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Abstract

Metamaterials are man-made materials which get their properties from

their structure rather than their chemical composition. Their mesostruc-

ture is specifically designed to create functionalities not found in na-

ture. However, despite the broad variety of metamaterials developed

in recent years, a straightforward procedure to design these complex

materials with tailored properties has not yet been established. Here

we tackle the inverse design problem by introducing a general opti-

mization tool to explore the range properties that can be achieved.

Specifically, we a stochastic optimization algorithm disjoint problems,

focus on optimizing the buckling properties of mechanical metama-

terials, including experimental verification of our predictions. Besides

this problem, our algorithm can be applied to a large variety of sys-

tems that, because of their complexity, would be challenging other-

wise. Potential applications range from the design of optomechanical

resonators, acoustic band gap materials, to dielectric metasurfaces.
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Introduction

Metamaterials are materials that derive their properties from their structure,

not only from their chemical composition. The microstructure of these materials

is specifically designed to create new functionalities not found in nature, such

as materials characterized by a negative index of refraction [1, 2], negative

Poisson’s ratio [3], and a very high stiffness to weight ratio [4], or structures

that enable optical [5] and mechanical [6] cloaking. While most of the properties

of these metamaterials are fixed, compliance, resulting from the use of soft or

relatively thin materials, can be used as a paradigm to design reconfigurable

metamaterials with tunable functionality.

A particularly interesting avenue has been to harness mechanical instabilities

in the design of reconfigurable metamaterials, which changes the continuous na-

ture of the transformation to a discrete response originating from bifurcation.

Interestingly, these instabilities can be used to increase the sensitivity to exter-

nal loads, and enable multistability and hysteretic behavior [7]. In contrast to

the complex and unstable behavior that these mechanical metamaterials show,

their architecture is often surprisingly simple. One of the iconic examples is an

elastomeric material patterned with a square lattice of circular pores [8]. Upon

compression, a collective buckling instability suddenly changes the Poisson’s

ratio from positive to negative, and in a similar fashion changes the phononic

behavior by opening and closing band gaps [9]. While several studies focused on

the effects of pore shape [10], pore distribution [11] and material loading direc-

tion [12], the mechanical properties have only been tuned within limits dictated

by a few geometrical parameters. Here, design optimization approaches could

play a key role in solving the inverse problem to design mechanical metamateri-
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als with specific properties, and explore the bounds of achievable functionality.

A specific inverse design approach that has been successfully applied to a

large variety of problems is called topology optimization. This method has been

developed to allow for complete design freedom by varying the local density of

the structure, and therefore does not require a description and parametrization

of the geometry beforehand [13]. While topology optimization was initially used

to solve mechanical design problems such as maximizing structural stiffness us-

ing a limited amount of material [14, 15, 16], it gradually expanded towards

other research areas such as optics [17, 18, 19, 20], phononics [21], material sci-

ence [22, 23, 24], and fluid mechanics [25]. Importantly, most of the algorithms

use gradient information of the objective function and constraints to reach a

local or global minimum. Therefore, the optimization problem needs to be con-

tinuous and differentiable with respect to the design variables. While some work

has been done to include buckling behavior in the optimization problem either

through constraints [26] or the objective function [27, 16], the requirement of

gradient information complicates the applicability and generalization of these

approaches Moreover, the presence of multiple local minima makes the opti-

mization highly dependent on the initial conditions [28] and search algorithm.

Here, . To reduce the search space and to generate smooth structures, we

introduce a heuristic subroutine inspired by the ferromagnetic Ising model.

More specifically, we show how it is possible to design structures with maximum

buckling load, but also allow tailoring to a predefined buckling force within a

wide range of values. We furthermore show that by controlling the occurrence

of higher modes, we can effectively remove multi-mode interactions that occur
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Figure 1: FEA simulation results showing the effect of pore shape on the buckling behavior of periodic
porous beams under vertical compression. Here the first twenty modes are shown. Since mode switch-
ing occurs at c = 0.075, the buckling strain of the first mode εcr1 is not continuously differentiable,
such that gradients based optimization algorithms cannot be applied to optimize buckling behavior.

for nearly degenerate bifurcations. Finally, we validate our optimized designs

using compression experiments on elastomeric samples. While the performances

of gradient based topology optimization algorithms have been proven to be

unmatched [28], here we show that stochastic algorithms, due to their flexibility

and relative simplicity of implementation, provide a general approach beneficial

to explore more complex problems.

Problem description

To emphasize how the morphology of a structure can alter its buckling behavior

in a discontinuous fashion, we performed a buckling analysis on a range of beams

with different pore shape. Each beam is composed of n = 10 vertically placed

square unit cells that contain a pore defined by a geometrical parameter c. The
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radius of the pore shape is defined as [10]

r(θ) =
L
√

2φ√
π(2 + c2)

[1 + c cos(4θ)] , (1)

in which 0 ≤ θ ≤ 2π, L is the size of the unit cell and φ the porosity. We

applied a vertical compressive strain on beams with a porosity φ = 0.5, and ran

linear buckling analyses for −0.1 ≤ c ≤ 0.1 using the Finite Element Analysis

(FEA) package Abaqus, in which we discretized the structure using biquadratic

plane stress elements (CPE8R). In Figure 1 we show the critical strain εcr for

the first 20 buckling modes as a function of the pore shape. By monitoring

the displacement of 11 nodes along the longitudinal axis of the beams, we were

able to correlate the mode shape between the different beams via bivariate

correlation [29]. This enables us to identify mode switching that arises from

changes in pore geometry.

We next focus on the buckling mode with the lowest critical strain, since this

mode will occur upon compression of the beam. We find that for c < 0.075 the

buckling mode of the beam is characterized by a typical macroscopic buckling

mode with a wavelength of 2nL that is equal to twice the length of the beam,

while for c > 0.075 a microscopic buckling mode occurs characterized by a

wavelength of 2L equal to twice the size of the unit cell [30, 31]. When we

would perform an optimization to e.g. maximize the lowest critical strain of

the beam according to

max
c

εcr
1 , (2)

we find that the derivative of the objective function dεcr
1 /dc is discontinuous

due to the change in buckling behavior (Fig. 1). strengthens the need of

optimization techniques that do not rely on gradient information to seek the
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optimum.

Stochastic optimization

In order to find structures with interesting and specific buckling behavior, we

developed a density-based stochastic topology optimization approach based on

the geometrical description used in the SIMP interpolation method [32, 33]. The

topology of the structure, which is divided into square elements, can be changed

by varying the density of the elements between 0 ≤ ρi ≤ 1. Differently, in our

stochastic optimization implementation we can use a discrete representation of

the design since we do not require intermediate unrealistic densities to make our

design continuously differentiable [34]. As such, we assume that each element

can take a density ρi of ρmin ≈ 0 (void) or ρmax = 1 (solid). When assuming

linear elastic behavior of each element, we can evaluate the initial mechanical

and buckling response of the structures by using a linear FEA code implemented

in Matlab (details in Sec. 1 of the SI), in which the stiffness and Poisson’s ratio

of each element are given by Ei = ρiE and νi = ρiν to account for the geometry

of the structure.

Starting from an initial random density distribution with a solid/void ratio of

φ, we alter the geometry by randomly picking and exchanging two elements with

different density. After each change in geometry, the objective function Φ(ρi)

is evaluated. Following a simulated annealing optimization approach [35], the

variation in objective function ∆Φ(ρi) between current and previous iteration is

used to determine the acceptance probability, P (∆Φ(ρi)) of the new candidate

solution according to

P (∆Φ(ρi)) = e−
∆Φ(ρi)

T , (3)
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where T is a parameter often referred to as the Temperature, which can be used

to tune the acceptance probability of optimization steps that do not improve

the objective function, in order to reach global optima. Here we use a fixed

number of iterations for the optimization, Niter, and assume an exponential

decay of the temperature [35, 36]. We let the temperature decrease from Tmax

to Tmin, such that the temperature at a given iteration n is given by

T (n) = Tmax

(
Tmin

Tmax

)n/Niter

. (4)

A test problem: compliance optimization

While our main goal is to optimize buckling behavior, we will first test our

method using a typical topology optimization problem that is computationally

less expensive. We focus on compliance optimization (i.e. stiffness maximiza-

tion), and do this by replicating the MBB-beam optimization problem [37, 38]

(see schematic in Fig. 2a). This allows us to compare our implementation with

previous work. If we consider a domain with nx × ny = 60 × 20 elements, the

optimization problem can be formulated as:

min
ρi

Φ(ρi) = C = {D}T [K]{D}, (5a)

s.t. {F } = [K]{D}, (5b)

Vsolid

VΩ
= φ∗ = 0.5, (5c)

where {D} and {F } are vectors containing the displacement and reaction forces

at the nodes, respectively, which are related by the stiffness matrix [K] (see

Sec. 1 of the SI). Moreover, the volume constraint of Eq. 5c enforces that the

ratio between the volume of material elements, Vsolid, and the total domain
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volume, VΩ, is constant. Note that in our approach this volume constraint is

automatically satisfied, and depends on the initial solid/void fraction. Finally,

we normalize the compliance of our designs C by the compliance of a homoge-

neous structure Cref with ρi = 0.5, such that C̃ = C/Cref.

We start by identifying proper temperature bounds (Tmax and Tmin) for the

simulated annealing algorithm (Eq. 4). First, to determine the objective func-

tion sensitivity to the temperature, we run 10 optimizations with a total num-

ber of iterations equal to Niter = 1.5 × 104, during which the temperature is

decreased according to Eq. 4 between Tmax = 102 and Tmin = 1 × 10−9. By

looking at the objective function evolution for decreasing T (Fig. 2a), we iden-

tify three regimes. (i) For high temperatures (T > 20) any candidate solution

is accepted, such that the objective function fluctuates around the same value

and there is no convergence to an optimum. (ii) Intermediate temperatures

(1 × 10−7 ≤ T ≤ 20 ) result in convergence towards a minimum, with a prob-

ability to reach a global minimum. (iii) For T < 1 × 10−7 only candidate

solutions with lower objective function are accepted, the algorithm behaves as

a random search with steepest descent and therefore only convergences to a

local minimum. For optimal behavior of the simulated annealing algorithm, we

focus on regime (ii), such that Tmax = 20 and Tmin = 1× 10−7.

Using these specific bounds for the temperature, we next focus on finding

the required number of iterations Niter. To do so, we performed several opti-

mizations with 500 ≤ Niter ≤ 15000. In Figure 2b we show the final objective

function values for 30 optimizations per data point. As expected, we find that

a larger number of iterations (i.e. a slower cooling rate) benefits the objective

function optimization. This can also be seen by looking at the topologies asso-
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ciated with different cooling rates (Fig. 2b), which become more clustered given

enough time. Balancing the time required for the optimization with the final

objective function value, Niter = 104 seems to be a good choice for the number

of iterations, for which the typical C̃ ≈ 0.9.

Ising-inspired subroutine

As can be seen from the compliance optimization examples (Fig. 2b), while

the solutions are converging, the current approach leads to structures with

fragmentation and local checkerboard patterns. This is a typical problem in

topology optimization, and is the result of artificial stiffening [39, 40]. As a

result, the optimized geometries highly depends on the choice of mesh density.

Moreover, apart from introducing numerical artifacts, these local patterns make

the fabrication impossible.

Typically, this problem is solved by introducing local averaging [41], which

is not suitable for our optimization given that we do not take into account

intermediate densities. , we introduce an approach to heuristically reduce the

probability of certain geometrical features by drawing only specific candidate

solutions. Here, we take inspiration from the 2D ferromagnetic Ising Model

[42, 43], and implement a subroutine to prioritize clustering of the material, .

While the Ising model describes the behavior of a system formed by magnetic

dipole moments of different spins interacting among each other, we translate

the spin diversity into material diversity. If we relate the spin to the density of

each element according to si = 2ρi − 1, using the Von Neumann neighborhood
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the total energy in our system can be written as

E = −1

2

Nelem∑
i=1

si
[
sup(i) + sdown(i) + sleft(i) + sright(i)

]
, (6)

where the spin of each element si is only affected by the spins of the four

adjacent elements. Therefore, if an element of a certain spin si is inverted, the

system will experience a variation in Ising Energy equal to

∆Ei = 2 si
[
sup(i) + sdown(i) + sleft(i) + sright(i)

]
, (7)

which, according to the 2D Ising Method, is only accepted with a probability

equal to

P (∆Ei) = e
− ∆Ei
TIsing . (8)

Here, the Ising temperature TIsing can be used to tune the acceptance probability

of certain topological variations. Lower TIsing will result in the formation of more

clustered candidates solutions, while higher TIsing will not have much effect on

the selection of the candidate solution and therefore will result in topologies

similar to those shown in Fig. 2b.

Note that for the Ising model, especially for low temperatures, it often occurs

that no spins changes are made during a step. To make sure that our design

changes in each iteration step, we instead draw an element from the probability

distribution specified by

P (Si) =
P (∆Ei)∑Nelem

k=1 P (∆Ek)
, (9)

which depends on how the Ising acceptance probability of an element P (∆Ei)

relates to the total acceptance probability
∑Nelem

k=1 P (∆Ek) of the current state.
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Figure 2: Compliance optimization of the MBB-beam problem using our stochastic optimization algorithm without and
with Ising-inpired subroutine. a) Selecting the optimal temperature bounds (Tmax and Tmin) for the simulated annealing
algorithm for actual optimization runs by performing ten different optimizations. b) Dependency of the final optimized
solutions on the number of iterations Niter. For each value of Niter, 30 optimizations have been performed, where the
insets show one of the final optimized solutions for Niter = 103, 104 and 1.5 · 104. c) Probability distribution of the
Ising-inpired subroutine to change the density of an element as determined from Eq. (9) within a solid or void phase,
relative to the optimal solution B in Fig. 2b. d) Effect of Ising temperature on the swapping probability of element in
the solid phase for optimized solutions found without and with the Ising-inspired subroutine. e) Dependency of the final
optimized solutions on the Ising temperature TIsing. For each value of TIsing, 30 optimizations have been performed,
where the insets show one of the final optimized solutions for TIsing = 0.5, 1.25 and 4. f) Length of the material-void
interface for the optimized solutions. The insets represent the bounds for the length.
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To ensure that the volume constraint is satisfied, each design change is divided

in two steps in which we first draw a solid element, update the density and

probability distribution, and then we draw a void element. In Figure 2c we show

the material and void probability distributions of an optimized design with a

checkerboard pattern, in which the density distributions are normalized with

respect to the probability of a random element selection P (i) (i.e. without using

the Ising-inpired subroutine). Moreover, in Fig. 2d we show the effect of TIsing

on the probability of making a solid element void for the given configuration.

We observe that for low TIsing, the elements located at the solid-void interface

(e.g. checkerboard regions) have a high probability of being swapped, while the

elements within homogeneous regions have almost zero probability. Increasing

the temperature will increase the probability of selecting elements within the

homogeneous regions, which in the limit of TIsing →∞ results in a fully random

selection not influenced by the Ising-inspired subroutine.

We next apply this subroutine to the same compliance optimization problem

considered previously, using the same parameters for the simulated annealing

algorithm, and study the effect of TIsing on the optimized topology. We do

so by running 30 simulations per TIsing value. As can be seen in Fig. 2e, for

low TIsing the material clusters dramatically, and prevents full exploration of

the design space. As a result, the optimized designs have a relatively high

compliance of C̃ ≈ 2.4. Moreover, for TIsing < 0.5 we find that some optimized

designs are disconnected from the boundary conditions (i.e. connected via low

density elements), leading to very high objective values of C̃ ≈ 103. Better

results are obtained for TIsing ≥ 1, for which all the optimizations converge to

similar objective function values of C̃ ≈ 0.9, comparable to the results obtained
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without Ising-inspired subroutine.

Interestingly, while the objective functions for TIsing > 1 found with our

stochastic optimization approach are similar, the optimized topologies depend

greatly on TIsing. Two examples for which we have used TIsing = 1.25 and

TIsing = 4 are shown in Fig. 2e. Clearly, lower TIsing results into more clustered

solutions and mitigates the checkerboard patterns, while high TIsing creates thin

material connections with sharp material-void interfaces affected by numerical

errors. This effect of TIsing on the topology can be shown by considering the final

length ˜̀= `/`min of the solid-void interface as shown in Fig. 2f, where the lower

dashed line represents the minimum length `min the given domain can achieve,

and the upper dashed line is the length of the optimal design obtained without

the Ising-inspired subroutine shown in Fig. 2c. For TIsing > 1 we find a direct

relation between the Ising temperature and the interface length. Taking both

effects into account, we select TIsing = 1.25 as the temperature in the following

studies. Note that the results obtained for TIsing = 1.25 are ∼ 30% higher, and

therefor not as good as, the optimal material distribution obtained with the

SIMP method [38], see Section 3 of SI.

Furthermore, besides reducing the interface length and removing checker-

board patterns, introducing the Ising-inspired subroutine heuristically reduces

the number of candidate solutions that are considered during each iteration of

the optimization. This is shown in Fig. 2d, where we plot the probability of

selecting elements of an optimal design obtained with the Ising-inspired sub-

routine. Notice how the elements with high probability of being swapped are

mostly at the material-void interface. Therefore, the optimization first explores

the interesting part of the design space, associated with the material interface
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rather than considering the full domain at each iteration.

Buckling behavior optimization

The strength of our algorithm becomes visible when dealing with disjoint prob-

lems, where conventional gradient-based approaches fail, . In this section we

will focus on determining the topology of a periodic structure that undergoes

buckling. We focus on a beam-like domain composed of nuc
x ×nuc

y = 2× 10 unit

cells, in which each unit cell is made of nx × ny = 20 × 20 elements that are

used as the design variables. We fix the top and bottom of the beam, and apply

a vertical compression. Moreover, to better estimate the bifurcation buckling

we impose mirror symmetry with respect to the vertical axis for the density

distribution [44] (see schematic in Fig. 3a).
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Figure 3: Optimization to a target buckling load λ̃1T . a) Results of 900 optimizations (60 per selected
λ̃1T ) as a function of the target value λ̃1T . b) Selection of optimal density distributions and the
corresponding buckling modes for λ̃1T = 0.4, 0.8, 1.2 and 1.8.

Optimizing for a specific buckling load

We start by determining the optimal topology of the periodic beam for a pre-

defined buckling load. Given a target critical force, the optimization problem
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can be defined as:

min
ρi

Φ(ρi) =

√
(λ1 − λ1T )2 (10a)

s.t. ([K]− λ[Kσ]) {δD} = {0}, {δD} 6= {0} (10b)

λ = {λ1, λ2, ... , λn}T (10c)

Vsolid

VΩ
= φ∗ = 0.5, (10d)

where λ1 is the first eigenvalue, λ1T is the target eigenvalue, and [K] and

[Kσ] are the stiffness matrix and the geometrical stiffness matrix, respectively

(see Sec. 1 of the SI). The eigenvalues λ are coefficients proportional to the

buckling force of the structure. Note that we consider only positive eigenvalues

related to compression of the beam, and ignore negative eigenvalues related to

tension. Furthermore, by performing the same parameter study as done in

previous sections for the compliance optimization problem, we obtain suitable

temperatures for this problem given by Tmax = 0.01, Tmin = 10−8 and Niter =

3000. Finally, we use TIsing = 1.25 as determined previously.

In Figure 3a we show the results of 900 optimizations for λ̃1T = λ1T/λref in

the range [0.2, 3], where λref is the first buckling load of a solid beam with equal

volume fraction φ∗. We find that our algorithm can consistently optimize for

targeted buckling forces up to λ̃1T ≈ 1.3 (i.e. the buckling force is improved by

30% with respect to a solid beam made with the same mass), where we find that

approximately 1% percent of simulation converges to a load different than the

objective. Interestingly, for each target buckling force we find multiple optimal

solutions, as shown by the examples in Fig. 3b. However, for λ̃1T > 1.3 (i.e.

λ̃1 > 1.3) we see an increase in diversity, resulting from solutions that do not

converge to the target objective. In fact, these solutions are likely the result
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of optimizations that converge to local minima. Note that for λ̃1T > 2 we find

that all solutions convergence to a value lower than the target, with a median

value at λ̃1 ≈ 1.8.
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Figure 4: Maximum buckling load optimization. a) The buckling load λ̃1 of 600 optimization in
function of the optimized structures’ normalized moment of inertia Ĩ. Structures with first modes
characterized by long (2nucy L) or short (2L) wavelengths are indicated by the blue and pink markers,

respectively. The insets shows the effective stiffness k̃ of the optimized solutions. b) Representative
unit cells and buckling modes of structures A-H. c) and experiments (F̃ cr). d) Experimentally obtained
buckled state of the representative geometries A-H.

Maximizing buckling load

To understand whether the maximum buckling load we achieved for this domain

is λ̃1 ≈ 2 as we showed in the previous section, or that this limit is an artefact

of the convergence to local minima, we next introduce an optimization problem

to maximize the buckling load. This is achieved by setting the target objec-
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tive buckling force in Eq. (10a) to an arbitrarily high value of λ̃1T=10, which

effectively will never be reached. Movie 1 and 2 of the SI show the accepted

candidate solutions of two optimizations, with and without Ising-inspired sub-

routine, respectively. It is important to note that during both optimization

paths we encounter buckling modes of different wavelengths, indicating the dis-

joint nature of the problem.

We perform 600 optimizations, each starting from different random initial

configurations. The results are shown in Fig. 4a, in which we plot the nor-

malized buckling force λ̃1 and average moment of inertia Ĩ = 〈I〉/〈Iref〉 for each

optimized beam, where 〈I〉 =
∫∫∫

ρix
2
idA dy. As expected, we find that most of

the results are clustered within a few local minima indicated by points A-H in

Fig. 4a. Representative topologies for these local minima are shown in Fig. 4b.

We find that in order to achieve higher buckling force the material distribution

needs to maximize the moment of inertia, which follows Timoshenko beam the-

ory [45]. As a consequence, an increase in buckling force lowers the stiffness

of the structures as shown in the inset of Fig. 4a. For beams with lower mo-

ment of inertia (e.g. beams A-F) we find that all optimized beams buckle with

a wavelength equal to 2nuc
y L. However, we also observe solutions (e.g. beams

G-H) in which the first buckling mode has a wavelength equal to double the

size of the unit cell (2L), similar to the observation made in Fig. 1. This is

the result of widening of the beams, which has a direct impact on the thickness

and buckling behavior of the internal features. By performing centroid linkage

hierarchical clustering on the eigenvector results [46], we are able to assess the

wavelengths of optimized beams, and distinguish beams with wavelengths equal

to 2nuc
y L from 2L as indicated by using blue and pink markers in Fig. 4a. The
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appearance of these two modes seems to limit the maximum buckling load that

can be achieved, and we find a maximum buckling load equal to 2.04 times that

of a solid beam with the same weight.
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Figure 5: Difference between the buckling load of the first and second mode λ̃2 − λ̃1 of the opti-
mized structures from Fig. 4, as a function of the moment of inertia Ĩ. Structures with first modes
characterized by long (2nucy L) or short (2L) wavelengths are indicated by the blue and pink markers,
respectively.

Experimental validation To quantify how the optimized topologies (A-H in Fig. 4b)

compare with experiments, we fabricated the beams using an elastomeric rubber

(Zhermack Elite Double 8). Each beam was casted in a single step in a 3D-

printed mold (Stratasys Eden260VS), and has a thickness of 40mm and a nom-

inal length of 140mm, associated with a unit cell dimension of 14× 14mm. We

then performed five compression cycles at a rate of 30mm/min to a maximum

compression of 20mm using a materials testing machine (Instron 5965L9510).

From the force-displacement response we can then determine the buckling point

F cr, which is found at the intersection between the regression lines of the force-

strain curves at small strain ε ≈ 0 and right after buckling as indicated by the

sharp transition (Fig. S3a). To be able to compare the results with experiments

we normalize each response by the experimental buckling force of the reference
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geometry (solid vertical beam), i.e. F̃ = F/F cr
ref.

The results are summarized in Fig. 4c, where we show the difference be-

tween the experimental buckling force F̃cr and simulation results λ̃1 in function

of the normalized moment of inertia of the structures Ĩ. While beam A, which

is closest to a solid beam, is in agreement with the simulation results, wider

beams with a more defined porous structure start to show higher buckling forces

compared to the numerical results. Interestingly, for beams A-E we see an ap-

proximately linear deviation from the predicted buckling load λ̃1 for increasing

Ĩ. This is likely due to the relatively large strains that need to be applied before

the beams buckle (i.e. up to ε = 0.12), such that the beams considerably widen

and shorten, resulting into an effective increase in the experimental buckling

load. nonlinear geometrical effects have not been taken into account in the

model.

, this nearly linear relation between buckling force and moment of inertia does

not hold for beams F-H. To determine where this deviation is coming from,

we show in Fig. 4d the experimentally obtained buckled states for all beams

right after buckling has occurred. While for beams A-E the beams all buckle

in the predicted buckling mode, for beams F-H we observe a localization of

the mode and a sudden drop in force (Fig. S3a). This localization indicates a

creasing instability [47], . Note that beams D-E also show a similar localization

later along the loading path, and therefore undergo a second instability during

loading. Importantly, it seems that due to the increase in buckling load of the

predicted buckling mode, a mode switch occurs in beams F-H, such that for

higher values of the moment of inertia the expected buckling load can no longer
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be reached.

The sensitivity of the buckling mode to the finite size deformations that

occur during loading suggests that the critical values of higher modes are not

well separated from the first mode. In Figure 5 we show the difference between

the critical force of the first and second mode λ̃2 − λ̃1, as a function of the

moment of inertia Ĩ. Interestingly, we find a sudden transitions at Ĩ = 3

that separates structures that have a well-defined first mode (e.g. A-E), and

structures for which multiple modes happen at the same critical force (e.g. F-

H). Note that all the structures that exhibit potential microscopic buckling (i.e.

have a buckling wavelength of 2L as indicated by the pink marker in Fig. 5)

lay on λ̃2− λ̃1 ≈ 0, such that we were not able to obtain such a localized mode

experimentally.

Penalizing higher modes

To investigate whether mode switching influences the experimental post buck-

ling behavior of our optimized geometries, we next introduce a penalty in our

optimization problem that enforces a minimum separation between the first and

second critical buckling force. To do so, we rewrite the objective function from

Eq. (10a) as

min
ρi

Φ(ρi) =

√(
λ̃1 − λ̃1T

)2

+ α
δλ̃− δλ̃T
δλ̃T

, (11)

in which α is the penalty factor, equal to

α =


1/5, if δλ̃ < δλ̃T

0, if δλ̃ ≥ δλ̃T .

(12)
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For further optimization studies we chose δλ̃T = λ̃2− λ̃1 = 0.3 as the minimum

distance between the first and second buckling mode. Rerunning the previous

optimization study now with the penalty applied to the buckling force of the

second mode has a considerable effect on the results. This becomes clear in

Fig. 6b, in which we show the difference between the buckling force δλ̃ for

the optimized structures in function of the moment on inertia Ĩ. The sharp

transition at Ĩ ≈ 3 is still present, however the results levels off for Ĩ > 3 at

the specified minimum of δλ̃ = 0.3. It is important to note that by using this

penalty we only find structures that exhibit a macroscopic buckling mode with

a wavelength of 2nuc
y L. Moreover, while we are still able to achieve structures

similar to A-F found previously, Fig. 6a shows that after the introduction of

the penalty, we no longer observe clusters of structures with a microstructure

similar to G and H (Fig. 4a).

To asses whether the separation of the first and second mode has has an

effect on the buckling behavior of our structures, we fabricated two different

geometries belonging to the F’ group, and used to same protocol as before to

test them in a compression machine. In Figure 6c we show the buckling modes

of the optimized geometries F1’ and F2’ obtained using both simulations and

experiments. While the designs are nearly identical to structure F (Fig. 4),

these structures undergo macroscopic buckling as predicted by our simulations,

before exhibiting a creasing instability, see Fig. S3b. In fact, by adding the

experimental results in terms of buckling force F̃ cr to Fig. 4c, we find that

the structures exhibit the same geometrical stiffening as predicted. Therefore,

we conclude that the second mode for structures F1’ and F2’ is separated well

enough to prevent mode switching.
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Figure 6: Maximum buckling load optimization with penalization of the second buckling mode ac-
cording to Eq. 11 with δλ̃T = 0.3. a) Buckling load λ̃1 of 600 optimizations in function of average
moment of inertia Ĩ. Most of the results cluster in the same minima A’-F’ as previous maximization
study without penalization, however, structures G and H are no longer present (Fig. 4a). b) Difference
between the buckling load of the first and second mode λ̃2 − λ̃1 as a function of the average moment
of inertia Ĩ. c) Comparison between buckling modes obtained using simulations and experiments for
two representative geometries belonging to cluster F’.

Maximum mode separation

Finally, to explore the maximum mode separation that can be achieved between

the first two modes, we introduce a different objective function given by:

min
ρi

Φ(ρi) =

√(
λ̃1 − λ̃1T

)2

+
(
λ̃2 − λ̃2T

)2

. (13)

We ran a total of 2104 optimizations with target eigenvalues ranging between

λ̃1T = [0.4, 2.4] and λ̃2T =
[
λ̃1T , 3

]
. In Figure 7 we show the results in term

of the optimized buckling forces λ̃1 and λ̃2. Interestingly, we find a bounded

region of buckling behavior that can be achieved, indicated by the gray area. In

fact, while we can optimize for structures with coincident critical points λ̃1 ≈ λ̃2

resulting in so-called frustrated structures [48], there is a maximum separation

λ̃2 − λ̃1 which can be achieved. This value seems to be dependent on the λ̃1,

since for λ̃1 < 1 the maximum separation achievable λ̃2 − λ̃1 ∝ λ̃1, and for
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Figure 7: Optimization results for 56 different combinations of target buckling values (λ̃1T , λ̃2T ), where

λ̃1T = [0.4, 2.4] and λ̃2T =
[
λ̃1T , 3

]
. The blue markers indicate all optimized solutions, while the gray

area shows all the evaluated solutions during the optimization, indicating the feasible design space for
our optimization problem. The diagonal dashed lines represent the determined bounds, specified by
λ̃1 = λ̃2, and λ̃1 < 2.1.

λ̃1 > 1, λ̃2 − λ̃1 ∝ λ̃1 + 0.85. These results are coherent with the results shown

in Fig. 5 and Fig. 6b. Therefore, the gray area shown in Fig. 7 represents a

projection of the design space onto the control variables of our inverse design

problem.

Conclusions

In this work we have . Furthermore, in order to create feasible optimized

geometries, we proposed an Ising-ispired subroutine to effectively guide the op-

timization and cluster material. After testing our method and reproducing the

results of a widely-used, differentiable, compliance optimization problem, we

approached novel optimization problems dealing with the buckling behavior of

mechanical metamaterials. Specifically, in this paper we focused on the opti-

mization of the first two , and their interaction. As such, our method opens up

new avenues for the exploration of more fundamental questions regarding frus-

tration and mode interaction that occur in these and more complex mechanical
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metamaterials.

Moreover, does not require objective function differentiability, it can be ap-

plied to different problems that would be impossible otherwise. These can range

from of mechanical metamaterials . Therefore, we believe that the flexibility

and simplicity of our method is a good addition to existing gradient-based op-

timization problems, and is able to deal with more complex problems that have

been left unexplored so far.
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