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Critical threshold for microtubule amplification through templated severing
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The cortical microtubule array of dark-grown hypocotyl cells of plant seedlings undergoes a
striking, and developmentally significant, reorientation upon exposure to light. This process is
driven by the exponential amplification of a population of longitudinal microtubules, created by
severing events localized at crossovers with the microtubules of the pre-existing transverse array.
We present a dynamic one-dimensional model for microtubule amplification through this type of
templated severing. We focus on the role of the probability of immediate rescue-after-severing of
the newly-created lagging microtubule, observed to be a characteristic feature of the reorientation
process. Employing stochastic simulations, we show that in the dynamic regime of unbounded
microtubule growth, a finite value of this probability is not required for amplification to occur, but
does strongly influence the degree of amplification, and hence the speed of the reorientation process.
In contrast, in the regime of bounded microtubule growth, we show that amplification only occurs
above a critical threshold. We construct an approximate analytical theory, based on a priori limiting
the number of crossover events considered, which allows us to predict the observed critical value of
the rescue-after-severing probability with reasonable accuracy.



I. INTRODUCTION

Microtubules are a ubiquitous component of the cytoskeleton in eukaryotic cells. They are filamentous aggregates
of tubulin-dimers reaching lengths of several ym’s. They are typically part of structures that span the dimensions
of the whole cell, enabling e.g. their major role in intracellular transport by providing “tracks” for cargo carrying
motor proteins and cell division where they form the mitotic spindle responsible for the spatial segregation of the
duplicated chromosomes [I]. The fact that during the cell cycle microtubules can be reassembled into different spatial
structures is due to their intrinsically dynamic nature. They stochastically switch between phases of growth through
polymerization to phases of shrinkage through rapid depolymerization, a mechanism that has been dubbed dynamic
instability [2]. A direct consequence of this mechanism is that microtubules have a finite lifetime, as they can shrink
away, and therefore need to be actively (re)nucleated to sustain their overall number. Cells achieve control over the
microtubule structures they build by manipulating the nucleation and dynamics of microtubules in space and time,
using specific nucleating complexes and a host of microtubule-interacting proteins (MAPS)[3].

Growing plant cells have a unique microtubule structure called the cortical array. The cortical array is an assembly
of mutually aligned microtubules localized close to the cell membrane that almost homogeneously covers the inside
surface of the cell. Generically the preferential direction of the cortical microtubules is transverse to the long axis of
the cell. This is crucial to their function, as they guide the anisotropic deposition of cell-wall building polymers, which
in turn allows the cell to grow along a single expansion axis. In this way the cortical array drives the dominant mode
of morphogenesis in plants, which is the formation of linear extensions, like roots, stems and branches. However, it is
known that this generic growth scenario can be modulated by hormonal, mechanical and other environmental signals
[4]. A striking example of this type of modulation is the reorientation of the cortical array of dark-grown hypocotyl
(stem precursor) cells after exposure to blue light [5]. This effect is highly relevant, as the developmental program of
the plant must change dramatically, once the hypocotyl, which typically emerges from a buried seed, first reaches
the sunlight. It is believed that the observed reorientation from the transverse to the longitudinal orientation of the
cortical array is associated with the arrest of further growth, and the subsequent differentiation of the cells.

The light-induced reorientation of the cortical array is mediated by the microtubule severing protein katanin. It
has been shown to localize at the crossover between differently oriented cortical microtubules and, moreover, to
preferentially sever the overlying microtubule, i.e. the one that crossed over a pre-existing one. As the underlying
microtubule is most likely to be a transversely oriented microtubule from the pre-exposure state and severing effectively
multiplies the number of microtubules, this effect can rapidly create an exponentially growing population of longitudinal
microtubules. In this way the original transverse cortical array serves as a template for the reorientation towards a
longitudinal array.

Recent experiments involving a number of mutants in which the reorientation effect is impaired, have shown that
there is an important role for the propensity of the newly-created plus end of the lagging microtubule to immediately
switch to the growing state, a process which in vivo is mediated by the prominent MAP CLASP [6]. This specific
function of CLASP appears to have evolved, as the default outcome of a severing event is the creation of a shrinking
plus end of the lagging microtubule [7]. Stochastic simulations of a simplified model of the reorientation mechanism,
indeed, showed that the degree of amplification of the numbers of microtubules due to severing increases monotonically
with the probability of the so-called rescue-after-severing of the lagging plus end [6]. However, the dynamic parameters
of the microtubules measured in the experiments suggest that, at least in the initial phase of reorientation, the
microtubules are in the so-called unbounded-growth regime [8]. Since in this regime the microtubules in principle are
very long-lived on the timescale of the reorientation, this raises the question to what extent rescue-after-severing is
in fact a necessary ingredient of the mechanism. Moreover, as the total amount of tubulin in the cell is finite, it is
also clear that unbounded-growth and amplification of microtubules cannot be sustained indefinitely, as the pool of
available tubulin to drive polymerization is inevitably depleted. This will cause the growth speed of the microtubules to
decrease, effectively driving them back to the bounded-growth regime. To fully understand the reorientation process we
thus need to disentangle the role of the microtubule growth state from that of the probability of rescue-after-severing,
and this is the main aim of this paper. We approach this problem using a combination of stochastic simulations and
analytical theory, which together allow us to fully characterize the requirements for the amplification of longitudinal
microtubules to occur.

The structure of the paper is as follows. In Sec. IT we introduce our dynamic model of longitudinal microtubules
undergoing dynamic instability and severing in the presence of a grid of stable transverse microtubules. We then
briefly review some of the main features of Dogterom-Leibler model for microtubules undergoing dynamic instability
[8], on which our model is based. In Sec. III we show how, for microtubules in the unbounded-growth regime, while
not a necessary ingredient, the probability of rescue-after-severing does dramatically affect the speed and ultimate
success probability of amplification of the longitudinal microtubule population. Then, we extend our treatment to the
bounded-growth regime, showing that in this case amplification can occur provided that the probability of rescue-after-
severing exceeds a critical threshold. Finally, we calculate the critical value for the probability of rescue-after-severing



using a combination of analytical calculations and computer simulations. To that end, we introduce an approximate
theory in which each microtubule can experience at most two crossovers, allowing an analytical determination of the
contribution of the probability of rescue-after-severing to the probability that the creation of a crossover actually leads
to a severing event, and hence contributes to the amplification. In order to do so, we develop a novel approximate
technique to calculate the first-passage time distribution (hereafter FPTD) for the microtubules to reach relatively
close targets, which has potential application for studying first-passage time problems in other systems as well.

II. THE MODEL

A. Dynamic model
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Figure 1. Schematic of the model of longitudinal microtubules undergoing dynamic instability in a grid of stable transverse
microtubules. After a crossover creation, a competition between the intrinsic severing waiting time and crossover removal due to
dynamic instability takes place. If severing occurs, the newly-created plus end is rescued with probability p*.

In order to better understand the importance of the probability of rescue-after-severing for the reorganization
mechanism of the cortical microtubule array, we introduce a stochastic model of longitudinal microtubules undergoing
dynamic instability in a one dimensional grid of transverse microtubules. Since before the exposure to light the
transverse array consists of relatively long microtubules, in the initial stage of this process, i.e. the first 500 seconds,
the array can be seen as a constant background. In particular, we focus on this time interval because it is the period
of time in which the amplification takes place.

The model consists of a single longitudinal microtubule undergoing dynamic instability in the one dimensional
grid of stable, transverse microtubules with constant spacing d between neighboring filaments [6]. According to
experimental observations, where the angle between differently oriented microtubules is very close to 90°, we assume
that all longitudinal microtubules are exactly perpendicular to the transverse. The microtubule is nucleated at position
2 = 0 with plus end in the growing state with growing speed v, and it can switch to shrinking state with constant
catastrophe rate r.. Once it is in the shrinking state, either its plus end shrinks back to position z = 0 and dies, or it
undergoes a rescue with constant rate r,., switching back to the growing state.

Every time the plus end reaches a transverse microtubule - i.e. when its position is z = nd with n € N, it creates a
crossover. This crossover can be resolved in two distinct ways: either it is removed by the shrinkage of the microtubule
due to its dynamic instability, or it survives long enough to lead to a severing event. Whether or not the severing
event occurs is determined not only by the dynamic instability of the longitudinal microtubule, but also by an intrinsic
severing waiting time distribution at the crossover that can be, in principle, arbitrary. Here, however, we choose a
distribution that best fits the biological experimental data about the action of katanin at crossovers [9]. Moreover, we
need the distribution to account the fact that katanin requires a certain amount of time to localize at crossovers before
being able to sever microtubules. For this reason we choose the severing waiting time distribution to be

tk71

Wi (t) = 9’“1‘7(16)67 , (1)

LSS

i.e. Gamma probability density function [10], where

k) = /000 dssFle s, (2)



Numerical value Numerical value

Parameter Description (bounded-growth) (unbounded-growth) Units
vt Growth speed 0.1 0.103 ums |
v Shrinkage speed 0.25 0.225 pms !
Te Catastrophe rate 0.02 0.0058 st
T Rescue rate 0.02 0.026 st
pt Probability of rescue-after-severing Tuned Tuned -
d Spacing between neighbors 1.5 1.5 pm
0 Scale parameter of Gamma distribution 8.5 8.5 S
k Shape parameter of Gamma distribution 7 7 -

Table I. Model parameters.

is the Euler gamma function, k is the shape, and 6 is the scale parameter of the distribution.

When the severing event occurs, the former long microtubule is split in two shorter microtubules, and both of
them keep undergoing dynamic instability and can create new crossovers and being severed again, in order to amplify
the number of longitudinal microtubules. The newly-created plus end of the lagging microtubule either is stabilized
and it enters the growing state with probability p™, or it enters the shrinking state with probability 1 — p*. The
newly-created minus end of the leading microtubule is now positioned at the severing point in a stable state, whilst no
changes are applied to its plus end, see Figure

B. Microtubule behaviour in the interstitial strip

After the creation of a crossover and before the creation of a second one, the dynamics of the plus end of a
microtubule is described by the Dogterom-Leibler model for microtubules undergoing dynamic instability [§]. Notice
that the dynamics of the plus end is not influenced by eventual severing events. Therefore, as long as the plus end is
at x € (nd, (n+ 1)d), we can study the property of the correspondent microtubule undergoing dynamic instability in a
strip of width d as if its length is [ = x — nd.

In the non-confined-in-a-strip case, the model has two possible solutions for the probability distribution of microtubule
length: in the bounded-growth regime, defined by the relation I > 0, with
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the steady-state solution is reached, and the length distribution is an exponential decay proportional to e~!/!, whilst in
the unbounded-growth regime the average length of microtubules grows linearly in time, with the length distribution
that is well-approximated by a Gaussian-like function [g].

When microtubule dynamics is confined in a strip of a finite width, however, both the bounded and the unbounded-
growth regimes lead to a steady-state solution for the length distribution that is proportional to e~*/!. Notice that,
in the unbounded-growth regime case, { is no-longer positive, and hence the distribution is exponentially increasing
[I1]. General features regarding the lifetime distribution and the splitting probabilities of microtubules in the
Dogterom-Leibler model can be found in the Appendix A.

Given our specific interest in studying the properties of the system in both the bounded and the unbounded-growth
regime, we have chosen two sets of dynamic parameters: for the bounded-growth case parameters are chosen accordingly
to previous observations [I2], while for the unbounded-growth case, both dynamic parameters and grid parameters are
those that have been directly measured for the WT case by previous experimental works [J], see Table

III. RESULTS
A. Amplification in the unbounded-growth regime

The model introduced in the last section had partially been computationally studied for microtubules in the
unbounded-growth regime, and it shows that the factor that influences the most the speed of the amplification of
longitudinal microtubules is the probability of rescue-after-severing p™ rather than the intrinsic rescue rate r, of
microtubules [9].



Here, we want to perform an in-depth study of the response to the system to the change of p™. We will show that,
even though p™ is crucial for the speed of amplification, in the unbounded-growth regime it is not required for the
occurrence of it.

Our simulations consist of N = 10° trials in which a single longitudinal microtubule undergoes dynamic instability
in the whole grid of transverse microtubules. For every trial we keep track of the fate of the initial microtubule and
its offspring until either no more microtubules are present - i.e. they all have shrunk to length zero, and we call
this possible output extinction, or, for every trial that did not result in an extinction, the number of microtubules is
exponentially increasing, and we call this second possible output amplification.
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Figure 2. (A) Time evolution of the number of longitudinal microtubules for four different values of p™. They all exhibit
amplification. (B) Extinction probability as a function of time. It represents the fraction of trials in which, after a certain
amount of time, all microtubules have completely depolymerized.

Fig. shows that for our choice of dynamic parameters, the speed of amplification increases with p*. Furthermore,
we notice from Fig. that greater values of p™ correspond to lower extinction probabilities, suggesting that a
good rescue-after-severing entails a double effect: not only it increases the speed of amplification, but also makes the
amplification occur more likely.

The interesting result that in the unbounded-growth regime even the p*t = 0 case leads to an overall amplification
can be explained by an intrinsic property of the regime itself. Indeed, although every severing event shortens the
length of the severed microtubule, its plus end is not affected by such an event. Consequently, the dynamic properties
of the leading microtubule are not changed by the severing, and so it applies to the microtubule lifetime as well. Since,
on average, the length of microtubules in the unbounded-growth regime grows as
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it follows that the average lifetime of microtubules is infinite [], and therefore there is no upper bound for the number
of severing events that a microtubule can undergo.

B. Amplification in the bounded-growth regime

In this section, we address the question whether or not the amplification occurs regardless of p* in the bounded-
growth regime as well as in the unbounded-growth case. To do so we perform computer simulations for microtubules in
the bounded-growth regime (see Table [l) to show that p™ needs to be greater that a certain critical value pj”.t in order
have amplification. Moreover, using a combination of computer simulations and analytical calculations we identify
such a critical value as a function of the other model parameters.

1. Critical point in simulations

By tuning the probability of rescue-after-severing p™ from 0 to 1, we observe two different behaviours, see Figure
: for lower values of p™ the average number of microtubules exponentially decays in time (extinction), whilst for
higher values of p™ the number of microtubules exponentially increases (amplification). It follows that there exists a
critical threshold for p* above which the average output is amplification. For our choice of model parameters, the



computationally measured critical value is pjm ~ (0.36. Therefore, if we define the amplification probability as the
fraction of trials the output of which is amplification, we observe that below the critical threshold the amplification
probability is zero, whilst it is greater than zero otherwise, see Figure [3B.
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Figure 3. (A) Time evolution of the number of longitudinal microtubules for three different values of p*. One leads to amplification
(blue line), one to extinction (black line), and one corresponds to the critical behaviour (red line). (B) Amplification probability
as a function of p. Amplification probability is non-zero for p™ larger than p;"m-t ~ 0.36.

2. Calculation of the critical point

When microtubule is created through a severing event, either it shrinks to length zero and dies, or it is severed a
sufficient number of times to create an offspring of new lagging microtubules. If the size of such an offspring is, on
average, greater than one, the output is amplification. In other words, if M is the number of severing events that a
newly-created microtubule undergoes, then amplification occurs if, on average,

M > 1. (5)

To fix the ideas, suppose that a microtubule is created by severing with initial length x = d. Then, with probability
pT it is initially created in the growing state, and consequently with probability 1 — p* in the shrinking state. It
follows that the size of the offspring of the mother microtubule can be written as M = pt*M™* + (1 — p*) M ~, where
M? is the size of the offspring of a microtubule created in the state o. However, since a shrinking microtubule with
plus end at = < d cannot be severed, M~ equals M ™ times the probability that the shrinking microtubule recovers the
length at birth d, i.e. M~ = R, (d) M, where R; (d) is the splitting probability defined in the Appendix A. Hence,
the condition expressed in Eq. can be rewritten as

M=[p"+(1-p")R; ()] M+ > 1. (6)

By solving the equality related to Eq. @ we can find the critical value of p™ = p;,it above which amplification takes
place
ot = 1—-R, (d)M+ .
it (1— Ry (d)) M+

(7)

From this equation, we can identify the two extreme scenarios in which amplification never or always occurs,
regardless of p*. In the first case, we state that amplification never occurs if pjrit > 1, meaning that the maximum
value that p* can reach is not enough to lead to amplification. We can show that condition pl ., > 1 is equivalent to
condition M+ < 1, i.e. amplification is impossible if the average size of the offspring of mother microtubules born in
growing state is smaller than 1. In the second case, we state that amplification always occurs if p;,it < 0, meaning
that even without rescue-after-severing, dynamic parameters of the model are such that amplification is still possible.
This condition is equivalent to M TR, (d) > 1, or M~ > 1, i.e. amplification occurs every time the average size of the
offspring of mother microtubules born in shrinking state is greater than 1.

It is important to underline that, in our discussion, we assumed that all microtubules were born with initial length
d. This choice implies that all severing events occur at the first crossover. However, given the stochastic nature of the



system and of the severing waiting time probability of Eq. , it is possible that a severing event occurs further in the
grid than at the first crossover of a microtubule. In other words, the initial length of a newly-created microtubule can
be z = nd, with n > 1.

In this case, we need to add into the count of the size of offspring of a mother microtubule all cases in which a
microtubule that is born with initial length nd, n > 1, it is also severed at (n — 1)d, (n — 2)d, ... . We consider the
microtubules created by this mechanism as direct daughter microtubules of the mother microtubule we are measuring

N
the size of the offspring of. To that end, we first define m; via M+ = % >~ m; as the number of microtubules generated

i=1
by the mother microtubule labeled by i, and N is the number of microtubules we keep track of the fate. Then, we
denote the number of severing events the microtubule ¢ undergoes with s;, and the position of the crossover at which
the first severing takes place with c;,, with the rule: ¢;, = n — 1 if the severing occurred at nd. Since after a severing
event at nd the crossovers at kd, k < n, can be removed by either shrinkage or severing, we define be;, as the number

of crossovers that are resolved by shrinkage. Therefore

m; = s; + Z [cj; — bcji] . (8)

ji=1

Notice that b% depends on pt, as it depends on the behaviour of the plus end after severing of the newly-created
microtubule. Consequently, the r.h.s. of Eq. exhibits a dependency on p*. Hence, we need to find the exact
dependency on pt of bch-,‘ To avoid the problem, in first approximation we set b% = 0 for every c;,. In this way, we
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can computationally measure m; ' =s; + Y ¢j,, and we use Eq. to give a first estimate of the critical probability

Ji=1
pj”.t (1) see Table We refer to this approximation as one-crossover approximation. From the table we notice
that, although this approximation gives a reasonable prediction for the critical probability of rescue-after-severing, it
systematically underestimates it.

Analytically, one can calculate b.; only under the condition that a severing event at nd always implies the resolution
of the crossovers at d, 2d, ..., (n — 2)d through a severing event, whilst the crossover at (n — 1) d can be resolved by
either severing or shrinkage. Therefore, if we denote the probability of resolving this crossover with a shrinkage as

(p*), we h
Der (P )a we have

bcji = (1 - 5011‘ ,0) Per (p+) . (9)

The Kronecker function d.;, o of Eq. accounts the fact that, if the severing happens at d (i.e. ¢;, = 0), no other

crossovers are removed by either severing or shrinkage. If we plug Eq. @D into Eq. , we can now calculate an
approximate expression for M1, i.e.

N N ED ED
1 1 k2 k2
M =5 o = 2 st Do —per (7)Y (1= b0 | (10)
i=1 i=1 ji=1 ji=1

The detailed derivation of Eq. can be found in the Appendix B. Finally, if we define M(J{) = %
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S=%>s,and (16,0 ==+ > (1-— dc;, 0), (see Appendix B), we can rewrite the condition (H) for microtubule
amplification as

N
M= [p+ +(1-p") Ry (d)} [M(J{) —per (p) S%Z (1- 5c,¢,o>] > 1. (11)

The resolution of the equation associated to this inequality provides the critical threshold for the probability of rescue-

after-severing pjrit 2) in order to have amplification. We refer to this approximation as two-crossovers approximation.

The expression || contains two quantities, M "{ and S, that cannot be analytically calculated but can be easily
measured with computer simulations. On the other hand, in the following sections we are going to analytically calculate

N
the terms pe, (p) and % > (1 —dc;.0)- In this way, we will make a better prediction off the critical probability of

=1

rescue-after-severing in order to have amplification.



C. Analytical approach

In this section we are going to calculate the critical probability of rescue-after-severing. To that end, we first need to

N
calculate p. (p™) and % > (1 = d¢,;.0). In order to do so, and because of the complexity of the model, we make the
i=1
approximation that the entire grid of transverse microtubules is replaced by just two transverse microtubules. This
reduces the total number of possible crossovers to two. Therefore, we first calculate the FPTD for a longitudinal
microtubule to create a crossover with a transverse, as we will need it for the formulation of our two-crossovers
approximation. Then, we give some analytical results of the one-crossover approximation already introduced in the
previous section. Finally, we present the two-crossovers approximation and we show that we can use it to calculate the

critical probability of rescue-after-severing with a good degree of accuracy.

1. The first passage time distribution

The creation of new crossovers for a microtubule undergoing dynamic instability is intimately linked to a FPTD
problem for the same microtubule to reach a target. Here, we face this problem by making use of an approach where
we consider all possible legal paths to reach the target, given the knowledge of the time needed to reach it.

The first passage time problem for a microtubule to reach length z; starting from z( in the absence of severing
can be seen as a reverse lifetime problem, in the sense that in place of studying the reaching of the target at x; we
study the survival of the microtubule until it arrives at x1, as if it is shrinking from zg to z;. In this way, the growing
speed of the microtubule acts as its shrinking speed, its catastrophe rate as the rescue rate, and viceversa. However,
with this approach we assume that a microtubule “shrinking” from xy can undergo a “rescue” and grow beyond the
initial position xg. This means that the microtubule assumes negative length. To avoid this, we need to take into
account only the paths from zy to x; that never shrink below . Hence, if L, (t|x1 — x¢) is the lifetime distribution
for microtubules with initial length z; — z¢ and initial state o (see Appendix A), we define

Lf;"get (t,l’l — 1'()) = Lo- (t|1’1 — 1’0) (12)
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as the FPTD to reach the target, including the possibility of assuming negative length. Therefore, this function must
be re-scaled by the number of legal paths Ty 4, (t) that reach the target z; at time ¢, without ever shrinking back to
x < o, calculated over all possible paths that arrive at z; at time ¢, see Figure [AB.

For our purpose, the target to reach is a transverse microtubule for the creation of a new crossover, the position of
which is at distance d from the starting point, i.e. the previous transverse microtubule. Typically, for the range of
values of Table[[] every plus end that impinges on a transverse microtubule starting from the previous one either it
does it without undergoing any catastrophe, or it undergoes one catastrophe and a subsequent rescue. For the dynamic
parameters we are considering, the occurrence of multiple catastrophe-rescue events is very unlikely. Therefore we
assume that all paths are either direct - no catastrophes, or indirect - one catastrophe and one rescue.

Given the constant growing and shrinking speeds, the amount of time that a microtubule needs to reach the target
at d is given by the time needed to reach it in absence of any catastrophe, added to the time spent from a catastrophe
to the moment when the original length before the catastrophe is restored. Mathematically, if Ty is the first-passage
time and Az (T}) is the distance walked by the plus end from the catastrophe to the subsequent rescue, the equation

d 1 1

holds. From Eq. || we can find the expression for Az (T') = vy (T —-4).
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Since catastrophes are modelled as Poisson events, if a catastrophe occurs, the probability that it occurs does not

depend on the distance from the target. Therefore, the fraction of legal paths can be written as I'gq (7)) =1 — A””T(T)
and, finally, the FPTD as

)

2 1
Foq (t) = LG (t,d) To—a (1) © {d <+ + ) - t] ’ (14)
v v
where the Heaviside theta is imposed to allow at most one catastrophe-rescue event.
In order to separate direct paths from indirect paths, it is convenient to split Fyg () in two parts, and rewrite it as

Foq(t)y=0 (t — ;i_) e et 4 foa (t), (15)
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Figure 4. (A) Legal and (B) illegal path for a microtubule to reach the target at a distance d in a first passage time 7. Only
one catastrophe and one rescue are allowed. (C-F) Comparison between simulations (red dots) and theory (blue line) for the
non-direct part fq (¢) of the first passage time distribution. (B, C) Our theory nicely fits simulations for relatively close targets
(d=1.5pm, d =6 um), (D, E) while it is not very good for more distant targets (d = 30 um, d = 60 um).

where the term multiplied by the delta function accounts direct paths, while foq () accounts indirect. From Appendix
A that microtubules reach the target with probability R} (z). Therefore Fy (t) is normalized to R} (z), and as a
consequence, the relation

red

/ it foa (1) = R (0) — e (16)

holds.

We run N = 10° simulations of microtubules undergoing dynamic instability in a strip of width d, and we create the
histogram of the arrival times for the microtubules that reach the target with an indirect path. Figure [dCD shows
that the approximation of only one catastrophe-rescue event is a good approximation when the target is relatively
close compared to the dynamic parameters of the microtubules, while it apparently fails when the target is more
distant, see Figure F. However, it is convenient to point out that, for d > I, we observe a very few arrivals at the
target, since from Eq. we notice that the arrival probability R:{ (0) decays as e~%!. On the other hand, in the
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unbounded-growth regime, since a fraction 1 — T;U:, of the microtubules always arrives at the target, for distant targets
the approximation of one catastrophe-rescue event is no longer accurate.

2. One-crossover theory

Naively, one can think that once a crossover is created, the probability pglez) of resolving it with a severing event is
given by the competition between two independent events: microtubule lifetime, expressed by the random variable
T, (x) with density function given by Eq. , and severing waiting time at the crossover, with random variable
74 and density function defined in Eq. (1)). Then, if we define the random variable t = 74 — Ty, we can calculate
its probability density function by using the relation P, (z =z +y) = fj;o dz' P, (z — 2') P, (2'), where P; is the
probability density function of the random variable i = x,y, z, and x and y are independent random variables. In our
case, the probability density function is

+o0
Py = [ df Wia(t+¢) L (V). (17)

— 00
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Hence, the probability that the event “severing” happens before the event “return” is Pt < 0] = fi)oo dt P,_7, (0) (1)
This probability is not yet the probability of resolving a crossover with a severing event: indeed, microtubules in
the unbounded-growth regime have a finite probability of growing indefinitely. For those, the lifetime T (0) — oo is

infinite. Therefore, the probability of resolving a crossover with a severing event is

0
b, = 5, (00[0) + [1 - 5, (00]0)] / 0t Py o) (1), (18)

where S5 (00]0) is the ultimate survival probability defined in the Appendix A. As a consequence the probability of
resolving a crossover with a shrinkage is

However, with this approach we neglect the number of crossovers removed by shrinkage after the severing at a second
crossover, and, therefore, the dependency on p™. In other words, the one-crossover theory does not take into account
that some microtubules that would have been severed at d are not anymore severed there because an eventual severing
at nd, n > 1, can in principle shorten their lifetimes, and make them shrink below d, resulting in the resolution of the
crossover by a shrinkage induced by the severing at nd, see Figure

3. Two-crossovers theory

P2,

7 A RN

timer starts
To

t<To

timer starts
To

t="Ty <719

©

timer starts
l Td

t<To

Ta+Tg<t<m

p(i) ink
Ml ] s

Figure 5. Schematic of the full one-crossover theory (A). The newly-created crossover can be resolved either by the shrinkage
of the plus end below the crossover itself (lower blue square), or by the severing at crossover (upper blue square). Schematic
of the full two-crossovers theory (B). The first crossover created can be resolved either by the shrinkage of the longitudinal
microtubule with probability pg
probability pﬁ%, (sum of all paths that bring to the upper blue square). Whether the severing at the first crossover occurs or not
also depends on what happens at the second crossover: a severing event at the second crossover alters the dynamic instability of
the lagging microtubule, and hence its probability of shrinking before being severed at the first crossover.

i)”.nk (sum of all paths that bring to the lower blue square), or by the severing at crossover with

In order to take into account the influence of a crossover on the resolution of the previous one, we calculate the
probability of resolving a crossover with a severing event in a scenario in which we have two transverse microtubules,



11

at position d and 2d respectively. We make the further approximation that a microtubule cannot be severed two times

at the same crossover. We denote the probability of having a severing event at d with pgiz,, and consequently the
probability of resolving a crossover with shrinkage with p‘(i)rmk =1- pgig,

Figure shows the three distinct ways in which the newly-created crossover at d can be resolved by shrinkage or
severing: 1) the microtubule shrinks (is severed) without reaching 2d, 2) the microtubule shrinks (is severed) after
reaching 2d but without being severed there, 3) the microtubule shrinks (is severed) after reaching 2d and after being
severed there. The third case bears a dependency on p™.

shrink gl) ink — 4sev + Gshrink, where Jsev 1S the
probability of shrinkage after severing at 2d (path —— of Figure ), while gspringk 1S the probability of
shrinkage without any severing (paths —| or \, of Figure ) Furthermore, since gse, depends on the dynamic
behaviour of the microtubule just after the severing event, it carries a dependency on p™ and can be split again in
Gsev (P1) = DV qsev,+ + (1 = 1) gsew,—, Where gsev o is the probability of shrinkage after being severed at 2d with the
newly-created plus end in the state . The derivation of ggev,» can be found in Appendix B.

As regards the probability gsprine that microtubules shrink below d without being severed there, we observe that
such a probability accounts all cases in which crossovers are resolved by shrinkage in absence of the crossover at 2d, i.e.

pSL)ka, except for those cases in which microtubules that in principle would have shrunk back, do not have enough

time to do so because they are severed at 2d. We denote this probability with ¢,s, and hence gsprink = pgz)rmk — Qns-
The derivation of ¢,s can be found in Appendix B.

Therefore, the final expressions for the probabilities of resolving a crossover with a severing and with a shrinkage are

We first notice that p(2) can be split in two probabilities, i.e. p

ng)mnk (p+) = p(;i)rvnk — Gns + (sev <p+) ) (20)

P2, (01) = P, + s — dsew (PT) - (21)

Notice that gse, (pT) can be rewritten as

Gsev (p+) = (Gsev,— — (qsev,— - qsev,+)p+7

where the term in the braces is always positive. Indeed, since a microtubule initially in the growing state takes more
time to completely depolymerize than a microtubule in the shrinking state, its probability of resolving the crossover at
d before being severed there is smaller than in the opposite case. Consequently, from Eq. |D the probability pgiL (p™)
of resolving a crossover with a severing event grows linearly with p™.

By making use of this two-crossovers theory, we finally give a new estimate of the critical probability of rescue-after-
N

severing by calculating the probabilities p.. (p*) and % > {1 — b, ,0) of Eq. l) In order to do that, we first define
i=1

pog as the probability to have a severing event at 2d before an eventual severing event at d. The derivation of pyy can

be found in the Appendix B.

We now define the three events A, B, and C as

A = shrinkage of microtubule below d after severing at 2d,
B = severing event at 2d before an eventual severing event at d,

C = severing event at either d or 2d.

The three events are nested as A C B C C, and their probabilities are P(A) = gsep (p7), P(B) = p2g, and
P(C) = pS2h (pF) = Gsew (P7) + P2a = PLes — dns + poa. Thus, it holds

per (0*) =P (A|B) = W
_B(A) _ e () 22
P(B) P2
and
= (23)
P(B) D2d

P (C) pg}e)v — Qns 1+ P24 .
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Dvnamic parameters Critical point Critical point Relative error Critical point Relative error
Y P (simulations) (1-cross. theory) (2-cross. theory)
vt v Te  Tr Parit Plie) Apfy) Plric(2) Ap
ums_1 ,ums_1 st st - - - - -
0.10 0.250 0.020 0.020 0.360 0.316 0.122 0.361 0.003
0.08 0.275 0.016 0.022 0.338 0.297 0.121 0.337 0.003
0.15 0.225 0.020 0.020 0.142 0.108 0.239 0.144 0.014
0.10 0.250 0.030 0.015 0.882 0.819 0.071 0.864 0.020
0.10  0.250 0.015 0.030 0.089 0.068 0.236 0.103 0.157
0.10 0.250 0.030 0.015 0.800 0.733 0.084 0.780 0.025
0.10 0.275 0.020 0.030 0.285 0.240 0.158 0.285 0.000
0.10 0.250 0.010 0.020 0.054 0.041 0.241 0.066 0.222
0.08 0.225 0.015 0.025 0.208 0.179 0.139 0.213 0.024
0.12  0.225 0.020 0.025 0.175 0.140 0.200 0.179 0.023
0.08 0.250 0.002 0.020 0.510 0.455 0.108 0.497 0.025

+

Table II. Comparison pj'rit VS Perit,(1) VS Derit,2) for different sets of dynamic parameters as v™, v™, 7¢, and 7. All other model

+ + +
Perit —Perit, (1) Perit " Perit,(2)
—erit__erity(1) Zerit Terit,(2)
s Perit L. crit . .

two-crossovers theory to the computationally measured critical value for the probability of rescue-after-severing.

parameters are those of Table [I Ap?'l) = and Ap?'m = represent the relative error of the one and

Plugging p., and % vazl (1 —dg, 0) into the equality associated to inequality , we finally calculate the critical

threshold for the probability of rescue-after-severing p;i £(2) that is
Povit2) = !
crit,(2) 25Aqse3 (1 ~ R} (d))
« { (MyF - SaB) (1— Ry (d)) - SAqueuBR] (d) (24)

+ \/[(MS_ - SO‘B) (1 - R; (d)) + SAQSevﬂR; (d)]2 — 4SAqses B (1 - R; (d))}7

where

o= pgg} + dns — (sev,—»

1
ﬁ = (1)—7
Psev — Qns + P2d

AQSev = QGsev,— — Qsev,+-

Table [[T] shows a very good agreement between our predicted critical probability of rescue-after-severing in the
two-crossovers approximation and the critical probability obtained with our simulations in the whole grid of transverse
microtubules for different choices of dynamic parameters, confirming our hypothesis that, in order to study the critical
properties of the system, we can approximate the entire grid of transverse microtubules with just two of them without
any considerable loss of accuracy.

IV. DISCUSSION

Our aim was to obtain a deeper insight into the conditions under which templated severing of microtubules at
microtubule crossovers can lead to exponential proliferation of a new population of microtubules, as observed in the
recent experiments on the light-induced reorientation of the plant microtubule cortical array. To that end we separately
considered the role of the microtubule growth state, be it bounded or unbounded, and that of the rescue-after-severing
effect previously identified as a key component of the amplification process. Simulations revealed a striking difference
between the unbounded and the bounded microtubule growth regimes. In the unbounded-growth regime, which



13

appears to be salient for the experimental situation, amplification due to templated severing will occur even in the
absence of rescue-after-severing. The reason is that in this growth regime microtubules in principle have infinite
lifetime, allowing them (and their descendants after severing) to be severed without limit, which by itself is sufficient
to drive the amplification. There still is a role for the probability of rescue-after-severing, but only as a moderator for
rate of amplification and the probability of success per microtubule. In contrast, in the bounded-growth regime an
microtubule can in principle only be severed a finite number of times. In this case amplification can only occur if the
process is biased by a sufficiently high probability of rescue-after-severing. When the system is below a critical value
of this parameter, a newly nucleated microtubule, and all of its descendants through severing, is sure to go extinct.
The value of this critical rescue-after-severing probability depends strongly on the probability of a newly-severed
microtubule to cross the interval between neighboring transverse microtubules, so that it can be severed in turn, a
crucial step in the amplification process. This prompted us to develop a novel approach to calculating the appropriate
first passage time distribution, using an approach that may find application in other stochastic systems as well. This
formed the basis of approximate calculation of the critical rescue-after-severing probability, which compares favourably
with the results obtained from simulations.

While our work sheds light on the initial phase of the amplification process, understanding the later stages and the
stability of the final state remains a challenging problem. Here we have neglected a number of important effects. First,
the transverse microtubules were taken to be inert, while in reality they are also dynamic and will tend to be broken
down over time as more and more of the available tubulin is incorporated into the exponentially growing population of
longitudinal microtubules. This will remove opportunities for severing, and therefore tend to dampen the amplification
again. Moreover, as the amplification process develops, the availability of free tubulin dimers, which surely are a
limited resource in the cell, is also bound to decrease, which in turn affects both the growth dynamics and nucleation
rate. Given our results here, the first effect, depression of the growth speed, could in fact switch the microtubules from
the unbounded to the bounded-growth regime, which likely decelerates the amplification process. We are currently
exploring these issue, which will be the subject of a follow-up paper.
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V. APPENDIX A: MAIN FEATURES OF THE DOGTEROM-LEIBLER MODEL
A. Splitting probabilities in the interstitial strip

If a microtubule plus end impinges on a transverse microtubule, it creates a crossover. After the creation of the
crossover the plus end is located at © € (nd, (n + 1)d), and, as long as this condition is fulfilled, the dynamics of
microtubules is described by the Dogterom-Leibler model for microtubules with their minus end at nd, regardless the
occurrence of a severing event. Without any loss of generality, we can set n = 0 and length [ = x.

Due to the dynamic instability of the plus end, the microtubule either reaches length & = d or shrinks back to length
2 = 0. The occurrence probability of either of these events is described by the so-called splitting probabilities R (x)
and RJ (x), that describe the probability that a microtubule with initial state o and initial length x arrives first at
length 0 or d respectively. Conservation of probability implies that Rf (x) + Rg (z) = 1.

It is possible to show [13] that

. e/l — et
Rd ($> = ed/z - :T;L})f ’ (25)
re (e 1)
R, (z) = Fed/i — (26)
dfl _ g2/l
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and

ed/z _ rpot ea:/z
- _ TV
By (@) = ed/l _ revt 7 (28)
TV
Interestingly, these expressions hold for both bounded and unbounded-growth case. This is a direct consequence of the
fact that in a strip both regimes produce a steady-state solution [I1].

B. Microtubule lifetime and survival probability

The lifetime density function L, (¢|z) of a microtubule with initial length = and initial state o, is defined as the
distribution of the time needed by microtubules to completely depolymerize.

In the bounded-growth regime all microtubules have a finite lifetime, hence L, (¢|z) is normalized to 1. However,
in the unbounded-growth a fraction of microtubules grows linearly in time. It follows that for unbounded-growth
microtubules, the lifetime density function can be defined only for the fraction of microtubules the lifetime of which is
finite.

In the bounded-growth regime, the lifetime density functions are [14]

L+ (t|fL‘) =0 <t — i) # e—[T7~(v+t+a:)+rc(v7t—m)]

v

X [x Iy (U++2v— Vrere (vt + ) (vt — x)) (29)

vt [re (vt — 1) ( 2

Te 7",«(’1)+t+.%')1 vt + o

Vrere (vt + x) (vt — a:)) ] ,

L-(the) = (t a %) e+ (t a vi*) \/(v*t + ;)CZ)*t — ) v
el er)r (o -a)] . (2 Y sy s y x)) 7

vt +o

where Ij () and I (-) are the modified Bessel functions of order 0 and 1, respectively.

In order to obtain the densities in the unbounded-growth regime, we need to by divide Eq. and Eq. by
1 -84 (oo]z) and 1 — S_ (oo|z) respectively, where S, (co|x) is the fraction of microtubules with initial length x and
initial state o that never completely depolymerize. Due to their finite lifetime, in the bounded-growth regime these
fractions are identically 0. The fractions S, (co|z) are called witimate survival probabilities, and they are

|- 2 e[ 5mmy] it umbounded-growth regime,
S, (cofz) = ST eXp P 1 unbounded-grow r.eglme (31)
0 if bounded-growth regime,
S (colz) = 1 —exp [—%m} if unbounded-growth regime, (32)
0 if bounded-growth regime.

VI. APPENDIX B: DERIVATION OF THE SIZE OF THE OFFSPRING OF A MICROTUBULE

Here, we derive the expression for the size of the offspring of a microtubule in the one and two-crossovers approxima-
tions.

First, we introduce the one-crossover approximation by removing the dependency on p* from the r.h.s. of Eq. .
We assume that b.; = 0 for every j;. This implies that, when a severing event occurs at nd, n > 1, then all previous
crossovers are resolved by a severing event. With this approximation, we replace m; with

mgl) =s; + Z Cjss (33)

Ji=1
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see Figure @ Analytically, we cannot calculate neither s; nor c;,, but these quantity are easily measurable with
1)

computer simulations. We average m;’ over N = 10° simulations to find the first approximation for M, i.e.

N
M (J{) =+ > m{" = 2.61. Therefore, from Eq. (|7), we can calculate the first estimate of the critical probability of
i=1

+
crit,(1
comparison between p;i (1) and pj”.t for different sets of dynamic parameters. The table shows that, even though our
one-crossover approximation provides a reasonable estimate of the critical probability, we systematically underestimate
it.

rescue-after-severing, i.e. p )= 0.316, against the computationally measured one p:rm = 0.360. Table shows a

to =20
m(()o) =0
E—
S0 = 0
t1 > to

(0)

my’ = e
<

S0 = 0

to > 1
M Cs = 1
m(()()) =2 <
1 >
so=1
t3 > to
— T Cs, =0
o 2 i~
50 =2

Figure 6. Schematic of the count of the size of the offspring mél) of a microtubule labelled by 0 created by severing in the

growing state. When a crossover is created, the competition severing-shrinking takes place, and if the severing occurs, the
counter for the number of severing events so gains one unity, whilst the size of the offspring gains 1 + ¢5,. We keep track of

the leading microtubule as it can generate other descendants, further increasing m(()l). We do not keep track of the lagging
microtubules created by severing.

Now, we introduce the two-crossovers approximation by assuming that after a severing at nd, n > 1, all crossovers
at d, 2d, ..., (n — 2) d are resolved by a severing event, while the crossover at (n — 1) d is resolved by a shrinkage with
probability p.. (p*) and by a severing with probability 1 — p., (p). Our aim is to give a better estimate of pjm-t then
in the one-crossover approximation. Here

bcji = (1 - 50“,0) Per (p+) .

With this definition for b.; , we approximate m; with

m§2) =5+ Z {Cﬁ - (1= 5%70) per (p7) } 0

Ji=1
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From this equation, we can observe that

Sq

Z (1 - 601'1.,0) Per <P+) = DPer (p+> [sz - (501,0 + 602,0 + -+ 6‘351"0) i|
Ji=1

= er () |51 = 51 (00,0) | (35)

= Pecr (p+> 54 <1 - 6ci,0> )
where the average value (., o) is calculated over all severing events that a leading microtubule undergoes along its

lifetime. Consequently, (1 — d., o) is the fraction of severing events that a leading microtubule undergoes at nd with
n > 1. If we combine Eqs. , , and together, and we average over N, we obtain

2) = Z m;’
N Si
Z |:3i + Z Cj; — Per (p+) Si <1 - 50@,0>:| (36)

Ji=1

N
= M(JE) _pcr Z c“

N
where S = % > 84, and where we assumed that the correlation between the number of severing events that occur
i=1
along the lifetime of a microtubule and the fraction of them that occur at nd with n > 1 is neglectable. In this case, if
N
N > 1, for the law of large numbers % > (1 —6c,,0) is the probability that a microtubule is severed at nd with n > 1,
i=1

sampled over all cases in which a severing event has occurred. By replacing M T with M (‘L %) in Eq. @, we obtain the

final amplification condition . Table [[I| shows that the two-crossovers reproduces the computationally measured
critical probability of rescue-after-severing with a good degree of accuracy.

VII. APPENDIX C: DERIVATION OF SEVERING AND SHRINKAGE PROBABILITIES

In order to calculate gsey » we first define the following random variables:

T4 = severing waiting time at d,

Toq = severing waiting time at 2d,

T, = FPT from the first to the second crossover, i.e. from d to 2d, (37)
T, (z) = lifetime of a microtubule with initial state o and initial length x,

Toq = severing waiting time at 2d given that the severing occurs.

74 and 794 have probability density function Wy (¢) defined in Eq. , while the probability density function of Ty is
Foq (t) from Eq. (14). The probability density function of T, () is L (t|z) defined in the Appendix A. Finally, the
probability density function of 74 can be calculated by observing that the event “severing” and the event “shrinkage”
are independent. Therefore, the cumulative function ®z,, (t) = P [T2q4 < t] can be written as

1 t ()
Oz, (1) =P[(m2q < t) N (124 < Ty (0))] = 7/ dt' Wy 9 (t/)/ dt” Ly (t"]0), (38)
w Jo t/
where

I Y / ' L. (£)0). (39)
0

Thus, the probability density function Wy (t) of Taq is

Wio (8) = Los, (1) = 7Wk9 / ' Ly ()0). (40)

dt
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The probability gsey,» is the probability that a microtubule reaches 2d, it is severed there with newly-created plus
end in the state o, and finally shrinks back below d before being severed at d. In S, (00|0) of the cases (i.e. for
indefinitely growing microtubules), this event occurs if Ty = 74 — Ty — 724 — T, (d) > 0, with probability density
function of T} defined by

Pr, (t) = / At A" Wi (¢ + ¢ 41" +1") Foa () Weo (") Lo (£"]d) (41)
R‘

In the remaining 1 — S4 (00|0) of the cases (i.e. for microtubules with a finite lifetime), the event occurs if Tp =
Ta— Ty — Taad — T (d) > 0, and if it is severed at 2d, i.e. if 74 < T (0). The probability density function of T is

Pr, (t) = /]R ) dt'dt" dt" Wig (t +t' +t" + ") Foq (t') Wie (t") Ly (t"'|d) . (42)

Hence, the final expression for gsey,o is
teone = RE O {84 o0l0) [ atPry 0411 81 (00l0)] [ dt P 0 [ e P (0} - 1 (] (43)
0 0 0

To calculate ¢,s we first define the random variable TJF as the time that a microtubule initially in the growing state
and with plus end in 2d needs in order to return in the shrinking state at 2d, given that no severing event occurs at 2d.

Similarly to the derivation of Wy (¢), we can derive the probability density function of T, that is

t
L (t) = 5L (60) [ de' Wi (1), (44)
43 0
with
[e%e] t
ZL:/ dt Ly (t|0)/ dt' Wie (t') . (45)
0 0

Therefore, as ¢,s is the probability that a microtubule reaches length 2d and would return to length d but it
cannot because it is severed at 2d, the two conditions that our random variables have to fullfil are 724 < T} (0) and
Tq > Ty + TJF + T_ (d). The former condition had already been discussed before, whilst the latter is associated to the
probability density function

P r 71 @) t)= /R ) At dt" dt" Wiy (t+t' +t" + ") Foq (') Ly (") L_ (£"|d) . (46)
Therefore
0 )
Gns = R, [1 — Sy (00]0)] L dt Pr,_7, (0 (t) /O AP, ;7 g () (47)

Finally, in order to calculate the probability paq to have a severing event at 2d before an eventual severing event at d,
we notice that we have two different cases. In the first case, the microtubule reaches length 2d and it is severed there
before being severed at d, i.e. 74 > Ty + To4. In the second case, the microtubule reaches 2d and it is severed there
before being severed at d, i.e. 74 > Ty + Toq, given that the event “severing” wins the competition against the event
“shrinkage” at 2d, or Toq < T4 (0). The probability density functions associated to these conditions are, respectively,

P 7y, (t)= ] dt'dt”" Wyg (t +t' +t") Foa (t') Wie ("), (48)
R

Prycrymrag (0= [ At Wi (£ 4 ¢") Foa () Wha (2. (19)
R

PTzd—T+(0) (t) = PTd—T+(0) (t) : (50)

Then
0

—0o0

D2da = Ra_d {S+ (OO‘O)/ dt P‘rd—Td—ng (t) + [1 - S+ (OO|O)] / dt P‘rzd—TJr(O) (t)/ dt PTd—Td—"FQ,i (t)} . (51)
0 0
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