability of quantitative evaluation of the scattered fields
under plane wave illumination, assessing the experimental
observables that include full information on the amplitude,
phase, and polarization of the reflected, transmitted, and
diffracted optical fields.

Once the induced dipole moments P are calculated
by (21), the near-field distribution of the scattered optical
fields F(near)

s (r) can be obtained from

F(near)
s (r) =

N	
l=1

G(k||, r − rl)Pl. (28)

The total fields in the near-field zone F(near) are the sum of
the incident and the scattered fields

F(near)(r) = Fin(r) + F(near)
s (r). (29)

The far-field distribution of the scattered optical
fields F(far)

s (r) can be expressed as the sum of all
nonevanescent diffracted orders m̃, ñ = . . . ,−2,−1, 0,

1, 2, . . .

F(far)
s (r) =

	
m̃,ñ

Fm̃,ñ e
ikm̃,ñ·r. (30)

Similar to (29), the total optical fields in the far-field
zone F(far) are equal to the sum of the incident and the
scattered fields

F(far)(r) = Fin(r) + F(far)
s (r). (31)

PROCEEDINGS OF THE IEEE 9
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Fig. 4. Sum of eigenvalues of αstat of isolated nanoparticles (left

column), and sum of eigenvalues of αeff of the honeycomb lattice

(right column), calculated as a function of frequency ω and in-plane

momentum kx (with fixed ky = 0) for the honeycomb lattice with

pitch a = 150 nm, composed of silver ellipsoids of dimensions

≈36 nm × 36 nm × 12 nm, embedded in a dielectric environment of

refractive index nd = 1.5. The color scale represents the values of

real (top row) and imaginary part (bottom row) of

α̃ = 4× 10−4πka
�

j αj/V, where V is the nanoparticle volume, and

k = ndω/c. Static polarizabilities do not depend on k|| (left column);

however, they mix with lattice Green function shown in Fig. 3, giving

rise to dispersive lattice resonances (right column). The number of

photonic bands (appearing in the bottom right plot) is equal to the

number of nonzero eigenvalues of αstat multiplied by N—the number

of scatterers per unit cell (i.e., the number of sublattices in the

complex lattice). Hence, we get 2 × 3 = 6 bands because the

honeycomb lattice has N = 2 sublattices, and in the given example,

it is composed of silver ellipsoids that have three Cartesian

elements of electric dipolar polarizability (two of which—along the

in-plane directions x and y—are degenerate at ���ω ≈ 2.4 eV, whereas

the third one—along the out-of-plane direction z—is blue-shifted

to 3.7 eV). Due to the approximate treatment of the permittivity of

silver and negligence of the dispersion of dielectric medium,

the presented k-ω maps are quantitatively accurate only in the

spectral range of 1.4–3.7 eV.

In fact, the incident fields are added only to the zero-
order transmission (i.e., the forward-scattered diffracted
order with m̃ = 0, ñ = 0), whereas the contributions of
all other diffracted orders m̃, ñ are exactly equal to the
contributions of the corresponding scattered fields.

From the momentum conservation, the wave
vector km̃,ñ of each subsequent diffracted order m̃, ñ

can be expressed as

km̃,ñ = k

���x̃ỹ
z̃

��� (32)

with in-plane and out-of-plane components

k(x̃, ỹ)T = k|| + Km̃,ñ (33)

kz̃ = ±
�
k2 − |k|| + Km̃,ñ|2 (34)

where “±” indicates the out-of-plane scattering direction
(“+” for the forward, and “−” for the backward scat-
tering, respectively), whereas Km̃,ñ = m̃b1 + ñb2 is
the lattice momentum for a given diffracted order m̃, ñ,
defined as the integer combination of the reciprocal lattice
vectors bj , obtained from the real-space basis vectors
through ai · bj = 2πδij , where δij is the Kronecker delta.
Note that that x̃, ỹ, and z̃ are always assigned to a specific
diffracted order m̃, ñ.

Now the diffracted fields can be written as

Fm̃,ñ =
2πki

Sz̃
Mm̃,ñ

N	
l=1

Pl e
−ikm̃,ñ·rl (35)

where S = |a1 × a2| is the surface area of the unit cell,
and Mm̃,ñ is the far-field matrix obtained by performing
derivations in (15) and keeping only the far-field terms
proportional to |r − r′|−1

Mm̃,ñ =

�
Dm̃,ñ Om̃,ñ

−Om̃,ñ Dm̃,ñ

�
(36)

where

Dm̃,ñ =

���1 − x̃2 −x̃ỹ −x̃z̃
−x̃ỹ 1 − ỹ2 −ỹz̃
−x̃z̃ −ỹz̃ 1 − z̃2

���
and

Om̃,ñ =

��� 0 −z̃ ỹ

z̃ 0 −x̃
−ỹ x̃ 0

��� .

The phase factor in (35) accounts for the far-field retar-
dation between different sublattices. More details on the
derivations of the above-mentioned expressions can be
found in [44] and [97].

The out-of-plane momentum [the last term in (32)]
must be real-valued in order to generate nonvanishing
scattered fields in the far zone, which means that the
summation in (30) must include only those diffracted
orders m̃, ñ, for which

|k|| + Km̃,ñ| =
�
x̃2 + ỹ2 � k. (37)

This constraint allows assigning a specific diffraction angle
to each diffracted order m̃, ñ by expressing km̃,ñ in
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spherical coordinates (θ, φ)

km̃,ñ

k
=

���x̃ỹ
z̃

��� =

���cosφ sin θ

sinφ sin θ

cos θ

��� . (38)

Now, the transmitted and reflected far-field intensities
(Itran(θ, φ) and Irefl(θ, φ), respectively) can be obtained
from the electromagnetic fields calculated using (30)–(31)

Itran(θ, φ) = −
Re

�
E(far)(θ, φ) × H(far)(θ, φ)

�
· ẑ

2Z

Irefl(θ, φ) =
Re

�
E(far)

s (π − θ, φ) × H(far)
s (π − θ, φ)

�
· ẑ

2Z
(39)

where (E(far),H(far))T = F(far) and (E(far)
s ,H(far)

s )T = F(far)
s

are the electric and magnetic far-field components of the
optical fields, and Z =

�
ε/μ is the embedding medium

impedance. The same expressions can be applied to inves-
tigate the intensity of each diffracted order m̃, ñ separately
by picking only one element of the sum in (30) at a time,
keeping in mind that only the zero-order transmission
should contain the incident fields, i.e., it is evaluated
using F(far) from (31), whereas all other diffracted intensi-
ties (both forward- and backward-scattered) are evaluated
using F(far)

s from (30).
Fig. 5 shows the examples of calculated zero-order

transmissivities T00 and reflectivities R00 for the same
lattice as shown in Fig. 4 (honeycomb lattice of silver ellip-
soids), illuminated by linearly s- and p-polarized light (top
and middle, respectively), and by circularly polarized light
(bottom). These values are simply obtained by dividing
Itran and Irefl by the incident intensity Iin = −Re(Ein×Hin)·
ẑ/2Z. The momentum of incident and outgoing light is lim-
ited to the light cone; hence, all areas outside the light cone
appear dark. On the other hand, some lattice resonances
intersect the light cone, giving rise to clear signatures in
the observable reflection and transmission. These are the
lattice resonances studied in several groups for the purpose
of plasmon-array-enhanced solid-state lighting, lasing, and
strong coupling [98]–[104].

C. Guided Modes

While the dark areas in Fig. 5 are not accessible from
the far field, Fig. 4 clearly shows that these areas con-
tain nontrivial band structure features. These features
are strictly guided lattice resonances [45]. They can be
probed experimentally only by artificially increasing par-
allel momentum, e.g., using a coupling prism in the atten-
uated total reflection geometry [105], via additional weak
periodic perturbations that fold bands back into the light
cone [44], [106], [107], or via near-field probing [108]
or excitation [109], [110]. The guided-mode regime of
the band structure may emulate certain properties of

Fig. 5. Zero-order transmissivity T00 (left column) and

reflectivity R00 (right column) of the honeycomb lattice of silver

disk-shaped ellipsoids (the same as in Fig. 4) illuminated either by a

plane wave of linear s (top row), linear p (middle row), or circular

left-handed polarization (bottom row). The range of frequency ω and

in-plane momentum kx is the same as in Figs. 3 and 4 (with fixed

ky = 0). The first Brillouin zone spans from −4/3 to 4/3 (K’−ΓΓΓ−K
trajectory) in the units of π/a, whereas the light cone is contained in

|kx| < k. Within the light cone, kx can be converted to the incidence

angle θin = arccos(kx/k) (the edge of the light cone corresponds to

θin = 90◦). Outside the light cone, the scattered fields are

evanescent because photonic modes have too large momentum to

couple with any incident or outgoing light. Some lattice resonances

intersect with the light cone and strongly modify T00 and R00 at the

resonant wavelengths. The color scale is logarithmic, allowing for

values much larger than 1; however, in the given example, all

plotted values are in the range from 0 to 1 because there is no gain.

Similar to Fig. 4, the values are quantitatively accurate only in the

spectral range of 1.4–3.7 eV due to the limited validity of the

permittivity model.

electronic bands in solid state matter [23]–[25], [96],
especially the effects associated with spin [111]. It is of
particular interest to unravel what kind of optical modes
exist at each point in the k-ω space in terms of polariza-
tion, symmetry, or topology. Probing these properties using
theoretical tools is relatively simple by projection of the
lattice polarizability tensor on the subspace of interest.

To this end, we define a metric for the norm of any oper-
ator A within a subspace V spanned by just n normalized
basis vectors vi each of length 6N as

||A||2V =
	

i

〈vi|A†A|vi〉. (40)
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Fig. 6. Example visualizations of the photonic band structure calculated for the same array as in Figs. 4 and 5, in the spectral range

of 1.5–4 eV, and in-plane momentum from −2π/a to 2π/a. (a) Imaginary part of the sum of eigenvalues of the effective lattice polarizability

αeff. The color scale (above the plot) corresponds to l�og{ Im(α̃)}, where α̃ = 4πka
�

j αj/V, and the function l�og is used to express both

positive and negative values in logarithmic scale (see Appendix V). However, in this case, all values are positive. Four subsequent plots

present the relative magnitudes of the induced dipole moments p and q encoded in the red/blue color scale defined on the top right

(see Appendix V for more details on the color channels). In each case, the dipole moments are induced by two complementary driving fields.

White color means equal magnitude of both dipoles, while the overall brightness represents their absolute magnitude. Subsequent plots

visualize the separation of bands into (b) in-plane versus out-of-plane, (c) symmetric/antisymmetric, and polarization in the in-plane

subspace: (d) linear x/y and (e) circular left/right.

We will apply this with A the effective unit cell polar-
izability, and v spanning an analysis basis of interest.
If one considers as operator a polarizability, then each
term 〈vi|A†A|vi〉 can physically be interpreted as the mag-
nitude of the total dipole moment induced in the unit cell
if one were to apply vi as a field to drive it. This norm
then allows comparing in how far the operator overlaps
with any particular characteristic of interest definable by a
space V1 versus in how far it overlaps with V2, simply by
comparing ||A||V1 to ||A||V2 .

As example, Fig. 6 reports the band structure defined
in αeff for the same lattice as shown in Figs. 4 and 5
(honeycomb lattice and silver ellipsoids) with (a) simply
reporting the effective polarizability without any subspace
projection. For this particular geometry, with particles that
have no magnetic polarizability and with mirror symmetry
in the particle plane, one can immediately project on the
electric-only subspace, and furthermore, one expects a
separation between in-plane polarized modes and out-of-
plane polarized modes. Indeed, upon projection on the
appropriate subspaces, performed in (b), one finds a clear
separation into modes polarized transverse to the plane
and in-plane polarized modes. Note that here to obtain,
e.g., the out-of-plane modes one projects on the 2-D sub-
space consisting of the vectors v1 = (0, 0, 1, 0, . . . 0)T and

v2 = (0 . . . 0, 1, 0, 0, 0)T polarized along z on particle 1
(sublattice A), respectively, particle 2 (sublattice B),
including the magnetic field components in v in notation
for consistency. In Fig. 6(b), red bands correspond to the
in-plane polarized subspace norm (red color channel for
plotting set by ||A||Vin-plane ), whereas blue bands are out-
of-plane polarized. For our particular example, due to
the particular shape and orientation of the nanoparticles,
in-plane and out-of-plane modes are clearly separated
in frequency, and in-plane modes appear as dominant
at �ω < 3 eV.

In a similar vein, one can project on distinct symmetries
within the unit cell, for instance, determining whether the
dipole moments PA and PB on sublattices A and B of an
eigenmode will be mainly aligned or antialigned, similar
to the projection of “tight-binding” band structures in solid-
state physics of electrons onto its orbital contributions. It is
well known from the theory of electron and phonon bands
in solids, that if a lattice has symmetries in addition to
just translation invariance over the periodic lattice vectors
(point group symmetries of the unit cell), this imposes
additional symmetry constraints on the periodic part of
the Bloch wave function [112]–[114]. Therefore, in a
solid-state band structure problem where the Bloch wave
function reads ψn,k(r) = un,k(r)eik·r, the purely periodic
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part un,k(r) is often analyzed for additional symmetries
leading to symmetry-projected or orbital-projected band
structures (phrased in the language of density functional
theory). Turning to the case at hand of the out-of-plane
modes of a honeycomb lattices, projection of the purely
periodic part of the Bloch function is tantamount to pro-
jecting onto v1 ± e−ik||·(rB−rA)v2, where the phase fac-
tor ensures that solely the periodic part of the Bloch
wave function is selected for analysis. Fig. 6(c) shows
such an analysis, generalized to all polarizations. Notably,
within the light cone, the antisymmetric modes dominantly
appear. This is due to the fact that the antisymmetric
modes have the lowest radiation damping, and therefore
the most distinct signature. That these modes are not
actually easy to excite from the far field that is evident
from Fig. 5 where they give rise to the peculiar signature of
nearly zero transmission at normal incidence. The symmet-
ric modes instead have significant radiative loss and hence
are barely visible as a resonance (quality factor Q < 5).

Finally, we note that one can also visualize the lin-
ear or circular polarization character of the in-plane
polarized modes. To this end, one can define the basis
vectors spanning x-polarization [defining vx,1 = (1, 0,

0, 0, . . . 0)T and vx,2 = (0 . . . 1, 0, 0, 0, 0, 0)T ], respec-
tively, y-polarization, from which their circularly polarized
counterparts follow (vx,i ± ivy,i). By way of example,
Fig. 6 (d)–(e) shows that for our simple honeycomb lattice,
the modes can have a significant linear polarization (linked
to the k-slice considered, kx in this example) but not
circular polarization. The above-mentioned method can
find more sophisticated applications, by tailoring the basis
vectors to the topological invariant or symmetry of inter-
est. Another application is in “unfolding” band structures
of deformed, defective, or quasi-periodic lattices. In this
case, the effective polarizability tensor calculated for an
extended unit cell (hence reduced Brillouin zone) can be
projected onto eigenmodes of the unperturbed lattice with
original unit cell and original Brillouin zone.

IV. P L A S M O N I C A R R A Y S W I T H
G A I N A N D L O S S

The purpose of this section is to present new results on
the optical properties of plasmonic arrays with gain and
loss that have so far only been studied in tight-binding
approximations. We assess if essential features relating
to PT-symmetry and topology that are present in tight-
binding actually persist in full electrodynamic modeling
and at realizable geometrical and material parameters.
We consider a honeycomb lattice with period a = 150 nm,
embedded in a nondispersive passive dielectric medium
of refractive index nd = 1.5. We choose the scatter-
ers to be ellipsoidal core–shell nanoparticles, with silver
core (dimensions 18 × 18 × 6 nm) and gain medium
shell (outer dimensions 54 × 54 × 18 nm), exactly as
analyzed in Fig. 2. The permittivities of silver and gain
medium are described by (11) and (12), respectively.
For silver, we assume the same parameters as specified

in Section II-B, whereas for the gain medium, we choose
the electric permittivity (at zero gain) εg0 = 4, central
frequency �ωg = 2 eV, and bandwidth �γg = 0.1 eV (the
same as in Fig. 2), while tuning the parameter Q between
0 and 0.2 to have gain levels up to ca. 10 000 cm−1, around
the highest experimentally reported gain values [79]–[81].
It should be noted that similar physics may be obtainable in
practice in systems with lower gain coefficients, spread out
more evenly over the unit cell, as evidenced by the experi-
mental reports on plasmon array lasers at gain coefficients
not higher than 100 cm−1.

A. Uniform Gain Distribution

In this section, we consider lattices of nanoparticles
that all have identical gain, considering a lattice of core–
shell nanoparticles in the limit of zero gain as a passive
reference. Since the silver cores are twice smaller com-
pared to the nanoparticles assumed in Section III (volume
reduced by factor of 8), their radiative interactions are
much weaker, giving rise to lattice resonances with much
weaker dispersion. The band structure becomes visible
only after zooming into the spectral range of 2 ± 0.15 eV.
For the passive systems [top plot in Fig. 7(a)], it is even
difficult to tell apart subsequent bands (partially due to
the logarithmic color scale) due to the combination of
radiative and absorptive broadening. At the same time,
the scattering cross sections σscat of these nanoparticles
(≈0.02 μm2, Fig. 2, top left) are still quite similar to
the unit cell surface area, giving rise to clear signatures
in reflection/transmission, which are shown in Fig. 7(b)
(top row).

Fig. 2 suggests that adding gain to the nanoparticles
is expected to boost their scattering response in mag-
nitude, to narrow their resonance, and to change their
polarizability in phase, hence strongly affecting the optical
properties of the lattice. Indeed, the lattice polarizability
shown in Fig. 7(a) and far-field response in Fig. 7(b)
(middle and bottom rows in both figures) show con-
siderable differences to the no-gain case. At a gain
g ≈ 5100 cm−1, the imaginary part of effective eigenpo-
larizabilities becomes negative in the guided lattice res-
onances [cold colors in Fig. 7(a), middle plot], meaning
that gain overcomes the purely absorptive loss. At the
same time, the imaginary part of polarizability remains
positive inside the light cone, meaning that the gain cannot
also overcome the additional radiative losses. Nonetheless,
the overall increase in the scattering cross section leads to
enhanced signatures in transmission and reflection [mid-
dle row in Fig. 7(b)]. At higher gain (g ≈ 6600 cm−1),
the radiative damping is suppressed (Fig. 7(a), bot-
tom plot), leading to very strong amplification of light
in transmission and reflection [cold colors in Fig. 7(b),
bottom row]. This amplification peaks at singular points
which are better visible in Fig. 7(c), which shows selected
parts of the previous two figures in magnification. Notably,
the reflection and transmission diverge to very large values
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Fig. 7. Results obtained for the uniform distribution of gain and loss in the lattice. (a) Photonic band structures calculated for the

honeycomb lattice (pitch = 150 nm, nd = 1.5) of core–shell ellipsoids (the same as in Fig. 2, with silver core 18 × 18 × 6 nm, and gain medium

shell 54 × 54 × 18 nm, εg0 = 4, ���ωg = 2 eV, ���γg = 0.1 eV), in the spectral range of 1.85–2.15 eV, and in-plane momentum from −2π/a to 2π/a.

The gain magnitude Q increases from 0 (top), through 0.1 (middle), up to 0.13 (bottom), giving rise to peak gain coefficients g = 0, 5071,

and 6593 cm−1, respectively. The color scale shows l�og{ Im(α̃)}, where α̃ = 4πka
�

j αj/V, and l�og is defined in Appendix V. In the first place,

adding gain reduces losses, sharpening all resonances, until the losses are completely suppressed and the photonic modes acquire net gain

(cold colors). (b) Zero-order transmissivity T00 (left column) and reflectivity R00 (right column) under illumination by left-handed circularly

polarized plane wave, calculated for the same set of parameters as in (a) in-plane momentum from −π/a to π/a. Adding gain increases the

scattering strength, until both T00 and R00 exceed unity (cold colors in the bottom row). (c) Points of diverging effective polarizability

(top plot), transmissivity (middle), and reflectivity (bottom): magnification of the bottom plot in (a), and of the plots from the bottom row

in (b), respectively. Location of singularities is signified by thin vertical lines.

at conditions where the inverse polarizability α−1
eff crosses

zero.
We point out that, in reality, such amplified reflection

and transmission can be observed only in the transient
response, before the lasing action is established. The
amplification will be further limited by gain saturation,
by finite size of the array, by spectral and wave vector
distribution of incident light, and by finite time duration
of the optical pulses. Nevertheless, the above-mentioned
constraints are of technological rather than fundamental
nature; hence, one could, in principle, exploit the inter-
play between material gain and radiation damping at
lattice resonances to design a system with arbitrarily large
transmission/reflection coefficients. This requires specific
conditions that ensure the validity of our linear frequency-
domain treatment. In particular, the probe should be sig-
nificantly weaker in intensity than the pump, such that
the gain is not saturated (the response is linear) and
the population inversion remains approximately constant
over sufficiently long period of time, i.e., comparable to a

spontaneous decay rate (justifying the frequency-domain
approach).

B. Nonuniform Gain Distribution

Next, we turn to nonidentical scatterers, again con-
sidering the honeycomb lattice. The honeycomb lattice
allows for two types of scatterers without expanding the
unit cell (which would lead to band folding), by putting
gain only into the nanoparticles from sublattice B, keeping
sublattice A passive. The resulting band structures are
shown in Fig. 8(a). Since there is in overall twice less
gain in the system, adding gB ≈ 5100 cm−1 does not
compensate the losses, although the lattice resonances
become narrower at the Dirac points [band intersections at
|kx| = 4π/(3a), top plot in Fig. 8(a)]. Slightly higher
gain results in loss compensation and emergence of flat
bands with net gain (which is represented by cold col-
ors, as opposed to warm colors corresponding to net
loss), separated from lossy bands by sharp singularities
(Fig. 8(a), middle plot). At extremely high gain (which is
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Fig. 8. Results obtained for the nonuniform distribution of gain and loss in the lattice. (a) Photonic band structures calculated for the

same system as in Fig. 7 (see the caption of Fig. 7 for a detailed description), but with gain only in sublattice B. At moderate gain (QB = 0.1,

top plot), one can observe breaking of PT symmetry around the Dirac points, |kx| = 4π/(3a). At higher gain (QB = 0.13), the flat bands in the

broken-PT phase acquire negative imaginary part, i.e., a net gain. At extremely high gain (QB = 0.2), the losses are suppressed also within

the light cone. Supposed locations of the EPs, where two bands merge but still keep identical damping factors, are marked with stars in the

top and middle plots (more details on locating EPs are given in Appendix V). (b) Zero-order transmissivity T00 (left column) and

reflectivity R00 (right column) under left-handed circularly polarized plane wave illumination, calculated for the same set of parameters

as in (a). Adding gain only to sublattice B breaks the left-right symmetry in the observables. (c) Magnification of the bottom plot in (a), and

of the plots from the bottom row in (b), respectively, showing extreme pseudochiral response due to symmetry breaking in a nonuniform

gain-loss metasurface. The color scales are the same as in the corresponding plots in (a) and (b).

still only present in sublattice B), the radiative losses are
also suppressed [Fig. 8(a), bottom plot].

Importantly, a nontrivial reshaping of bands shown
in Fig. 8(a) occurs, which is associated with (breaking of)
PT symmetry. In the tight-binding model, the honeycomb
lattice with alternating gain and loss is well known for the
coexistence of PT-unbroken and PT-broken phases across
the momentum space [88], [89], [92], [93]. The origin
of PT-symmetry breaking in this particular system can
be explained as follows. Since the honeycomb lattice is
made of two hexagonal sublattices, collective resonances
of each sublattice hybridize into twice as many new modes.
However, at each Dirac point, the sublattices are effectively
decoupled due to the threefold symmetry at the K point of
the first Brillouin zone. If the sublattice resonances differ
only through gain and loss, but are otherwise identical,
the hybridized bands will be degenerate in real eigen-
frequencies, but will remain separated in their imaginary
eigenfrequencies (this is what we call “broken PT symme-
try”). Away from the Dirac points, the situation is opposite
(the system is PT-symmetric), so there must be a transi-
tion line—a contour of EPs—that borders both regions.

At Eps, the two bands have identical real and imaginary
eigenvalues and eigenvectors, violating the completeness
of the basis set of the underlying non-Hermitian Hamil-
tonian, which makes them fundamentally intriguing [32].
Fig. 8(a) shows that this physics persists also beyond
the tight-binding model. The middle panel clearly shows
degeneracy in the real-part of the eigenfrequency (blue
flat bands) in a region around the K-points, which only
lifts outside the pockets of net gain. The two phases are
separated by rings of Eps, which surround the PT-broken
phase around each Dirac point. Fig. 8(a) actually only
shows a slice through these rings at ky = 0, revealing pairs
of EPs (indicated by star-shaped markers). Their full shape
spans across kx-ky space and can be visualized at a fixed
frequency ω (Appendix V).

It is important to distinguish between EPs and the points
of diverging polarizability, which we call “singularities,”
which we already discussed for the case of identical sublat-
tices. Singularities occur where gain overcomes loss, and
as Fig. 7(c) shows require neither the coupling between
multiple bands, nor the introduction of balanced loss
and gain. Conversely, the top plot in Fig. 8(a) has no
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singularities and yet there already are EPs around the
K-points. Indeed, an EP is defined as coalescence of eigen-
values and eigenvectors of two optical modes and not
as a transition from net gain to net loss. In the studied
example (and in the great majority of all possible gain–
loss metasurfaces), there is no exact balance between
gain and loss of any pair of optical modes. At the same
time, the imbalance between gain and loss does promote
the emergence of singularities in the transition from the
PT-broken to PT-unbroken phase. This can be understood
by first understanding the origin of net gain in the
PT-broken phase. In the exact center of this phase (former
Dirac point), the lattice resonances are the same as in
two isolated sublattices. Although the losses in sublat-
tice A are larger than the gain in sublattice B, the net
extinction of lattice resonance in A can be suppressed by
the net gain in B. This is because spectral broadening
caused by strong damping effectively reduces the magni-
tude of the extinction coefficient of the lattice resonance
[which is proportional to Im(αeff)]. At the same time,
the other mode remains spectrally narrow; hence, its effec-
tive amplification is very high, surpassing the extinction
of the lossy mode. By contrast, in the PT-unbroken phase,
the hybridized modes have net extinction that results from
averaging of gain and loss of the two sublattices. The
same net extinction is expected at EPs, where both modes
coincide in their frequency and in their damping rates.
Therefore, the boundary between net extinction and net
amplification is expected somewhere along the flat band
in the PT-broken phase. The coincidence of resonance with
zero net extinction leads to divergent αeff.

C. Polarization Properties

It has been predicted [37] and demonstrated [29] that
breaking PT symmetry may lead to observable effects in the
polarization properties. In our case, the broken-PT phase is
entirely outside the light cone; hence, no significant effects
are expected for observables such as lattice reflection and
transmission. Nevertheless, the calculated reflectivity and
transmissivity under circularly polarized light [Fig. 8(b)]
do show an emergent asymmetry between positive and
negative values of kx, an effect known as pseudochirality.
While only subtle asymmetry is observed at moderate gain
(top and middle rows), it becomes remarkable at extreme
gain (bottom row). This is better visible in Fig. 8(c), where
one can easily find frequencies at which the reflection and
transmission coefficients are ≈1 for a given kx, but nearly
diverge at −kx. These observations reflect the potential
of gain–loss metasurfaces in exploiting the polarization
degree of freedom for tailoring the scattered optical fields.

Within our formalism, also the chirality of modes
beyond the light line can be further investigated, follow-
ing the approach presented in Section III-C using spin-
polarized driving fields. Fig. 9 shows the comparison of
the relative magnitudes of the dipole moments induced
by such driving fields in three different systems. The first

system is the honeycomb lattice with uniform gain (consid-
ered in the previous section), which shows no differential
response to circularly-polarized fields of opposite handed-
ness, as is apparent by lack of colors in the top left plot
in Fig. 9. The same balance is evident from the excita-
tion by driving fields focused on either sublattice A or B
(top right).

By contrast, the second type of lattice, i.e., the honey-
comb lattice with alternating gain and loss [the same as
in the middle part of Fig. 8(a) and (b), with gain only in
sublattice B] shows remarkably spin-dependent excitation
in the broken-PT phase (red and blue colors in the middle-
left plot). Similar effects have been previously observed
in theoretical studies of PT-symmetric honeycomb pho-
tonic crystals [90]. The observed spin dependence of the
effective polarizability is reversed at negative momentum.
Hence, it can be considered as the analog of pseudochiral-
ity for guided lattice resonances. Furthermore, noticeably
larger dipole moments are excited in sublattice B compared
to sublattice A (middle right), which is associated with the
general tendency of light toward localization in regions
with gain, one of the basic properties of systems with a
broken PT symmetry [115].

The emergent pseudochirality is also observed in
“gapped” systems (bottom row in Fig. 9), where the scat-
terers of two sublattices are mutually detuned by slight
modification of their shape (the ellipsoids in sublattice B
are slightly more spherical compared to the ellipsoids in
sublattice A). Detuning opens a band gap at the Dirac
points, giving rise to spin-polarized bands (bottom left).
In this case, the pseudochirality at the band edges is asso-
ciated with an unbalanced contribution of two sublattices,
with the blue-detuned sublattice B appearing dominant
in the upper band edge (blue “conduction band” in the
bottom right plot), and the red-detuned sublattice A taking
over the lower band edge (red “valence band”). Detuning
of sublattice resonances is a complementary degree of free-
dom as it modulates the real part of the eigenfrequencies,
compared to the gain–loss distribution, which modulates
the imaginary part. According to Szameit et al. [88], in the
tight-binding picture, this has an analogy with particle
physics, where the first scenario corresponds to massive
Dirac fermions, whereas the second scenario gives rise to
tachyons—particles of imaginary mass [88]. Combination
of both parameters allows exploring the topology of pho-
tonic bands, which is demonstrated in the next section.

D. Topology of Exceptional Points

One can argue that the frequency-wave vector diagrams
of lattice polarizability do not allow a precise pinpoint-
ing of either the bands or the EPs. A definitive proof of
EPs is the coalescence of eigenvectors. However, by the
very nature of the description of plasmon arrays with
gain and loss in an electrodynamic framework with retar-
dation, eigenfrequencies and hence also eigenmodes are
not sharply defined. Indeed, any real-valued wave vector
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Fig. 9. Relative contribution of the dipole moments excited by spin-polarized driving fields (left column) and by sublattice-selective

driving fields (right column). The first row corresponds to the honeycomb lattice with uniform gain [the same as in the bottom plot

in Fig. 7(a)]. The second row shows the results for the honeycomb lattice with gain only in sublattice B [the same as in the middle plot

in Fig. 8(a)]. Results presented in the third row are obtained for the honeycomb lattice with uniform but relatively small gain, and with

relative detuning of the LSPRs between sublattices A and B, obtained by setting a different aspect ratio of the ellipsoidal nanoparticles in

each sublattice: (3+δ):(3+δ):1 in sublattice A, and (3−δ):(3−δ):1 in sublattice B. Details on the color encoding are given in Appendix V.

real-valued frequency visualization of the dispersion rela-
tion will show bands with finite width due to gain and
absorption/radiation loss, making the precise tracing of
eigenvectors associated with bands cumbersome. We show
example results of such a tracking approach in Appendix V.
In this section, we instead provide another evidence of EPs,
based on the topology of photonic bands.

One of the most fascinating properties of EPs is the
topology of eigenvalue surfaces (“Riemann sheets”) in
their surroundings. In that context, EPs are described by
a fractional topological charge (“vorticity”) [30]. Calcu-
lation of this topological invariant requires encircling of
a single EP in the given parameter space [116], e.g.,
in momentum space, which has been recently demon-
strated in periodic scattering systems [29]. Our system
does not have isolated EPs, but rings of EPs (“exceptional
rings”), surrounding the Dirac points. Hence, it is not
possible to extract the topological invariant by traveling
only across the 2-D momentum space. Instead, we set
ky = 0 and form an appropriate parameter space with kx

as one axis, and as the second degree of freedom, a para-
meter δ that enables mutual detuning between the LSPRs
of sublattices A and B, by deformation. The initial aspect

ratio of each nanoparticle is 3:3:1, which is modified by δ
into (3+δ):(3+δ):1 in sublattice A and (3−δ):(3−δ):1 in
sublattice B. This is the type of deformation also used to
open the band gap at the Dirac points (Fig. 9, bottom
row, δ = 0.05).

Fig. 10 shows the evolution of photonic bands along a
closed trajectory in the kx-δ space. In the first step, we keep
kx away from the Dirac point and tune δ continuously from
negative to positive. In the second step, δ is fixed and kx is
tuned closer to the Dirac point (but still at some distance
from it). Next, δ is changed back from positive to negative,
and finally, kx is moved back to the previous value, which
closes the loop.

For the honeycomb lattice with uniform gain, the order-
ing of photonic bands along the frequency axis does not
change at any point of the trajectory and remains the same
after completing the entire loop (Fig. 10, top). By contrast,
in the gain–loss honeycomb (Fig. 10, bottom), one of
the bands clearly makes it all the way to the resonant
frequency of another mode and vice versa. As a result,
the two bands are interchanged after completing the loop,
showing a nontrivial topology identical to the Möbius strip.
In other words, if we decide to trace one of these bands,

PROCEEDINGS OF THE IEEE 17



IEE
E P

ro
of

Kolkowski and Koenderink: Lattice Resonances in Optical Metasurfaces With Gain and Loss

Fig. 10. Evolution of the effective polarizability across two

parameters: in-plane momentum kx (π/a), and detuning δ. The

horizontal axis corresponds to a closed loop in this parameter space.

The top plot shows the photonic bands of the honeycomb lattice

with uniform gain, whereas the bottom plot corresponds to the

lattice with alternating gain-loss pattern. In the top plot, the bands

do not cross at any point, meaning that there is no EP inside the

loop. By contrast, in the bottom plot, two bands interchange,

showing nontrivial topology typical for the surrounding of an EP.

we would have to complete the loop twice in order to end
up at the same frequency. This kind of topology is typical
for the direct vicinity of EPs, suggesting that at least one
EP has been encircled by the selected trajectory. This final
example demonstrates that gain and loss in periodic arrays
can have highly counter-intuitive consequences, going
far beyond simple amplification or extinction of light.
Moreover, the results presented in Fig. 10 constitute a
strong evidence that the topological features predicted by
the tight-binding model persist in the nanoparticle arrays
even in the presence of retardation and radiative damping.
Here, this remarkable fact is demonstrated for a non-
Hermitian system hosting PT-symmetric and PT-broken
phases separated by EPs, which complements similar find-
ings in plasmonic realizations of the Su–Schrieffer–Heeger
model [117].

V. C O N C L U S I O N

The passing decade has seen a rapid development of two
research fields: on the one hand, large progress has been
made in the field of metasurface lasers based on plasmonic
nanoparticle arrays combined with gain media [3]; on the
other hand, significant research efforts have been invested
in the field of non-Hermitian photonics [6], [7], where
gain and loss give rise to nontrivial effects associated with

PT symmetry. Surprisingly, the overlap between these two
fields has been almost negligible, despite the fact that the
nanostructured plasmonic and active materials could offer
an excellent platform for engineering the spatial distrib-
ution of gain and loss, enabling the realization of a vari-
ety of non-Hermitian models, especially those associated
with collective resonances of periodic lattices [31], [32].
One of the factors that hinder the emergence of non-
Hermitian plasmonics is the “broken PT symmetry” of
the available materials. In other words, plasmonic losses
are typically many orders of magnitude larger than the
material gain. However, materials science continuously
moves forward [79], promising gain coefficients capable
of compensating the losses of plasmonic metals, which
could bring the field of PT-symmetric plasmonic arrays into
fruition.

In this article, we have presented a minimal but rig-
orous theoretical framework that can be used for mod-
eling of periodic lattices of optical dipolar nanoscatterers
with gain and loss. This article provides a self-consisted
toolbox that is suitable for quantitative evaluation of
observable optical properties: reflection, transmission, dif-
fraction, resolved in frequency, momentum, phase, and
polarization, as well as symmetry, dispersion, and net
extinction/amplification of guided lattice resonances. The
presented method is suitable for studies on complicated
2-D arrays, with many scatterers of arbitrary 3-D arrange-
ment within the unit cell, each scatterer possessing its own
resonant frequency, anisotropic, or bianisotropic optical
response, and gain/loss properties. We believe that the
presented theoretical approach could be useful in design-
ing optical metasurfaces of desired functions, including
PT-symmetric plasmonic lattices suitable for lasing,
wavefront shaping, optical computing [118], or solving
fundamental scientific problems, such as breaking the fun-
damental limits of passive optical elements [5], [119] and
emulation of various non-Hermitian models [88], [92].
As an example, we have demonstrated here the capabil-
ity of this method to investigate breaking of PT symme-
try at the Dirac points of guided lattice resonances in
the gain/loss honeycomb lattice, showing the emergence
of EPs and their nontrivial Möbius strip topology, as well
as the presence of spin-polarized flat bands with net
gain and inevitable catastrophic singularities associated
with divergence of effective polarizability at the points
where the flat lattice resonances coincide with conditions
of perfectly balanced gain and loss. Extension of this
model to active magnetoelectric, nonlinear, nonreciprocal,
and time-dependent (Floquet) metasurfaces [120], [121]
is an exciting avenue of future research. Furthermore,
we note that the model is easily extendable to lattices
integrated in arbitrary stratified systems by modification of
the Green function, and to dealing with other excitations
and observables than those associated with plane waves,
for instance, using the array scanning method to gain
insight into the LDOSs experienced by point sources placed
in the system [122].
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On the other hand, extending our theoretical framework
to the regime of transient gain dynamics and lasing calls
for further developments. In particular, the coupled-wave
theory that is commonly used to describe distributed feed-
back lasing in periodic nanoparticle arrays has recently
been shown to fail in terms of quantitative matching with
the band structure parameters [123]. Resolving this issue
requires a real-space model, especially in finite-sized and
hierarchical systems [28], [124], replacing the reciprocal-
space description based on the plane wave approximation.
Addressing these issues would enable accurate design of
non-Hermitian metasurface lasers and active light-shaping
devices.

A P P E N D I X A
S Y S T E M O F U N I T S U S E D
I N T H I S A R T I C L E

The system of units used in our work is the same as
in [54]. This system of units is different from the Gaussian
(CGS) system, although it offers similar benefits. In our
system, the amplitudes of electric and magnetic fields of
a plane wave are identical, i.e., |E| = |H|, regardless of
the dielectric background, and moreover, the intensity of
a plane wave can be expressed as: I = |E|2/(2Z) =

|H|2/(2Z). By comparison, in the Gaussian system,
|E| and |H| are of similar order of magnitude but differ by
wave impedance. Conversion from SI units to the system of
units used in our work is presented in Table 1. Conversion
factors given in Table 1 involve the wave impedance Z of
the background medium, its electric permittivity ε, and the
velocity of light c.

A P P E N D I X B
E L L I P S O I D A L A N D C O R E-S H E L L
N A N O P A R T I C L E S

Consider ellipsoidal nanoparticles of permittivity ε2
embedded in a medium of permittivity ε1, with symmetry
axes oriented along the Cartesian axes. Generalization
of (9) can be written as [62]

αstat,EE = V

���Ax

Ay

Az

��� I3×3 (41)

where Aj are separately defined for each symmetry axis
j = x, y, z as a function of the corresponding shape
factor Lj

Aj =
ε2 − ε1

Lj (ε2 − ε1) + ε1
. (42)

Shape factors are expressed in terms of the subsequent
radii rj of the ellipsoid

Lj =
rxryrz

2

� ∞

0

ds�
s+r2j

���
s+r2x

��
s+r2y

��
s+r2z

� (43)

Table 1 System of Units Used in This Article

where Lj are constrained by condition Lx + Ly + Lz = 1,
which immediately gives the value of Lj for the
sphere: Lx = Ly = Lz = 1/3, and reduces (41)–(43)
to (9).

Ellipsoidal core–shell nanoparticles with core permittiv-
ity ε3 and shell permittivity ε2, embedded in a medium of
permittivity ε1 [65], can be described by the same formula
as (41) with Aj governed by

Aj =
B−1

j − βC−1
j

(BjDj)−1 + βL2,j (1 − L2,j)
(44)

where β is the volume fraction of the core, and Bj , Cj ,
and Dj are defined as

Bj =
ε3 − ε2

L3,j (ε3 − ε2) + ε2

Cj =
ε1 − ε2

L2,j (ε1 − ε2) + ε2

Dj =
ε2 − ε1

L2,j (ε2 − ε1) + ε1
(45)

where L3,j and L2,j are the shape factors of the core
and shell, respectively. For spherical core–shell nanopar-
ticles, (41)–(45) can be reduced to

αstat,EE = 3V
B−1 − βC−1

(BC)−1 + 2β
I3×3 (46)
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where

B =
ε3 − ε2
ε3 + 2ε2

C =
ε1 − ε2
ε1 + 2ε2

D =
ε2 − ε1
ε2 + 2ε1

. (47)

A P P E N D I X C
D Y A D I C L AT T I C E S U M

The goal of this appendix is to provide pointers on how to
efficiently calculate the lattice sums G and G �= from (19)
and (20). For this purpose, we first consider the lattice
sum that involves the scalar version of the Green function
from (15). This sum is poorly convergent, however,
following the technique developed by Ewald [40] and
Jordan et al. [41], it can be decomposed into the
reciprocal- and real-space summations Γ(1) and Γ(2), each
converging exponentially

	
m,n

eik|Rm,n−r|

|Rm,n − r| e
ik·Rm,n = Γ(1) + Γ(2). (48)

The reciprocal-space summation reads

Γ(1) =
π

S

	
m̃,ñ

eik(x̃,ỹ)T ·r||f (1)
m̃,ñ(z) (49)

where k(x̃, ỹ)T = k|| + Km̃,ñ is the in-plane component of
the diffracted wave vector [see (32) and (33)]. The real-
space summation is expressed as

Γ(2) =
	
m,n

eik||·Rm,nf (2)(ρm,n) (50)

where r = (r||, z)T are the real-space coordinates and
ρm,n = |Rm,n − r|. The functions f (1)

m̃,ñ(z) and f (2)(ρm,n)

are defined as

f
(1)
m̃,ñ(z) =

F (kz̃, |z|) + F (kz̃,−|z|)
kz̃

(51)

f (2)(ρm,n) =
F (ik, ρm,n) + F (−ik, ρm,n)

2ρm,n
(52)

where kz̃ =
�
k2 − |k|| + Km̃,ñ|2 is the out-of-plane com-

ponent of the diffracted wave vector, and the function
F (p, q) has the form

F (p, q) = eipq erfc

�
p

2η
+ qη

�
(53)

where erfc(. . .) is the complex error function. The parame-
ter η should be chosen around

√
π/a for optimal conver-

gence (where a is the lattice period). The summation cutoff
should be chosen depending on the number of nonevanes-
cent diffracted orders; however, for dense lattices
(a � 2π/k), good convergence is achieved [44], [45]
already with |m,n| � 5.

The dyadic lattice sum is generated by applying the
differential operator from (15) to each summand in (49)
and (50). The reciprocal-space sum Γ(1) depends only on
the radius |r||| and height z in cylindrical coordinates,
which yields the following formulas:

(I3×3k
2 + ∇⊗∇)eik(x̃,ỹ)T ·r||f (1)

m̃,ñ(z)

= eik(x̃,ỹ)T ·r||

×

���
���1 − x̃2 −x̃ỹ 0

−x̃ỹ 1 − ỹ2 0

0 0 1

��� k2

+

��� 0 0 ix̃

0 0 iỹ

ix̃ iỹ 0

��� k
d

dz
+

���0 0 0

0 0 0

0 0 1

��� d2

dz2

��� f (1)
m̃,ñ(z)

(54)

for the diagonal blocks, and

−ik∇× eik(x̃,ỹ)T ·r||f (1)
m̃,ñ(z) = keik(x̃,ỹ)T ·r||

×

���
���0 0 −ỹ

0 0 x̃

ỹ −x̃ 0

��� +

��� 0 i 0

−i 0 0

0 0 0

��� d

dz

��� f (1)
m̃,ñ(z)

(55)

for the off-diagonal blocks, respectively. At the same time,
Γ(2) depends only on radius r = |r| in spherical coordi-
nates, which leads to the following formulas:

(I3×3k
2 + ∇⊗∇)f (2)(ρm,n(r))

=

���I3×3

�
k2 +

1

r

d

dr

�

+

���x2 xy xz

xy y2 yz

xz yz z2

��� 1

r

d

dr

1

r

d

dr

��� f (2)(ρm,n(r)) (56)

for the diagonal blocks, and

−ik∇× f (2)(ρm,n(r))

=

��� 0 z −y
−z 0 x

y −x 0

��� ik

r

d

dr
f (2)(ρm,n(r)) (57)

for the off-diagonal blocks. Applying all the above-
mentioned derivatives allows obtaining the dyadic lattice
sum G in (27). However, the calculation of G �= requires
extra attention, as the simple omission of the zero-order
term (m = 0, n = 0) in the Ewald sum [left-hand side
of (48)] is not straightforward. Instead, one can first calcu-
late G by performing the full summation and then subtract
the dyadic Green tensor G0 of the homogeneous dielectric
medium, calculated directly by (15), setting r = roff
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and r′ = R0,0

G �= = G − G0(roff − R0,0). (58)

The problem arises because G0 is singular if the obser-
vation point is located exactly at the lattice origin,
i.e., roff = R0,0. One way to resolve this problem is to
evaluate two (or more) tensors at some finite (but small)
symmetric offsets roff from the lattice origin, e.g., along
+z and −z, and then taking the arithmetic average of these
tensors.

A P P E N D I X D
M O D I F I E D L O G F U N C T I O N

The function l�og is a modified decimal logarithm that
allows to display both positive and negative values. It is
defined as

l�og(ξ) = sgn(ξ)
log|ξ| + |log|ξ||

2
. (59)

The above function truncates all values ξ that fall into
|ξ| < 1 (at log|ξ| = 0), and therefore, it is suitable for plot-
ting positive and negative values spanning several orders
of magnitude, from any range symmetric around zero, e.g.,
from −105 to 105. In this article, we use l�og to plot the
sum of imaginary parts of effective eigenpolarizabilities:
l�og(Im α̃eff), where

α̃eff =
4πka

V

	
j

αeff,j (60)

where V is the volume of the nanoscatterers, k is the
wavenumber (in the embedding dielectric medium), a is
the lattice period, and j is the eigenvalue index.

Fig. 11. Coallescence of eigenvectors quantified by ΔΔΔ (63) (top)

and compared to the imaginary eigenpolarizability (bottom).

Fig. 12. Fixed-frequency slices (���ω = 2.0065 eV) of the band

structures presented in Fig. 7(a)-middle and Fig. 8(a)-middle (top

and bottom, respectively), showing the momentum-space extent of

the net gain in the PT-broken phase around all six Dirac points.

A P P E N D I X E
R G B C O L O R E N C O D I N G

Four plots in Fig. 6(b)–(e) and plots in Fig. 9 display two
types of information: the overall intensity and the relative
content of two values (p and q). The first information is
contained in the brightness, whereas the second informa-
tion is encoded in the interplay between red and blue
colors. Shades of red indicate a dominant contribution of p,
whereas shades of blue are associated with superior values
of q. White color means a balanced contribution of p and q.
The above-mentioned encoding is based on the customized
RGB content

R = trun{R’[1 + S(R’ − B’)]}
B = trun{B’[1 − S(R’ + B’)]}
G = min{R,B} (61)

where S is a parameter responsible for color satura-
tion, and “trun” denotes the truncation to the range
between 0 and 1 (all values greater than 1 are set to 1,
whereas all values smaller than 0 are set to 0). Colors are
further enhanced by applying the following functions:

R’ = trun

�
1 +

C
2

log

�
p

max(pmax, qmax)

 !
B’ = trun

�
1 +

C
2

log

�
q

max(pmax, qmax)

 !
(62)
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where C is a parameter responsible for contrast, and
pmax, qmax are the maximum values in the investigated k-ω
range. Both S and C can be chosen 1 by default and then
customized depending on the range of p and q values.

A P P E N D I X F
C O A L L E S C E N C E O F E I G E N S TAT E S

We attempt to locate EPs by calculating the sum of dif-
ferences between all possible pairs of eigenvectors vj

obtained by diagonalization of αeff

Δ =
	
ij

|vi − vj |2. (63)

Fig. 11 shows Δ (top) compared to Im(α̃) (zoom-in view in
in Fig. 10, middle). As we can see, Δ has a minimum that
is slightly shifted along the momentum axis compared to
the position of the singularity. The value at this minimum
is far from zero due to the mixing of eigenvectors from
multiple pairs, most of which do not participate in the
formation of EP.

A P P E N D I X G
P T-B R O K E N P H A S E I N T H E K-S P A C E

Breaking PT-symmetry in the honeycomb lattice creates
a ring of EPs at each Dirac point in the Brillouin
zone [88], [93]. Band structures in Fig. 8 show only a “side
view” of two such regions with PT-broken phase. Here, for
completeness, we show kx–ky map of these regions at a
fixed frequency corresponding to the spectral position of
Dirac degeneracies. Fig. 12 (top) shows the Dirac points
in the honeycomb lattice with uniform gain distribution,
whereas Fig. 12 (bottom) plot shows the same k-space
region at exactly the same frequency for the alternating
gain/loss pattern. The “shape” of the boundaries surround-
ing the PT-broken net-gain regions turns out to be similar
to rounded triangles rather than perfectly circular.
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