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PREFACE

All eukaryotic cells contain a structure called the cytoskeleton, which is a collection of
filamentous networks that consist of microtubules, actin filaments, and intermediate
filaments. At the molecular level, the filaments are made up of protein polymers, and
the filaments interconnect via other proteins to form functional networks. Cytoskeletal
structures are important for cell stability, sustaining the cellular shape, and providing
resilience against external forces. The cytoskeleton also plays a key role in cell signalling
by transmitting mechanical forces, trafficking lipid vesicles and signalling proteins, and
providing binding scaffolds at specific sites [1, 2]. Furthermore, the filaments provide
tracks for motor proteins, which can transport cargo through the cell, and even lead to
the large scale contraction of muscles [3].

The cytoskeleton is not a static network, because the filaments that constitute it con-
tinuously grow or shrink at one or both ends. Combined with the action of motor pro-
teins, this allows cytoskeletal networks to contract and remodel, driving the movement
of cells [4]. The cytoskeleton also plays an important role in controlling cell division. The
signalling functions of the cytoskeleton influence the location of the cell division plane
and the polarisation of the dividing cell [5–7]. Moreover, cytoskeletal structures mechan-
ically perform the division itself. Microtubules form the mitotic spindle that drives chro-
mosome segregation and cytokinesis [8, 9], and actin filaments form the cytokinetic ring
that cleaves the cell [10].

Cytoskeletal filaments have a diameter in the order of nanometres, but can grow up
to several micrometres in length [11–14]. Intermediate filaments are the most flexible
with thermal persistence lengths of up to 1µm, actin filaments are less flexible with a
thermal persistence length of roughly 10µm, and microtubules form stiff hollow tubes
with a thermal persistence length of more than 1 mm [15]. These filaments occur at a
length scale where thermal fluctuations influence all dynamics, not only stochastically
bending the filaments, but also causing friction forces and diffusive motion. In general,
the dynamics of the filaments can be driven by the ATP hydrolysis of motor proteins or
by the ATP or GTP hydrolysis occurring in the growth dynamics of the filaments them-
selves [16], leading to a non-equilibrium dynamics for these filaments.

The extent to which equilibrium thermodynamics fails in biological non-equilibrium
systems is often mitigated by several conditions, providing general techniques to de-
scribe these systems. First, we see that even though cytoskeletal filaments are only nano-
metres in thickness, they constantly collide with water molecules and other components
of the cytosol on very short time scales. Hence, their mechanical movement and chem-
ical modification reactions are often memoryless on the time scales of interest. We
can describe such continuous memoryless processes using a Fokker-Planck equation,
which describes diffusion and drift. Furthermore, discrete memoryless processes such
as chemical reactions can be described using Markov chains. In recent years, a frame-
work called stochastic thermodynamics has been developed to find a general descrip-

v
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vi PREFACE

tion for non-equilibrium systems [17]. Hence, we can use tools provided by statistical
mechanics to characterise the movement and function of cytoskeletal filaments.

The movement of cytoskeletal filaments is influenced by their growth dynamics, by
motor proteins, but also by passive cross-linkers. These cross-linkers interconnect fila-
ments to create networks or bundles, but the filaments can still move when the cross-
linkers diffuse on the filaments or unbind stochastically. When two filaments overlap
partially and are bound by a fixed number of diffusing cross-linkers, these cross-linkers
cause an entropic force that expands the overlap between the filaments [18]. Addition-
ally, the cross-linkers generate a condensation force when the cross-linkers can bind to
and unbind from the overlap. Hence, passive cross-linkers can generate driving forces in
addition to the driving forces generated by motor proteins that use chemical fuel to do
work. Simultaneously, the cross-linkers that drive the motion of the filaments also cause
an opposing friction force between the filaments. In this thesis, we will study the inter-
play between these different cross-linker generated forces. We will derive an expression
for the friction coefficient between two filaments that are connected by cross-linkers,
taking into account the discrete nature of the cross-linker binding sites arising from the
protein lattices that make up cytoskeletal filaments. Further, we use methods from sta-
tistical mechanics to study the interplay between the friction forces and entropic or con-
densation forces that are all generated by the passive cross-linkers.

Finally, we will also study a minimal model of cell polarisation based on a combi-
nation of active transport and membrane-cytosol protein shuttling. This mechanism is
used in various biological systems, such as the Pom1/Tea1/Tea4 system in fission yeast
and the Cdc42 system in budding yeast [19, 20]. In this mechanism, proteins are trans-
ported actively along filaments from the cytoplasm to the membrane. There, these pro-
teins bind to the membrane or drive the binding of other proteins to the membrane close
to the end of the filament. The proteins that are bound to the membrane diffuse away
from their site of delivery, after which they will dissociate back into the cytoplasm, cre-
ating a finite high density spot on the membrane that polarises the cell. Cell polarisation
is a symmetry breaking transition that requires energy input, and interestingly, these
systems are driven out of equilibrium in two ways. The active transport of the proteins
requires the turnover of fuel, but in addition the proteins can undergo an activation-
deactivation cycle, which is driven by nucleotide hydrolysis. We can use a memoryless
description of the transport and binding reactions to quantify the free-energy costs of
this cell polarisation, and compare which mechanism is the most efficient at creating
a polarised protein distribution on the membrane. Hence, statistical mechanics is an
instrument that can provide novel and interesting insights into the movement and func-
tioning of cytoskeletal filaments, and the theoretical predictions it provides can be tested
by experiments.

In chapter 1, we summarise and derive the concepts from statistical mechanics that
we use in this thesis. Specifically, we discuss equilibrium mechanics, the Fokker-Planck
equation, and how to predict the rates of rare events that are caused by the crossing of
a free-energy barrier. Then, we apply these techniques to the movement of two cross-
linked cytoskeletal filaments in chapter 2. It has been observed that the friction between
microtubules that are connected by diffusible cross-linkers increases exponentially with
the number of cross-linkers, and we investigate the mechanism behind this exponential
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increase. We find that the relative movement of the filaments occurs via discrete steps
that are caused by free-energy barriers, leading to experimentally testable predictions
on how the friction coefficient between the filament scales with the density of cross-
linkers. In chapter 3, we show that Kramers theory, which calculates the rates at which
the filaments jump over the free-energy barriers, breaks down in the model presented in
chapter 2. We review each assumption of Kramers theory and discuss why this break-
down occurs. Then, in chapter 4 we examine how entropic and condensation forces de-
pend on the number and density of cross-linkers, and how the interplay between these
forces and the exponentially increasing friction coefficient shapes the movement of the
filaments. The predicted trajectories of the filaments can be compared to experimen-
tal data to test our prediction that the friction scales exponentially with the number of
cross-linkers. In this chapter we also study the effect of cooperative interactions be-
tween the passive cross-linkers and of multiple protofilaments taking part in the bind-
ing of these cross-linkers. In chapter 5 we show how actin filaments can be transported
by growing microtubules and passive cross-linkers that connect the actin filaments with
the tips of the growing microtubules. The actin filament tracks the moving microtubule
tip via a condensation force, which tends to maximize the overlap between the actin fil-
ament and the chemically distinct tip region of the microtubule, but this transport is
opposed by friction forces caused by the cross-linkers. From this model, we predict how
the average transport time of these actin filaments depends on the growth velocity of the
microtubule and the length of the actin filament, and we test the predicted trends exper-
imentally. Finally, inspired by the Pom1 and Cdc42 systems, we investigate in chapter 6 if
a protein distribution on the membrane can be polarised by the transport of the proteins
along filaments that point towards a spot on the membrane. Using a minimal model, we
find that polarisation requires detailed balance to be broken either by motor proteins
that carry the proteins to the membrane or by a chemical modification of the proteins
driving a flux from the filament to the membrane. We compare these two mechanisms
by quantifying the amount of free energy that is dissipated by each, showing that the
processes are not equally efficient in creating a dense protein spot on the membrane.
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1
THERMODYNAMICS AND

STOCHASTIC PROCESSES

We summarise several key concepts from statistical mechanics that are used in this thesis.
We present a derivation of the Boltzmann distribution and the detailed balance condition,
and generalise these relations to find the local detailed balance relation that defines free-
energy differences in Markovian non-equilibrium systems. Then, we discuss that a mem-
oryless continuous process can be described as a limiting case of a discrete system, provid-
ing derivations of the Fokker-Planck equation, the Kolmogorov backward equation, and
the Einstein relation. Finally, we treat Kramers theory in the overdamped regime, which
calculates the transition rates over free-energy barriers that separate different attractor re-
gions, transforming a continuous Fokker-Planck description to a coarse-grained discrete
Markov process.

1
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2 1. THERMODYNAMICS AND STOCHASTIC PROCESSES

Cytoskeletal filaments consist of protein polymers that have a diameter in the order of
nanometres and that can grow to several micrometres in length. At these length scales,
the dynamics of the filaments is strongly influenced by thermal fluctuations, and be-
cause they are embedded in the cytosol, their constant interaction with surrounding
water molecules and biomolecules causes a friction force that brings them to the over-
damped regime [21]. Therefore, we use statistical mechanics to describe the motion and
reactions of cytoskeletal filaments. In this chapter, we discuss the derivations of several
important concepts from statistical mechanics that will be used in the later chapters of
this thesis.

We follow Jaynes [22] to find a derivation of the Boltzmann distribution, and we dis-
cuss how Maxwell [23] derived the detailed balance condition. Then, we show how ther-
modynamics can provide information on the dynamics of Markovian systems that are
out of equilibrium via the local detailed balance relation, which is discussed for exam-
ple by Maes et al. [24, 25]. These relations are true for Markov chains with a discrete
state space, and we show that Markov processes with a continuous state space are gov-
erned by the Fokker-Planck equation [26, 27]. Starting from a continuous time Markov
chain on a discrete regular lattice and taking the limit of a vanishing lattice spacing, the
Fokker-Planck equation emerges when we scale the transition rates properly. Further-
more, this derivation shows that the continuous equivalent of the local detailed balance
relation is the Einstein relation [28], which connects diffusion constants with friction co-
efficients. Related to the Fokker-Planck equation, we also discuss a derivation of the Kol-
mogorov backward equation [29]. Then, we end this chapter by following Kramers [30]
to derive the Kramers theory of reaction rates. In summary, we start from a continuous
overdamped diffusion process on a free-energy landscape containing different regions
of attraction separated by barriers, which is described by a Fokker-Planck equation. This
system can be coarse-grained into a continuous time Markov chain with rates that follow
from the free energy and the diffusion constant. All these concepts are then used in the
following chapters, where we discuss models for cytoskeletal systems that observe the
rules set by statistical mechanics.

1.1. EQUILIBRIUM DISTRIBUTION

E QUILIBRIUM thermodynamics aims to describe the macroscopic behaviour of a sys-
tem using a minimal set of parameters. To achieve this, all details about the dynam-

ics of the system are ignored, such that the focus is on the equilibrium state. This is the
steady state that the system relaxes to when it is left alone long enough. Equilibrium is
important because the system becomes independent of the initial state. When we con-
sider a system that is interacting with its environment in an arbitrary fashion, there is
little we can assume about its time evolution. However, usually we know of the existence
of some quantity that is conserved by the global (system+environment) dynamics, and
that is shared between the system and environment. Energy can play this role in ther-
modynamic systems, and other examples can be the system volume or the number of
particles.

To calculate the probability that we will find the system in a specific state, we have to
take into account all information that we know, and acknowledge our ignorance about
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1.1. EQUILIBRIUM DISTRIBUTION

1

3

all other degrees of freedom. In thermodynamics, our knowledge can consist of a set of
possible states, their individual energies and degeneracies, and the first law which states
that energy is a conserved quantity. The probability distribution over the states i with
energies Ui and degeneracies gi follows from the maximisation of the entropy, under
the constraints set by our knowledge of the system [22]. In this case, that corresponds to
maximising

L =−kB
∑

i
pi log

(
pi

gi

)
−λ1

(∑
i

pi −1

)
−λ2

(∑
i

piUi −E

)
. (1.1)

Here, λ1 and λ2 are the Lagrange multipliers for the constraints that certainty corre-
sponds to unit probability and that the mean energy is fixed to E . The formula differs
from that of Jaynes [22] by the degeneracy term gi . This factor takes into account any
prior information on the states. For example, you would take gi = 2 and g j = 1 if you
knew that state i actually represents two equivalent distinguishable configurations with
the same energy, and state j only represents one such configuration. In particular, if no
prior knowledge besides the energies discriminates the different states i , gi can be taken
to be unity. The form of Eq. 1.1 follows from the information gained when measuring the
system in state i , and with no prior knowledge, this equals − log(pi ). However, when it
is known that state i is degenerate, there is an extra source of uncertainty and a mea-
surement would possibly also reveal the specific subsystem. Therefore, the information
gained from a measurement is increased to − log(pi /gi ).

Why should we constrain the mean energy of the system to a fixed value? To inves-
tigate this question, we can first have a look at the entirety of system and bath. Imagine
that the bath actually consists of some number of systems that is identical to the sys-
tem we have been looking at. Further, we know the total energy that is shared between
the subsystems. In this setup, the average energy per system equals the energy of the
entirety divided by the number of subsystems. Then, if we bring our focus back to the
single system, and describe the rest as a bath of unknown size, all that we can assume is
that our system still has some average energy. This is a consequence of the extensiveness
of energy, which means that doubling the system size generally also doubles the energy
contained by the system. Sec. 1.1.1 also addresses this question in a more specific set-
ting. In summary, fixing the mean energy of the system represents our knowledge that
the bath shares its scarce energy with the system.

The maximum entropy principle leads us to maximising Eq. 1.1 over the space of
probabilities and the Lagrange multipliers. First, we optimise with respect to pi ,

∂L

∂pi
=−kB

(
1+ log

(
pi

gi

))
−λ1 −λ2Ui = 0. (1.2)

We solve this equation for pi , after which the entropy function reduces to

L = kB
∑

i
gi exp

(
−λ1

kB
− λ2Ui

kB
−1

)
+λ1 +λ2E . (1.3)

Then, we optimise over λ1,

∂L

∂λ1
=−∑

i
gi exp

(
−λ1

kB
− λ2Ui

kB
−1

)
+1 = 0. (1.4)
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Combined, Eq. 1.2 and Eq. 1.4 set the relations

exp

(
λ1

kB
+1

)
=∑

i
gi exp

(
−λ2Ui

kB

)
≡Z (1.5)

and

pi =
gi exp

(
−λ2Ui

kB

)
Z

=
exp

(
−λ2Fi

kB

)
Z

. (1.6)

In the second step, we defined the free energy of state i as

Fi =Ui − kB

λ2
log

(
gi

)
. (1.7)

The temperature of the system is given by

1

T
= ∂S

∂E
= ∂Lopt

∂E
=λ2, (1.8)

where S and E are the equilibrium entropy and mean energy of the system. Hence,
Eq. 1.6 shows that the pi follow the Boltzmann distribution.

Finally, the relation between the temperature and the mean energy is given by the
final maximisation of the entropy over λ2,

∂L

∂λ2
= kB

∂ log(Z )

∂λ2
+E = 0. (1.9)

This general equation cannot be solved without knowledge about the state space {i } and
the energies and degeneracies Ui and gi . Nevertheless, it is clear that our assumed
knowledge of the average energy E is equivalent to knowledge about the temperature
T through this relation.

1.1.1. BOLTZMANN DISTRIBUTION FROM EXPLICIT BATH DESCRIPTION

I N Sec. 1.1, we showed that the general maximum entropy distribution of a system in
contact with a heat bath is given by the Boltzmann distribution. Here, we would like

to show this in a more concrete toy example, without the need for explicit distribution
optimisation. Imagine an isolated system with M different subsystems, which can ex-
change energy freely, and where each system i is only described by its potential energy
Ui . All systems can have a spectrum of energies,

Ui ≥ 0 ∀i , (1.10)

and energy conservation implies
M∑

i=1
Ui =U . (1.11)

The only property of the subsystems that we know of is their energy, and there is nothing
else that can distinguish the likelihood of certain states to the observer. Then, we have
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to assume a uniform probability density over the constrained state space of the entire
isolated system,

f{U ,M }(v1, v2, ..., vM ) ∝ δ

(
M∑

i=1
vi −U

)
M∏

i=1
1 (vi ≥ 0) . (1.12)

Here, f{U ,M }(v1, v2, ..., vM ) is the probability density to find subsystem i with energy vi

when there are M subsystems with total energy U . Further, δ(x) represents the Dirac
delta function peaked at x = 0, and 1(C ) represents the indicator function which is 1
when the condition C is true and 0 otherwise. The proportionality constant is found by
integrating over all parameters. The first integration step is the marginalisation over vM ,

f{U ,M }(v1, v2, ..., vM−1) =
∫ U

0
f{U ,M }(v1, v2, ..., vM )dvM , (1.13)

which applied to Eq. 1.12 gives∫ U

0
δ

(
M∑

i=1
vi −U

)
M∏

i=1
1 (vi ≥ 0)dvM =1

(
M−1∑
i=1

vi ≤U

)
M−1∏
i=1

1 (vi ≥ 0) . (1.14)

The integrals over the remaining M −1 dimensions calculate the volume of a standard
simplex embedded in M −1 dimensions,∫ U

0
dv1

∫ U−v1

0
dv2...

∫ U−v1−v2−...−vM−2

0
dvM−1 1 = U M−1

(M −1)!
. (1.15)

The last expression can be verified by induction, adding an integral over v0 around all
other integrals in the inductive step. Eq. 1.15 gives us the normalisation constant of the
probability density,

f{U ,M }(v1, v2, ..., vM ) = (M −1)!

U M−1
δ

(
M∑

i=1
vi −U

)
M∏

i=1
1 (vi ≥ 0) . (1.16)

Now, we would like to know the distribution of energies in system 1, given only the infor-
mation about the number of subsystems M and the total energy U , and not the specific
states of all other subsystems. This amounts to marginalising out all but one parameter
from the full distribution Eq. 1.16. In other words, we have to perform all integrals except
for the last in Eq. 1.15, and choosing v = v1, we have

f{U ,M }(v) = (M −1)
(U − v)M−2

U M−1
(1.17)

This formula simplifies significantly when we further limit our information about the
"bath" of subsystems surrounding the one subsystem. Instead of assuming we know the
exact number of subsystems, we can say that we know that there are many: in this ther-
modynamic limit we let M approach infinity. The actual number will be large enough
such that this approximation is valid. However, when we loose the information about
the number of subsystems, we also loose the information about the total energy in the
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system. Therefore, we have to replace our exact knowledge of U by the knowledge that
the energy is an extensive quantity that scales with the number of subsystems in the
bath. The proportionality constant u is then the average energy per subsystem, and

U = Mu. (1.18)

Combining this, we get

fu(v) = lim
M→∞

f{Mu,M }(v)

= lim
M→∞

(M −1)
(Mu − v)M−2

(Mu)M−1

= lim
M→∞

M −1

Mu

(
1− v

Mu

)M−2

= 1

u
e−v/u

(1.19)

In the final line, we recognise the Boltzmann distribution for a continuous spectrum
degree of freedom with mean energy u = kB T .

This may not be the most general derivation of this quantity, but it does provide some
insight in the role of the thermodynamic limit in the applicability of the Boltzmann fac-
tor. In this limit we can extend the border of the potential energy spectrum to infinity,
and we can ignore the exact size of the bath. Our knowledge is reduced to "the bath is
large enough". Finally, the fact that we have to take into account the extensiveness of
the potential energy makes it clear why we have to assume knowledge about the aver-
age potential energy for the system state. This mean energy, which turns out to be kB T ,
describes a property of the bath. For a general system, the mean energy has a more com-
plex relationship with the temperature, as described in the first part of Sec. 1.1, but the
constraint on the mean system energy remains the proper way to describe the bath.

1.2. LOCAL DETAILED BALANCE

S EC. 1.1 showed how we can calculate the equilibrium distribution of states, but it
did not show anything about the dynamics of thermodynamic systems. Sometimes,

we are interested in the dynamics of thermally activated processes in equilibrium, such
as diffusion. More often still, we would like to describe systems that are driven out of
equilibrium, for example by a bath of chemicals that is constantly replenished. When we
talk about diffusive systems, we can assume that there are no inertial effects and that the
dynamics is memoryless. This leads us to describe the stochastic dynamics of Markov
models.

A continuous time Markov chain model can exhibit both in and out of equilibrium
behaviour. To distinguish between the two, we need a condition that describes a prop-
erty of equilibrium dynamics. This condition is known as detailed balance, and it can be
derived using the principle of sufficient reason [23]. Since all states in an equilibrium sys-
tem have a fixed probability of occurring, and there are transitions between these states,
the probability flux into one state should equal the probability flux out of that state. In
a general network of states, it is possible to obey this stationarity condition by having
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cycles, in which a current flows around the cycle. However, physical principles give us
no reason to prefer one direction of this flux over another. Therefore, the only dynamics
that represents our knowledge about an equilibrium system is one where there are no
cycles, and where the direct flux between any two states is the same in both directions.
In a Markov chain with transition rates ki , j from state i to state j , this means that

pi ki , j = p j k j ,i , (1.20)

where pi is the equilibrium probability of state i . Detailed balance implies that for ther-
modynamic consistency, it is necessary to have microscopic reversibility,

ki , j 6= 0 ⇐⇒ k j ,i 6= 0. (1.21)

Without this condition, the model would imply that there are infinite free-energy differ-
ences between certain states, since one would be completely empty while another has
a finite probability. This is even true for non-equilibrium systems without detailed bal-
ance, meaning that it would never be possible to calculate free-energy costs for systems
with microscopically irreversible transitions.

Using the Boltzmann distribution for equilibrium systems Eq. 1.6, we can rearrange
Eq. 1.20 to arrive at a relation between the rates and equilibrium free-energy differences,

ki , j

k j ,i
= p j

pi
= exp

(−β∆Fi , j
)

, (1.22)

where β = 1/kB T and ∆Fi , j = F j −Fi is the increase in free energy when going from
state i to state j . This equation holds in equilibrium, but we would like to extend its
validity to non-equilibrium systems.

There are different ways to bring a system out of equilibrium. When you prepare a
system in a certain state, this will generally not be the equilibrium state of that system.
However, when the system is left alone, its dynamics will move towards the steady state
and reach equilibrium eventually. This relaxation is a non-equilibrium process. For a
Markov chain, the dynamics is fully described by the reaction rates between the states.
Therefore, when the system is not yet in a steady state, the rates do not change, only the
probabilities and fluxes change. Hence, we can generalise Eq. 1.22 to

ki , j

k j ,i
= exp

(−β∆Fi , j
)

. (1.23)

Here, there is no relation with the probabilities pi any more, since they do not follow the
Boltzmann distribution when the system leaves equilibrium. However, we can define
free-energy differences out of equilibrium using Eq. 1.23, which we call local detailed
balance [25]. This definition makes sense, since it formalises our intuition that free-
energy differences between states should not depend on the initial distribution that you
choose to impose on the system. And since both the transition rates and these free-
energy differences remain unchanged during the dynamics, the relation between them
should always be the same as it is in equilibrium.

This holds when the system is brought out of equilibrium by preparing it in a cer-
tain initial state. It is also possible to bring the entire bath to a non-equilibrium initial
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state, and let the entirety of system and bath relax to equilibrium. When the bath is large
enough and the only relaxation happens within the system, for example when a non-
equilibrium reaction of a chemical species is only catalysed within the system, then the
bath will stay approximately constant. In this case, the dynamics is still a result of the re-
laxation towards equilibrium. However, the transition rates are generally different from
the rates found with an equilibrium bath. Still, we define the free-energy change due to
a system transition using Eq. 1.23. It is possible that the actual free-energy dissipation in
the entirety of system and bath is larger than ∆Fi , j due to different irreversible transi-
tions that are not part of the system description, but Eq. 1.23 provides a definition of the
minimal free-energy dissipation in a non-equilibrium Markov system.

We make the generalisation of the applicability of Eq. 1.23 based on the idea that a
local transition can be considered irrespective of the rest of the system. Whether the
system obeys detailed balance or not, the relation between the rates and the free-energy
change should stay the same.

1.3. FOKKER-PLANCK EQUATION FROM MASTER EQUATION

H ERE, we will show how to properly take the limit from a Markov chain with dis-
crete states to a continuous space Markov system, which is described by the Fokker-

Planck equation [26, 27]. This limit clarifies the relation between the drift parameter in
the Fokker-Planck equation and forces, and gives us the proper version of the Einstein
relation in case of a position-dependent diffusion constant.

Consider a discrete Markov chain with sites i ∈Z, and with transition rates

ki , j =


ki+ if j = i +1

ki− if j = i −1

− (ki++ki−) if j = i

0 otherwise.

(1.24)

Again, the probability to be in state i is called pi (t ). Then, the master equation for the
continuous time Markov chain is given by

∂t pi (t ) =− (ki++ki−) pi (t )+ki−1+pi−1(t )+ki+1−pi+1(t ) . (1.25)

The free-energy differences in this system are given by local detailed balance, as shown
in Eq. 1.23,

ki+
ki+1−

= exp
(
β (Fi −Fi+1)

)
. (1.26)

To bring this system to a continuous line, we assume that the states are equally spaced
from each other with a lattice spacing δ. We need to take a limit of δ→ 0 for a continuous
description, and assume that the transition rates diverge in that limit. Specifically, we
start with a parameter transformation,

ṽ(iδ) = δ (ki+−ki−) , (1.27)

D(iδ) = δ2

2
(ki++ki−) . (1.28)
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Here, ṽ represents the drift velocity and D is the local diffusion constant. The notation
anticipates that these will become continuous functions, because we assume that the
parameters ṽ and D will reach finite values in the continuum limit. The inverse of these
relation gives

ki+ = D(iδ)

δ2 + ṽ(iδ)

2δ
, (1.29)

ki− = D(iδ)

δ2 − ṽ(iδ)

2δ
. (1.30)

Then, we define the probability density as

p(x, t ) = lim
δ→0

px/δ

δ
, (1.31)

where x/δ should be rounded to an integer value using any choice of rounding. Using
Eq. 1.27 and Eq. 1.28 to replace the rates in Eq. 1.25, we have

∂t p(x, t ) = lim
δ→0

− 2

δ2 D(x) p(x, t )

+
(

D(x −δ)

δ2 + ṽ(x −δ)

2δ

)
p(x −δ, t )

+
(

D(x +δ)

δ2 − ṽ(x +δ)

2δ

)
p(x +δ, t )

= lim
δ→0

D(x +δ) p(x +δ, t )+D(x −δ) p(x −δ, t )−2D(x) p(x, t )

δ2

− ṽ(x +δ) p(x +δ, t )− ṽ(x −δ) p(x −δ, t )

2δ
= ∂2

x

(
D(x) p(x, t )

)−∂x
(
ṽ(x) p(x, t )

)
.

(1.32)

This is one representation of the Fokker-Planck equation. The equation specifies the
time evolution of the probability density function, and can be generalised to higher di-
mensions. Using this equation, it is possible to describe the time evolution of the mean
position too. We write down the definition of the mean position and apply partial in-
tegration and the assumption that the probability density and its derivatives vanish at
infinity,

∂t 〈x(t )〉 =
∫ ∞

−∞
x∂t p(x, t )dx =

∫ ∞

−∞
ṽ(x) p(x, t )dx. (1.33)

This equation shows that ṽ(x) describes the drift of the mean position. To investigate its
relation with the force, we have to derive the Einstein relation for this system. Note that
by l’Hôpital’s rule,

lim
δ→0

exp
(
β (F (x)−F (x +δ))

)−1

δ
=−β∂xF (x) . (1.34)
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Then, using Eq. 1.26, we also have

lim
δ→0

exp
(
β (F (x)−F (x +δ))

)−1

δ
= lim
δ→0

kx/δ+−kx/δ+1−
δkx/δ+1−

= lim
δ→0

D(x)/δ2 + ṽ(x)/(2δ)

D(x +δ)/δ− ṽ(x +δ)/2

− D(x +δ)/δ2 + ṽ(x +δ)/(2δ)

D(x +δ)/δ− ṽ(x +δ)/2

= lim
δ→0

− D(x +δ)−D(x)

δ (D(x +δ)−δṽ(x +δ)/2)

+ ṽ(x +δ)+ ṽ(x)

2D(x +δ)−δṽ(x +δ)

=−∂x D(x)

D(x)
+ ṽ(x)

D(x)

(1.35)

In the second line, we used the inverse Eq. 1.29 and Eq. 1.30 to replace the rates, and then
we used the assumption that the functions D(x) and ṽ(x) and their derivatives remain
finite in the continuum limit. We can rewrite the final line by introducing the function

v(x) = ṽ(x)−∂x D(x) . (1.36)

Using this parameter, the Fokker-Planck equation, Eq. 1.32, takes a different form,

∂t p(x, t ) = ∂x
(
D(x)∂x p(x, t )

)−∂x
(
v(x) p(x, t )

)
. (1.37)

Combining the results of Eq. 1.34 and Eq. 1.35, we find,

βD(x)F (x) =−βD(x)∂xF (x) = v(x) . (1.38)

Here, F (x) =−∂xF (x) is the force, and we recognise the friction coefficient

ζ(x) = kB T

D(x)
. (1.39)

This is called the Einstein relation [28]. We see that v(x) is the contribution of the force
to the drift, while ṽ(x) also takes into account the drift term that is due to the varying
diffusion constant. This term, the derivative of the diffusion constant, has a transient
effect on the mean position. Initially, the mean moves in the direction of the fastest
diffusion, and the distribution "equilibrates" earlier in the direction of faster diffusion.
However, in the long time limit, this term has no effect on the equilibrium distribution,
which is set by the force through the Boltzmann distribution, so the mean regresses back
to the expected position. Eq. 1.38 can be used to rewrite the Fokker-Planck equation
Eq. 1.37 once more,

∂t p(x, t ) = ∂x
(
D(x)∂x p(x, t )

)+∂x
(
βD(x)∂xF (x) p(x, t )

)
= ∂x

[
exp

(−βF (x)
)

D(x)∂x
(
exp

(
βF (x)

)
p(x, t )

)]
=−∂x J (x, t ) .

(1.40)

The first line is known as the Smoluchowski equation. The last line shows the definition
of the flux, and compared with the second line one can verify that the flux vanishes if
and only if the equilibrium distribution is the Boltzmann distribution.
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1.3.1. COMPARISON WITH GENERAL DERIVATION

I N the previous section, we derived the Fokker-Planck equation Eq. 1.37 and the Ein-
stein relation Eq. 1.39 as the continuous limit of the master equation for continuous

time Markov chains. In general, the Fokker-Planck equation does not require this under-
lying mechanism, and is based on more abstract assumptions. Specifically, the Fokker-
Planck equation starts from the conservation of probability,

∂t p(x, t ) =−∂x J (x, t ) , (1.41)

where J (x, t ) is the probability flux related to the position x. The main assumption is
Fick’s law, which says that diffusion leads to a probability flux which is proportional to
the derivative of the probability density,

J (x, t ) =−D(x)∂x p(x, t )+ v(x) p(x, t ) . (1.42)

The proportionality constant equals the diffusion constant D(x), and the second term
on the right hand side follows from the definition of the flux. The combined equations
Eq. 1.41 and Eq. 1.42 lead to the Fokker-Planck equation Eq. 1.37.

As explained in the derivation of Eq. 1.20, detailed balance says that the flux Eq. 1.42
vanishes in equilibrium. Furthermore, in equilibrium the probability distribution must
follow the Boltzmann distribution Eq. 1.6,

p(x, t ) ∝ e−F(x)/kB T . (1.43)

Since F (x) is the free-energy profile that determines all forces acting on the particle, and
the particle undergoes overdamped dynamics, the drift velocity is set by the free energy
and a friction coefficient ζ(x),

v(x) = −∂xF (x)

ζ(x)
. (1.44)

The numerator on the right hand side equals the definition of the force, and hence
Eq. 1.44 defines the friction coefficient. Combining Eq. 1.42, Eq. 1.43, and Eq. 1.44 with
the detailed balance condition J (x, t ) = 0, we see(

D(x)

kB T
− 1

ζ(x)

)
∂xF (x)e−F(x)/kB T = 0. (1.45)

Hence, we retrieve the Einstein relation Eq. 1.39, which also shows the general validity of
Eq. 1.40. This derivation shows the generality of these equations, but it does not make
clear what the relation is to Eq. 1.32, and why ṽ(x) is the wrong function to use in Eq. 1.44.
Sec. 1.3 clearly shows that ṽ(x) is the full drift velocity, which contains the force contribu-
tion Eq. 1.44 and a contribution due to the positional changes in the diffusion constant,
as shown in Eq. 1.36. These latter contributions only cause a transient drift that has no
effect on the steady state distribution, and only the force driven drift v(x) determines the
final Boltzmann distribution.
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1.4. KOLMOGOROV BACKWARD EQUATION

T HE Fokker-Planck equation, given in Eq. 1.37, determines the probability that a par-
ticle is at a certain position given a specific initial condition. If a particle is at point x ′

at time t ′, then the Fokker-Planck equation determines the probability density p
(
x, t | x ′, t ′

)
that the particle is at x at time t > t ′. This equation is also known as the Kolmogorov for-
ward equation [29], since the operator in the equation propagates the probability density
forward in time. Similarly, there is an operator that propagates the probability density
backward in time. To find it, we use the Chapman–Kolmogorov equation which relates
the probabilities at times t ′′ < t ′ < t ,

p
(
x, t | x ′′, t ′′

)= ∫
p

(
x, t | x ′, t ′

)
p

(
x ′, t ′ | x ′′, t ′′

)
dx ′. (1.46)

Then, we apply a time derivative operator with respect to t ′ to both sides of this equation,

0 =
∫
∂t ′p

(
x, t | x ′, t ′

)
p

(
x ′, t ′ | x ′′, t ′′

)+p
(
x, t | x ′, t ′

)
∂t ′p

(
x ′, t ′ | x ′′, t ′′

)
dx ′

=
∫
∂t ′p

(
x, t | x ′, t ′

)
p

(
x ′, t ′ | x ′′, t ′′

)+p
(
x, t | x ′, t ′

)
∂x′

(
D

(
x ′)∂x′p

(
x ′, t ′ | x ′′, t ′′

))
−p

(
x, t | x ′, t ′

)
∂x′

(
v
(
x ′)p

(
x ′, t ′ | x ′′, t ′′

))
dx ′

=
∫ [

∂t ′p
(
x, t | x ′, t ′

)+∂x′
(
D

(
x ′)∂x ′p

(
x, t | x ′, t ′

))+ v
(
x ′)∂x′p

(
x, t | x ′, t ′

)]
×p

(
x ′, t ′ | x ′′, t ′′

)
dx ′. (1.47)

In the second step, we apply the Fokker-Planck equation Eq. 1.37 to resolve the sec-
ond time derivative, and in the third step we apply partial integration to apply the par-
tial derivatives with respect to x ′ to the function p

(
x, t | x ′, t ′

)
. We ignore the boundary

terms, which are assumed to vanish because of the form of the probability distribution.
Eq. 1.47 can only be satisfied if

∂t ′p
(
x, t | x ′, t ′

)=−∂x′
(
D

(
x ′)∂x′p

(
x, t | x ′, t ′

))− v
(
x ′)∂x′p

(
x, t | x ′, t ′

)
. (1.48)

This is the Kolmogorov backward equation [29].

For completeness, we give a separate derivation of the backward equation for the
Smoluchowski equation, Eq. 1.40. In contrast to the derivation of Eq. 1.48, this derivation
is only valid when the detailed balance condition holds,

p
(
x, t | x ′, t ′

)
e−F(x′)/kB T = p

(
x ′, t ′ | x, t

)
e−F(x)/kB T . (1.49)
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In this case, the order of t and t ′ is irrelevant. Then, Eq. 1.40 shows that

∂t ′p
(
x, t | x ′, t ′

)= e−(F(x)−F(x′))/kB T ∂t ′p
(
x ′, t ′ | x, t

)
= e−(F(x)−F(x′))/kB T

×∂x′
[

e−F(x′)/kB T D
(
x ′)∂x′

(
eF(x ′)/kB T p

(
x ′, t ′ | x, t

))]
= e−(F(x)−F(x′))/kB T

×∂x′
[

e−F(x′)/kB T D
(
x ′)∂x′

(
eF(x)/kB T p

(
x, t | x ′, t ′

))]
= eF(x′)/kB T ∂x′

[
e−F(x′)/kB T D

(
x ′)∂x′p

(
x, t | x ′, t ′

)]
. (1.50)

This derivation is more direct, but it also requires the stronger assumption that the sys-
tem will eventually reach the equilibrium distribution where detailed balance holds Eq. 1.49.
If external driving forces are present that break detailed balance in steady state, Eq. 1.48
is still valid.

The backward equation is useful for calculating the mean first passage time T at
which a particle leaves a region A. Following [31], we define the survival probability

S(t ) =P(T > t ) =
∫

A
p

(
x, t | x ′,0

)
dx. (1.51)

Since the region A has absorbing boundaries, the probability density will eventually be-
come 0. The first relation in Eq. 1.51 shows that the negative derivative of the survival
probability equals the first passage time density, which we can use to find a relation for
the mean first passage time,

〈T 〉(x ′)= ∫ ∞

0
t (−∂t S(t ))dt =

∫ ∞

0
S(t )dt =

∫ ∞

0

∫
A

p
(
x, t | x ′,0

)
dx dt , (1.52)

where the second step requires a partial integral. The average depends implicitly on the
initial position x ′ through Eq. 1.51. Then, we find an equation for this mean first passage
time by applying the operator from Eq. 1.48 to 〈T 〉(x ′),[−∂x′D

(
x ′)∂x′ − v

(
x ′)∂x′

]〈T 〉(x ′)
=

∫ ∞

0

∫
A

[−∂x′D
(
x ′)∂x′ − v

(
x ′)∂x′

]
p

(
x, t | x ′,0

)
dx dt

=
∫ ∞

0

∫
A
∂t ′p

(
x, t | x ′, t ′

) |t ′=0 dx dt

=−
∫ ∞

0

∫
A
∂t p

(
x, t | x ′,0

)
dx dt . (1.53)

In the second step, we apply the backward Kolmogorov equation, Eq. 1.48. The last step
follows from the time homogeneity of the system,

p
(
x, t | x ′, t ′

)= p
(
x, t − t ′ | x ′,0

)
. (1.54)

By first applying the integral over time in the last line of Eq. 1.53, and using that the prob-
ability density vanishes for t →∞ and equals a Dirac delta function at t = 0, we find an
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equation for the mean first passage time,

∂x′
(
D

(
x ′)∂x′〈T 〉(x ′))+ v

(
x ′)∂x′〈T 〉(x ′)=−1. (1.55)

Together with the boundary condition 〈T 〉(x ′) = 0 when x ′ ∉ A, this equation gives the
mean first passage time when D(x) and v(x) are known.

1.5. KRAMERS RATE THEORY

O FTEN, a system contains several meta-stable states, and time scale of transitions be-
tween these states is large compared to the time scales of the microscopic dynamics.

Then, we are interested in the effective rates at which these rare transitions occur, since
they give the full dynamics at the macroscopic level. Focussing on a thermodynamic
system, the meta-stable states are regions of low free energy, and free-energy barriers ex-
ist between these states. In principle, this is a high-dimensional free-energy landscape
with many meta-stable states. Transitions between these states often follow approxi-
mately one dimensional regions in phase space, which we call transition paths. There
can exist several transition paths between two meta-stable states, and to describe the
macroscopic dynamics, one needs to specify all transition paths and the rates at which
these paths are taken in either direction. Since the system will equilibrate when it is left
unperturbed for long enough, the free energy sets the equilibrium probabilities for all
states, including the unstable states along transition paths. The simplest method to pre-
dict the rate at which a single path between meta-stable states is taken, is to assume that
the peak of the barrier forms the bottleneck in the dynamics, and that the rate of tak-
ing a certain transition path is proportional to the equilibrium probability at the peak of
barrier. Hence, we write

r = r0 exp
(
−βF ‡

)
, (1.56)

where F ‡ is the activation energy for the transition, which is the free energy of the bot-
tleneck of a transition path. To calculate this free energy properly, we need to find the
reaction coordinate for this specific transition path, which captures its one-dimensional
shape. Different methods exist to identify the reaction coordinate and the transition
state, the bottleneck in a transition path [32, 33].

Eq. 1.56 seems not to make a prediction about r0, but if no constraints are placed
on this prefactor, then the prefactor is allowed to cancel the exponential factor and the
equation is a tautology. Actually, what is meant by Eq. 1.56 is that any parameter that
influences F ‡ has at most a similar influence on r0. In other words, if the transition rate
depends exponentially on some parameter, this dependence should be captured by the
free-energy barrier, and not by the prefactor. Even more loosely speaking, the prefactor
changes less fast than the exponential term. In case this is found not to be the case,
and the prefactor does contain an exponential term, it provides a strong hint that the
proposed reaction coordinate is not correct.

Hence, Eq. 1.56 is simple and does not strongly restrict r0, but it is also the most gen-
erally applicable equation for the reaction rate behaviour. If we wish to predict the pref-
actor, then we require more assumptions about the dynamics of the system. One com-
monly made assumption is that the underlying dynamics can be described by a Fokker-
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Figure 1.1: Cartoon of a free-energy barrier.

Planck equation. This choice leads to the Kramers rate equation, which we derive here
following Kramers for the overdamped case [30].

We look for the rate in a one-dimensional barrier crossing problem, as depicted in
Fig. 1.1. The system is imagined to consist of a particle fluctuating in a well with posi-
tion x, but x can represent a more general reaction coordinate through an abstract state
space. We model two meta-stable states located at positions a and c separated by a sin-
gle barrier with a peak at b. Besides using a Fokker-Planck dynamics, given by Eq. 1.40,
we also need to assume that the free-energy barrier is high enough such that the distri-
bution of a particle that starts in c will approximately follow the Boltzmann distribution
within the well around c. Then, we can calculate the rate for the transition from c to a us-
ing the flux-over-population method [34]. This means that we calculate the probability
flux that leaves c over b, and divide it by the probability to be at c.

To find the flux, we take the definition from Eq. 1.40,

J (t ) =−exp
(−βF (x)

)
D(x)∂x

(
exp

(
βF (x)

)
p(x, t )

)
. (1.57)

As an initial condition, we take the particle to follow the Boltzmann distribution for x > b,
and for the distribution to vanish for x < b. Since the barrier is high enough, the flux is
not very large and the Boltzmann distribution is not affected much by the outgoing flux.
Hence, the shape of the distribution in the well around x = c is stable, and the flux J can
be assumed to be independent of x. If the barrier is too low, the distribution around c
changes so rapidly that a spatial gradient is formed in the flux itself, and together with
the breakdown of the Boltzmann distribution around x = c this would cause Kramers
theory to break down. Assuming a high barrier, we can integrate Eq. 1.57 from a to c,

− J (t )
∫ c

a

exp
(
βF (x)

)
D(x)

dx = exp
(
βF (c)

)
p(c, t ) . (1.58)

and we use that p(a, t ) vanishes for small enough times. Next, we calculate the proba-
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bility to be in the well around c, using the assumption that the shape of the distribution
there remains dictated by a Boltzmann distribution,

pc (t ) ≡
∫ ∞

b
p(x, t )dx = p(c, t )

∫ ∞

b
exp

(−β (F (x)−F (c))
)

dx. (1.59)

Here, the normalisation constant of the distribution around x = c can change, providing
the time dependence in pc (t ). Then, we calculate the rate with Eq. 1.58, using that the
leftward flux is negative,

r = −J (t )

pc (t )
= r0 exp

(
−βF ‡

)
, (1.60)

with

r0 =
{∫ c

a

exp
(
β (F (x)−F (b))

)
D(x)

dx
∫ ∞

b
exp

(−β (F (x)−F (c))
)

dx

}−1

(1.61)

and
F ‡ =F (b)−F (c) . (1.62)

The expression for the prefactor in Eq. 1.61 is in its most general form, and can be brought
to its more familiar form by applying quadratic approximations to both the peak around
b and the well around c, and using Gaussian integrals to approximate both factors,

r0 ≈ D(b)
p−F ′′(b)F ′′(c)

2πkB T
. (1.63)

However, these quadratic approximations can be invalid, in which case the numerical
integration of Eq. 1.61 still gives a prediction.
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2
DIFFUSIBLE CROSS-LINKERS CAUSE

SUPEREXPONENTIAL FRICTION

FORCES

The friction between cytoskeletal filaments is of central importance for the formation of
cellular structures such as the mitotic spindle and the cytokinetic ring. This friction is
caused by passive cross-linkers, yet the underlying mechanism and the dependence on
cross-linker density are poorly understood. Here, we use theory and computer simula-
tions to study the friction between two filaments that are cross-linked by passive proteins,
which can hop between discrete binding sites while physically excluding each other. The
simulations reveal that filaments move via rare discrete jumps, which are associated with
free-energy barrier crossings. We identify the reaction coordinate that governs the rela-
tive microtubule movement and derive an exact analytical expression for the free-energy
barrier and the friction coefficient. Our analysis not only elucidates the molecular mecha-
nism underlying cross-linker-induced filament friction, but also predicts that the friction
coefficient scales superexponentially with the density of cross-linkers.

The contents of this chapter have been published in Physical Review Letters 125, 078101
(2020) [35].

17
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The formation of cytoskeletal structures like the mitotic spindle [36–50] and the cytoki-
netic ring [51–54] depends not only on motor proteins, but also on non-motor proteins
that cross-link the filaments passively. Force generation is often attributed to the motor
proteins, but passive cross-linkers can generate driving forces too, via their condensa-
tion to the overlap between the filaments [54, 55] or via the entropy associated with their
diffusion within the overlap region [18]. Yet, in these highly dynamic systems both active
and passive cross-linkers also create frictional forces, which oppose the motor, conden-
sation, or entropic driving forces. These frictional forces are a central determinant of the
mechanical properties of cytoskeletal structures [56], limit the speed and efficiency with
which these structures are formed [5, 54, 57, 58], and can even be vital for their stability
because motor forces need to be balanced by stabilizing passive cross-linkers [38, 41–
45]. Furthermore, asymmetric friction forces can harness active filament fluctuations to
generate directed motion of passive cross-linkers [59] and enhance the motion of motor
proteins [60].

Friction in cellular systems has been studied theoretically. Prandtl-Tomlinson mod-
els [61], in which a particle moves over a sinusoidal potential, have been used to study
how protein-filament [59, 62, 63] and filament-filament [56] friction depends on the ve-
locity [56, 59, 62, 63] and the polarity of the filaments [56, 59, 62]. The Frenkel-Kontorova
model [61], in which filaments consist of units connected via springs, has been em-
ployed to study how the contact friction depends on the overlap length between fila-
ments [56]. Huxley-Lacker-Peskin type models, in which rigid filaments interact through
cross-linkers that are modeled as harmonic springs that bind to a continuum or discrete
set of binding sites [64–69] have been used to investigate force-velocity relations, and
how these depend on the stiffness of the cross-linkers and the underlying substrate, and
on the rates of cross-linker-filament attachment and detachment [55, 69, 70].

Yet, to understand the size of cytoskeletal structures such as the mitotic spindle and
the cytokinetic ring, the speed and efficiency with they are formed, and the forces they
can generate, it is vital to understand how the friction coefficient depends on the number
of cross-linkers and on the overlap length between filaments [71]. Previous models either
assume [42, 59, 72–74] or would predict [55, 70, 75] that the friction scales linearly with
the number of cross-linkers.

Recent in vitro experiments have demonstrated that a protein from the Ase1/PRC1
family, which passively cross-links microtubules in the mitotic spindle, generates fric-
tion forces that do not scale linearly but rather exponentially with the number of cross-
linkers in the overlap region [18]. The system exhibits generic features that are also found
in other systems, such as the cytokinetic ring [54]. In particular, the filaments consist of
a regular lattice of subunits that are of similar size as the cross-linkers. The cross-linkers
thus bind to a discrete set of binding sites, while they are also stiff on the length scale
set by the spacing between the binding sites, as discussed in more detail below. These
assumptions are in marked contrast to the continuum of binding sites in the current
theoretical models that predict a linear scaling of the friction with the number of cross-
linkers [55, 70, 75].

Here, we present a model in which cross-linkers hop between discrete binding sites
in the overlap region (Fig. 2.1). Our analysis shows that the discrete nature of the binding
sites combined with the stiffness of the cross-linkers makes that the filaments can only
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Figure 2.1: Model of the microtubule overlap. The filaments are represented as one dimensional
lattices with spacing δ and are connected by cross-linking proteins, described as springs. The bot-
tom filament is fixed, while the top filament can move in the longitudinal direction due to Brown-
ian motion with diffusion constant Dm or the pulling of stretched cross-linkers. Cross-linkers can
make a diffusive step, causing them to switch from right-pulling linkers labeled R to left-pulling
linkers denoted L, or vice versa. Two of such possible transitions, together with their rates h, are in-
dicated by orange arrows. The fixed microtubule is infinitely long and the mobile one has ` lattice
sites. There are N cross-linkers connecting the two filaments, which stay bound indefinitely.

move if the cross-linkers reorganize collectively. This turns filament movement into an
activated process with an energy barrier that scales linearly with the number of cross-
linkers. It explains why the friction scales exponentially with the number of cross-linkers.
At higher densities our model predicts that the friction scales superexponentially with
the number of cross-linkers, because of an entropic effect caused by steric hindrance.

2.1. MODEL

O UR model is shown in Fig. 2.1. It resembles the experimental setup used to mea-
sure the filament friction generated by Ase1 cross-linkers in vitro [18]. We probe

the friction though a small mobile microtubule connected via cross-linkers to a micro-
tubule that is fixed on the bottom. The top microtubule shows one dimensional move-
ment parallel to the bottom one, and we avoid entropic force generation by having a
constant overlap length [18]. Both microtubules contain a one-dimensional lattice of
binding sites with spacing δ = 8nm [76, 77], and cross-linkers can hop between neigh-
boring sites while they physically exclude each other.

To allow for movement of both the microtubule and the linkers, cross-linkers can
stretch as Hookean springs with spring constant k and both ends of each linker can hop
to empty neighboring binding sites. The effective parameter k is estimated from ex-
perimental data by observing how the diffusion constant of cross-linkers in overlaps is
reduced compared to that of proteins on a single microtubule (see Sec. 2.A). We find k =
1.1×105 kBT/µm2, which is comparable to values reported for similar proteins [68, 78–
80]. This value strongly suppresses stretching more than δ, and to facilitate model anal-
ysis and speed up simulations, we choose to impose a maximum stretch of one lattice
spacing.

The position of the mobile microtubule relative to the fixed one is called x, such that
x modulo δ represents the misalignment of the two lattices. The requirement that the
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Figure 2.2: A typical time trace of the mobile microtubule position shows that it moves with sud-
den jumps. Horizontal lines denote positions where the microtubules are in register. The jumps
occur at a fixed rate in both directions, which can be estimated from the mean waiting time in
simulations, r = 1/2T . (inset top-left) A typical transition, where the microtubules begin and end
in register. Cross-linkers are stretched in intermediate states, which energetically suppresses tran-
sitions. (inset bottom-right) The observed rate of microtubule jumps appears to decrease expo-
nentially with the number of cross-linkers N . Dots show simulation estimates of the rate, whereas
the line shows a least square exponential fit. In the examples, `= 40, and N = 12 for the time trace.

cross-linking springs are extended less than one lattice spacing only allows for springs
that are extended horizontally by a distance of either x or δ− x. These are respectively
called left- and right-pulling cross-linkers (Fig. 2.1). We model the movement of the top
microtubule using Brownian dynamics with an intrinsic drag coefficient [81], and imple-
ment cross-linker hops through a kinetic Monte Carlo algorithm [82] (see Sec. 2.B).

Ase1/PRC1 (un)binding from the microtubule overlap plays no role in the in vitro
friction experiments [18], leading us to exclude these reactions. Ignoring binding effects
reduces the number of parameters, and allows us to focus on the specific dependence
of the friction on the absolute number of cross-linkers in the microtubule overlap region
N , and on the size of this region—the number of lattice sites on the mobile microtubule
`.

2.2. BARRIER CROSSINGS CAUSE MICROTUBULE JUMPS

W E visualize the dynamics of the mobile microtubule using computer simulations
in Fig. 2.2. The position of the top filament makes discrete jumps between points

{x : x ≡ 0(mod δ)}, where cross-linkers are energetically relaxed. The waiting time be-
tween jumps is exponentially distributed with rate 2r (see Sec. 2.C), which suggests that
a single barrier exists between these states.
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The jumping behavior causes effective Brownian motion of the microtubule with dif-
fusion constant D ≈ δ2r (see Sec. 2.C). We can estimate the effective friction coefficient
of the cross-linked microtubule ζ using the Einstein relation Eq. 1.39 [28],

ζ= kB T

D
= kB T

δ2r
. (2.1)

Hence, we can focus our attention on the jump rate r , which indirectly gives the fric-
tion coefficient via Eq. 2.1. In Sec. 2.D we show that the friction coefficient computed via
Eq. 2.1 agrees with that as obtained by applying an external force on the top filament,
provided the system is in the linear-response regime of low force and speed where the
cross-linkers have time to re-equilibrate in between the filament jumps.

The bottom-right inset of Fig. 2.2 shows that the jump rate r decreases roughly ex-
ponentially with the number of cross-linkers in the overlap N . This indicates that the
friction coefficient ζ increases exponentially with the number of cross-linkers (Eq. 2.1),
whereas one would naively expect it to increase linearly with N [42, 55, 59, 70, 72, 73, 75].

To investigate the origin of the exponential decrease of the jump rate, we calculate
the free-energy landscape as a function of two order parameters involved in the filament
jumps. Without loss of generality, we focus on a jump to the right. As shown in the
top-left inset of Fig. 2.2, a jump requires the microtubule to move one lattice spacing,
and all cross-linkers need to make one net hop. The former change is captured by the
microtubule position x changing from 0 to δ, and the latter change is described by the
number of right-pulling cross-linkers NR changing from 0 to N . To find the free-energy
as a function of the order parameters x and NR , we first calculate the potential energy of
the system,

U (x, NR ) = 1

2
kx2 (N −NR )+ 1

2
k (δ−x)2 NR

= 1

2
kδ2N

[(
x

δ
− NR

N

)2

+ NR

N

(
1− NR

N

)]
. (2.2)

All potential energy is stored in the springs, and there are NR right-pulling linkers with
stretch δ−x and N −NR left-pulling linkers with stretch x. When the values of the order
parameters x and NR are set, all microstates have the same potential energy. Hence, we
can make use of Boltzmann’s formula S = kB logΩ to calculate the entropy of the system,
where Ω(x, NR ) represents the number of microstates due to different permutations of
the cross-linkers in the overlap. Furthermore, the number of different permutations of
the L- and R-linkers is independent of the position x, meaning that Ω(x, NR ) = Ω(NR ).
The Helmholtz free-energy is thus

F (x, NR ) =U (x, NR )−T S(x, NR )

=U (x, NR )−kB T logΩ(NR ) . (2.3)

Surprisingly, it is possible to obtain a closed form expression forΩ(NR ) (see Sec. 2.E),

Ω(NR ) =
(
`−NR

N −NR

)(
`−N +NR

NR

)
. (2.4)
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Figure 2.3: Helmholtz free-energy as a function of the position x and the number of right-pulling
cross-linkers NR . Free-energy minima exist at the bottom-left and top-right corners, where the
two filaments are in register and the cross-linkers are fully relaxed. These minima are separated by
a free-energy barrier, where the cross-linkers are stretched (see Fig. 2.2). A transition over the bar-
rier is observed as a jump of the microtubule, and two transition paths are shown for illustration.
NR is a discrete parameter, and a weak sinusoidal y-offset was added to the paths to visualize their
course. In this example, we use N = 12 and ` = 40. (inset) The free-energy profile as a function
of the reaction coordinate α. The height of the barrier is the difference between the Helmholtz
free-energies at α = 0 and α = 1/2. Discontinuities occur due to the discrete nature of NR in the
definition of α.

Intuitively, the first binomial factor represents the number of ways N −NR L-linkers can
be placed in an overlap with` sites, when NR of those sites are excluded by R-linkers. The
second factor is simply the symmetric counterpart to the first one, and counts permuta-
tions of the R-linkers. With Eq. 2.2 and Eq. 2.4, we have arrived at an exact solution for
the free-energy Eq. 2.3 (see Sec. 2.F). Fig. 2.3 clearly shows that a free-energy barrier ex-
ists between two minima located at (x = 0, NR = 0) and (x = δ, NR = N ), where the cross-
linkers are relaxed. The energetic component of the free energy Eq. 2.2, which favours
the lattices to be in register, outcompetes the entropic component Eq. 2.4, which favours
the lattices to be exactly out of register. Hence, the most likely configuration of the two
filaments is one where the two lattices are exactly in register, and the least likely position
is one where the two lattices are offset by half the lattice spacing δ.

As can be seen in Eq. 2.2, the lowest free-energy path that connects the two minima
obeys x/δ = NR /N , which corresponds to the diagonal of Fig. 2.3. As shown in Fig. 2.16
and Fig. 2.17, transition paths typically follow this diagonal, and the transition state en-
semble as defined by Hummer [33] is perpendicular to it (see Sec. 2.G). Therefore, the
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reaction coordinate is

α= 1

2

(
x

δ
+ NR

N

)
, (2.5)

which shows that the filament jumps involve a coupling between filament movement
and cross-linker hops. The inset of Fig. 2.3 plots the free energy marginalized to α, re-
vealing the effective barrier that the microtubule has to overcome every time it makes a
δ= 8nm move.

According to Eq. 2.1, the friction coefficient is determined by the microtubule jump
rate r , which depends on the free-energy barrier height ∆F ‡ via [83]

r (N ,`) = r0(N ,`)exp
(
−β∆F ‡(N ,`)

)
. (2.6)

The prefactor r0 depends on the intrinsic drag coefficients of the top filament and cross-
linkers, and, at least in principle, also on the number of cross-linkers N and the number
of sites in the overlap `. Yet, we find that the dependence on N and ` is very weak,
indicating that α accurately captures the reaction coordinate (see Sec. 2.H).

2.3. JUMP RATE DECREASES SUPEREXPONENTIALLY

O UR expression for the free-energy, via Eqs. 2.2–2.4, is exact, but how it is shaped by
N and ` remains obscure due to the discrete binomial coefficients. Therefore, we

create a continuous approximation of the entropic term [84] (see Sec. 2.I). We find the
following simplified analytical expression for the barrier height,

β∆F ‡ ≈ A+B N exp

(
1

4B

N

`

)
. (2.7)

Here,

A = 1

2
log

(
1+ 3kδ2

4kB T

)
, B = kδ2

8kB T
− log(2) , (2.8)

where B is positive since k is large relative to kB T /δ2. Fig. 2.4 shows that this approxi-
mation is in excellent agreement with the exact result of Eqs. 2.2–2.4.

Since the parameter A has no N or ` dependence, we ignore it and absorb it in the
kinetic prefactor r0 in Eq. 2.6. Eq. 2.7 then shows that when the cross-linker density N /`
is low, the barrier height is proportional to the number of cross-linkers N . The contri-
bution of each linker, B , has an energetic and an entropic component, which can be un-
derstood intuitively by noting that at the top of the barrier, on average, NR = NL = N /2
and each linker is stretched by a distance δ/2: the average potential energy per linker
is then kδ2/8 (see also Fig. 2.13), while the entropy per cross-linker is log(2). At higher
cross-linker densities, however, the cross-linkers increasingly block each other’s hops,
and the barrier scales exponentially with the cross-linker density N /`.

Combining Eqs. 2.6, 2.7 and 2.1 shows that the friction coefficient increases exponen-
tially with N at low cross-linker density N /` but superexponentially at higher densities:

ζ∝ exp

(
B N exp

(
1

4B

N

`

))
. (2.9)
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Figure 2.4: The free-energy barrier height∆F ‡ increases exponentially with the number of cross-
linkers N . The exact values (given by Eqs. 2.2,2.4), plotted as points, are approximated well by
the continuous exponential curves as given by Eq. 2.7. Notice that the number of cross-linkers
cannot exceed the number of sites on the microtubule, N ≤ `. Furthermore, we plot the approxi-
mated barrier height for an infinitely long mobile microtubule, which demonstrates that the bar-
rier height increases linearly with N when the cross-linker density N /` is low. Using Eqs. 2.1 and
2.6, we predict that the friction coefficient ζ increases exponentially with N at low cross-linker
densities and superexponentially with N at high densities.
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Hence, the crossover to superexponential scaling occurs when N /` ≈ 4B , which means
that the critical overlap length l∗ at which this scaling sets in increases linearly with N .
Yet, because ζ depends not only on N /` but also on N separately, an overlap that is
compressed at a high and constant N may effectively stall before the superexponential
regime is reached, simply because the friction becomes prohibitive. For the parameter
values of Tab. 2.1 and a force of 10pN [85] this occurs when N ≈ 20, corresponding to
l∗ ≈ 200nm (see Sec. 2.J). We emphasize however that ζdepends hyper-sensitively on the
cross-linker stiffness k and the lattice spacing δ (Eqs. 2.8-2.9); reducing k by 10 percent
increases l∗ threefold. Hence, different linkers, such as the actin-binder anillin [54], or
even other members from the same Ase1/PRC1 family, are expected to have markedly
different l∗.

2.4. DISCUSSION

O UR work has revealed how passive cross-linkers cause friction between filaments.
If the cross-linkers were to bind to a continuum of binding sites, then the friction

coefficient would scale linearly with the number of cross-linkers, as predicted by previ-
ous models [42, 55, 59, 70, 72–75]. However, cytoskeletal filaments such as microtubules
consist of discrete units, yielding discrete binding sites for the cross-linkers. Moreover,
cross-linkers such as Ase1/PRC1 are stiff on the scale of the spacing between the binding
sites (kδ2 > kB T ). These two factors together mean that the lattices of the filaments are
preferentially in register, and that the filaments can only move if the cross-linkers reor-
ganize collectively. This latter effect creates a free-energy barrier for filament movement
which scales exponentially with the density of cross-linkers (Eq. 2.7). Since the friction
between the filaments depends exponentially on the height of the free-energy barrier,
the friction depends superexponentially on the density of cross-linkers. In Sec. 2.K we
show that cooperative interactions between cross-linkers [40, 86] do not alter the fun-
damental mechanism for friction generation, and the fricton coefficient continues to
scale superlinearly with N . While we have studied here a single-protofilament model,
we expect that multi-protofilaments exhibit the same scaling, because multiple protofil-
aments do not alter the basic mechanism that underlies the scaling: filaments jumping
between positions where the cross-linker stretching energy is minimized.

The highly non-linear dependence of the friction coefficient ζ on the number of
cross-linkers N and the overlap length ` has implications in biology, both for the for-
mation of the mitotic spindle [36–50] and the cytokinetic ring [51–54]. Eq. 2.8 shows
that the key parameters that control the scaling of ζ with N and ` are the lattice spac-
ing δ and the protein stiffness k. To understand the contraction speed of the cytokinetic
ring, it will be of interest to estimate k for cross-linkers like anillin [54] since it will de-
termine how rapidly the friction rises when the ring contracts. In the mitotic spindle
microtubules are pushed apart by plus-end directed motor proteins [41, 46, 48, 49, 87–
90]. Our results indicate that the friction generated by proteins from the Ase1/PRC1 fam-
ily is highly sensitive to the cross-linker density. As a result, a shrinking overlap region
undergoes a sudden increase in the friction coefficient, which will effectively stall the
microtubules. Hence, steric hindrance imposes stable overlaps not only by opposing
motor stepping [48] but also by dramatically increasing the friction. The overlap length
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can be fine-tuned by controlling the number of cross-linkers contained in the overlap,
for example by reducing the binding affinity of PRC1 to microtubules through phospho-
rylation [77].

Our work yields a number of predictions that can be tested experimentally. Firstly, it
predicts that cross-linked filaments move via discrete jumps, which can be tested via in
vitro gliding assays using microtubules coated with quantum dots, allowing for nanome-
ter precision [91]. Optical tweezers with sub-pN and nanometer resolution could be
used to directly measure the free-energy profile [92]. But the most interesting test would
be to measure the friction coefficient as a function of N and `, either via the diffusion
constant and the Einstein relation (Eq. 2.1) [18], or via an applied load using a stiff op-
tical trap (see Sec. 2.D). Different filament-cross-linker systems, with different protein
stiffness k and lattice spacing δ, are now accessible in vitro [18, 54], which should make
it possible to test the predicted scaling of Eq. 2.9.
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Cross-linker hopping rate h0 1562.5 s−1

Spring constant k 1.1×105 kBT/µm2

Diffusion constant bare microtubule Dm 0.01µm2 s−1

Lattice spacing binding sites δ 0.008µm

Table 2.1: Model parameters and values. The base hopping rate h0 was fit to the observed diffu-
sion constant Ds of Ase1 on single microtubules, and subsequently k was fit to the observed dif-
fusion constant Dd between two microtubules (see Sec. 2.A). Dm was estimated from previously
reported experiments (see Sec. 2.B). δ approximately equals the tubulin dimer length.

h1

h1

h1

h1

h2

h2

Figure 2.5: Possible transitions for a diffusing cross-linker in an overlap region. For the estimation
of the diffusion constant, we assume that the two microtubules stay fixed relative to each other,
and that they are perfectly aligned. Then, cross-linkers can be either in a relaxed straight (left) or
stretched diagonal (right) state. When we only focus on transitions towards one direction, e.g. the
left, then there are two possible transitions from the straight position, whereas there is only one
possible transition from the diagonal state.

APPENDIX

2.A. ESTIMATE OF SPRING CONSTANT REVISITED

T HE model parameters were previously estimated from experimental data [18]. Specif-
ically, the spring constant was estimated by measuring the diffusion constant of

linkers on a single microtubule Ds (s for singly bound), and the diffusion constant of
cross-linkers in an overlap region Dd (d for doubly bound). There, measurement of the
mean square displacement as a function of time gave values of Ds = 0.085(7)µm2 s−1 and
Dd = 0.011(3)µm2 s−1. Then, the spring constant was fitted by varying it in simulations
until the simulated diffusion constant roughly matched the measured one, giving a value
of k = 5×104 kBT/µm2, where they used a lattice spacing of 10nm. Here, we present an
analytical expression for the spring constant in terms of the measured diffusion con-
stants.

First, consider the diffusion of a single linker on one microtubule. We assume that
the hopping rate of one head equals h0. Then, when the lattice spacing δ= 8nm is taken
into account, we get the diffusion constant Ds = h0δ

2. For consistency with previous
work, we use h0 = 1562.5s−1 [18].

The diffusion of a doubly bound cross-linker in an overlap region is more compli-
cated, as several different transitions are possible. We assume that the microtubule does
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not move (much) during this diffusion, since the time scale of microtubule movement is
much longer than that of individual cross-linker hopping. Then, the cross-linker can be
either in a straight or in a diagonal state, as shown in Fig. 2.5. Ignoring the finite over-
lap length, we label the straight states with even numbers, and the diagonals with odd
numbers. For example, a transition from state 0 to state 1 represents a hop of a straight
linker to a diagonal on the right. Both possible diagonal configurations, which are in-
dicated in the left illustration of Fig. 2.5, are grouped into one state. We can call this
number Z (t ) ∈Z, and it relates to the physical position of the center of the cross-linkers
x through

x(t ) = δ

2
Z (t ) . (2.10)

Z (t ) defines a Markov chain on the integers (a two-sided birth-death process), with
probabilities pn(t ) to be in state n at time t . The time derivatives of these probabili-
ties are set by the transition rate to leave a straight conformation, h1, and the rate to
leave a diagonal conformation, h2. These time derivatives are different for the straight
state probabilities (n = 2m) and diagonal state probabilities (n = 2m +1),

∂t p2m =−2h1p2m +h2p2m−1 +h2p2m+1

∂t p2m+1 =−2h2p2m+1 +h1p2m +h1p2m+2. (2.11)

The hopping rates equal

h1 = 2h0 exp

(
−1

4
kδ2

)
h2 = h0 exp

(
1

4
kδ2

)
, (2.12)

where h0 is the rate prefactor. We can calculate the long time diffusion constant of the
hopping cross-linkers from Eq. 2.11. To that end, we look at the mean square displace-
ment and take its time derivative,

∂t 〈Z (t )2〉 = ∂t

∞∑
n=−∞

n2pn(t ) =
∞∑

m=−∞

{
(2m)2∂t p2m(t )+ (2m +1)2∂t p2m+1(t )

}
=

∞∑
m=−∞

{
(2m)2 [−2h1p2m +h2p2m−1 +h2p2m+1

]
+ (2m +1)2 [−2h2p2m+1 +h1p2m +h1p2m+2

]}
=

∞∑
m=−∞

{[−2(2m)2 + (2m +1)2 + (2m −1)2]h1p2m

+ [−2(2m +1)2 + (2m +2)2 + (2m)2]h2p2m+1

}
= 2h1

∞∑
m=−∞

p2m +2h2

∞∑
m=−∞

p2m+1. (2.13)
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Then, we use that in steady state, the probability to be in an even or in an odd state is

∞∑
m=−∞

p2m = h2

h1 +h2
,

∞∑
m=−∞

p2m+1 = h1

h1 +h2
. (2.14)

Then we combine Eq. 2.13 and Eq. 2.14, together with its relation with the mean square
displacement of the physical position through Eq. 2.10,

∂t 〈x(t )2〉 = δ2 h1h2

h1 +h2
= 2Dd . (2.15)

The final equality follows from the standard relation between the mean square displace-
ment in one dimension and the diffusion constant. Then we can insert the definitions of
the rates, Eq. 2.12, and solve the equation for the spring constant k. This gives us

k = 2

δ2

[
log(2)+2arcCosh

(
Ds

2
p

2Dd

)]
. (2.16)

Here, we used the simple relation Ds = δ2h0 to rewrite the result in terms of the diffusion
constant. Evaluating this expression for the experimentally measured quantities gives
k = 1.26×105 kBT/µm2 = 0.51pNnm−1. This value is similar to a previously reported
value for a single kinesin motor, 0.3pNnm−1 [78], a single myosin motor, 1.2pNnm−1 [68],
or tau protein, 0.25pNnm−1 [80]. The value is two or three orders of magnitude lower
than the spring constant related to the folding dynamics of an actin cross-linker [79]. We
chose to use the value k = 1.1×105 kBT/µm2 = 0.45pNnm−1 in this study. A summery of
the model parameters is given in Tab. 2.1.

2.B. SIMULATION DYNAMICS

Cross-linkers exert pulling forces on the microtubule, and the net force F causes it to
move. We only allow the microtubule to move in one dimension, and consider the drag
between the mobile microtubule and the fluid to be in the overdamped regime. Hence,
we can model the time evolution of the microtubule position x using Brownian dynam-
ics,

dx

dt
= F

γm
+η. (2.17)

Here, the γm is the drag coefficient of the mobile microtubule when it is not linked by
cross-linkers, and η is the thermal noise. The noise amplitude is set by the bare micro-
tubule diffusion constant Dm , and is related to γm through the Einstein relation [28],

γm = kB T

Dm
. (2.18)

Previously, the diffusion constant was estimated [18] from a formula for the parallel
translational drag coefficient [81], which gives us Dm = 0.01µm2 s−1 independent of mi-
crotubule length. In simulations, we assume F to be constant during finite time steps of
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size∆t , and update the microtubule position with the deterministic term and a Gaussian
noise term,

∆x = Dm

kB T
F∆t +

√
2Dm∆t N . (2.19)

Here, N denotes a Gaussian random variable with zero mean and unit standard devia-
tion.

The net force on the microtubule F depends on the full system state, so both on
the position x and on the number of right-pulling cross-linkers NR . Furthermore, when
some cross-linkers get close to their maximum stretch of δ, not all values of ∆x are al-
lowed. The maximum stretch of the cross-linkers is taken into account by placing re-
flective boundary conditions on η. We implement the algorithm by first updating the
position using the deterministic term, since deterministic change never causes ∆x to
cross a boundary imposed by the cross-linkers. Then, we calculate the boundary b for
the stochastic term N , and if N passes b, we reflect the term through

N → 2b −N . (2.20)

Besides the top microtubule, also the cross-linkers are dynamic. To model the Brow-
nian motion of cross-linkers within the overlap, both ends of the linkers can hop to
neighboring sites. This thermally driven process needs to obey detailed balance,

h(x)

h(δ−x)
= exp

(−β∆U (x)
)

, (2.21)

where h(x) is the rate at which one head of a left-pulling linker hops to a right-pulling
position, and β = 1/kB T . The system is invariant under reflections where R ↔ L and
x ↔ δ− x, so the reverse process where the head of a right-pulling linker hops occurs at
the rate h(δ−x). The potential energy difference∆U (x) between a left- and right-pulling
linker is given by

∆U (x) =UR (x)−UL(x) = 1

2
k (δ−x)2 − 1

2
kx2. (2.22)

Notice that for this formula for potential energy to hold, we have defined the filament
position x such that x = 0 corresponds to a position where the cross-linkers are at rest. If
x ′ is the filament position in the frame of reference where the filaments are physically in
register at x ′ = 0, and the cross-linkers have a finite rest length such that they are at rest
when x ′ = a, then we redefine x = x ′−a, such that Eq. 2.22 continues to hold.

We choose the simplest rate function h(x) that obeys detailed balance and the sym-
metry of the system,

h(x) = h0 exp

(
−1

2
β∆U (x)

)
. (2.23)

Here, h0 is the hopping rate when there is no change in stretch upon a hop, i.e. for x =
δ/2. To estimate h0, we also assume that a cross-linker diffusing on a single microtubule
hops with this rate.

We use a kinetic Monte Carlo algorithm to simulate the cross-linker dynamics [82].
First, we calculate the full rate

H(t ) =
∑

i
hi (x, t ) . (2.24)
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To decide the next moment at which a reaction will take place, we draw a uniform ran-
dom number ξ between 0 and 1, which represents a survival probability S(t ), for which

S(t ) = exp

(
−

∫ t

0
dt ′H

(
t ′

))
. (2.25)

We choose the time steps small enough to keep the rate h(x, t ) nearly constant between
steps, such that we can approximate the time integral as a sum over time steps,∫ t

0
dt ′H

(
t ′

)≈ t/∆t∑
n=1

H(n∆t )∆t . (2.26)

In the simulations, we update the integral after each time step, and a hop is performed
when the integrated total rate reaches a threshold value given by ξ,

t/∆t∑
n=1

H(n∆t ) >− log(ξ)

∆t
(2.27)

After the hop, a new value of ξ is drawn and the integral is reset to 0.

2.C. MICROTUBULE JUMP RATE SETS THE DIFFUSION CON-
STANT

The mobile microtubule moves in a discrete fashion on macroscopic time scales, as in-
dicated in Fig. 2.2. The filament makes jumps of size δ, which equals one tubulin dimer
length, to the left or right at random points in time. We are interested in describing these
jumps as a memoryless process, with a fixed rate of jumping in a random direction. In
this section, we show that on average the waiting times between microtubule jumps are
exponentially distributed and the directions of the jumps are split evenly, as expected
for a memoryless process. However, we then show that long time correlations can per-
sist due to the cross-linker distribution within the overlap, which causes the real diffu-
sion constant of the system to diverge from what is expected of a memoryless process.
However, these long time correlations vanish when the time between jumps becomes
long enough, showing that the jumps are approximately Markovian for large free-energy
barriers.

First, we check that the distribution of dwell times is exponential, which is required
in a memoryless process. We measure the jump rate by tracking the position of the mi-
crotubule X (t )and defining its basin of attraction Z (t ), where Z (t ) ∈Z labels the wells in
the free-energy profile that are separated by δ. For the initial basin of attraction, we set

Z (0) =
⌊

X (0)

δ
+ 1

2

⌋
. (2.28)

After, we check whether a jump occurred at every time step. We register a microtubule
jump when

X (t ) < (Z (t )−1)δ
∨

X (t ) > (Z (t )+1)δ, (2.29)

after which we decrement or increment Z (t ), respectively, and we record the last waiting
time T between jumps.
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Figure 2.6: Histogram of the dwell times T at certain lattice positions, as observed for a system
with N = 12 and `= 40. The line shows an exponential distribution with rate 2r = 1/T , where r is
the rate to jump in one of the two directions. (inset) The same analysis, but for N = 6 and `= 40,
showing a larger deviation from the exponential for small times.
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Figure 2.7: Autocorrelation function of the jump direction. The jump direction is either +1 or −1,
and we calculate the correlation between this random variable with its value n jumps ago, Cn . The
correlation in the direction of subsequent jumps is very small.
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We plot a histogram of observed dwell times in Fig. 2.6. The histogram shows an ex-
ponential distribution, as is expected for a continuous time Markov chain. We estimate
the rate of jumping using the maximum likelihood estimator

r = 1

2T
= n

2
∑n

i=1 Ti
, (2.30)

where Ti are the n different samples of the waiting time between two microtubule jumps.
The factor 2 in the denominator compensates for the fact that the microtubule can jump
in two directions. Then, to compare the estimated exponential distribution to the his-
togram of dwell times, we need to calculate the expected number of counts in each bin.
We call the bin width δT , which means that bin i captures values of T between (i −1)δT
and i δT . The number of expected counts in bin i is

ni = n
∫ i δT

(i−1)δT
r e−r t dt = 2sinh

(
rδT

2

)
e−

(
i− 1

2

)
rδT = 2sinh

(
rδT

2

)
e−rσ. (2.31)

We call σ= (
i − 1

2

)
δT the continuous time axis of the histogram. This choice ensures

that the exponential fit coincides with the centres of bins. As can be seen in Fig. 2.6, the
histogram deviates little from the exponential fit when ` = 40 and N = 12, where the
barrier height ∆F ‡ = 4.2kB T . For smaller barrier heights, e.g. for `= 40 and N = 6 with
a barrier height of just ∆F ‡ = 2.3kB T , there starts to be a noticeable deviation for small
times, as shown in the inset of Fig. 2.6. Specifically, for low barriers the lack of events
with small waiting times becomes stronger, because it takes time to cross the barrier and
equilibrate in the valley. For high barriers, the typical timescale between jumps is so long
that the time it takes to cross the barrier is negligible. Hence, at least for moderately high
barriers, the jump times appear reasonably memoryless.

Additionally, we test for correlations in the jump directions Ji . The directions of for-
ward and backward jumps are described by Ji =±1, where i labels the jumps. Then, we
calculate the correlation function

Cn = 〈Ji Ji+n〉−〈Ji 〉2. (2.32)

As shown in Fig. 2.7, the autocorrelation function does not show significant correlations
between subsequent jumps.

The results from Fig. 2.6 and Fig. 2.7 combined suggest that the microtubule move-
ment can be described by a Markov process with jump rate r as its only parameter. In
that case the diffusion constant is given directly by the rate,

D = rδ2. (2.33)

To test Eq. 2.33, we calculate the diffusion constant separately by calculating the mean
squared displacement over time and fitting a linear curve. To this end, we probe the
microtubule position X (t ) at a discrete time step ∆t , such that ti = i∆t and i is a natural
number. Then we calculate the variance of the microtubule position at some delay θ,
which is a discrete number of time steps,

V θ =
1

N −θ−1

N−θ∑
i=1

(
X (ti+θ)−X (ti )−X θ

)2
, (2.34)
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Figure 2.8: The probability that the next microtubule jump is forward (backward), given that it fol-
lows a sequence of n jumps that were all forward (backward). The first point, p1↑, equals the prob-
ability that a jump is in the same direction as the previous one. The deviation from 0.5 of this first
point is linearly related to the (very small) deviation from 0 of the point at lag 1 in Fig. 2.7 through
Eq. 2.50. The decreasing probability of forward jumps following a sequence in the same direction
shows that long sequences of forward jumps are less likely than in a true Bernoulli process with
p = 1/2, where points should fall on the red line, and that correlations build up depending on an
extended history.

with

X θ =
1

N −θ
N−θ∑
i=1

(X (ti+θ)−X (ti )) . (2.35)

Then, we calculate the diffusion constant by systematically varying θ and fitting the re-
lation

V θ = 2D∆tθ, (2.36)

which is a simple least squares fit of the linear function in θ.
We compare the result of the diffusion constant that we obtain through this direct

method with the value that we predict from the microtubule jump rate using Eq. 2.30.
For `= 40 and N = 12, we obtain a value of

D = (4.952±0.009)×10−4µm2 s−1 (2.37)

using the direct method, whereas we obtain a value of

D = (5.909±0.007)×10−4µm2 s−1 (2.38)

using Eq. 2.33 and Eq. 2.30. These results differ significantly.
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Figure 2.9: The sample mean T τ of all those dwell times between the jumps that are greater than
τ, subtracted by the introduced bias τ, as shown in Eq. 2.39. When the distribution of dwell times
is perfectly exponential, this estimate is independent of τ. Here, we use the simulation data for
`= 40 and N = 12 to show that the dwell times shown in Fig. 2.6 are not exponentially distributed
perfectly, indicating that the system retains some memory of the previous jump for times longer
than the mean dwell time, since the average keeps rising even for τ> 3T 0 = 0.16s.

To investigate the origin of this discrepancy, we focus more closely on correlations
between the jump times and jump directions.

Even though Fig. 2.6 shows that the waiting time distribution between jumps dif-
fers little from an exponential distribution, we can calculate how the difference affects
Eq. 2.33. First, we estimate whether the waiting time distribution differs from an expo-
nential for small time scales. We call {T }>τ the set of measured waiting times larger than
τ, and N>τ the size of this set. Then the mean waiting time can be estimated as

T τ =
(

1

N>τ

∑
t∈{T }>τ

t

)
−τ. (2.39)

This equation is only correct when the waiting time distribution is exponential, in which
case T τ is independent of τ. However, if the distribution is not exactly exponential, the
estimate of the mean time between jumps will change by changing τ. In Fig. 2.9, we plot
T τ against τ, showing that the mean dwell time is not fully independent of the cut-off
τ. For very small τ, T τ decreases with τ, while it increases with τ for larger values. This
means that very small dwell times are underrepresented compared to an exponential
distribution, whereas longer dwell times are increasingly overrepresented. The latter ex-
cess of long dwell times shows up after more than three times the average dwell time,
showing that even though the memory effect is small, the system retains its memory of
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the previous jump long enough to significantly break the assumption that the micro-
tubule jumps are fully Markovian.

Since we observe that the dwell time distribution is not perfectly exponential, we
test if this can cause the breakdown of Eq. 2.33. We assume that there are no correlations
among the directions of the microtubule jumps, such that each jump direction follows
a simple Bernoulli distribution with probability p = 1/2, and we assume an arbitrary
waiting time distribution f (t ). To find a relation between the diffusion constant and this
waiting time distribution, we define the probability

pn(t ) ≡P(Z (t ) = n | Z (0) = 0) . (2.40)

The distribution of dwell times is related to this positional distributions via

pn(t ) = δ0,n

(
1−

∫ t

0
f
(
t ′

)
dt ′

)
+

∫ t

0
f
(
t ′

) 1

2

(
pn+1

(
t − t ′

)+pn−1
(
t − t ′

))
dt ′, (2.41)

which makes use of the homogeneity under translations of n, and where δ0,n gives the
Kronecker delta. Then, we take the Laplace transform of Eq. 2.41, giving

p̃n(s) = δ0,n

s

(
1− f̃ (s)

)+ f̃ (s)
1

2

(
p̃n+1(s)+ p̃n−1(s)

)
. (2.42)

These equations give us relations on the Laplace transforms of the moments of Z (t ),

〈Z̃ k (s)〉 =
∞∑

n=−∞
nk p̃n(s) . (2.43)

Inserting Eq. 2.42 into Eq. 2.43 for k = 1 and k = 2, we find

〈Z̃ (s)〉 = f̃ (s)〈Z̃ (s)〉,

〈Z̃ 2(s)〉 = f̃ (s)

(
〈Z̃ 2(s)〉+ 1

s

)
. (2.44)

The solution to Eq. 2.44 read

〈Z̃ (s)〉 = 0,

〈Z̃ 2(s)〉 = f̃ (s)

s
(
1− f̃ (s)

) . (2.45)

Hence, the variance of the position can be found from the waiting time distribution if
there are no correlations in the step direction. More specifically, we can make a Tay-
lor expansion for f̃ (s) in s around 0, and use that the Laplace transform is the moment
generating function for the waiting time T ,

f̃ (s) = 1− s〈T 〉+O
(
s2) . (2.46)

By inserting this in Eq. 2.45, we find

〈Z̃ 2(s)〉 = 1− s〈T 〉+O
(
s2

)
s
(
s〈T 〉+O

(
s2

)) = 1

s2〈T 〉 +O

(
1

s

)
. (2.47)
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We take the inverse Laplace transform to find a relation for the diffusion constant,

〈Z 2(t )〉 = t

〈T 〉 +O
(
t 0) . (2.48)

Then, the dominant long time behaviour of the variance of Z (t ) leads to an expression
of the diffusion constant,

D = lim
t→∞

Var(X (t ))

2t
= lim

t→∞
δ2Var(Z (t ))

2t
= δ2

2〈T 〉 . (2.49)

Hence, if there are no cross-correlations between subsequent step directions and wait-
ing times, we can calculate the diffusion constant from the average waiting time in the
well. As described before, Eq. 2.49 is exactly the relation that breaks down for our system.
Hence, the discrepancy between Eq. 2.37 and Eq. 2.38 cannot be explained by looking at
the waiting time distribution alone, since Eq. 2.33 is true independent of the waiting time
distribution when there are no dependencies between the jump directions. We conclude
that the only possible explanation lies in correlations that must exist between the direc-
tions and waiting times of the microtubule jumps.

Using the simulations, we estimate the probability that the next microtubule jump
is forward given that the last n jumps were all forward as well, p↑|n↑. Since the system
dynamics is symmetric under reflection of the x-axis, it does not matter whether we focus
on forward or on backward jumps here. If we calculate the probability that a particle
jumps in the same direction as the previous jump, p↑|1↑, we find a value that is slightly but
significantly less than 0.5, as can be seen in the first point of Fig. 2.8. The probability of
a subsequent forward jump p↑|1↑ is related to the correlation function at lag 1 described
in Eq. 2.32,

C1 = 2p↑|1↑−1. (2.50)

Hence, p↑|1↑ being lower than 0.5 leads to C1 being slightly but significantly lower than
0, which can be seen in Fig. 2.7 for the correlation at lag 1.

We hypothesize that the slight correlation in the jump directions is due to the fact
that cross-linkers require time to redistribute themselves uniformly within the overlap.
When there is a forward jump of the microtubule, the cross-linkers will be more likely to
be in the back than in the front of the overlap region. This process would be accumula-
tive, since the next forward jump increases the cross-linker excess in the back even more.
We test this hypothesis by calculating the probability of a forward jump as a function of
the number of previous jumps that were also forward. As shown in Fig. 2.8, the proba-
bility of a new forward jump indeed decreases with the sequence length, and it plateaus
at some value where the diffusive forward flux of reorganizing cross-linkers equals the
backward flux of cross-linkers due to the successive microtubule jumps. This indeed
supports the idea that weak but significant correlations persists in the hopping of the
top filament: the more steps it has made consecutively in one direction, the more likely
it will be that the next step is in the opposite direction.

The net effect of these correlations lowers the diffusion constant, since the proba-
bility is higher that the microtubule moves back to where it came from. In other words,
the effective diffusion constant over long time scales is lower than expected from the
jump rate alone through Eq. 2.33. The probabilities to have subsequent jumps in the
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Figure 2.10: The probability that the next microtubule jump is forward (backward), given that the
previous jump was also forward (backward) as a function of the free-energy barrier height. The
barrier height was changed by varying the number of cross-linkers N for different overlap lengths
`. For high barriers, the correlation time of the bias becomes lower than the average waiting time
between jumps, and the bias disappears. The statistics become worse for larger barriers since the
frequency of jumps decreases.
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same direction are only slightly lower than 0.5 but are persistent, causing a significantly
lower diffusion constant. Hence, there is a correlation time in the jump directions that
is caused by the redistribution of cross-linkers within the overlap region, causing the
Markovianity assumption, which underlies Eq. 2.33, to break down.

However, the barrier height in the system for which we found the values for the dif-
fusion constant given in Eq. 2.37 and Eq. 2.38 was relatively low, i.e. 4.2kBT. Fig. 2.18
shows that the waiting time between microtubule jumps increases strongly with the bar-
rier height, and the cross-linkers redistribute themselves over the overlap during this
waiting time, equilibrating the system. Thus, we expect that the bias towards reversing
the jump direction will vanish when the waiting time in the well becomes longer than
the timescale for equilibrating the cross-linker distribution within the overlap region.

To investigate this, we show the probability that a jump is in the same direction as
the previous one, p↑|1↑, as a function of the free-energy barrier height in Fig. 2.10. As
expected, the deviation from p↑|1↑ = 1/2 disappears for high barriers, since the cross-
linkers have enough time to reorganize themselves within the overlap between micro-
tubule jumps. The probability also appears to come closer to p↑|1↑ = 1/2 for low barriers,
which is probably due to the low number of cross-linkers involved in these small bar-
riers, which makes it easier to redistribute them. We conclude that we can safely use
Eq. 2.33 for high barriers, and that we will underestimate the actual friction when the
free-energy barrier is lower than 8kBT.

2.D. DEVIATIONS FROM THE EINSTEIN RELATION

Previously, we calculated the friction in the linear-response regime using the Einstein
relation Eq. 2.1. This allows us to study the system in equilibrium, where we can find
analytical expressions for the free-energy profile and the microtubule jump rate.

We can also measure the friction coefficient directly by applying a force on the mobile
filament, and dividing the applied force by the mean observed velocity. For small forces,
we expect that this friction coefficient is independent of the applied force and that it
equals the reciprocal of the diffusion constant. However, for higher external forces the
system does not have time to equilibrate fully in between jumps any more, leading to a
deviation of the friction coefficient from its linear-response value.

We test this in simulations, where we plot the observed friction coefficient as a func-
tion of the applied force in Fig. 2.11. We see that in the linear-response regime of low
external force, the friction coefficient agrees with that as computed via the diffusion con-
stant and the Einstein relation Eq. 2.1.

Yet, for higher forces the friction coefficient deviates from that predicted by the Ein-
stein relation, because at higher speeds the cross-linkers do not fully re-equilibrate in the
overlap in between the filament jumps. More specifically, we expect that this deviation
takes place when the drift velocity causes a rate of forward jumps that is comparable to
the equilibrium rate of jumps in random directions r . Hence, we expect a deviation from
the linear-response regime when the microtubule velocity is roughly

vdev ≈ rδ. (2.51)
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Figure 2.11: Estimating the friction of a microtubule with N = 12 and ` = 40. We measure the
friction coefficient ζ by applying an external force F and observing the mean velocity v of the mi-
crotubule, giving ζ = F /v . Points are the result of 3×105 s of model dynamics in the simulations,
error bars give the standard deviation of the mean. The friction coefficient is initially constant and
increases for higher forces. Then, we estimate the diffusion constant and calculate the linear-
response friction coefficient from it using the Einstein relation Eq. 2.1, and show the obtained
value as a red line. We calculate the diffusion constant from the positional variance at zero force
(Eq. 2.36), which gives the linear-response value of the friction coefficient. 1000kBT/µm equals
roughly 4.1pN at room temperature.
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Since the friction coefficient equals

ζ= kB T

D
= kB T

rδ2 , (2.52)

we expect to observe non-equilibrium effects on the friction from an externally applied
force of roughly

Fdev = ζvdev ≈
kB T

δ
= 125kBT/µm. (2.53)

Fig. 2.11 shows that the deviation from the friction coefficient as predicted by the
Einstein relation indeed arises around the point predicted by Eq. 2.53. At higher speeds
the cross-linkers do not fully redistribute themselves over the overlap in between the
filaments jumps, but instead accumulate at the trailing edge of the overlap region, in-
creasing the cross-linker density, and hence the friction coefficient.

In conclusion, the friction coefficient estimated from the force and drift velocity agrees
very well with the friction coefficient estimated from the diffusion constant and the Ein-
stein relation (Eq. 2.1) in the linear-response regime of a small external force. Moreover,
as discussed in Sec. 2.C, the diffusion constant can be directly obtained from the jump
rate via Eq. 2.33 provided that the barrier is high enough.

2.E. CONFIGURATION COMBINATORICS FOR ENTROPY CALCU-
LATION

We describe a transition of the system through the change of the relative microtubule
position and the number of right-pulling cross-linkers. These quantities act as our or-
der parameters, where a transition means that the microtubule position changes by one
lattice spacing δ and the number of right-pulling linkers changes by the total number of
cross-linkers N . To find a description for the transition rate, we require the free-energy
profile as a function of these order parameters.

In our model, the potential energy only depends on x and NR , and is not influenced
by other details of the system configuration. This lets us describe the entropy as the
logarithm of the number of microstates Ω(x, NR ) at a given x and NR . Furthermore, the
number of microstates is independent of the position x, since the amount of stretch does
not change the classification into left- and right-pulling linkers, as shown in Fig. 2.12.
Hence,

S(x, NR ) = kB log(Ω(NR )) . (2.54)

To calculate Ω(NR ) we use the mapping depicted in Fig. 2.12. There, we decompose
the microstate into a set of blocks that group together different sets of microtubule sites
and cross-linkers. Each left-pulling linker is placed in its own box spanning a single site
called an L-block, whereas all neighboring right-pulling linkers are grouped together
into a single R-block. The latter is done to take into account the variable number of
sites excluded by right-pulling linkers when they are alone or in contact with other di-
agonally placed linkers. Finally, the remaining sites are called holes and grouped into
H-blocks. In Tab. 2.2, we calculate the number of blocks of each type by counting the
number of sites that are occupied by each type. The numbers of R- and H-blocks are
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Figure 2.12: Map to calculate the number of configurations given the number of right-pulling
cross-linkers NR . Here, we show an example configuration with `= 8, N = 5, and NR = 3. (a) The
number of ways to place NR R linkers and N −NR L linkers in the overlap does not depend on the
mobile microtubule position x. Hence, for the purpose of counting configurations, we can ignore
the exact alignment of the microtubules and focus on the combinatorics of linker placement. (b)
In the picture where L linkers are straight, they always exclude one site on the top microtubule.
However, groups of adjacent R linkers always exclude one more site. It is helpful to draw boxes
around each unit, which can be an L linker (L-block), a hole (H-block), or a set of adjacent R
linkers (R-block). The last block cannot be an L-block. The number of R- and H-blocks together
always equals `+1−N +NR , and we alternatively label those X -blocks, to contrast with L-blocks.
(c) There are always N − NR L-blocks, and removing all L-blocks leaves a system with the same
number of X -blocks, since none of those merge. This means that each configuration can be split
into an arrangement of L- and X -blocks, and into a specific organization of the cross-linkers within
the microtubule with all L-blocks removed. The arrows represent the bijective mapping between
the set of linker configurations in (a) and (c).

Block type Number of blocks Number of excluded sites
L N −NR N −NR

R m NR +m
H `+1−N −m `+1−N −m
X = R ∨H `+1−N `+1−N +NR

all `+1−NR `+1

Table 2.2: The number of blocks and number of sites excluded for each type of block. The number
of R blocks variates among configurations, and is called m here. The X -blocks are a name for the
ensemble of R- and H-blocks, which are grouped together since their number is independent of
the only variable m.
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variable, but it turns out that their sum is constant. Therefore, we group these two types
under a new block name, called X -blocks. Each configuration of the microtubule has a
unique representation as a permutation of `+1−N X -blocks and N −NR L-blocks, with
`+1−NR blocks in total. Additionally, the last of these blocks always needs to be an X -
block, since L-blocks cannot occupy the final site where there is no site available on the
mobile microtubule. Hence, the number of ways to permute the L- and X blocks among
each other is

Ω1(NR ) = (`+1−NR −1)!

(`+1−N −1)! (N −NR )!
=

(
`−NR

N −NR

)
, (2.55)

where the −1 terms are due to the final block always being an X .
Ω1(NR ) captures all permutations of the left side of Fig. 2.12(c), which leaves us with

calculating the number of permutations of the remaining blocks. Since removing an L
block never merges two neighboring blocks together, we can remove all straight cross-
linkers without changing the order of X blocks. Finally, we see that we are left with `−
N+NR sites on the mobile microtubule with NR linkers bound to it. Without considering
the blocks, we know the number of ways these linkers can be placed,

Ω2(NR ) =
(
`−N +NR

NR

)
. (2.56)

Each of these configurations actually constitutes a unique permutation of R- and H-
blocks. This permutation is then substituted into the the X positions in the string of L-
and X -blocks, such that we are left with a unique configuration of all linkers. Hence, the
total number of configurations is simply the product

Ω(NR ) =Ω1(NR )Ω2(NR ) =
(
`−NR

N −NR

)(
`−N +NR

NR

)
. (2.57)

This concludes our calculation of the entropy term Eq. 2.54.
To show the effect of entropy on the free-energy profile, we plot both the potential

energy landscape in Fig. 2.13 and free-energy landscape in Fig. 2.14. The potential energy
as a function of x and NR is given by

U (x, NR ) = 1

2
kδ2N

[(
x

δ
− NR

N

)2

+ NR

N

(
1− NR

N

)]
, (2.58)

as shown in Eq. 2.2. This equation shows that the x dependence of the potential energy
is given by a simple harmonic well, with a minimum at xmin = δNR /N . The value of the
potential energy at the optimal xmin follows a parabolic curve,

U (xmi n , NR ) = 1

2
kδ2N

[
NR

N

(
1− NR

N

)]
, (2.59)

as a function of NR , which is proportional to NR (N −NR ), with a peak at NR = N /2. The
entropy only changes how the free energy depends on NR , not how it depends on x.
Furthermore, since the entropy (calculated from Eq. 2.57) has a maximum at NR = N /2
as well, the barrier separating the two valleys is lowered by the entropic contribution.
This also becomes evident by comparing Fig. 2.13 and Fig. 2.14.
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Figure 2.13: Potential energy contour plot. The discrete variable NR is treated as a continuous
variable to create smooth lines. For a given NR , the potential energy follows a simple parabolic
shape with a minimum at x = δNR /N . Contours are spaced 1kBT apart.

2.F. NUMERICAL CONFIRMATION OF FREE-ENERGY EQUATION

We test the analytical expression for the free-energy profile by calculating it directly
from numerical simulations. We obtained a two dimensional histogram of (x, NR ) po-
sitions by running simulations at N = 12 and `= 40 for 5×1010 time steps representing
∆t = 1×10−8 s each. The barrier was crossed 9332 times during this run, which shows
we have sampled the peak region to some extend. Then, we estimated the free energy
by calculating − log(p), where p is the probability to be found in a particular bin, and
choosing a constant offset such that the free energy vanishes at x = 0 and NR = 0. The
result is plotted in Fig. 2.15. In regions where the free energy is relatively low, including
the saddle point in the barrier, the simulations confirm the exact free-energy profile. We
did not sample regions with higher free energy due to the finite simulation time, thus
showing a deviation from the theoretical result there. Still, these simulations confirm
the agreement between simulation and theory.

2.G. DETERMINATION OF REACTION COORDINATE

Two order parameters describe the microtubule jumps. First, the microtubule position
x modulo δ transitions between 0 and δ, and second, the number of right-pulling cross-
linkers NR ranges from 0 to N . As shown in Eq. 2.2, the lowest free-energy path connect-
ing two neighbouring basins of attraction is given by the diagonal x/δ = NR /N . The
reaction coordinate α is defined such that a single value groups states perpendicular to
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Figure 2.14: Free-energy contour plot. Comparing the figure to Fig. 2.13 it shows that the barrier is
lowered by the entropic term. The entropy only depends on NR , not on the position x. Hence, for a
given NR , the free energy follows the same parabolic curve as the potential energy, with a different
base value. The colour scheme is the same as in Fig. 2.13, contours are spaced 1kBT apart.
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Figure 2.15: Comparison of the exact free energy and a numerical estimate. Dark blue colors
represent a deviation from the theoretical value d < 2.5%, light blue represent 2.5% ≤ d < 5%, and
red represents d > 5%. The numerical results confirm the validity of the equations in all regions
that can be efficiently sampled. Here, N = 12 and `= 40, and the x axis is divided into 400 bins.

the optimal diagonal,

α= 1

2

(
x

δ
+ NR

N

)
. (2.60)

To study whether this gives the proper reaction coordinate, we simulated a system with
N = 12 and `= 40 and recorded the phase space positions (x, NR ) at Nmax points in time.
In this case, we used Nmax = 5×1010 time steps of∆t = 1×10−8 s each. Then, we created
a histogram with bin dimensions

(
2.5×10−3δ,1

)
that collects those points that were part

of transition paths. For this, the basins of attraction are defined as squares in phase space
of dimensions (0.15δ,2), representing the bottom-left and top-right corners of Fig. 2.16.
Paths that connect separate basins of attraction are registered in the histogram, giving
the number of points in each bin N(x,NR ) and the total number of points Ntr ansi t , which
is given by the sum over all bins,

Ntr ansi t =
∑

{(x,NR )}
N(x,NR ). (2.61)

By estimating the probability

P (x, NR | transit) = N(x,NR )

Ntr ansi t
, (2.62)

we show in Fig. 2.16 that transition paths typically follow the diagonal parameterized by
α. Furthermore, we can define the transition state as the region of maximum transition
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Figure 2.16: Histogram of transition paths. Two square corners of 1.2nm wide and 2 linkers high
were set as the basins of attraction. Then we estimated the probability to be at a certain coordi-
nate, given that the system is on a transition path, P (x, NR | transit). This is simply a normalized
histogram of all transition paths. Finally, we plot the negative natural logarithm of this probability.
Most paths follow the diagonal, and it is unlikely to deviate far into the top-left or bottom-right cor-
ners, making it impossible to sample these latter regions. It is impossible to be part of a transition
path in the basins of attraction, as shown by the squares in the bottom-left and top-right.
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Figure 2.17: Histogram of transition path probability, P (transit | x, NR ). The region of largest
values, where P = 1/2, defines the transition state [33]. Value fluctuations at the edges of the
sampled region are due to undersampling, whereas the top-left and bottom-right corners are not
sampled at all. The transition state is roughly perpendicular to the reaction coordinate, and is
approximately captured by α= 1/2.
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probability [33]. This probability is calculated using Bayes’ theorem,

P (transit | x, NR ) = P (x, NR | transit)P (transit)

P (x, NR )
= N(x,NR )

NmaxP (x, NR )
. (2.63)

Before the estimation, Nmax is known and P (x, NR ) can be calculated exactly from the
free energy given by Eq.2.3. To further enhance the estimation process, we make use
of the invariance under reflections where both R ↔ L and x ↔ δ− x. Fig. 2.17 shows
that the transition state is approximately perpendicular to the reaction coordinate in the
regions where we have sufficient statistics. This supports the view that α characterizes
transitions well, and that the free-energy barrier should be calculated as a function of α.

2.H. MICROTUBULE JUMP RATE FOLLOWS ARRHENIUS’ LAW

The height of the free-energy barrier directly influences the microtubule jump rate, and
we are interested in how this rate depends on the number of cross-linkers N and the
length of the mobile microtubule `. We can calculate the free-energy profile as a function
of α, the reaction coordinate discussed in Sec. 2.G,

e−βF(α) =
N∑

NR=0

∫ δ

0
e−βF (x,NR )δ(α(x, NR )−α)dx, (2.64)

where δ
(
y
)

is the Dirac delta function and α(x, NR ) is the function given by Eq. 2.5. As
illustrated in the inset of Fig. 2.3, this free-energy profile sets the effective barrier height
separating the two regions of attraction,

∆F ‡ =F (α= 1/2)−F (α= 0) . (2.65)

We can use the free-energy barrier height to test if the reaction rate follows Arrhe-
nius’ equation [83] (see Eq. 2.6). We confirm its validity by performing prolonged kinetic
Monte Carlo simulations of the model, varying ` between 15 and 40 sites, and varying
N between 6 and, respectively, 14 (` = 15), 15 (` = 20), 18 (` = 25), and 20 (` = 30 and
` = 40) linkers. We record the times T between barrier crossings and estimate the hop-
ping rate from the mean waiting time, as illustrated in Fig. 2.2. Then, we normalized the
rates by dividing by some r∗, for which we arbitrarily chose the empirically determined
rate found at ` = 15 and N = 6. We plot the logarithm of these empirically obtained
rates against the analytically calculated free-energy barrier height in Fig. 2.18. This plot
shows that all observed rates fall on a single master curve, which is correctly described
by Eq. 2.6 with a constant prefactor.

2.I. EXPONENTIAL APPROXIMATION OF FREE-ENERGY BARRIER

We have an analytical expression for the partition sum as a function of the reaction co-
ordinate α in Eq. 2.60,

Z (α) =
N−1∑

NR=0
1

(
0 ≤ 2α− NR

N
≤ 1

)(
`−NR

N −NR

)(
`−N +NR

NR

)

×exp

[
−kδ2N

2kB T

(
4

(
α− NR

N

)2

+ NR

N

(
1− NR

N

))]
. (2.66)
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Figure 2.18: Microtubule jump rate follows Arrhenius’ equation. We plot the natural logarithm
of the simulated microtubule jump rate as a function of the height of the free-energy barrier sep-
arating two basins of attraction. The rate is normalized by an arbitrarily chosen rate r∗. We vary
the barrier height by changing both N and `, showing that all points fall on a single master curve
independent of these parameters. A linear fit gives a slope of −0.99/kBT, which shows that the
rates are well described by Arrhenius’ equation.
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The indicator function 1 makes sure that the summation is only performed over those
terms that represent a valid value of the position x, which should obey 0 ≤ x ≤ δ. The
free-energy barrier peak is located at α = 1/2, while the valleys are located at α = 0 and
α= 1. Hence, the height of the barrier is given by

∆F ‡ =−kB T log

(
Z (α= 1/2)

Z (α= 0)

)
. (2.67)

Atα= 1/2 all terms of the sum contribute to Eq. 2.66, while atα= 0, only the NR = 0 term
contributes. The latter observation leads to a simple expression for the partition sum in
the valley,

Z (α= 0) =
(
`

N

)
. (2.68)

Then, using that

NR

N

(
1− NR

N

)
= 1

4
−

(
NR

N
− 1

2

)2

= 1

4
− 1

N 2

(
NR − N

2

)2

, (2.69)

we get

Z (α= 1/2)

Z (α= 0)
=

N−1∑
NR=0

(
`−NR

N −NR

)(
`−N +NR

NR

)
/

(
`

N

)

×exp

[
−kδ2N

2kB T

(
3

N 2

(
NR − N

2

)2

+ 1

4

)]
. (2.70)

This equation gives the exact value of the free-energy barrier height through Eq. 2.67.
Even though we have an exact solution for the barrier height, Eq. 2.70 does not pro-

vide any understanding on how the barrier height depends on the number of cross-
linkers or on the microtubule overlap length. To acquire a better comprehension of these
dependencies, we require an analytical approximation for the free-energy barrier height
in terms of simple functions. Here, we make such an approximation using three condi-
tions. First, we assume that the cross-linker density N /` is small. Second, we recognize
that the summand peaks at NR = N /2, and that we capture the main contribution to the
sum by Taylor expanding the function around this point. Third, we assume that N is
large enough such that the summand does not change too strongly as a function of NR .
Under that last condition, we can replace the sum by an integral over the real line.

To start, we first rewrite the product of binomial coefficients,(
`−NR

N −NR

)(
`−N +NR

NR

)
/

(
`

N

)
=

(
N

NR

)
(`−NR )! (`−N +NR )!

`! (`−N )!
. (2.71)

The first binomial coefficient captures the main contribution of changes in NR , while
the second factor approaches unity for very low densities. Now, we will make Gaussian
approximations for the binomial coefficients, following a standard approach presented
e.g. by Milewski [84]. First, we reparameterize the equation using NR = N /2+M/2, or
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M = 2NR −N , which allows us to expand around M = 0. Then, we use Stirling’s Approxi-
mation on all factorials in the binomial, the first factor of Eq. 2.71 becomes

(
N

NR

)
=

(
N

N
2 + M

2

)
= N !( N

2 + M
2

)
!
( N

2 − M
2

)
!

≈ N N+ 1
2

p
2π

( N
2 + M

2

) N
2 + M

2 + 1
2
( N

2 − M
2

) N
2 − M

2 + 1
2

= 1p
2π

N N+ 1
2(

N 2

4 − M 2

4

) N
2 + 1

2

(
N
2 − M

2
N
2 + M

2

) M
2

= 1p
2π

N N+ 1
2 2N+1N−N−1(

1− M 2

N 2

) N
2 + 1

2

(
1− M

N

1+ M
N

) M
2

≈
√

2

πN
2N

(
1− M 2

N 2

)−( N
2 + 1

2

) (
1−2

M

N
+2

(
M

N

)2) M
2

. (2.72)

In the first line, all exponential terms from Stirling’s Approximation cancel, and only onep
2π factor survives. Then, after rearranging the result, we apply the geometric series

and keep terms that are at most quadratic in M/N . The equation can be further approx-
imated after applying the logarithm,

log

(
N

NR

)
≈ log

(√
2

πN
2N

)
−

(
N

2
+ 1

2

)
log

(
1− M 2

N 2

)
+ M

2
log

(
1−2

M

N
+2

(
M

N

)2)

≈ log

(√
2

πN
2N

)
+

(
N

2
+ 1

2

)
M 2

N 2 − M 2

N

≈ log

(√
2

πN
2N

)
− M 2

2N
. (2.73)

Here we used the Taylor expansion of the logarithm in M around 0, and used the as-
sumption that M is smaller than N . We can exponentiate the result back to the desired
approximation,

(
N

NR

)
≈

√
2

πN
2N e−

M2
2N = 2p

πN
2N e−

2
N

(
NR− N

2

)2

. (2.74)

This is the well known Gaussian approximation of the binomial distribution for p = 1
2 .
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We use the same methods to make an approximation of the second factor in Eq. 2.71,

(`−NR )! (`−N +NR )!

`! (`−N )!
≈ (`−NR )`−NR+ 1

2 (`−N +NR )`−N+NR+ 1
2

``+
1
2 (`−N )`−N+ 1

2

=


(
1− NR

`

)(
1− N−NR

`

)
(
1− N

`

)
`+

1
2 (

1− N
`

1− NR
`

)NR
(

1− N
`

1− N−NR
`

)N−NR

=
((

1− N
2` − M

2`

)(
1− N

2` + M
2`

)(
1− N

`

) )`+ 1
2
(

1− N
`

1− N
2` − M

2`

) N
2 + M

2
(

1− N
`

1− N
2` + M

2`

) N
2 − M

2

=
((

1− N
2` − M

2`

)(
1− N

2` + M
2`

)(
1− N

`

) )`− N
2 + 1

2 (
1− N

`

) N
2

(
1− N

2` + M
2`

1− N
2` − M

2`

) M
2

.

(2.75)

In the first line we applied Stirling’s approximation again, after which we that both the
numerator and denominator contain (2`−N +1) factors. This means we can divide `
out of them, after which we rearrange the result into three factors with different expo-
nents. There, we also use that N = NR + (N −NR ). Then, in the third line, we substitute
our definition of M , and finally regroup the results according to their new exponents.

We continue by approximating the first factor of Eq. 2.75. We apply the geometric
series and only keep factors of quadratic order,

(
1− N

2` − M
2`

)(
1− N

2` + M
2`

)(
1− N

`

) ≈
(
1− N

`
+ N 2

4`2 − M 2

4`2

)(
1+ N

`
+ N 2

`2

)

≈ 1+ N 2

4`2 − M 2

4`2 . (2.76)

Similarly, we approximate the final factor of Eq. 2.75,

1− N
2` + M

2`

1− N
2` − M

2`

≈
(
1− N

2`
+ M

2`

)(
1+ N

2`
+ M

2`
+

(
N

2`
+ M

2`

)2)

≈ 1+ M

`
+2

(
M

2`

)2

+2

(
N

2`

)(
M

2`

)
. (2.77)
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Then, we can take the logarithm of Eq. 2.75 and expand the logarithms,

log

(
(`−NR )! (`−N +NR )!

`! (`−N )!

)
≈

(
`− N

2
+ 1

2

)
log

(
1+ N 2

4`2 − M 2

4`2

)
+ N

2
log

(
1− N

`

)
(2.78)

+ M

2
log

(
1+ M

`
+2

(
M

2`

)2

+2

(
N

2`

)(
M

2`

))
≈ N 2

4`
− M 2

4`
− N 2

2`
+ M 2

2`

=−N 2

4`
+ M 2

4`
=−N 2

4`
+

(
NR − N

2

)2

`
. (2.79)

After the expansion of the logarithms, we only keep terms that are at most quadratic in
M and N , and that do not decay faster than 1/`. By combining the results from Eq. 2.74
and Eq. 2.79, we find

(
`−NR

N −NR

)(
`−N +NR

NR

)
/

(
`

N

)
≈

√
2

πN
exp

[
N log(2)− N 2

4`
−

(
2

N
− 1

`

)(
NR − N

2

)2]
. (2.80)

Now we have the right tools to make an approximation of the barrier probability Eq. 2.70,

Z (α= 1/2)

Z (α= 0)
≈

√
2

πN
exp

(
N log(2)− N 2

4`
− kδ2N

8kB T

) N−1∑
NR=0

exp

[
−

(
3kδ2

2N kB T
+ 2

N
− 1

`

)(
NR − N

2

)2]
.

(2.81)
We make the variable substitution ν = NR − N /2 and treat it as a continuous variable,
changing the sum into an integral and extending the summation region to the entire real
line,

Z (α= 1/2)

Z (α= 0)
≈

√
2

πN
exp

(
N log(2)− N 2

4`
− kδ2N

8kB T

)∫ ∞

−∞
dνexp

[
−

(
3kδ2

2N kB T
+ 2

N
− 1

`

)
ν2

]
=

√√√√ 2π

πN
(

3kδ2

2N kB T + 2
N − 1

`

) exp

(
N log(2)− N 2

4`
− kδ2N

8kB T

)

≈ 1√
1+ 3kδ2

4kB T

exp

(
N log(2)− N 2

4`
− kδ2N

8kB T

)
. (2.82)

In the last line, we used that k is relatively large, and that N /` is small. We find the
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Figure 2.19: The height of the free-energy barrier ∆F ‡ as a function of the number of cross-
linkers N and two values of the mobile microtubule length `. The analytical solutions as calcu-
lated through Eq. 2.67 and Eq. 2.70 are plotted as sets of points. Lighter colors show the Taylor
approximation Eq. 2.83, and darker colors show the exponential approximation Eq. 2.84 as well
as the exact values. The Taylor approximations break down at relatively low cross-linker densities,
but they predict the required exponent very well. The exponential approximations nearly perfectly
follow the true barrier heights, and only start to deviate at the highest cross-linker densities, where
the true barrier height starts increasing even faster than exponentially.
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approximation of the free-energy barrier height using Eq. 2.67,

∆F ‡ ≈ kB T

2
log

(
1+ 3kδ2

4kB T

)
+

(
kδ2

8
−kB T log(2)

)
N + kB T

4`
N 2 (2.83)

= kB T

2
log

(
1+ 3kδ2

4kB T

)
+

(
kδ2

8
−kB T log(2)

)
N

1+ 1
kδ2

2kB T −4log(2)

N

`


≈ kB T

2
log

(
1+ 3kδ2

4kB T

)
+

(
kδ2

8
−kB T log(2)

)
N exp

 1
kδ2

2kB T −4log(2)

N

`

 . (2.84)

The second line rewrites the result in terms of the number of cross-linkers N and the
cross-linker density N /`. Then, in the final line, we exponentiate the part of the last
term that depends on the density. This was done after inspection of the analytical free-
energy barrier height as a function of N , of which examples are plotted as sets of points
in Fig. 2.19.

The exponential version of the approximation captures the behavior of the exact
function for a much larger range than the second order Taylor approximation. Fur-
thermore, this version takes into account the variables that are intuitively important for
the barrier height; for small densities, the height increases linearly with the number of
cross-linkers, since a transition depends on the independent hopping of all cross-linkers.
Then, at high densities, exclusion effects start playing a role. Hence, we need to include
a term that depends on the cross-linker density N /`, which is done by the exponential
term in Eq. 2.84.

2.J. OVERLAP LENGTH RANGE FOR OBSERVING SUPEREXPO-
NENTIAL FRICTION

One can imagine several experiments that measure the friction between two cross-linked
filaments directly. For example, it is possible to measure the diffusion constant of a mo-
bile filament cross-linked to a fixed filament, and use the Einstein relation Eq. 2.1 to es-
timate the friction coefficient [18]. Another possibility would be to measure the friction
coefficient directly by applying a force using a stiff optical trap that causes the filaments
to slide relative to each other (also see Sec. 2.D), and measure the resulting sliding veloc-
ity. These experiments would make it possible to test our principle prediction, namely
that the friction coefficient scales in a highly non-linear and non-trivial manner with the
number of cross-linkers N and the filament overlap length `. As shown in Eq. 2.9, the
friction coefficient scales exponentially with N at constant cross-linker density, while it
scales superexponentially with the density at constant N .

Yet, to be able to observe the superexponential dependence of friction on the number
of cross-linkers, it needs to be possible to resolve the overlap length at which we expect
to find the superexponential regime, where the superexponential function deviates sig-
nificantly from a simple exponential one. Furthermore, the filament needs to remain
mobile enough to observe the dynamics and to measure the friction coefficient. If the
number of cross-linkers is too large, the system will effectively stall before the superex-
ponential regime can be reached.
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Specifically, Eq. 2.9 shows that the crossover from exponential to an observable su-
perexponential scaling occurs when N /` ≈ 4B , which means that the critical overlap
length `∗ at which the superexponential scaling sets in increases linearly with N ,

`∗ = N

4B
. (2.85)

Yet, because the friction coefficient ζ= ζ(N , N /`) depends not only on N /` but also on N
separately, an overlap that is compressed at constant N may have so many cross-linkers
that it effectively stalls already before the superexponential regime becomes visible, sim-
ply because the friction becomes prohibitive. Therefore, we estimate the overlap lengths
and cross-linker numbers where we expect that our prediction can be tested.

We define the velocity of stalling as vs ≡ 1nms−1, which we assume represents the
order of magnitude at which movement is not visible any more. This value is rather
arbitrary, but the results depend very weakly on the exact value chosen here. Then, we
take the pulling force to be Fm ∼ 10pN, which approximates the force that a collection of
motor proteins can produce [85]. The friction coefficient follows Eq. 2.9,

ζ(N , N /`) = ζ0 exp

(
B N exp

(
1

4B

N

`

))
. (2.86)

From our simulations using the parameter values as listed in Tab. 2.1, we find a value
for the prefactor of ζ0 = 70kBTs/µm2. Using these parameter values, we calculate the
velocity at the critical density

vc(N ) = Fm

ζ(N ,4B)
. (2.87)

By inverting the relation, we find that vc = vs when N = Nmax ≈ 20, meaning that the
sliding velocity in the superexponential regime is higher than vs when N ≤ Nmax. In
other words, we can only observe the dynamics at the critical density when the number
of cross-linkers is not larger than 20. This corresponds to a critical overlap length of

l∗ = `∗δ≈ 200nm. (2.88)

Hence, using our parameter values, we expect that experiments would have to probe fila-
ment overlaps with less than 20 cross-linkers, and they should be able to resolve filament
overlaps of less than 200nm. For a force that is 10 times higher, these values remain very
stable, with Nmax ≈ 25 and l∗ ≈ 270nm, because the friction force increases very rapidly
as the number of cross-linkers rises. However, we do emphasise that these estimates
depend hypersensitively on the value of B , and thus on the cross-linker stiffness k, as
shown in Eq. 2.8. For example, by reducing k by 10%, such that k = 1×105 kBT/µm2, we
increase Nmax by 75% to Nmax ≈ 36, and we more than triple l∗ to l∗ ≈ 700nm. Hence,
different cross-linkers from the Ase1/PRC family are expected to have markedly differ-
ent l∗, and we expect that the superexponential friction falls in the observable regime at
least for some of them. Moreover, our study, which focuses on cross-linker-generated fil-
ament friction in general, also applies to the friction between actin filaments as induced
by passive cross-linkers like anillin [54]. Therefore, it would be important to estimate
the spring constant of actin cross-linkers for understanding how fast the cytokinetic ring
contracts and when it stalls.
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Figure 2.20: Cooperative interactions between the cross-linkers increase friction. Each head of
the cross-linker has an interaction energy ε with each nearest neighbour head, which lowers the
rate at which the head hops away from the nearest neighbour. Hence, two cross-linkers can have
an interaction energy of 2ε when both heads of both cross-linkers interact. The mean waiting
time between microtubule jumps, which is proportional to the friction, increases quicker when
increasing cooperativity. We show the prediction from the superexponential function Eq. 2.9 with
a fitted proportionality factor for ε = 0.0kBT (purple line), which increases exponentially in the
logarithmic plot. Then, we show an exponential fit to the mean waiting time for ε= 1.5kBT (dark
green line), which increases linearly on this scale. The superexponential increase is not observable
for high cooperativity, since the cross-linkers cluster together creating a constant effective cross-
linker density.

2.K. COOPERATIVE INTERACTIONS INCREASE FRICTION

It has been reported that Ase1/PRC1 can have cooperative interactions [40, 86]. How-
ever, other work has found no evidence for cooperative binding, finding a Hill coeffi-
cient of 1.5 for Ase1 binding to a single filament and even less evidence for cooperativity
when binding between two filaments [18]. Still, it is interesting to investigate the possi-
ble effects of cooperativity on the friction coefficient in our model, since it can have an
influence on how friction scales with the number of cross-linkers.

To investigate the effects of cooperativity on friction, we implement cooperative in-
teractions in simulations by adding an interaction energy ε between neighboring heads
of the cross-linkers. We choose to bias the rate at which one head of a cross-linker hops
away from a neighboring occupied site with a factor

e−βε, (2.89)

while we leave the rate to hop towards a new neighbour unaffected. Then, we mea-
sure the mean waiting time between microtubule jumps as a function of the number
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of cross-linkers for a fixed overlap length, with a mobile microtubule of ` = 30 binding
sites. Through Eq. 2.1, the mean waiting time is proportional to the friction coefficient
of the cross-linked microtubule. The results are shown in Fig. 2.20. We vary the value of
ε between 0.0kBT and 1.5kBT per head-head interaction, which corresponds to a coop-
erative interaction in the range of 0.0−3.0kBT for two cross-linkers that are next to each
other. This range of epsilon values would correspond to a Hill coefficient of cross-linker
binding from solution between 1 and approximately 3 (data not shown).

Fig. 2.20 shows that even in the presence of cooperativity the friction continues to
scale at least exponentially with the number of cross-linkers. The exponential increase of
the friction with the number of cross-linkers is caused by a collective effect that gives rise
to a free-energy barrier for filament hopping. Eq. 2.7 shows that the free-energy barrier
increases linearly with N in the limit that the density N /` goes to zero, which is caused
by the fact that all left- and right pulling cross-linkers are stretched at the top of the
barrier, and the combined energetic and entropic effects lead to a free-energy contribu-
tion of B per cross-linker, as seen in Eq. 2.7. Hence, the principal mechanism of friction
generation, caused by the collective cross-linker dynamics which leads to microtubule
jumps, does not change with cooperativity, explaining why friction still increases at least
exponentially.

While the friction continues to scale superlinearly, Fig. 2.20 shows that increasing
cooperarivity does have two effects. With increasing ε, the superexponential curve (ex-
ponential in the log plot) becomes an exponential curve (linear in the log plot) when
cooperativity is large enough. Furthermore, friction always increases compared to the
non-cooperative case.

There are two mechanisms by which the cooperativity increases the friction between
the microtubules. First, we see that Eq. 2.89 lowers the individual cross-linker hop rates,
and increasing cooperative interactions will decrease the average cross-linker hop rate
slightly. Since cooperative interactions increase with cross-linker density, the micro-
tubule jump rate decreases with density, raising the friction. Still, we expect a much
stronger effect from a second mechanism, which is due to an increase in exclusion ef-
fects. Since cooperativity increases the probability that two cross-linkers are next to each
other, there are fewer cross-linkers that have unoccupied neighboring sites, reducing the
number of options for cross-linkers to hop. This lessens the number of paths which the
microtubule can take to make a jump, and increases the barrier height.

The second mechanism also explains how cooperativity changes the superexponen-
tial scaling of the friction. Eq. 2.7 shows the leading term by which cross-linker exclusion
effects influence the barrier height. Without cooperative interactions, where ε= 0.0kBT,
exclusion effects increase linearly with the cross-linker density N /`, causing the super-
exponential increase of the friction between filaments. However, as ε is increased, the
local increase in the density saturates for lower N . Intuitively, cooperative interactions
lead to the formation of clusters of cross-linkers, and a distribution of cluster sizes can
be observed when the overlap length is very large and the density of cross-linkers is
fixed. However, when the filament size is limited (we choose ` = 30 in the simulations
of Fig. 2.20), the cross-linkers form one or at most a few large clusters. With increasing
N , the clusters grow in size, but the exclusion effects do not, since the effective density
inside the clusters stays roughly constant. For strong cooperative interactions, there is
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thus no strong change in the effective density (set by that inside the cluster) as N in-
creases, which means that the N /` factor in Eq. 2.7 is replaced by a constant effective
density that is independent of N . This explains why the superexponential increase of
friction at low cooperativity changes to a (strong) exponential increase when the degree
of cooperativity is high.
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3
BREAKDOWN OF SIMPLE DIFFUSION

IMPAIRS KRAMERS THEORY

Passive cross-linkers induce discrete microtubule jumps, which can be described as free-
energy barrier crossings. The rate of these transitions follows an Arrhenius equation, which
includes a term that decreases exponentially with the free-energy barrier height multiplied
by a prefactor. Here, we predict the absolute value of this prefactor using Kramers theory,
but a direct comparison to simulations shows a strong discrepancy between the predicted
and simulated prefactors. Furthermore, the failure of Kramers theory increases for larger
densities of cross-linkers. To find the source of this breakdown, we inspect each component
of the Kramers expression. We show that the small-time diffusion constant at the peak of
the barrier, the free-energy profile, and the reaction coordinate are either known exactly or
approximated well. We conclude that the Fokker-Planck description of the motion breaks
down at small time scales due to the discrete nature of the cross-linker hops, and that ex-
clusion effects between cross-linkers slow down the dynamics on the peak significantly,
leading to a lower prefactor than predicted by Kramers theory. We conclude that transi-
tion state theory is more general than Kramers theory, since the Arrhenius equation is valid
even when the system cannot be described by a continuous diffusion process.

61
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In the previous chapter, we found that two filaments that are connected by diffusing
cross-linkers move via discrete jumps, and that these events can be interpreted as free-
energy barrier crossings. Then, we used the description of the free-energy barrier to
show that the rate r at which the microtubule jumps over these barriers decreases ex-
ponentially with the number of cross-linkers N for low densities of cross-linkers. More-
over, if ` equals the number of binding sites within the overlap, we found that the rate
decreases superexponentially with the fraction of occupied binding sites N /`.

In Sec. 2.H we showed that r , which is the Poisson rate at which jumps occur in either
direction, follows an Arrhenius equation with a prefactor r0,

r (N ,`) = r0(N ,`)exp
(
−∆F ‡(N ,`)/kB T

)
. (3.1)

Furthermore, r0 is nearly independent of the number of cross-linkers N and the overlap
length `. Since we were mainly interested in how the rate scales with N and `, we fo-
cussed on the functional form of the height of the free-energy barrier ∆F ‡(N ,`). How-
ever, we acquired not only the height of the free-energy barrier, but its full profile. Using
Kramers theory [30] (see Sec. 1.5), we can utilise the full expression for the free energy to
predict the prefactor r0. Through the Einstein relation, this would give us not only the
functional dependence but also the absolute value of the friction coefficient. Moreover,
we could use the expression derived from Kramers theory to investigate why the pref-
actor does not depend on N and `, whereas Eq. 1.61 of Sec. 1.5 shows that the prefactor
would normally be influenced by the shape of the free-energy profile, and therefore by
the model parameters.

Here, we apply Kramers theory to the barrier crossings that dominate the movement
of cross-linked microtubules. Detailed model simulations show that the prefactors pre-
dicted by Kramers theory provide the correct order of magnitude, but fail to explain how
the prefactor of the jump rate changes with N or`. To explain why Kramers theory breaks
down, we assess the assumptions that are made in deriving it. We demonstrate that the
three main ingredients of Kramers theory, namely the free-energy profile, the reaction
coordinate, and the diffusion constant that governs the dynamics of the microtubules
on the time scale of barrier crossings, are all reliable. Thereby, we show that the only
assumptions that can break down are that the dynamics is governed by a Fokker-Planck
equation on small time scales and that the system state equilibrates continuously during
a transition. However, despite these basic assumptions breaking down, the Arrhenius
equation explains the parameter dependence of the microtubule jump rate very well,
and we discuss how the existence of a transition state provides a general explanation of
the Arrhenius equation.

3.1. MICROTUBULE JUMP RATES FROM KRAMERS THEORY

F OR the cross-linked two-filament system described in Fig. 2.1, Kramers theory Eq. 1.60
estimates the prefactor of the filament jump rate as

r0(N ,`) =
{∫ 1

0

exp
(
β

(
F (α)−F ‡

))
D(α)

dα
∫ 1

0
exp

(−βF (α)
)

dα

}−1

. (3.2)
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As shown in Eq. 2.64, we used the exact solution for F (x, NR ) derived in Chap. 2 and
identified the reaction coordinate α, such that the free energy marginalised to α equals

F (α) =−kB T log

{ N∑
NR=0

1

(
0 ≤ 2α− NR

N
≤ 1

)(
`−NR

N −NR

)(
`−N +NR

NR

)

×exp

[
−kδ2N

2kB T

(
4

(
α− NR

N

)2

+ NR

N

(
1− NR

N

))]}
. (3.3)

This sum cannot be reduced analytically, except for the special values ofα= 0 andα= 1,
where the indicator function only allows for NR = 0 and NR = N , respectively,

F (0) =F (1) =−kB T log

(
`

N

)
. (3.4)

Since Eq. 3.2 involves integrals over all values of α, we cannot find an analytical expres-
sion for the Kramers rate. However, we can evaluate the integrals numerically, given that
we know the diffusion constant D(α).

3.2. THE SHORT-TIME EFFECTIVE DIFFUSION CONSTANT

The diffusion constant D(α) that appears in Eq. 3.2 should not be confused with the ef-
fective diffusion constant of the mobile filament that is valid on large timescales (> 1/r ),
and that is the result of a coarse-grained description in which barrier crossings become
imperceptible. On the contrary, D(α) describes the short timescale fluctuations that gov-
ern the movement of the filament during barrier crossings. In this section, we find and
test an expression of the short-time diffusion constant for the model described in detail
in Chap. 2.

The D(α) that appears in the denominator of the first integrand of Eq. 3.2 could vary
with the reaction coordinate α. However, we assume that these variation are low relative
to the variations of the numerator, since the numerator scales exponentially with the
free energy F (α). The largest contribution to the integrand is found at the peak of the
barrier, so we require an estimate for the short time diffusion constant at the position
α= 1/2. Summarising, we make the approximation

D(α) ≈ D

(
1

2

)
≡ D‡. (3.5)

To estimate this diffusion constant, we take a look at the definition of the reaction coor-
dinate α,

α= 1

2

(
x

δ
+ NR

N

)
. (3.6)

The diffusion constant Eq. 3.5 is related to the positional variance Var(α) of a filament
that is at the peak of the barrier through

2D‡t = Var(α) = 1

4

[
Var(x)

δ2 + 2Cov(x, NR )

δN
+ Var(NR )

N 2

]
, (3.7)
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where t is the time since the system started at the peak of the barrier. We assume that t
is small enough that the shape of the barrier does not influence the diffusion yet, giving
Var(α) ≈ 2D‡t .

The fluctuations at the peak are due to Brownian motion of the position x, caused
by the thermal interactions between the filament and the surrounding liquid, and due
to the hops of individual cross-linkers that change the number of right-pulling cross-
linkers NR . The former fluctuations happen with an intrinsic diffusion constant Dm

causing a variance 2Dm t , whereas the latter fluctuations are related to the prefactor of
the hopping rate h0. At the peak of the barrier, NR ≈ N /2 on average. Furthermore, the
cross-linkers are stretched δ/2 on average, at which point the hopping rate is exactly h0

according to Eq. 2.23, and each cross-linker has two heads that can hop. Hence, the av-
erage rate at which NR increments by 1 equals N h0, which also equals the rate at which
NR decrements by 1 as dictated by the symmetry of the system. Here, we assume that
cross-linker exclusion plays no role, but we can include the exclusion effects up to first
order by realising that a hop is forbidden if the neighbouring site of an L (R) linker is
occupied by another L (R) linker. Since there are approximately N /2 of each spread over
` sites, we have that the total rate at which hops occur equals

htot ≈ N h0

(
1− N

2`

)
. (3.8)

From this average rate at which NR increments or decrements by 1, we calculate the
variance of NR as 2htott .

For the covariance term in Eq. 3.7, we assume that the random variables x and NR

fluctuate independently on small time scales, and that x only couples to NR through
the free-energy profile over large enough time scales. Hence, we ignore the correlations
between x and NR at the peak of the barrier for small times t . Combined with our ap-
proximate expressions of the variance of x and NR , Eq. 3.7 gives

2D‡t = 1

4

[
2Dm t

δ2 + 2N h0
(
1− N

2`

)
t

N 2

]
. (3.9)

Hence, we estimate the short-time diffusion constant as

D‡ = 1

4

(
Dm

δ2 + h0

N

(
1− N

2`

))
. (3.10)

To test Eq. 3.10, we use simulations to probe the short-time diffusion constant at the
peak of the free-energy barrier. We find two different estimators for the diffusion con-
stant, namely Eq. 3.14 and Eq. 3.20 below, that are both based on a parabolic approxima-
tion of the shape of the free-energy profile at the peak. Eq. 3.3 gives an exact expression
for the free energy. The peak of the free-energy barrier occurs at α= 1/2, and we make a
second order Taylor approximation

F (α) ≈F

(
1

2

)
− 1

2
C

(
α− 1

2

)2

, (3.11)

where C ≡−F ′′( 1
2

)> 0, for which Eq. 3.3 gives an analytical expression that can be eval-
uated numerically.
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The first method for estimating the diffusion constant uses the variance of the reac-
tion coordinate. We enter Eq. 3.11 in Eq. 1.40 giving the Fokker-Planck equation for the
probability density p(α, t ) that the reaction coordinate equals α at time t given that it is
at 1/2 at time 0,

∂t p(α, t ) = D‡∂2
αp(α, t )− D‡C

kB T
∂α

((
α− 1

2

)
p(α, t )

)
. (3.12)

Because of the symmetry of the peak, we have 〈α〉 = 1/2, and we can apply the time
derivative operator to see

∂t Var(α) ≈
∫ ∞

−∞

(
α− 1

2

)2

D‡∂2
αp(α, t )−

(
α− 1

2

)2 D‡C

kB T
∂α

((
α− 1

2

)
p(α, t )

)
dα

=
∫ ∞

−∞
2D‡p(α, t )+ 2D‡C

kB T

(
α− 1

2

)2

p(α, t )dα

= 2D‡ + 2D‡C

kB T
Var(α) . (3.13)

In the first step, we use the definition of the variance and apply Eq. 3.12 to resolve the
time derivative, and in the second step we use partial integration to resolve the deriva-
tives to the reaction coordinate. We make the approximation that the second order poly-
nomial free energy extends over the full real line, with the initial condition α= 1/2. This
allows us to ignore the boundary terms, since p(±∞, t ) → 0. In the final step of Eq. 3.13,
we use that the total probability is 1 and we recognise the definition of the variance again.
The solution of the differential equation Eq. 3.13 is

Var(α) ≈ kB T

C

(
e

2D‡C
kB T t −1

)
. (3.14)

We then estimate D‡ by sampling Var(α) for different t , where t is small enough such that
the system does not leave the area where the peak is approximated well by its second
order Taylor expansion, and then to fit Eq. 3.14 to the result to find D‡.

The second method measures the first passage time at two artificial boundaries α=
1/2± b, where we choose b small enough that the second order Taylor expansion ap-
proximates the barrier well in between the boundaries. We can calculate 〈T 〉(α), the
mean first passage time at 1

2 ±b given that the system started at 1/2−b < α < 1/2+b,
using Eq. 1.55. The Kolmogorov backward equation corresponding to Eq. 3.12 gives

D‡∂2
α〈T 〉(α)+ D‡C

kB T

(
α− 1

2

)
∂α〈T 〉(α) =−1. (3.15)

A general solution for this equation exists in terms of a generalised hypergeometric func-
tion [93], but a good polynomial approximation can be found using perturbation analy-
sis. Assuming the curvature of the parabola ε≡C /kB T is small, ε¿ b−2, we can expand
Eq. 3.15 in terms of ε. We define g (α) ≡ D‡〈T 〉(α), which substituted into Eq. 3.15 gives

∂2
αg (α)+ε

(
α− 1

2

)
∂αg (α) =−1. (3.16)
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If we expand g (α) = g0(α)+εg1(α)+O
(
ε2

)
, we see that

[
∂2
αg0(α)+1

]+ε[∂2
αg1(α)+

(
α− 1

2

)
∂αg0(α)

]
+O

(
ε2)= 0. (3.17)

Each order in ε has to vanish separately. This provides a second order differential equa-
tion for each order i , which determines the gi when combined with the two absorbing
boundary conditions gi (1/2±b) = 0. We first solve the lowest order in Eq. 3.17, yielding

g0(α) = 1

2

(
b2 −

(
α− 1

2

)2)
. (3.18)

Then, we plug this solution into the first order equation in Eq. 3.17, for which the solution
reads

g1(α) =− 1

12

(
b4 −

(
α− 1

2

)4)
. (3.19)

Plugging back the previous definitions of ε and g into the solutions, and using that we
are interested in the first passage time for a system starting at α= 1/2, we see that

D‡ ≈ b2

2〈T 〉( 1
2

) (
1− C b2

6kB T

)
. (3.20)

We use this equation to probe the diffusion constant in simulations, by setting two bor-
ders at α= 1/2±b, and measuring the time it takes to pass these borders each time the
system starts at the peak.

We use both Eq. 3.14 and Eq. 3.20 to estimate the short-time diffusion constant at the
peak of the barrier in the simulations. Since we try to estimate the dynamics at small
time scales, we require the simulation dynamics to use time steps δt = 1×10−9 s, which
is much smaller than the time of barrier transitions. Each time the system reaches the
peak of a barrier, which we define as the regionα ∈ (0.4999,0.5001), we start sampling the
positions at time intervals of 5δt for 400 time points. Hence, we track the variance of the
reaction coordinate for 10µs after being on the peak, and we fit Eq. 3.14 to find the short-
time diffusion constant D‡. Furthermore, we independently estimate D‡ using Eq. 3.20.
We set b = 0.01 and we record the first-passage time out of the region α ∈ (0.49,0.51).

When we perform these steps for a system with N = 12 cross-linkers and `= 40 bind-
ing sites on the top microtubule, we find D‡ = 67.91(2)s−1 using the fit to the variance
of α as a function of time (Eq. 3.14), while we find D‡ = 39.0(1)s−1 using the mean first-
passage time (Eq. 3.20). Different values of N and ` lead to similar discrepancies in the
estimates of D‡, while the two methods of estimating D‡ do lead to consistent results
when we simulate a simple diffusion process of a particle that starts from the top of a
parabolic free-energy profile (data not shown). The consistency of Eq. 3.14 and Eq. 3.20
breaks down because the description of the system dynamics as a simple diffusion pro-
cess fails for short times.

The reaction coordinate α changes not only through the continuous movement of
the top microtubule position x, but also through the discontinuous hops of the cross-
linkers that change NR . Eq. 3.6 shows that if a cross-linker hop occurs, NR changes by
1 and α changes by 1/(2N ). In our simulations, N varies between 6 and 20, meaning
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that the change in alpha upon a cross-linker hop is between 0.08 and 0.025. However,
the borders are only a distance b = 0.01 away from the peak. Hence, the first cross-linker
hop at time T will always pass the borders, and the hop will cause α to move a distance
σ away from the barrier, where typically σÀ b, so α passes the border by a significant
amount. Eq. 3.20 assumes that moving α by an amount σ is the result of a continuous
diffusion process with diffusion constant D‡. However, a continuous diffusion process
that is at σ at time T would have been at b < σ at time T ′ < T , whereas the process
including cross-linker hops passes both b andσ at the same time T . Therefore, the mean
first-passage time that we find in simulations is 〈T 〉, but the mean first-passage time that
appears in Eq. 3.20 should be 〈T ′〉 < 〈T 〉. Hence, the simulations overestimate the first-
passage time that enters Eq. 3.20, and underestimate the diffusion constant D‡.

Eq. 3.14 does give a correct estimate of D‡. As long as we sample enough events where
the system reaches the peak of the barrier, the variance will properly average over the
cross-linker hops and show a smooth evolution of the variance of the reaction coordi-
nate as a function of time. Hence, we compare the theoretical expression for the diffu-
sion constant Eq. 3.10 to the simulation results given by the variance-based estimator
Eq. 3.14. We show the results of this comparison in Fig. 3.1 for different values of N and
`. The theoretical values slightly underestimate the true diffusion constants for small
N , whereas they appear to overestimate the diffusion constant at high cross-linker den-
sities. However, the deviations are small and the short-time diffusion constants found
in the simulations generally confirm the theoretical approximation of the diffusion con-
stant given in Eq. 3.10.

3.3. PREFACTOR OF THE FILAMENT JUMP RATE

Eq. 3.2 gives a theoretical prediction of the prefactor that appears in the expression of
the Arrhenius rate (Eq. 3.1). We can also directly measure the rate at which the filaments
jump in simulations, and compare it to the Kramers prediction of Eq. 3.2. We do not
approximate the two integrals in Eq. 3.2 using Gaussian integrals, as is commonly done
in Kramers theory [30], since the free energy contains some discontinuities as a function
of α. Hence, we will evaluate Eq. 3.2 numerically.

We plot the numerical values of r0 as given by the simulations and by Kramers the-
ory in Fig. 3.2. Kramers theory predicts the order of magnitude of the simulated prefac-
tors well. However, the theoretical curves seem to increase exponentially with the cross-
linker density N /`, whereas the simulated data points show a decrease in the prefactor
r0 with the density.

To investigate this discrepancy between the trends, we find an analytical approxima-
tion of the Kramers rate. As indicated before, the discontinuities in the free energy as a
function of the reaction coordinate α prevent a good approximation of the integrals in
Eq. 3.2 using Gaussian integrals. We do have two known properties of this free energy,
namely that the free energy is periodic inαwith period 1, and that the height of the free-
energy barrier is approximated well by the analytical expression in Eq. 2.84. Using these
two expressions, together with the choice F (0) = 0, we approximate the free energy as

F (α) ≈∆F ‡ 1

2
(1−cos(2πα)) . (3.21)
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Figure 3.1: Simulated values of the diffusion constant at the peak of the free-energy barrier con-
firm the theoretically predicted values. The simulation points are estimated by probing the vari-
ance of the reaction coordinate as a function of time after the system propagates from an initial
state at the peak of the barrier, and subsequently fitting Eq. 3.14 to find the diffusion constant. The
theoretical curves are given by Eq. 3.10.

This sinusoidal function agrees well with the exact free energy, as shown in Fig. 3.3.
We then apply Kramers theory to the approximate free-energy profile Eq. 3.21,

r = D‡
{∫ 1

0
exp

(
β∆F ‡

2
(1−cos(2πα))

)
dα

∫ 1

0
exp

(
−β∆F ‡

2
(1−cos(2πα))

)
dα

}−1

= D‡
{∫ 1

0
exp

(−β∆F ‡

2
cos(2πα)

)
dα

∫ 1

0
exp

(
β∆F ‡

2
cos(2πα)

)
dα

}−1

= D‡

I0

(
β∆F ‡

2

)2 , (3.22)

where I0(x) is a modified Bessel function of the first kind. Since the free energy-barriers
that we simulate are relatively high (∆F ‡ > 2kBT), we can use the asymptotic expansion
of the Bessel function [94],

r ≈ D‡

exp
(
β∆F ‡

2

)
√
πβ∆F ‡

(
1+ 1

4β∆F ‡
+ 9

32
(
β∆F ‡

)2

)
−2

≈ D‡πβ∆F ‡

1+ 1
2β∆F ‡ + 5

8(β∆F ‡)2

exp
(
−β∆F ‡

)
= r0 exp

(
−β∆F ‡

)
, (3.23)
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Figure 3.2: Kramers theory correctly predicts the order of magnitude of the prefactor of the mi-
crotubule jump rate. We estimate the prefactor in the simulations by estimating the full rate r as
described in Chap. 2, after which we divide out the Boltzmann factor at the peak of the free-energy

barrier, r0 = r exp
(
β∆F ‡

)
. These values are plotted as points as a function of the cross-linker

density N /`, since the curves for different values of the number of binding sites on the mobile
microtule ` seem to collapse in this representation. Kramers theory gives a numerical prediction
of the prefactor through Eq. 3.2, plotted as continuous lines for the same values of `. The order of
magnitude of the theoretical values agree with the simulated values, but Kramers theory predicts
exponentially rising trends in the prefactor while the simulations show downward trends.
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Figure 3.3: The free energy as a function of the reaction coordinate α contains discontinuities
and has no simple expression in terms of elementary functions. Since we know the periodicity of
the function and have analytical approximate expressions for the height of the free-energy barrier
∆F ‡, we can approximate the free energy using a sinusoidal function with the same amplitude
and periodicity. The sinusoidal function ignores the discontinuities and the approximate barrier
height slightly overestimates the true barrier height, but the two functions agree well overall. The
sinusoidal function can be used in combination with Kramers theory to find analytical expressions
for the rate at which the microtubule jumps over the barriers. In this example, `= 40 and N = 12.
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where we only keep terms up to the quadratic order in the expansion.
The analytical expression of the prefactor in Eq. 3.23 shows that Kramers theory pre-

dicts that the prefactor is proportional to the height of the free-energy barrier. We showed
before that the height of the barrier scales exponentially with the density of cross-linkers
in Eq. 2.84, so the prefactor predicted by Kramers theory also increases exponentially
with the cross-linker density, as seen in Fig. 3.2.

Even though we can explain the exponential increase of the prefactor as predicted
by Kramers theory, an explanation of why this predicted value deviates from the pref-
actor found in the simulations (see Fig. 3.2) remains lacking. The simulations show that
the prefactor varies little with the number of cross-linkers N and the number of binding
sites on the mobile microtubule `, and it even decreases slightly with the cross-linker
density, as opposed to the Kramers theory predictions. The ingredients of the prediction
in Eq. 3.2 are the reaction coordinate, the free energy, and the short-time diffusion con-
stant. Hence, we will first test whether errors in these three ingredients can explain the
inaccuracy of Kramers theory.

For the short-time diffusion constant, we obtained an approximate expression in
Eq. 3.10, which appears to deviate little from the values obtained from the simulations.
To investigate the extend by which the diffusion constant influences the discrepancy
between theory and simulations, we reverse the procedure and calculate the diffusion
constant that would give rise to the correct prediction through Kramers theory. Using
the approximation Eq. 3.5 that the short-time diffusion constant is independent of the
reaction coordinate α, Eq. 3.2 gives

D‡ = r0

∫ 1

0
exp

(
β

(
F (α)−F ‡

))
dα

∫ 1

0
exp

(−βF (α)
)

dα. (3.24)

We calculate this diffusion constant for each set of N and ` for which we have estimated
r0 in simulations, and plot the results along with the directly sampled diffusion constants
in Fig. 3.4. The required diffusion constants are significantly lower than the ones that are
directly observed, showing that the approximation error of D‡ using Eq. 3.10 is not the
cause of the deviation, since these errors shown in Fig. 3.1 are much smaller than the
errors shown in Fig. 3.4.

Another possibility is that Eq. 3.5 fails, and that the short-time diffusion constant
does depend strongly on the reaction coordinateα. To investigate this, we modify Eq. 3.8
not focussing on α = 1/2, but keeping the reaction coordinate as a variable. Then, for a
given α, we assume that NR ≈ αN , and that x ≈ αδ. When an L-linker with stretch x
hops, it becomes an R-linker with stretch δ− x. Hence, Eq. 2.23 says that the rate of this
single transition equals

h = h0 exp

[
− kδ2

4kB T

(
(δ−x)2 −x2)] . (3.25)

Similarly, a hop of an R-linker to an L-linker follows the same equation with a change of
sign in the exponent. Then, a single cross-linker can make this transition in two ways,
because both heads of the cross-linker can hop. Furthermore, an L-linker is excluded
from hopping to a neighbouring site when another L-linker is directly next to it, but an
R-linker cannot block the hopping of an L-linker because we do not allow cross-linkers
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Figure 3.4: The short-time diffusion constant at the peak of the barrier D‡ estimated directly in
simulations (points, Eq. 3.14) compared to the diffusion constant that would lead to the correct
prediction of the prefactor of the microtubule jump rate using Kramers theory (lines, Eq. 3.24).
Although the trends in the two sets are similar, the difference is significant, showing that the failure
of Kramers theory is not caused by inaccuracies of the theoretical diffusion constant as seen in
Fig. 3.1.



557624-L-bw-Wierenga557624-L-bw-Wierenga557624-L-bw-Wierenga557624-L-bw-Wierenga
Processed on: 29-3-2021Processed on: 29-3-2021Processed on: 29-3-2021Processed on: 29-3-2021 PDF page: 83PDF page: 83PDF page: 83PDF page: 83

3.3. PREFACTOR OF THE FILAMENT JUMP RATE

3

73

0 0.2 0.4 0.6 0.8 1
0

500

1,000

1,500

crosslinker density N/`

p
re
fa
ct
or

ra
te

(s
−
1
)

` = 15
` = 20
` = 25
` = 30
` = 30
` = 40

Figure 3.5: The Kramers theory predictions with a diffusion constant that varies with the reaction
coordinate α according to Eq. 3.27 (lower lines) are very similar to the Kramers theory predictions
that use a constant diffusion constant, which is measured at the top of the barrier and follows
Eq. 3.10 (upper lines). The former prefactors are slightly lower than the latter ones for low densities,
but asymptotically converge for larger densities. We thus conclude that the discrepancy between
the prefactor measured in the simulations and the prefactor predicted by Kramers theory, as seen
in Fig. 3.2, is not caused by our approximation that the diffusion constant does not vary with the
reaction coordinate α.

to cross each other. The rates to move from NR to NR + 1 and NR − 1 are not equal,
and to extract the diffusion constant we take the average rate htot =

(
htot,↑+htot,↓

)
/2.

Combined, these considerations lead to an expression for the total rate of

htot(α) ≈ N h0

{
α

(
1−αN

`

)
exp

[
− kδ2

4kB T

(
α2 − (1−α)2)]

+ (1−α)

(
1− (1−α)

N

`

)
exp

[
kδ2

4kB T

(
α2 − (1−α)2)]}

. (3.26)

We can confirm the validity of Eq. 3.26 by substituting α= 1/2, in which case we retrieve
Eq. 3.8. Using the total hop rate Eq. 3.26, we obtain an expression for the short-time
diffusion constant that depends on α,

D‡(α) = 1

4

(
Dm

δ2 + htot(α)

N 2

)
. (3.27)

Inserting Eq. 3.27 into Eq. 3.2, we retrieve new Kramers predictions of the prefactor
of the microtubule jump rate as a function of the cross-linker density N /` with a diffu-
sion constant that varies over the reaction coordinate α. We compare these new results
with the original ones in Fig. 3.5, where we see that the new expressions coincide nearly
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perfectly with the results obtained with a non-varying diffusion constant. As shown in
Fig. 3.2, these trends do not agree with the simulated prefactors. Hence, the more elab-
orate expression for the diffusion constant Eq. 3.27 does not provide an explanation for
the failure of Kramers theory to predict the correct prefactor.

Given that the diffusion constant, which is one ingredient of Kramers theory, is suffi-
ciently well described by Eq. 3.10, we look into the other ingredients of Kramers theory,
which are the reaction coordinate and the free-energy profile. Since we have an exact
expression for the free energy as a function of the microtubule position x and the num-
ber of right-pulling cross-linkers NR , the source of the discrepancy cannot be the ex-
pression itself. However, the marginalisation to a one-dimensional free-energy profile
results from the expression of α, which is an approximation of the reaction coordinate.
In Fig. 2.17, we showed that the committer space is perpendicular to the reaction coordi-
nate α for N = 12 and `= 40. Hence, we confirmed that α is the true reaction coordinate
at the low cross-linker density N /` = 0.3, and Fig. 3.2 shows little discrepancy between
the Kramers prediction and the simulated prefactor at low densities.

A possible explanation of the increased failure of Kramers theory for larger densities
could be due to the changing of the reaction coordinate. To test this, we repeat the analy-
sis shown in Fig. 2.17 for a system with N = 7 and `= 7, such that the mobile microtubule
is fully covered. We choose this relatively low number of cross-linkers because it leads
to the barrier height ∆F ‡ = 5.8kBT where brute force simulation of the barrier crossings
remain feasible.

We show the results of the committer analysis for N /`= 1 in Fig. 3.6. Because the free
energy is very high in some regions of the plot, specifically in the upper-left and bottom-
right corners, the simulations strongly avoid these regions, which lowers the quality of
the statistics there. Therefore, it remains largely unclear how the committer, which is
the region where the probability of being on a transition path equals 1/2 [33], is oriented
in Fig. 3.6. The probability to be on a transition path seems to be higher along the di-
agonal x/δ= 1−NR /N , which would indicate that α is still the reaction coordinate, but
the density plot could also indicate a committer that is perpendicular to the NR axis.
Since cross-linker hops are suppressed more at high cross-linker densities because of
the exclusion effects, the progress in x could become less important for crossing the
free-energy barrier. Hence, we will apply Kramers theory using NR as the reaction co-
ordinate to investigate if a change in the reaction coordinate can explain the failure of
Kramers theory for high cross-linker densities.

With the reaction coordinate NR , the diffusion constant is given by htot in Eq. 3.8.
Furthermore, the free energy needs to be marginalised along NR , which is done by inte-
grating out x from 0 to δ,

F (NR ) = kδ2

2N
NR (N −NR )−kB T log

[(
`−NR

N −NR

)(
`−N +NR

NR

)
/

(
`

N

)]

−kB T log

[(
erf

(√
kδ2N

2kB T

(
1− NR

N

))
−erf

(√
kδ2N

2kB T

NR

N

))
/erf

(√
kδ2N

2kB T

)]
. (3.28)

We normalised this free energy such that the zero point is at NR = 0. Using this diffusion
constant and free energy, we apply Kramers theory to find transition rates, treating NR
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Figure 3.6: The probability that the system is on a transition path when it is at a given location
x and NR . The analysis repeats the one shown in Fig. 2.17, but for a high density system where
N = 7 and ` = 7. The committer is the space where the shown probability is roughly 0.5, and
should be perpendicular to the reaction coordinate. The order parameter α, which is the reaction
coordinate for a system with N = 12 and ` = 40, runs along the diagonal from the bottom-left to
the top-right in this figure. The data analysis maps all forward and backward paths to a single
representation for improving the statistics, leading the histogram to be symmetric under a half
rotation ((x, NR ) → (δ−x, N −NR )). The statistics is very poor in the top left and bottom right
corners, obscuring whether the probability equals 0.5 there. The transition path probability does
appear to rise around the top-left to bottom-right diagonal for NR = 6 and NR = 5, which may
indicate thatα still accurately captures the reaction coordinate. However, the results could also be
consistent with the reaction coordinate shifting to NR .
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Figure 3.7: The prefactor from simulations (points) compared to the prefactor as obtained from
Kramers theory with a reaction coordinate that points along NR . Compared to the prediction
shown in Fig. 3.2 that uses α as the reaction coordinate, the Kramers prefactor is much worse for
small densities, and the exponential increase observed for larger densities is still observed.

as a continuous variable that runs from 0 to N . Then, we divide the obtained Kramers
rates by the Boltzmann factor exp

(−β∆F ‡
)
, which uses α as a reaction coordinate, such

that we can compare the results to the prefactors shown before. The results are shown
in Fig. 3.7. Compared to Fig. 3.2, Fig. 3.7 shows that the predictions of Kramers theory
usingα as the reaction coordinate strongly outperform the ones using NR , even for large
densities where the predicted prefactor still shows exponential growth even with NR as
the reaction coordinate. The failure of Kramers theory can thus not be explained by a
shift of the reaction coordinate towards NR for high densities.

Summarising, the discrepancy between Kramers theory and the simulations is nei-
ther caused by the expression of the free energy, given in an exact form in Eq. 3.3, nor
by the misalignment of the reaction coordinate, nor by the expression for the short-time
diffusion constant at the peak, which is approximated well by Eq. 3.10, nor by the ap-
proximation in Eq. 3.5 that assumes that the diffusion constant does not vary with the
reaction coordinate α. Hence, to explain the failure of Kramers theory, one of the basic
assumptions of Kramers theory has to break down.

One of the assumptions of Kramers theory is that the distribution within the well
always remains close to a Boltzmann distribution. It is unlikely that this assumption
breaks down, since the simulated model obeys detailed balance, and the dynamics of
the cross-linkers and the microtubule is intrinsically Markovian. Moreover, larger num-
bers of cross-linkers and higher cross-linker densities lead to larger free-energy barriers,
which increases the separation of the small time scale of the equilibration within the
well and the large time scale 1/2r of the jumps between wells. Therefore, the validity
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of Kramers theory should increase with the density N /`, while Fig. 3.2 shows that the
validity actually decreases.

Hence, the breakdown of Kramers theory must be because the assumption breaks
down that the dynamics is described well with a Fokker-Planck equation at all time
scales. We saw in Sec. 3.2 that two methods of estimating the short-time diffusion con-
stant at the peak of the barrier do not agree with each other because of the discrete na-
ture of the cross-linker hops. It is likely that this aspect of the dynamics also causes the
simulated rate of hopping to be lower than the one expected through Kramers theory.

In the theory, movement proceeds with infinitesimal diffusive steps along the re-
action coordinate. In the two dimensional picture of the (x, NR ) space, true diffusion
would allow the system to take transition paths that are arbitrarily close to the optimal
path, where the optimal path is determined by the continuous free-energy profile on the
two dimensional space. For a given NR , the optimal position is given by minimising the
potential energy (Eq. 2.2), giving x = δNR /N . This line defines the optimal transition
path which is parallel to the reaction coordinate α. Since the cross-linker hops cause an
instantaneous change in α of 1/2N , and only change NR while leaving x invariant, the
microtubule jumps cannot follow the optimal transition path as predicted by the contin-
uous free-energy profile. Even though the reaction coordinate does capture the average
direction of transition paths, the paths have to deviate from the optimal path on small
time and length scales.

As an example, we imagine the system to be in a state along the optimal line x/δ =
NR /N , where the potential energy equals

Uopt(NR ) = kδ2

2N
NR (N −NR ) . (3.29)

Then, a forward hop transitions (x, NR ) → (x, NR +1), leading to a deviation from the
new optimal potential energy at NR +1,

U (x, NR +1)−Uopt(NR +1) = kδ2

2N
. (3.30)

The entropic terms are independent of x. Hence, the optimal path in the free energy
equals the optimal path in the potential energy, and no paths exist that follow the opti-
mal free-energy path exactly. Even though this can explain why Kramers theory is not
exact, it cannot account for the increased failure of Kramers theory for high cross-linker
densities alone, since Eq. 3.30 does not depend on the microtubule length `.

As shown in Fig. 3.8, the transition paths for the highest density appear to be sig-
nificantly different from the paths observed for a lower density in Fig. 2.3. Specifically,
the transition paths seem to include more diffusive steps in NR , which may be due to
an increase of the time it takes to perform the transition itself. To test this, we measure
the time ∆Tt that a transition path takes in the simulations, and average over 50 mi-
crotubule jumps. For a low density (` = 40 and N = 7) we find ∆Tt = 0.8ms, whereas
for the high density simulations (` = 7 and N = 7) we find ∆Tt = 1.8ms. The time dif-
ference becomes more pronounced when more cross-linkers are bound, where we find
∆Tt = 1.0ms (`= 40 and N = 12) and ∆Tt = 3.8ms (`= 12 and N = 12). The longer times
at which the system resides at the peak of the barrier may explain why the transitions
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Figure 3.8: The free energy as a function of the mobile microtubule position x and the number of
right-pulling cross-linkers NR for N = 7 and ` = 7, together with two transition paths. Compared
to Fig. 2.3, the paths still roughly follow the diagonal, but seem to take more diffusive steps in both
the x and the NR directions.

become less likely with increased density. For an intuitive understanding, we define rp

as the rate at which the system moves to the peak region, and ∆Tp as the average time
that the system resides around the peak of the barrier after moving to it. Then, the prob-
ability to be in the barrier region is proportional to both quantities pb ∝ rp∆Tp . Since
pB is determined through the free energy and the Boltzmann distribution, an increase
in the residence time around the peak of the barrier ∆Tp must be accompanied by a
decrease of the rate at which the system moves to the peak to the barrier rp . Further-
more, Sec. 3.2 shows that the average time to leave a small region close to the peak is
lower than expected for a continuous diffusion process. We speculate that the block-
ing of cross-linker hops at high cross-linker densities increases the residence time at the
peak of the free-energy barrier much more than expected in a continuous diffusion pro-
cess. This increase of ∆Tp is accompanied by a decrease of rp , and the rate r to jump
over the barrier is limited by the rate rp at which the system reaches the barrier. Hence,
the failure of Kramers theory for higher densities of cross-linkers is likely the result of a
significant slowdown of the dynamics at the peak that is not captured by the continuous
diffusion constant.

3.4. DISCUSSION

We have shown that Kramers theory finds the correct order of magnitude of the pref-
actor of the microtubule jump rate. However, it fails at predicting how this prefactor
scales with the density of cross-linkers. By examining all assumptions and ingredients
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of Kramers theory, we believe that the most likely reason for its breakdown is the failure
of a spatially continuous Fokker-Planck equation to describe the dynamics well enough
on all time scales, specifically on the small time scales at which cross-linker hops cause
significantly discrete steps in the reaction coordinate.

In Chap. 2, we chose to assume that the prefactor r0 of the microtubule jump rate
r is constant, and the success of this assumption indicates that the order parameter α
generally captures the reaction coordinate well. While Kramers theory fails, the success
of the Arrhenius equation shows that even in situations where the system dynamics is
not described well by a simple diffusion process, the basic notion from transition state
theory that the peak of the free-energy barrier constitutes the bottleneck for transitions
remains valid. Hence, the expression

r = r0 exp

(
−∆F ‡

kB T

)
(3.31)

is applicable to a large class of systems with different underlying dynamics, and Kramers
theory only provides an explanation for this equation for a limited subset of those sys-
tems. For a general equilibrium system, even if the dynamics is correlated and does not
equilibrate within the time scale of a single transition, the assumption that the average
transition rate is limited by the probability of the transition bottlenecks remains a valid
one. Hence, Eq. 3.31, which by itself is true for any rate as long as there are no limitations
on r0, becomes meaningful by stating that any variable that affects the free energy has a
subexponential effect on the prefactor r0.
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4
CONDENSATION FORCES AND

ENTROPIC FORCES ON

OVERLAPPING MICROTUBULES

Passive cross-linkers that bind to filaments cause the overlap length between these fila-
ments to increase, contracting the filament-to-filament distance. This motion is caused
by entropic forces when the number of cross-linkers on the filaments remains constant,
and by condensation forces when the cross-linkers can bind and unbind from the fila-
ment. Since the friction between the filaments increases exponentially with the number
of cross-linkers and superexponentially with the density of cross-linkers, we can predict
the velocity of the filament contraction. We show that entropic forces increase the over-
lap length with the square root of time, while condensation forces lead to a logarithmic
time dependence. Furthermore, how the overlap length depends on time does not change
qualitatively if we include cooperative interactions between the cross-linkers or multiple
protofilaments on the filament. We test how experimental time traces compare with these
predictions, showing that the (super)exponential increase of friction can explain the shape
of the time traces well.

81
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In Chap. 2, we describe how the friction between two cross-linked microtubules scales
with the number of cross-linkers and the overlap length. There, we use a geometry that
is symmetric under translations of the microtubule position x by multiples of the lat-
tice constant δ, which prevents the occurrence of entropic forces [18]. Furthermore, the
cross-linkers do not bind or unbind. In this chapter, we reintroduce the original model
from [18] in which the overlap length can vary, such that both entropic and condensa-
tion forces can emerge. In the context of partially overlapping filaments, an entropic
force is caused by the diffusible cross-linkers that are bound within the overlap and that
increase their entropy by expanding the size of the overlap while the number of cross-
linkers remains constant [18]. On the other hand, a condensation force arises when the
cross-linking proteins can bind from the solution, which expands the overlap by increas-
ing the number of bound cross-linkers, lowering the free energy. Here, we investigate the
effects of the asymmetric model geometry on the friction, and observe how the combi-
nation of this friction coefficient and either the entropic or the condensation force influ-
ences the speed at which the overlap expands.

Previously, it was observed computationally and confirmed experimentally that the
friction between two filaments scales exponentially with the number of cross-linkers [18].
We found an explanation for this exponential scaling in Chap. 2, which shows that it per-
sists for low densities of cross-linkers. At higher densities, we observed that exclusion
effects cause the friction coefficient to scale superexponentially with the cross-linker
density. However, it has been proposed that the observed exponential increase in the
friction coefficient can be explained by a model in which the friction coefficient scales
linearly with the number of cross-linkers for low densities, and that the exponential in-
crease is only due to exclusion effects [74]. Here, we will investigate how the two differ-
ent models for the friction coefficient influence the predicted time traces in the case of a
condensation force, and compare these predicted time traces to available experiments.

Since evidence exists that the binding of microtubule cross-linking proteins such as
Ase1 can be cooperative [86], we also look into the affects that cooperative binding of
cross-linkers has on the entropic and condensation forces. Combined with the effects
of cooperativity on the friction coefficient, as shown in Sec. 2.K, we discuss how cooper-
ative interactions between the cross-linkers can change the dynamics of the expanding
filament overlaps. Similarly, we describe how the friction coefficient and the expansion
forces change when the cross-linkers bind to multiple protofilaments on each filament.
Specifically, we take into account the helical offset that is found in microtubule protofil-
aments [95, 96], and show how this introduces extra strain on the cross-linkers, which
affects the barrier crossing mechanism that caused the friction between microtubules.

4.1. FRICTION COEFFICIENT AND ENTROPIC FORCES

When two microtubules overlap partially, entropic forces can increase their overlap [18].
These forces arise when the number of cross-linkers is constant, so when the cross-
linkers cannot bind or unbind, but when they can still diffuse within the overlap. In that
case, the entropy associated with the number of ways to place the cross-linkers in the
overlap increases if the overlap length increases, thus leading to an entropically driven
force that maximises the overlap length. To investigate how the interplay between this
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Figure 4.1: A different version of the model of Fig. 2.1, first presented in [18], that can be used to
study entropic forces and condensation forces. The maximum stretch of the cross-linkers along
the direction of the filaments is ∆, which we choose ∆ = δ. We define the discrete overlap length
` as the number of binding sites on one filament that are accessible to the cross-linkers, which
equals the number of sites within a length of x +∆ on either filament. In the example shown,
` = 4. To count the number of microstates for a given number of right-pulling R-linkers and left-
pulling L-linkers, it is convenient to ignore the offset of the two lattices. We show this simplified
representation of the overlap region on the right, where L-linkers are straight lines and R-linkers
are diagonal lines. The sites on the top-right and on the bottom-left cannot be occupied by an
R-linker.

driving force and the opposing friction force leads to the movement of the microtubules,
we revise the model of Fig. 2.1 to a situation where two long microtubules overlap par-
tially, as shown in Fig. 4.1. In this case, we define the position x as the distance between
the ends of the two microtubules, such that x increases if the top microtubule moves to
the left. We define the discrete overlap length ` as the number of sites in the overlap that
cross-linkers can access, which depends on x through

`=
⌈

x +∆
δ

⌉
, (4.1)

where ∆ is the maximum stretch of the cross-linkers (set to δ) and we take the ceiling to
make ` count the number of binding sites within the overlap.

The model shown in Fig. 4.1 gives rise to an entropic force, and also contains the
same barrier crossing mechanism that makes the top microtubule move through jumps
of length δ and that sets the friction coefficient, as shown in Chap. 2. We require an
expression for the free energy to find both the driving force and the friction coefficient.
During a jump of the microtubule from ` to `±1, the potential energy depends on the
position x similar to Eq. 2.2, but with NR replaced by N −NR due to the change of sign of
x,

U (x, NR ) = 1

2
kδ2N

[(
x

δ
−1+ NR

N

)2

+ NR

N

(
1− NR

N

)]
. (4.2)

This potential energy is independent of the overlap length `, showing that the expansion
force is indeed governed by the entropic component of the free energy. Similar as in
Eq. 2.4, this entropy is given by the number of permutations of NR cross-linkers that pull
the top microtubule to the right and N −NR cross-linkers that pull the top microtubule
to the left. However, due to the change in geometry, the expression Eq. 2.4 needs to be
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adjusted,

Ω(`, N , NR ) =
(
`−NR

N −NR

)(
`−N +NR −1

NR

)
. (4.3)

As shown in the drawing on the right in Fig. 4.1, the right-pulling R-linkers cannot fill
the rightmost site of the top microtubule in the overlap, which reduces the free space in
which the R-linkers can be permuted by 1.

To investigate the origin of the entropic force, we focus on the entropy when the two
filaments are in perfect register. In that case, NR = 0, and the number of microstates is
counted by the number of ways that N cross-linkers can be placed in an overlap of `
sites,

Ω(`, N , NR = 0) =
(
`

N

)
. (4.4)

Since the potential energy is the same for all states in which the microtubules are in
register, the entropy is given by the Boltzmann expression S = kB log(Ω), and the entropic
force follows from a derivative of the free energy F ,

Fent =−dF

dx
= T

dS

dx
= kB T

dlog(Ω)

dx
≈ kB T

δ
log

(
Ω(`)

Ω(`−1)

)
=−kB T

δ
log

(
1− N

`

)
. (4.5)

Here, we approximate the derivative to x by taking a finite difference δ. The final expres-
sion is strictly non-negative, showing that the entropic force can only drive the filaments
to overlap more. For low densities, the expression can be approximated as

Fent ≈ kB T

δ

N

`
≈ N kB T

x
, (4.6)

where the final form emphasises the resemblance to the ideal gas law, with Fent playing
the role of the pressure and the overlap length x the role of the volume [18].

The reaction coordinate α as defined in Eq. 2.5 remains largely unchanged, since the
overlap length ` does not influence it. Only the direction of NR changes because of the
change of sign of x in our definition of the system in Fig. 4.1, leading to

α= 1

2

(
x

δ
+1− NR

N

)
. (4.7)

Using this reaction coordinate, together with Eq. 2.2 for the potential energy and Eq. 4.3
for the entropic term, we get an expression for the free energy similar to Eq. 3.3,

F (α,`) =−kB T log

{ N∑
NR=0

1

(
0 ≤ 2α−1+ NR

N
≤ 1

)(
`−NR

N −NR

)(
`−N +NR −1

NR

)

×exp

[
−kδ2N

2kB T

(
4

(
α−1+ NR

N

)2

+ NR

N

(
1− NR

N

))]}
. (4.8)

Here, α ∈ (0,1], since α = 1 gives the correct expression for the number of microstates
when the two lattices are perfectly in register, while α = 0 does not. We also include `
as a variable of the function F (α,`) because it changes as the relative positions of the
filaments change in Fig. 4.1.



557624-L-bw-Wierenga557624-L-bw-Wierenga557624-L-bw-Wierenga557624-L-bw-Wierenga
Processed on: 29-3-2021Processed on: 29-3-2021Processed on: 29-3-2021Processed on: 29-3-2021 PDF page: 95PDF page: 95PDF page: 95PDF page: 95

4.1. FRICTION COEFFICIENT AND ENTROPIC FORCES

4

85

11 12 13 14 15 16

−10

−5

0

5

10

extended reaction coordinate λ

fr
ee

en
er

gy
F

(k
B
T

)

induces force
induces friction
full profile

Figure 4.2: The free energy as a function of the extended reaction coordinate λ (blue line) for
N = 12 cross-linkers. The number of sites in the overlap ` ≥ N , so by the construction of λ and
Eq. 4.10λ> 11. Similar to in Chap. 2, the free energy shows the barriers that make the microtubules
move with jumps. Furthermore, the free energy is lowered when the overlap length increases,
leading to an entropic force. The free-energy profile can be decomposed into a fine-grained barrier
profile that induces an effective friction (yellow line) and a coarse-grained smooth slope that sets
the entropic force (red line).

Until now, we have focussed on the dynamics within a transition between ` and `+1,
where α ∈ (0,1], but to properly visualise the entropic force we need to find the free-
energy profile over arbitrarily large changes in the overlap length. Therefore, we extend
the reaction coordinate to the real line to represent the overlap length in units of the lat-
tice spacing, and we call this parameter λ to distinguish it from the reaction coordinate
for a single transition, which can be retrieved from λ by mapping it back to the range
(0,1],

α= 1−mod(1−λ,1) . (4.9)

Here, mod
(
x, y

)
is the modulo function that returns the remainder of x after division by

y . Eq. 4.9 equals mod(λ,1), except that it maps λ to (0,1] instead of [0,1). Then, we link
λ to the overlap length by

`= dλ+1e, (4.10)

which we chose such that λ resembles x/δ in Eq. 4.1. Using Eq. 4.9 and Eq. 4.10 to define
α and `, Eq. 4.8 gives the free energy as a function of λ, F (λ) ≡ F (α(λ) ,`(λ)). We plot
F (λ) in Fig. 4.2, showing that the free energy consists of a periodic set of barriers that
shows a downward trend due to the entropic force. We can decompose these two effects
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by defining a smooth free energy that captures the large scale trend,

Fent(λ) =−kB T log

[(
λ+1

N

)]
, (4.11)

which uses Eq. 4.4. We approximate the overlap length ` ≈ λ+ 1 as a continuous vari-
able, because on a coarse-grained level the barriers become imperceptible and the free-
energy profile appears smooth. In that coarse-grained picture, the effect of the barriers
is incorporated into the effective friction coefficient. Microscopically, the barriers that
cause the effective friction coefficient follow

Ffric(λ) =F (α(λ) ,`(λ))−Fent(λ) . (4.12)

Both the free energy term that induces the entropic force and the term that induces ef-
fective friction are shown in Fig. 4.2. The graph shows that the barrier height decreases
as the overlap length increases, leading to a reduction in the friction coefficient accord-
ing to Eq. 2.9. Simultaneously, the entropic force also decreases with the overlap length,
as can be seen from the decreasing slope of the entropic force part of the free energy in
Fig. 4.2. Hence, it is interesting to see how the interplay between the entropic force and
the friction coefficient changes with the overlap length.

The free-energy profile obtained from Eq. 4.12 contains barriers that are nearly iden-
tical to the free-energy barriers obtained in Chap. 2. The only quantitative difference
between the expressions for the free energy in the two situations comes from the new
expression of the number of microstates Eq. 4.3 compared to Eq. 2.4. If we repeat the
derivation of an analytical approximation of the free-energy barrier height, which is
shown in Sec. 2.I for the situation without an entropic force, we realise that this small
difference of the entropies does not influence the leading orders of the Taylor expan-
sion. Hence, the approximation of the barrier heights is the same as in Eq. 2.7 and the
friction coefficient follows Eq. 2.9,

ζ≈ ζ0 exp

(
B N exp

(
1

4B

N

`

))
, (4.13)

with B = kδ2/(8kB T )− log(2). Using Eq. 2.37 and the Einstein relation Eq. 2.1 to estimate
the friction coefficient for N = 12 and ` = 40, we find ζ0 = 71kBTs/µm2 ≈ 0.3pNsµm−1.
The deterministic differential equation that describes the average overdamped move-
ment of the location of the top filament δλ follows from combining Eq. 4.5 and Eq. 4.13,
where we replace ` with λ+1 and x ≈λδ,

dλ

dt
= Fent(λ)

δζ(λ)
≈− kB T log

(
1− N

λ+1

)
δ2ζ0 exp

(
B N exp

( 1
4B

N
λ+1

)) ≈ N kB T

δ2ζ0 exp(B N )λ
. (4.14)

The expression of the first approximation is highly nonlinear, and can be solved numer-
ically. The second approximation is valid for low cross-linker densities, so for N /λ¿
1 and λ À 1, where the force approaches 0 according to Eq. 4.6 whereas the friction
reaches a finite asymptotic value. This approximate differential equation has an ana-
lytical solution,

λ(t ) ≈
√
λ(0)+ 2N kB T

δ2ζ0 exp(B N )
t . (4.15)
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Figure 4.3: Filament overlaps expand under the influence of an entropic force. We simulate a
system with N = 12 that starts at `= 13 and plot five trajectories (grey). Furthermore, we plot the
average over 50 such trajectories (blue). We compare the results to the numerical solution to the
nonlinear differential equation Eq. 4.14 (red), and the analytical solution that is valid for low cross-
linker densities (yellow). For larger times, the solutions converge, leaving a finite difference, and
the average simulated trajectory confirms their validity. (inset) For small times, the movement of
the microtubules speeds up nonlinearly, which is caused by the superexponential decrease of the
friction given in Eq. 4.13.

In Fig. 4.3, we plot the numerical solution of the nonlinear differential equation given by
Eq. 4.14 together with the approximate analytical solution Eq. 4.15. We set N = 12 and
use λ = N = 12 as the initial boundary condition (` ≈ λ+ 1 = 13), corresponding to a
highly compressed system with an initial overlap length x ≈ λδ. The approximate solu-
tion is very similar to the numerical solution for larger times, where the overlap length
is large and the density of cross-linkers is low. For small times, the numerical solution
shows that the microtubules move much slower. Because the initial density of cross-
linkers N /` is close to 1 and the friction coefficient scales superexponentially with this
density, the high entropic force still leads to a slow initial expansion.

We compare the solutions of the differential equations to several simulated trajec-
tories. We show five of these simulation time traces together with an average over 50
trajectories, showing both the relative thermal diffusion of the microtubules and con-
firming that the average trend indeed resembles the numerical solution to Eq. 4.14 well.
The inset of Fig. 4.3 focusses on time scales up to 30s, confirming that the movement of
the microtubule overlap is initially very slow. After the overlap starts to expand, the den-
sity of cross-linkers decreases, leading to a strong nonlinear decrease of the friction and
speeding up the relative movement of the microtubules. Hence, an experimental setup
with sufficient spatiotemporal resolution may directly observe the superexponential in-
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Ks
D

Kd
D

Figure 4.4: The same model as in Fig. 4.1, but including cross-linker binding dynamics. Cross-
linkers can be in the solution, singly bound at any binding site, or doubly bound between a site on
the top microtubule and a site on the bottom microtubule that are within reach of each other. We
define the dissociation constant K s

D for unbinding from the singly bound state to the solution and

K d
D for unbinding from the doubly bound to the singly bound state.

crease in friction by studying the short time movement of highly condensed microtubule
overlaps with fixed numbers of cross-linkers.

4.2. FRICTION COEFFICIENT AND CONDENSATION FORCES

So far, we analysed the model shown in Fig. 4.1 for a situation where no cross-linkers are
present in the solution, and the cross-linkers in the overlap cannot unbind. However, the
dynamics of the model changes significantly when the cross-linkers display binding dy-
namics. To analyse the effects of binding, we change the model by including the options
for cross-linkers to be partially bound, as shown in Fig. 4.4.

When (un)binding is allowed, we assume that the concentration of cross-linkers in
the solution [X ] is constant, and we set the binding affinity of the cross-linkers to each
site on the microtubules by defining the dissociation constant K s

D . Once the cross-linker
is partially bound to one of the microtubules, it can create a full connection to a site on
the opposing microtubule when that site is within a distance∆, which sets the maximum
stretch of the cross-linkers (see Fig. 4.1). The dissociation constant K d

D quantifies the
affinity of a partially bound cross-linker that is within the overlap region to bind to a
site on the opposite filament. Then, the likelihood that a specific site is occupied by a
singly or doubly bound cross-linker is set by the Boltzmann factors qs = [X ]/K s

D and

qd = [X ]/
(
K d

D K s
D

)
, respectively, where we define the Boltzmann factor for the unbound

state to equal 1.
Because the cross-linkers can bind partially everywhere along both filaments, but

can only bind fully when they are within the overlap region, the number of possible mi-
crostates increases if the overlap length increases. This effect creates a force that is driven
by the binding, or condensation, of cross-linkers in the overlap region, and is therefore
called a condensation force [18]. Using the definitions of the Boltzmann factors qs and
qd , we find a partition function for the system shown in Fig. 4.4 which will give us an
expression for this condensation force. We focus on a situation where the two lattices
with an overlap ` are in perfect register, because Sec. 4.1 shows that the shape of the
free-energy profile along a transition can be coarse-grained such that it only affects the
effective friction coefficient. Then, if we assume that both microtubules have a finite
length and L binding sites, then each microtubule contains L−` sites that are not within
the overlap. Those sites can be unoccupied (Boltzmann factor 1) or occupied by a dan-
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gling cross-linker (qs ). Within the overlap, there are ` pairs of binding sites. There is
one configuration in which both sites are free (Boltzmann factor 1), two configurations
in which one of the two is occupied by a dangling cross-linker (2qs ), one configuration
in which both sites are occupied by two different dangling cross-linkers (q2

s ), and finally
one configuration in which a single cross-linker connects both binding sites (qd ). Hence,
the full partition function for two microtubules that overlap with ` sites equals

Z (`) = [
1+qs

]2(L−`) [1+2qs +q2
s +qd

]` = [
1+qs

]2L

[
1+ qd(

1+qs
)2

]`
. (4.16)

The condensation force that drives the overlap expansion is found by taking the deriva-
tive of the free energy to the overlap length x ≈ (`−1)δ,

Fcond =−dF

dx
= kB T

dlog(Z )

dx
≈ kB T

δ
log

(
Z (`)

Z (`−1)

)
= kB T

δ
log

(
1+ qd(

1+qs
)2

)
. (4.17)

Substituting back the definitions of qs and qd , we find how the force depends on the
concentration of cross-linkers,

Fcond = kB T

δ
log

(
1+ K s

D [X ]

K d
D

(
K s

D + [X ]
)2

)
. (4.18)

This condensation force vanishes both in the limits of low and high cross-linker concen-
trations, because the force is generated by the binding of doubly connected cross-linkers
within the overlap, which is impossible when [X ] → 0 and which get outcompeted by the
binding of singly connected cross-linkers when [X ] → ∞. The force is always positive
otherwise, and reaches a maximum for [X ] = K s

D ,

Fcond,max =
kB T

δ
log

(
1+ 1

4K d
D

)
. (4.19)

Hence, the condensation force is maximal when half of the binding sites are occupied by
dangling cross-linkers ([X ] = K s

D ), such that the overlap has exactly the right amount of
empty sites and sites filled with cross-linkers to create full connections. Then, the force is
simply increased by increasing the affinity of the cross-linkers to form fully bound cross-
linkers, since 1/K d

D = qd /qs shows that 1/K d
D quantifies the likelihood of a doubly bound

state compared to a singly bound one.
The condensation force interacts in a different way with the friction coefficient than

the entropic force shown in Eq. 4.5. Unlike the entropic force, the condensation force
does not decrease as the overlap length increases, but remains constant. Furthermore,
the friction coefficient remains roughly constant during entropic expansion as given by
Eq. 4.13, but in the case of a condensation force the friction coefficient increases because
of the binding of new cross-linkers as the overlap expands.

To see how the friction coefficient depends on the overlap length when cross-linkers
bind and unbind, we use Eq. 4.13 as a basis,

ζ= (
ζ0 exp(−A)

)
exp

(
β∆F ‡

)
. (4.20)
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Here, we use that β∆F ‡ = A +B N exp(N /(4B`)) and that the constant term A was ab-
sorbed into the prefactor ζ0. According to Eq. 2.67, the barrier height is related to the
ratio of the partition function at the peak of the barrier (α = 1/2) to the partition func-
tion in the valley (α = 0). The ratio of partition functions is approximately given by the
exponential barrier height Eq. 2.84,

Z
(
α= 1

2

)
Z (α= 0)

≈ exp
(
−β∆F ‡

)
. (4.21)

Furthermore, Z (α= 0) equals a simple binomial coefficient, as shown in Eq. 2.68. The
expressions for these partition functions are valid for a fixed number of cross-linkers N ,
and the expressions at a fixed chemical potential follow by summing over N ,

Q

(
α= 1

2

)
= ∑̀

N=0
Z

(
α= 1

2

)
q N ≈ ∑̀

N=0

(
`

N

)
exp

[
−A−B N exp

(
1

4B

N

`

)]
q N . (4.22)

Here, q gives the Boltzmann factor for a fully bound cross-linker compared to all states
that are not fully bound,

q = qd(
1+qs

)2 . (4.23)

We cannot find a closed form expression of Eq. 4.22 because of the factor that depends
superexponentially on the cross-linker density N /`. Therefore, we replace N /` by the
mean density ρd there. Moreover, Eq. 4.22 depends superexponentially on the density of
cross-linkers because of exclusion effects that prohibit cross-linker hops during barrier
crossings. In the case of cross-linker condensation, a part of the microtubule is covered
in partially bound cross-linkers that also prohibit these hops, and which are ignored in
the current expression. Therefore, we also include the density of singly-bound cross-
linkers on one of the microtubules ρs . The cross-linker densities can be expressed in
terms of the Boltzmann factors qs and qd ,

ρs =
qs +q2

s(
1+qs

)2 +qd

, ρd = qd(
1+qs

)2 +qd

= q

1+q
. (4.24)

Replacing N /` with ρs +ρd , we find a closed form expression for the partition function
at the peak of the barrier,

Q

(
α= 1

2

)
≈ ∑̀

N=0

(
`

N

)
exp

[
−A−B N exp

(ρd +ρs

4B

)]
q N

= exp(−A)
{

1+q exp
[
−B exp

(ρd +ρs

4B

)]}`
. (4.25)

Similarly, in the valleys of the free-energy profile, the partition function is given by

Q(α= 0) =
∑̀

N=0

(
`

N

)
q N = {

1+q
}` . (4.26)
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The expression for the free-energy barrier height in the case of cross-linker binding fol-
lows from combining Eq. 4.25 with Eq. 4.26,

β∆F ‡
q = A+` log

{
1+q

1+q exp
[−B exp

(ρd+ρs
4B

)]}
. (4.27)

Then, the friction coefficient follows

ζ(`) = ζ0

{
1+q

1+q exp
[−B exp

(ρd+ρs
4B

)]}`

. (4.28)

Using that the condensation force is independent of the overlap length `, and re-
placing ` ≈ λ+ 1 again, Eq. 4.28 sets an ordinary differential equation for the overlap
dynamics due to a condensation force,

dλ

dt
≈ a exp(−bλ) , (4.29)

with

a = Fcond

δζ0 exp(b)
, b = log

{
1+q

1+q exp
[−B exp

(ρd+ρs
4B

)]}
. (4.30)

The solution to Eq. 4.29 together with the boundary condition λ(0) reads

λ(t ) ≈ 1

b
log

[
exp(bλ(0))+abt

]
. (4.31)

Compared to an entropic force, which causes the overlap length to follow a power law
t 1/2, a condensation force leads to a slower logarithmic increase of the overlap length.

To test how well the deterministic solution Eq. 4.31 predicts the stochastic movement
of the overlap length, we simulate trajectories of a microtubule overlap that expands due
to a condensation force. We use the parameter values listed in [18] to set the additional
(un)binding rates. We label an unbound cross-linker with 0, a partially bound cross-
linker with 1, and a fully bound cross-linker with 2, and call ri , j the (un)binding rate
from state i to state j . Because state 1 consists of two sub-states (partially bound to the
top or bottom filament), the total rates to and from state 1 are r tot

0,1 = 2r0,1, r tot
1,0 = r1,0,

r tot
1,2 = r1,2, and r tot

2,1 = 2r2,1. We use the values given in [18],

r0,1 = 0.001s−1, r1,0 = 0.1s−1, r1,2 = 0.5s−1, r2,1 = 0.025s−1. (4.32)

We can relate these simulation parameters to the affinities qs and qd with the local de-
tailed balance relation Eq. 1.23,

qs =
r0,1

r1,0
, qd = r0,1r1,2

r1,0r2,1
. (4.33)

Using Eq. 4.17, we find a condensation force of Fcond = 0.05pN. As shown in Fig. 4.5,
the average overlap length of 50 simulated trajectories initially grows much faster than
predicted by Eq. 4.31, but then appears to stall.
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Figure 4.5: We simulate a system where cross-linkers bind with the (un)binding rates given in
Eq. 4.32. The resulting trajectories of the overlap length, of which five are shown in grey, start at
`= 13 and propagate due to the condensation force. Then, we compare the average over 50 such
trajectories (blue) to the results to the exact deterministic solution Eq. 4.31 (yellow). The simulated
trajectories appear to stall after an initial period of fast movement. The average overlap length
(blue) initially expands faster than predicted, because the number of cross-linkers cannot equili-
brate when the expansion is too fast. Hence, the number of cross-linkers is lower than expected
based on the overlap length alone. Using the faster (un)binding rates given in Eq. 4.34, the mean
of 50 trajectories follows the predicted overlap length nearly perfectly. Furthermore, the original
mean trajectory does follow the predicted logarithmic scaling after t0 = 500s, as given by Eq. 4.35,
at which time the filaments have slowed down and the cross-linkers can equilibrate.
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A possible explanation for the breakdown of the logarithmic scaling Eq. 4.31 is that
the (un)binding rates are not fast enough on the time scale of the overlap movement,
such that there is no equilibration of the number of cross-linkers. To test this, we repeat
the simulations where we change the set of binding parameters. We call Eq. 4.32 the slow
parameter set, and add a fast parameter set

r0,1 = 1s−1, r1,0 = 100s−1, r1,2 = 50s−1, r2,1 = 2.5s−1. (4.34)

Both parameter sets have the same affinities qs and qd as given by Eq. 4.33, but the num-
ber of cross-linkers can equilibrate quicker in the fast set. We also show the mean of 50
simulated trajectories for the fast parameter set in Fig. 4.5, which leads to a slower ex-
pansion of the microtubule overlap than the slow parameter set and coincides nearly
perfectly with the predicted logarithmic overlap expansion without any parameter fit-
ting.

In the slow parameter set, the microtubule overlap initially expands rapidly due to
the diffusion of the cross-linkers, which cannot be followed directly by an increase of the
number of cross-linkers N because the binding rate is too low. However, N does even-
tually increase, increasing the friction coefficient and slowing down movement. Then,
even the slow rates of (un)binding allow for the equilibration of the cross-linker num-
ber on the time scale of filament jumps. Hence, we expect the dynamics to follow the
predicted scaling again after some time t0,

λ(t ) ≈ 1

b
log

[
exp(bλ(t0))+ab (t − t0)

]
, (4.35)

where we choose t0 = 500s as the offset after which we assume the cross-linker number
to remain equilibrated and insert the λ(t0) as obtained from the simulations. The re-
sulting curve is shown in Fig. 4.5, confirming that the system moves slow enough after t0

such that even the slow parameter set leads to the equilibration of N .
Using the hypothesis that the friction force increases exponentially with the number

of cross-linkers, we obtained the predicted logarithmic motion of the microtubule over-
lap in Eq. 4.31. On the other hand, it has been proposed that the friction coefficient scales
linearly with the number of cross-linkers [74], and therefore with the overlap length,

ζ(λ) = c1 + c2λ. (4.36)

Using the linear friction coefficient and a constant condensation force, we find that the
overlap length scales like a square root with time,

λ(t ) = c3 +
√

(λ(0)− c3)2 + c4t . (4.37)

Here, the ci represent unknown fit parameters, and c3 and c4 can be expressed in terms
of c1, c2, and the condensation force. The basic assumption that friction is proportional
to the number of cross-linkers would set c1 = 0 in Eq. 4.36, leading to c3 = 0 in Eq. 4.37.
However, we choose to include two parameters, such that we can more easily compare
the equation with Eq. 4.31, which also has two parameters.
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Figure 4.6: Experimental time traces of microtubules driven by condensation forces show that the
friction most likely scales exponentially with the number of cross-linkers. These results were ob-
tained with permission from [18]. In the experiments, a microtubule was connected to glass and
a second microtubule was cross-linked to the first using the diffusive cross-linking protein Ase1.
Then, total internal reflection fluorescence microscopy was used to image the overlap length as a
function of time with Ase1 present in the solution. We plot the overlap length as a function of time
in blue, and show all five experimental trajectories that were taken at a cross-linker concentration
of [X ] ≈ 1nM (out of fifteen trajectories taken at different concentrations). We fit the logarith-
mic prediction Eq. 4.31 that assumes a constant condensation force and a friction coefficient that
scales exponentially with the number of cross-linkers in red, showing good agreement each time.
We also fit the square root prediction Eq. 4.37 that follows from a friction coefficient that scales
linearly with the number of cross-linkers to each experimental time trace in yellow, showing that
the logarithmic fit outperforms the square root one in each of the five cases.
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Previous experiments have confirmed the computational prediction that the friction
coefficient scales exponentially with the number of cross-linkers [18]. However, these ex-
periments were performed at a fixed number of cross-linkers per overlap, and the cross-
linker density N /`was not controlled. Therefore, the observed exponential dependence
could possibly be explained by a friction coefficient that scales linearly with N at a con-
stant density, but exponentially with the density N /` due to exclusion effects. To further
test whether the friction scales exponentially with the number of cross-linkers at a con-
stant density, we compare which prediction, Eq. 4.31 or Eq. 4.37, best fits to experimental
time traces of microtubules that expand their overlap length under condensation forces.
Because the cross-linker (un)binding constantly equilibrates their density in the overlap,
the effect of exclusion effects does not change with the overlap length.

Such experiments were performed in [18], of which we show five time traces in Fig. 4.6.
We perform least squares fits of Eq. 4.31 and Eq. 4.37 to each time trace, where we de-
mand a > 0 and b > 0 in each case, showing that the logarithmic scaling is superior to the
square root scaling in explaining the trends. Hence, the motion caused by the binding
of cross-linkers to microtubule overlaps appears to confirm that the friction coefficient
scales exponentially with the number of cross-linkers when the cross-linker densities are
low.

4.3. COOPERATIVE INTERACTIONS REDUCE THE ENTROPIC FORCE

The entropic expansion force that drives two partially overlapping microtubules to slide
together is caused by cross-linkers that diffuse within the overlap and stay bound. One
such a cross-linker is the yeast protein Ase1 [18, 43, 86], which was observed to interact
cooperatively [86], although these interactions were absent in other experiments [18].
Here, we calculate how cooperativity affects the entropic expansion force. Again, we as-
sume that N cross-linkers are bound within an overlap length with ` binding sites on
each microtubule, and we introduce a Boltzmann factor ofω for each pair of neighbour-
ing cross-linkers. If we assume that there are i such neighbouring pairs, the Boltzmann
factor appearing in the partition function equalsωi . Furthermore, the number of neigh-
bouring pairs is maximal when N = `, in which case i = N −1. Since each microstate has
a certain number of interactions i , we can expand the partition function as a polynomial
in ω,

Z (`, N ,ω) =
max(N−1,0)∑

i=0
Ω(`, N , i )ωi . (4.38)

Here, Ω(`, N , i ) counts the number of microstates in which i out of N cross-linkers are
found next to each other in an overlap of ` sites. The sum always includes the term i = 0,
even when N = 0, because there is always one state of the overlap in which N = 0 and also
i = 0. To calculateΩ(`, N , i ), we first look at an example where i = 2, giving a Boltzmann
factor ω2. This factor can be the result of two pairs of neighbouring cross-linkers and
N −4 lone cross-linkers, or of one group of three neighbouring cross-linkers with N −3
lone cross-linkers that are seperated by empty sites. Hence, if we let a lone cross-linker
define a group of size one, the total number of groups equals N − 2 in each case. In
general, if we group together all neighbouring cross-linkers, we see that for i = 0 the
number of groups equals N , and each time the number of connections i increments by
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one the number of groups shrinks by 1. When i is constant, cross-linkers can move from
one group to the other, leaving the number of groups unchanged. Hence, the number of
groups of neighbouring cross-linkers equals N − i , and the number of empty sites that
separates these groups equals `− N . There has to be at least one empty site between
each pair of adjacent groups, otherwise they simply form a single larger group. Hence,
we already know the location of N − i −1 empty sites, so there are `−2N + i +1 empty
sites that can be freely mixed with the groups of cross-linkers. The number of ways to
mix N − i groups and `−2N + i +1 empty sites equals(

`−N +1

N − i

)
. (4.39)

Then, we still require the individual sizes of each group to completely specify the mi-
crostate. Hence, we have to calculate the number of ways to distribute N cross-linkers
over N −i groups, where each group has a size of at least one and the order of the groups
matters. This is known as a stars and bars problem, in which in general n items are dis-
tributed over k distinguishable groups with at least one item in each group. We can first
place one item into each group to make them non-empty, after which we still have to
distribute n −k items (or stars) over the k groups. Between the groups, there are k −1
borders (or bars), and any permutation of the borders and the n −k items specifies how
many items each group receives. Hence, the number of ways to place n items in k groups
is given by (

n −1

k −1

)
=

(
n −1

n −k

)
. (4.40)

Using that we have to partition N cross-linkers into N − i groups, and multiplying the
resulting binomial coefficient with Eq. 4.39, we find the number of microstates with i
cross-linkers that have a cooperative interaction,

Ω(`, N , i ) =
(
`−N +1

N − i

)(
N −1

i

)
. (4.41)

Hence, combined with Eq. 4.38 we have an exact expression for the full partition function
with a fixed number of cross-linkers N and cooperative interactions between them,

Z (`, N ,ω) =
max(N−1,0)∑

i=0

(
`−N +1

N − i

)(
N −1

i

)
ωi . (4.42)

To confirm the validity of Eq. 4.42, we also provide a recursive expression for the par-
tition function and test whether Eq. 4.42 solves the recursive relation. We split the equa-
tion for Z (`, N ,ω) into two parts, depending on whether the first site is occupied or not,

Z (`, N ,ω) =Z0(`, N ,ω)+Z1(`, N ,ω) . (4.43)

When the first site is empty, the N particles have to be distributed over the other `−1
sites, such that

Z0(`, N ,ω) =Z (`−1, N ,ω) . (4.44)
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If the first site is occupied, then the second site is also important, because a cooperative
interaction can occur between them. Hence, we also split the expression for the partition
function with the first site occupied,

Z1(`, N ,ω) =Z0(`−1, N −1,ω)+ωZ1(`−1, N −1,ω) , (4.45)

where an interaction between the first two occupied sites gives a Boltzmann factor ω.
Furthermore, rearranging Eq. 4.43 gives

Z1(`−1, N −1,ω) =Z (`−1, N −1,ω)−Z0(`−1, N −1,ω) . (4.46)

Combining Eqs. 4.43 – 4.46, we find a recursive relation for the partition function,

Z (`, N ,ω) =Z (`−1, N ,ω)+Z (`−2, N −1,ω)

+ω [Z (`−1, N −1,ω)−Z (`−2, N −1,ω)] . (4.47)

Together with the two boundary conditions

Z (`,0,ω) = 1, Z (`,`,ω) =ω`−1, (4.48)

Eq. 4.47 fully determines Z (`, N ,ω).
To confirm that Eq. 4.42 solves the recursive Eq. 4.47, we make repeated use of Pas-

cal’s rule (
n

k

)
=

(
n −1

k

)
+

(
n −1

k −1

)
. (4.49)

First, we see that

Z (`−1, N −1,ω)−Z (`−2, N −1,ω)

=∑
i

[(
`−N +1

N − i −1

)
−

(
`−N

N − i −1

)](
N −2

i

)
ωi =∑

i

(
`−N

N − i −2

)(
N −2

i

)
ωi . (4.50)

Multiplying this equation byω and changing the variable i → i−1, we again apply Eq. 4.49
to see that

Z (`−2, N −1,ω)+ω [Z (`−1, N −1,ω)−Z (`−2, N −1,ω)]

=∑
i

(
`−N

N − i −1

)[(
N −2

i

)
+

(
N −2

i −1

)]
ωi =∑

i

(
`−N

N − i −1

)(
N −1

i

)
ωi . (4.51)

Finally, we see that the full relation equals

Z (`−1, N ,ω)+Z (`−2, N −1,ω)+ω [Z (`−1, N −1,ω)−Z (`−2, N −1,ω)]

=∑
i

[(
`−N

N − i

)
+

(
`−N

N − i −1

)](
N −1

i

)
ωi =∑

i

(
`−N +1

N − i

)(
N −1

i

)
ωi . (4.52)

The final expression equals the expression for Z (`, N ,ω), confirming that Eq. 4.42 solves
Eq. 4.47.
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Additionally, by the Chu-Vandermonde identity(
i + j

k

)
=∑

l

(
i

l

)(
j

k − l

)
, (4.53)

we have

Z (`, N ,ω= 1) =
max(N−1,0)∑

i=0

(
`−N +1

N − i

)(
N −1

i

)
=

(
`

N

)
. (4.54)

Hence, we retrieve the partition function given in Eq. 4.4 when there are no cooperative
interactions (ω= 1).

We can use Eq. 4.42 to find an expression for the entropic force when the cross-linkers
interact cooperatively. To calculate the entropic force, we repeat the calculation of Eq. 4.5
to find

Fent ≈ kB T

δ
log

[∑max(N−1,0)
i=0

`−N+1
`−2N+i+1

(`−N
N−i

)(N−1
i

)
ωi∑max(N−1,0)

i=0

(`−N
N−i

)(N−1
i

)
ωi

]
≡ kB T

δ
log

〈
`−N +1

`−2N + i +1

〉
i ,ω.

(4.55)
We define 〈· · · 〉i ,ω as the average of what is inside the brackets over i , with the weights
given by the terms of the partition function, as shown in Eq. 4.55. We know from Eq. 4.54
and Eq. 4.55 that for ω= 1 〈

`−N +1

`−2N + i +1

〉
i ,ω=1 = `

`−N
. (4.56)

Furthermore, we see that ω > 1 biases the average towards the terms with larger i , and
because the fraction within the average decreases with i , we have〈

`−N +1

`−2N + i +1

〉
i ,ω>1 < `

`−N
. (4.57)

Similarly, for ω< 1, 〈
`−N +1

`−2N + i +1

〉
i ,ω<1 > `

`−N
. (4.58)

Hence, the entropic force Eq. 4.55 decreases when the cooperativity between cross-linkers
increases, such that ω > 1, and oppositely the entropic force increases when the cross-
linkers repel each other, ω < 1. In Sec. 2.K, we showed that the friction coefficient in-
creases with cooperativity while it still depends exponentially on the number of cross-
linkers. Combined with a reduced entropic force, this shows that the expansion of the
overlap length will be significantly hindered by cooperative interactions between the
cross-linkers. Intuitively, we can think of cooperativity clustering the cross-linkers to-
gether, reducing their pressure to expand the overlap length. On the other hand, anti-
cooperative interactions push the cross-linkers apart, increasing their pressure on the
microtubule overlap.
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4.4. COOPERATIVE INTERACTIONS INCREASE THE CONDENSA-
TION FORCE

To describe how the condensation force changes when cross-linkers bind cooperatively,
we require the partition function in the grand canonical ensemble. Using the partition
function for a fixed number of cross-linkers N , as given by Eq. 4.38, we could find the
one in the grand canonical ensemble by the relation

Q
(
`, q,ω

)= ∑̀
N=0

Z (`, N ,ω) q N = ∑̀
N=0

N−1∑
i=0

(
`−N +1

N − i

)(
N −1

i

)
ωi q N . (4.59)

Here, we assume that the cooperative factor ω only arises when two fully bound cross-
linkers neighbour each other, and we ignore the possibility of partially bound cross-
linkers cooperatively interacting with each other and with the fully bound cross-linkers.
Hence, the factor q is given by Eq. 4.23.

Although Eq. 4.59 is correct, a different form allows us to map the problem to solving
the one-dimensional Ising model. We use the labels ni ∈ {0,1} to denote the number of
cross-linkers occupying the i -th site, such that the full partition function equals

Q
(
`, q,ω

)= 1∑
n1=0

1∑
n2=0

. . .
1∑

n`=0
qn1/2

(
`−1∏
i=1

q (ni+ni+1)/2ωni ni+1

)
qn`/2. (4.60)

We can solve this partition function by defining the matrix A with elements

Ai , j = q(i+ j)/2ωi j , (4.61)

and the vector b with elements

bi = q i /2. (4.62)

The matrix A has the eigenvalues

λ1 = ωq +1

2
+

√(
ωq −1

2

)2

+q

λ2 = ωq +1

2
−

√(
ωq −1

2

)2

+q , (4.63)

where λ1 > 0, λ2 > 0 if ω > 1 (λ2 < 0 if ω < 1), and λ1 > |λ2|. The corresponding nor-
malised orthogonal eigenvectors vi with i ∈ {1,2} are

vi = 1√
q + (λi −1)2

( p
q

λi −1

)
. (4.64)

If we define the orthogonal matrix P by its elements Pi , j = v j
i , the matrix A can be diag-



557624-L-bw-Wierenga557624-L-bw-Wierenga557624-L-bw-Wierenga557624-L-bw-Wierenga
Processed on: 29-3-2021Processed on: 29-3-2021Processed on: 29-3-2021Processed on: 29-3-2021 PDF page: 110PDF page: 110PDF page: 110PDF page: 110

4

100 4. CONDENSATION FORCES AND ENTROPIC FORCES ON OVERLAPPING MICROTUBULES

onalised by PT AP, leading to

Q
(
`, q,ω

)= bT A`−1b

= bT P
[
PT AP

]`−1
PT b

= bT P
(
λ`−1

1 0
0 λ`−1

2

)
PT b

=λ`−1
1

(
v1 ·b

)2 +λ`−1
2

(
v2 ·b

)2
. (4.65)

Together with Eq. 4.62 and Eq. 4.64, this gives the answer

Q
(
`, q,ω

)= qλ`+1
1

q + (λ1 −1)2 + qλ`+1
2

q + (λ2 −1)2 . (4.66)

For ω = 1, we have λ1 = q +1 and λ2 = 0, and we retrieve Eq. 4.26. In general, when the
overlap length ` is large enough, the largest eigenvalueλ1 dominates the expression, and
the condensation force becomes roughly

Fcond ≈ kB T

δ
log(λ1) . (4.67)

To see how the cooperative interactions affect the condensation force, we see how λ1

changes with ω,

dλ1

dω
= q

2

1+
(
ωq−1

2

)
√(

ωq−1
2

)2 +q

> 0, (4.68)

where the final inequality follows from q > 0. Hence, λ1 grows monotonically with ω,
and we have that Fcond is monotonically increasing itself.

For large ωÀ 1/q , the largest eigenvalue λ1 ≈ ωq . Both increasing q and ω lead to
a higher binding affinity of cross-linkers for the microtubule overlap region, and hence
increase the condensation force in a similar way. However, the increase of the force is ac-
companied by an increase of the friction coefficient, which still increases exponentially
with the number of cross-linkers as shown in Sec. 2.K. Hence, the velocity of the micro-
tubules driven by condensation forces will be reduced by increasing the cooperativity for
large values of ω.

Even though cooperative interactions between the cross-linkers influence the move-
ment of the overlap length quantitatively, we expect that the functional dependence
given by Eq. 4.31 remains unchanged. When the binding and unbinding of cross-linkers
is fast compared to the jump rate of the filaments, the cross-linker density is indepen-
dent of the overlap length. Hence, the condensation force remains constant when the
overlap expands, while the friction coefficient increases exponentially with the overlap
length, leading to an exponential decrease of the overlap velocity with time. This results
in the logarithmic scaling of the overlap length with time that was found without con-
sidering cooperative interactions.
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Another effect that may influence the dynamics of microtubule overlaps is the three di-
mensional structure of the microtubules. In our model, filaments are represented as one
dimensional lattices of binding sites. The microtubules typically consist of 13 protofil-
aments that are parallel to axis of the microtubule, and in which neighbouring protofil-
aments are offset such that the lateral contacts between tubulin dimers follow a left-
handed three-start helix in which one turn leads to an offset of three monomers [95, 96].
Because each tubulin dimer provides a single binding site for Ase1 [77], the longitudi-
nal offset between the lattices of two neighbouring protofilaments equals roughly θ =
((3/2)/13. Using a tubulin dimer length of δ = 8nm, we find a longitudinal offset of
θ×δ≈ 0.9nm between neighbouring protofilaments [97].

In Chap. 2, we showed that if only a single protofilament is involved on each micro-
tubule, the filaments are forced into register by the collective harmonic potential of the
spring-like cross-linkers. The filaments can then only jump between these basins of at-
traction that are separated by free-energy barriers and are spaced at a distance δ. How-
ever, if the cross-linking of two microtubules involves several protofilaments on each fil-
ament, then the microtubules can only have one pair of protofilaments in register at the
same time, since the other protofilaments are offset by θ. Furthermore, the structure of
the microtubule dictates that if two pairs of protofilaments face each other, the first pair
being in register leads to the second pair having an offset of 2θ. This offset introduces a
strain on the cross-linkers in the second pair that makes it less likely that one of the pairs
of protofilaments is in register. Furthermore, since the left-handed helix of neighbouring
tubulin dimers does not depend on the orientation of the microtubule, this offset is the
same for parallel and anti-parallel microtubule overlaps.

Even though the involvement of multiple protofilaments makes it impossible for all
pairs to be in register simultaneously, the fact that all protofilaments share the same pe-
riodicity δ in their lattice of binding sites still results in a barrier profile with a periodicity
of δ. In Fig. 4.7, the red line shows the free-energy profile F (λ, N ,`) for a single protofil-
ament model of a small microtubule that fully overlaps with a long microtubule, where
we use N = 20 and ` = 40. Here, λ is the extended reaction coordinate introduced in
Eq. 4.9. To find the free energy when two protofilaments are involved, we split the cross-
linkers evenly over the two protofilaments, resulting in twice the free energy for N = 10
and ` = 40. Furthermore, we account for the protofilament offset 2θ by translating the
reaction coordinates in each profile such that the free-energy minima are still found at
integer values of λ,

F2(λ, N ,`) =F (λ−θ, N /2,`)+F (λ+θ, N /2,`) . (4.69)

We plot the resulting free-energy profile in blue in Fig. 4.7, which shows that the barri-
ers are shallower when two protofilaments are involved. However, because the terms in
Eq. 4.69 are periodic in δ and scale linearly with the number of cross-linkers N for low
densities N /`, their sum F2(λ, N ,`) does too. Hence, we still have optimal positions for
the microtubules that form a lattice with a spacing δ, and the superexponential scaling
of the friction coefficient as shown in Eq. 2.9 remains.

Even though the barrier profile of F2(λ, N ,`) shown in Fig. 4.7 shows that the free-
energy barriers become lower the more protofilaments are involved, there are two con-
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Figure 4.7: Possible effect of multiple protofilaments on the free-energy profile. We plot the free
energy for the symmetric system introduced in Fig. 2.1 that lacks entropic or condensation forces.
The microtubule overlap contains `= 40 sites per protofilament, and there are either N = 20 cross-
linkers on a single protofilament or 2 × 10 cross-linkers on two protofilaments. If two pairs of
protofilaments are cross-linked, the geometry of the microtubules dictates that the free-energy
profiles are shifted by 2θ relative to each other, after which they are superimposed resulting in the
full free-energy profile shown. Evidently, including two protofilaments lowers the height of the
barrier, but a significant free-energy barrier remains.
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cerns that alleviate the impact of the flatter barrier profile. First, we estimated the value
of the spring constant k assuming the single protofilament model. As shown in Sec. 2.A,
we compared the experimentally observed diffusion constant of Ase1 cross-linkers that
are bound to a single microtubule to the diffusion constant of Ase1 proteins that are
bound in the overlap between two microtubules. We assumed that the diffusion is re-
duced in the overlap because the spring constant makes it difficult for cross-linkers to
hop from a relaxed to an unfavourable position, providing a relation that sets the value
of the spring constant. However, when multiple protofilaments are involved and there is
always strain on the cross-linkers, the change in potential energy after a hop is smaller.
Hence, the spring constant has to be larger than currently estimated to explain the same
reduction in the diffusion constant that was observed experimentally, and a larger spring
constant would increase the barrier heights of F2(λ, N ,`).

The second reason why the involvement of multiple pairs of protofilaments does not
reduce the barrier as much as Fig. 4.7 seems to suggest, is that the stiff cross-linkers ac-
tually favour binding to a single protofilament. If the cross-linkers can not only hop
between binding sites on the same protofilament, but can also move to neighbouring
protofilaments, then the free energy is minimised for a set of cross-linkers that binds
almost exclusively to a single pair of protofilaments. Beside showing that the barrier
profile is shallower when two protofilaments are involved, Fig. 4.7 also shows that the
two-protofilament free-energy is always higher than the wells in the one-protofilament
model. Therefore, the cross-linkers would mostly remain on a single protofilament,
or, if the inter-protofilament dynamics of the cross-linkers is fast enough, the micro-
tubules would move between the wells in the one-protofilament free energy, crossing
peaks given by the two-protofilament free energy. The latter mechanism would lead
to microtubule jumps that span θ×δ ≈ 0.9nm, accompanied by a rotation of the mi-
crotubule by 1/13 of a full circle. Due to the left-handed helical shape of the micro-
tubules [96], both parallelly and anti-parallelly cross-linked microtubules would per-
form a left-handed rotation around each other and around their own axis. However, the
helical pitch of this rotation would be around 3×4 = 12nm, which is significantly smaller
than the right-handed helical pitch of ∼ 1µm observed for kinesin-14 [98]. Still, whether
the microtubule jumps between binding sites along a single protofilament or between
binding sites on different protofilaments, the free-energy barriers are higher than the
blue line in Fig. 4.7 indicates.

If the cross-linkers bind to multiple pairs of protofilaments, the entropic or conden-
sation forces are also affected. In contrast with the friction coefficient, which depends on
a collective effect of all cross-linkers, these forces are expected to scale in a simple way
as a function of the number of protofilaments m. The entropic force Fent,m(N ,`), which
occurs in partially overlapping filaments with a fixed number of cross-linkers N and with
m protofilaments that participate in the binding per microtubule, is a superposition of
the entropic forces caused by each pair of cross-linked protofilaments. Assuming that
the entropic force per protofilament Fent(N ,`) is not affected by the offset of the lattices
and the cross-linkers are evenly distributed among the protofilaments, the total entropic
force is approximately given by

Fent,m(N ,`) ≈ mFent(N /m,`) . (4.70)
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For low densities of cross-linkers, the dependence on m disappears, as shown in Eq. 4.6.
Combined with a lowering of the friction coefficient by having fewer exclusion effects
and a lower barrier, the overlap length would expand quicker. The functional depen-
dence of the overlap length as given by Eq. 4.15 would not change though, since the fric-
tion still becomes asymptotically constant and the entropic force scales with the inverse
of the overlap length for large overlap lengths.

For condensation forces caused by the (un)binding of cross-linkers, an increase of
the number of protofilaments also increases the number of binding sites. Hence, the
density of cross-linkers would be the same on each protofilament, and the condensa-
tion force becomes a superposition of the condensation forces caused by each pair of
cross-linked protofilaments. If we assume that the value of the condensation force per
protofilament is not impacted by the offset between protofilaments in the microtubule
lattice, we find

Fcond,m(N ,`) = mFcond(N ,`) . (4.71)

Then, the effects of multiple protofilaments on the friction coefficient are more subtle
compared to the case when N is constant, since the barrier height decreases due to the
protofilament offsets while it increases due to the larger number of cross-linkers. Still,
the condensation force is independent of the overlap length, and the friction coefficient
scales exponentially with the overlap length. Therefore, the functional dependence of
the overlap length as given by Eq. 4.31 remains invariant.

4.6. DISCUSSION

In this chapter, we have shown how the exponential scaling of the cross-linker induced
friction influences the motion of two filaments that partially overlap. When the num-
ber of cross-linkers is constant, the overlap expands due to the increase of the number
of microstates of the cross-linkers, causing an entropic force. The cross-linker density
decreases as the overlap expands, slowly decreasing the force and leading to an overlap
length that increases with the square root of time for large times. Furthermore, if the
cross-linkers interact cooperatively, the entropic force will decrease while the friction
coefficient increases, leading to a significant slowdown of the overlap length expansion.
On the other hand, the friction coefficient is lowered if the cross-linkers bind to multi-
ple protofilaments on each filament, because the offset between protofilaments makes
the barrier profile shallower and because the exclusion effects between the cross-linkers
are lowered by increasing the number of binding sites. Since the entropic force is not
affected strongly by the involvement of multiple protofilaments, this would increase the
speed at which the overlap expands.

If binding and unbinding of the cross-linkers is allowed, the overlap expansion is
driven by the increased affinity of the cross-linkers for the filament overlap. Cross-linkers
bind to, or condense in, the overlap region, causing a condensation force. Because the
constant binding and unbinding equilibrates the density of cross-linkers on the fila-
ments with the concentration of cross-linkers in the solution, the condensation force
does not depend on the overlap length. However, the speed at which the overlap expands
still decreases with time because the friction coefficient increases as more cross-linkers
bind. These effects combine to an overlap length that increases logarithmically with
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time. Additionally, how the overlap length depends on time remains qualitatively the
same even when cooperative effects increase both the condensation force and the fric-
tion coefficient. Similarly, we showed that the logarithmic scaling of the overlap length
with time is unchanged when multiple protofilaments are involved.

Since the predicted temporal dependence of the overlap length expanding under
condensation forces remains invariant under the introduction of either cooperative bind-
ing or multiple protofilaments, it is a good candidate for experimentally verifying that
the friction coefficient scales exponentially with the number of cross-linkers. Because
the (un)binding of cross-linkers keeps their concentration in the overlap constant, the
superexponential density effect is independent of the overlap length. Competing mod-
els that claim a linear dependence of the friction coefficient with the number of cross-
linkers [74] would predict that the overlap length scales with the square root of time.
We showed five experimental time traces that each contain a diffusive component [18],
whereas the predicted overlap expansion only considers the mean movement and ig-
nores the diffusive motion of the filaments. To systematically test the friction models,
we would require many experimental time traces of microtubules expanding their over-
lap under the influence of condensation forces. Furthermore, all would have to be taken
at the same concentration of cross-linkers, such that we could reliably estimate their
mean trajectory and compare it to the logarithmic (Eq. 4.31) and square root (Eq. 4.37)
functions. Still, the currently available data shows that the logarithmic prediction that
follows from an exponentially increasing friction coefficient fits better than the square
root prediction to all five experimental time traces (see Fig. 4.6). Even if the microtubules
do not jump in a longitudinal direction to positions that are 8 nm apart, but between
the protofilaments that require a longitudinal motion of 0.9 nm and a lateral motion
of roughly 6 nm, we have shown that the functional form of the friction coefficient re-
mains unaffected. Hence, the friction between microtubules that are cross-linked by
Ase1 proteins likely follows the superexponential scaling of the friction coefficient shown
in Chap. 2.
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5
PASSIVE CROSS-LINKERS DRIVE

ACTIN TRANSPORT BY GROWING

MICROTUBULES

CELINE ALKEMADE and HARMEN WIERENGA

Cell migration depends on a polarised organisation of the actin cytoskeleton, with a pro-
trusive actin network at the front. Microtubules are known to play a key role in the spatial
control of actin network remodelling, but the underlying mechanisms of the interactions
remain largely elusive. One potential mechanism for the remodelling of actin is the trans-
port of single actin filaments by growing microtubule plus ends, and here we study the
mechanism of this transport by in vitro reconstitution, computer simulations, and a min-
imal theoretical model. We show that microtubules can transport actin filaments over
large (micrometer-range) distances, and find that this transport results from two antago-
nistic forces arising from the binding of cross-linkers to the overlap between the actin and
microtubule filaments. The cross-linkers attempt to maximise the overlap between the
actin and the tip of the growing microtubules, creating a forward condensation force, and
simultaneously creating a competing friction force. We predict and verify experimentally
how the average transport time depends on the actin filament length and the microtubule
growth velocity, confirming the competition between a forward condensation force and a
backward friction force. In addition, we theoretically predict and experimentally verify
the condensation force is of the order of 0.1 pN. Thus, our results reveal a new mechanism
for local actin remodelling by growing microtubules.

This chapter was written by Celine Alkemade (experiments) and Harmen Wierenga (theory and
simulations) as shared first authors, together with Vladimir A. Volkov, Magdalena Preciado-López,
Anna Akhmanova, Pieter Rein ten Wolde, Marileen Dogterom, and Gijsje H. Koenderink.
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Migrating cells need to be responsive to environmental cues such as chemotactic stimuli
and mechanical gradients [99, 100], while stably maintaining cell polarity with a leading
edge at the front. Examples are found in epidermal migration [101] and in neuronal
growth cones [102]. Interactions between microtubules and actin filaments play an im-
portant role in establishing and maintaining polarity in migrating cells [4, 6, 103, 104].
Different mechanisms of microtubule/actin crosstalk have been identified, including
filament co-alignment mediated by motor proteins and passive cross-linkers, and co-
regulation of the two cytoskeletal systems by biochemical signalling via RhoGTPases [105,
106].

So far, the emphasis in studies of microtubule/actin crosstalk has been on the effect
of actin filaments on microtubules. It has been shown that actin bundles can guide mi-
crotubule growth via various cross-linking proteins, including ACF7 and tau, to target
microtubule plus ends to focal adhesions where they regulate adhesion turnover [101,
107–110]. Less is known about the converse effect of microtubules on actin filaments.
There is evidence that microtubules stimulate actin growth via signalling [105] and by
local actin nucleation at the growing microtubule plus end [111, 112], and that micro-
tubules help stabilise actin filaments in neurons [113, 114]. Using a biochemical recon-
stitution approach, it was previously showed that growing microtubules can also actively
transport actin filaments [107]. Such transport has not yet been directly observed in
cells, but there is recent direct evidence of actin filament association with microtubule
plus ends [111, 112, 115]. Thus, this work raises the intriguing possibility that micro-
tubules may locally remodel actin at the leading edge by exerting directional forces with-
out the need for motor proteins. However, the required conditions for actin transport by
growing microtubules are obscured by the lack of a mechanism that explains the trans-
port of actin filaments without motor proteins.

Here, we investigate the conditions necessary for microtubule-mediated actin trans-
port and identify the mechanism by combining biochemical reconstitution experiments
with coarse-grained computer simulations and a minimal theoretical model. We show
that in the presence of passive cross-linkers, microtubules can transport actin filaments
over large (micrometer-range) distances in events that last up to several minutes. We
propose and test a new mechanism to explain this movement, in which actin transport is
the result of a competition between a forward condensation force that tends to maximise
the overlap of the actin filament with the plus end of a growing microtubule and a back-
ward force caused by the friction between the actin and microtubule filaments. These
two antagonistic forces are both caused by the binding of cross-linkers. Previously, con-
densation forces [18] have been shown to be responsible for the movement of intracellu-
lar cargoes [116–119] or for the contraction of filament bundles [18, 54, 55, 120] in various
biological contexts (see Chap. 4). However, the combination of a processive transport of
cargo by a cross-linker driven condensation force that is simultaneously hindered by a
friction force caused by the same cross-linkers has not been studied. Furthermore, the
active transport by the moving microtubule plus end provides a new minimal mecha-
nism by which two cytoskeletal systems can interact, which is distinct from cytoskeletal
crosstalk that is driven by motor proteins [121–125]. Our findings reveal that interactions
at microtubule plus ends enable local and dynamic actin remodelling, which provides a
novel mechanism to steer cell migration.
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5.1. GROWING MICROTUBULES PLUS ENDS CAN TRANSPORT

ACTIN FILAMENTS

T O study actin filament transport by growing microtubule plus ends, we use the engi-
neered cross-linking protein TipAct (see Sec. 5.A) that contains both a domain that

specifically binds actin filaments and a domain that recognises end-binding (EB) pro-
teins to target it to the growing ends of microtubules (Fig. 5.6) [107]. Dynamic micro-
tubules are grown from surface-immobilised seeds stabilised with the nucleotide ana-
logue GMPCPP and incubated with fluorescently labelled tubulin (see Sec. 5.B). The mi-
crotubules grow in the presence of TipAct, EB3, and freely diffusible stabilised actin
filaments and are imaged by total internal reflection fluorescence (TIRF) microscopy
(Fig. 5.1A). We observe a 54µm×54µm sized region of interest, which typically contains
in the order of 30 microtubules (Fig. 5.7), and we look for instances where growing micro-
tubules interact with actin filaments (see Sec. 5.D for criteria). Figure 5.1B shows a typi-
cal example of an encounter of a growing microtubule with an actin filament. Once the
microtubule starts growing, an EB3-TipAct complex localises at its growing end (yellow
arrow). After several seconds, an actin filament binds and co-localises to this tip-tracking
complex (blue arrows) and is transported over a distance of several micrometers, before
finally unbinding while the microtubule continues growing (white arrows).

To analyse the transport rate and duration, we construct a kymograph, i.e. a space-
time plot along the length of the microtubule (Fig. 5.2A). This particular example clearly
visualises the recruitment of the actin filament shortly after the microtubule starts grow-
ing, and its unbinding before the microtubule undergoes a catastrophe. For each event,
we measure the transport time from the moment when the actin filament begins to move
along with the growing microtubule tip region until this directed motion stops. In addi-
tion, we can extract the microtubule growth velocity from the microtubule tip position
as a function of time. In the example kymograph in Fig. 5.2A, actin transport does not af-
fect the growth velocity. This finding is confirmed by an analysis of 265 transport events
(Fig. 5.8A).

We observe long-range actin filament transport (Fig. 5.9A) for actin filaments with a
wide range of lengths from around 0.5µm to 8µm (Fig. 5.9B). In the example of Fig. 5.2A,
the actin filament is only 0.6µm long, which is of the same order as the length of the mi-
crotubule tip region where EB3 preferentially binds. Actin filaments that are longer than
the tip length sometimes land behind the microtubule tip and immediately start follow-
ing it (Fig. 5.2B), while others land with part of the filament in front of the tip (Fig. 5.2C).
In the latter situation, we observe that actin transport only starts once the microtubule
tip has caught up with the front of the actin filament. Upon analysing 265 actin transport
events, we observe a broad distribution of transport times with a median transport time
of 48s and a long tail that extends up to several minutes (Fig. 5.2E, left in grey).

The kymographs in figures 5.2A–C additionally demonstrate several mechanisms by
which actin transport can end: the actin filament unbinds (21% of events), the micro-
tubule undergoes a catastrophe (58%), or the actin filament falls behind the growing
microtubule tip region, leaving the filament bound to the microtubule lattice, which is
the microtubule region behind the tip (19%). A summary of the distribution of events
is shown in Fig. 5.2D (see Fig. 5.10 for more details). Irrespective of whether we include
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Figure 5.1: Actin transport by growing microtubule plus ends. (A) Schematic of the experimen-
tal assay for observing microtubule-mediated actin transport, showing a stabilised actin filament
(cyan), the engineered cross-linker TipAct (green-yellow), and the microtubule end-binding pro-
tein EB3 (orange) moving freely in solution, while the growing microtubule (red) is anchored to the
surface of a functionalised and passivated glass slide. (B) Time series of the growing plus end of a
microtubule that recruits and transports an actin filament via EB3/TipAct complexes. Arrowheads
show the localisation of the EB3/TipAct-complex (yellow), the binding of a short actin filament
(cyan), and the unbinding of this actin filament while the microtubule continues to grow (white).
Scale bar: 5µm.
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all transport events in the distributions or only subsets, the distributions of microtubule
growth velocities and of the actin transport times remain similar (Fig. 5.2E). Specifically,
the distribution of transport times excluding those events that end by microtubule catas-
trophe is indistinguishable from the distribution including all events, in line with the as-
sumption that the three mechanisms of ending the actin transport are independent and
Markovian processes (see Sec. 5.F).

5.2. SIMULATIONS REPRODUCE MICROTUBULE-MEDIATED ACTIN

TRANSPORT

W E hypothesise that the actin transport is driven by a condensation force that orig-
inates from the binding free energy of the TipAct proteins that cross-link the fila-

ments and act to maximise the overlap between the actin filament and the microtubule
tip region. Similar forces have been identified in several other biological contexts [18, 54,
55, 116–120]. However, in contrast with these other systems, the force driving actin trans-
port results from the difference in cross-linker binding affinity between the microtubule
lattice and tip regions, which arises from the different chemical modification states of
the monomers in the microtubule tip and lattice [126–128], and the force vanishes when
this affinity difference is not present. Furthermore, the binding of cross-linkers not only
provides an affinity driven force but presumably also causes a friction force that hinders
actin transport, leading to an interesting competition that results in the transient but
processive transport of actin filaments.

To test the hypothesis that actin transport is the result of a competition between
cross-linker induced forces, we perform kinetic Monte Carlo simulations of the simple
model presented in Fig. 5.3A. The simulations are based on a modified version of the al-
gorithm described in Sec. 2.1. We model the microtubule and the actin filament as one
dimensional lattices of binding sites, where the actin filament can move along its long
axis. In contrast with Chapter 2, the exact values of the lattice spacings between the bind-
ing sites of both filaments are insignificant, since the cross-linkers are relatively flexible
and a cross-linker bound to a specific microtubule binding site can probe a range of dif-
ferent binding sites on the actin filament. To reduce the complexity of the simulated
model, we assume the same lattice spacing δ between the binding sites on both fila-
ments (see Sec. 5.I).

Microtubule growth is modelled through the addition of new binding sites with a
fixed rate rg . We assume that the microtubule contains a chemically different micro-
tubule tip region of lt = 200nm long. To maintain the size of the tip region, we transform
the oldest site in the tip region to a lattice site upon each addition of a new tip site, as
indicated in Fig. 5.3A. We treat TipAct and EB3 proteins as a single complex that can
bind to and unbind from the microtubule, where EB3 enhances the affinity of the cross-
linking complex for the microtubule tip compared to the microtubule lattice region by
about 20-fold (Fig. 5.13). Since we observe in experiments that TipAct strongly localises
to microtubules, but barely to single actin filaments away from microtubules (Fig. 5.6),
we assume that the cross-linkers always bind to the microtubule first and can then bind
to the actin filament. We include the microscopic reverse reactions for all binding reac-
tions, such that microtubule growth is the only process that breaks detailed balance. The
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Figure 5.2: Mechanisms limiting the actin transport time. (A) Kymograph of the actin transport
event depicted in Fig. 5.1B, showing that the event ends by the unbinding of the actin filament
while the microtubule continues growing for a while. (B) Kymograph of a typical transport event
that ends upon a microtubule catastrophe. (C) Kymograph of a typical transport event that ends
by loss of contact of the actin filament with the tip resulting in the actin filament falling behind
and lingering on the MT lattice. (D) Categories of termination events together with their observed
frequency (n=265). The events that end with microtubule catastrophe contain two subsets: one
where the actin filament unbinds upon catastrophe (as is shown in B), and one set where the
shrinking microtubule pulls the actin filament along (as is shown in Fig. 5.10B). Fig. 5.10A further
subdivides the catastrophes into these two categories. A small fraction of events corresponded
to truncated events ending with the end of the time-lapse movie or to MT pauses (as is shown in
Fig. 5.10B). (E) Distributions for the transport times (left) and microtubule growth velocities (right)
are indistinguishable when we consider the complete dataset (n=265) or just a subset of transport
events that end by actin filament unbinding (i.e., both the ’actin unbinds’ and ’actin falls behind’
events). Scale bars: 5µm (horizontal) and 60s (vertical).
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actin filament moves with an intrinsic diffusion constant Da when it is not cross-linked,
and Da is limited by viscous interactions with the solution. When the actin filament is
connected to the microtubule, movement is limited mainly by the transient cross-linker
binding events, strongly reducing the effective diffusion constant of the actin filament.

The diffusive movement of the actin filament is modelled using Brownian Dynamics
with a fixed time-step. Cross-linkers can pull on the actin filament in its longitudinal
direction with a simple harmonic force given by the spring constant k. We model the
(un)binding of cross-linkers and the addition of new subunits to the microtubule tip
as continuous-time Markov processes, which are described by the reaction rates shown
in Fig. 5.3A. We simulate these reactions using a kinetic Monte Carlo algorithm, as de-
scribed in Sec. 2.B. We simulate both the actin unbinding and the actin falling behind
the microtubule tip region (see Fig. 5.1C). We omit the microtubule catastrophes from
the computational model, since these occur at a constant Markovian rate, as indicated
in Fig. 5.8.

We use experimental observations to estimate all parameters shown in Fig. 5.3A (see
Sec. 5.I)). Among these observations are actin diffusion on the microtubule lattice, flu-
orescence recovery after photobleaching (FRAP) experiments on fluorescently labelled
TipAct proteins unbinding from microtubules, and the order of magnitude of the actin
transport time for a specific combination of an actin length and a growth velocity (4µm
and 3µmmin−1, respectively).

Simulations using this parameter set systematically show that the actin filament fol-
lows the growing microtubule tip region, as shown in Fig. 5.3B. In the example, the actin
filament initially overlaps partially with the microtubule tip, but eventually loses its in-
teraction with the tip and performs random diffusion on the microtubule lattice. We
observe some instances (black arrow in Fig. 5.3B) where the actin filament transiently
falls behind the tip, but then catches up again through a diffusion event. We observe
the same transient diffusion events in our experiments, as shown in Fig. 5.11. Hence,
the transition from transport to diffusion occurs when the actin filament loses its inter-
action with the microtubule tip and does not rebind to the microtubule tip before the
microtubule grows away.

5.3. THE ACTIN FILAMENT DISPLAYS EFFECTIVE DIFFUSION

AND DRIFT

T O identify the requirements for actin transport by growing microtubules, we de-
velop a general theory for actin transport based on two key assumptions shown in

Fig. 5.3C. First, the stochastic motion of the actin filament can be described as diffusion
on time scales longer than the time in which cross-linkers remodel, such that the posi-
tional distribution of the actin filament follows a Fokker-Planck equation with a diffusion
constant Deff. Second, the condensation force is constant and is directed such that the
overlap between the actin filament and the microtubule tip increases, leading to a drift
term in this Fokker-Planck equation.

In the simulations, the motion of the actin filament is influenced by its viscous inter-
actions with the solution and its stochastic interactions with the cross-linkers. To find
a coarse grained description of this movement, we define the actin position x in a ref-
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erence frame that is comoving with the growing microtubule, as indicated in Fig. 5.3C.
Hence, an actin filament moving along with the growing microtubule tip remains at a
constant position x.

The effective diffusion constant of the actin filament decreases with an increasing
average number of connections between the actin filament and the microtubule [35,
55, 70, 75]. In turn, this average number of connections depends on the length of the
overlap between the actin filament and the microtubule lattice region y` and between
the actin filament and the microtubule tip region yt . As indicated in Fig. 5.3C, we have
y` = la − x when the actin position x > 0 and the actin filament has length la . When
x < 0, y` = la , since the actin filament is fully within the microtubule lattice region. Fur-
thermore, with a microtubule tip length of lt , yt = 0 when x < 0, yt = x when 0 ≤ x ≤ lt ,
and yt = lt when x > lt . We recognise that short actin filaments can be in states where
no cross-linkers connect the actin to the microtubule. In that case, the diffusion con-
stant is set by the viscosity of the solution to Da = 1µm2 s−1 (see Sec. 5.I). However, when
the actin filament is bound to the microtubule, its diffusion constant is mainly limited
by the binding dynamics of the cross-linkers. The effective diffusion constant is related
to the friction coefficient of the bound actin filament ζbound

(
yt , y`

)
through the Einstein

relation, Dbound = kB T /ζbound [28]. Defining the probability p0
(
yt , y`

)
that the actin fil-

ament is unbound, the effective diffusion constant is the average over the unbound and
bound states of the actin filament,

D
(
yt , y`

)= p0
(
yt , y`

)
Da +

(
1−p0

(
yt , y`

)) kB T

ζbound
(
yt , y`

) . (5.1)

In Sec. 5.L, we derive that the probability that no cross-linkers connect to the actin fila-
ment is given by

p0
(
yt , y`

)= e−yt /λt e−y`/λ` . (5.2)

The length scales λt and λ` are expressed in terms of the (un)binding rates and the
spring constant in Sec. 5.L, completely specifying p0

(
yt , y`

)
. Because the cross-linker

density is higher on the microtubule tip than on the microtubule lattice, the probabil-
ity to have no cross-linkers connected to the actin decays faster with the length of the
overlap with the tip region than with the lattice overlap length, λt < λ`. To calculate the
diffusion constant, Eq. 5.1 requires an expression for the friction coefficient when the
actin filament is bound to the microtubule. Contrary to Chap. 2, we assume that this
friction coefficient scales linearly with the actin overlap lengths,

ζbound
(
yt , y`

)= ζt yt +ζ`y`, (5.3)

since the average number of cross-linkers is proportional to the overlap lengths yt and
y`, and friction scales linearly with the number of cross-linkers when the spring con-
stant is low enough and exclusion effects between the cross-linkers are insignificant [55,
70, 75]. To find the proportionality constants ζt and ζ`, we perform two separate sets of
simulations where we keep y` or yt at 0 and vary the other one, and then measure the
diffusion constant of the actin filament. In Fig. 5.3D, we fit Eq. 5.1 to the simulated dif-
fusion constants, using ζt and ζ` as the fitting parameter for the curve varying the actin
length yt or y`, respectively. For both y ∈ {

yt , y`
}
, the effective diffusion constant has
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an exponential regime for small y due to Eq. 5.2, and then a linearly decreasing regime
for large y due to Eq. 5.3. Since Eq. 5.1 assumes a simple diffusion process and Fig. 5.3D
shows that Eq. 5.1 fits the diffusion constants in the simulations remarkably well over the
whole range of y , we confirm that the motion of the actin filament is well described by
an effective diffusion process.

Then, a forward pointing condensation force F f provides a drift term to this diffusion
process when the actin filament overlaps with the microtubule tip region but does not
fully cover it, 0 < x < lt , increasing this overlap. Furthermore, when the actin filament
extends in front of the microtubule tip region, x > lt , a negative, backward condensation
force Fb attempts to increase the overlap between the actin filament and the microtubule
lattice region. We derive analytical expressions for these forces in Sec. 5.J, yielding esti-
mated force values of F f = 0.10pN and Fb = −4.6fN using the parameter set given in
Table 5.1.

Using these forces and Eq. 5.1, we can describe the effective drift of the actin filament
observed in the comoving frame x. The effective force Feff(x) that acts on the actin fil-
ament is a combination of the condensation forces with an opposing force due to the
coordinate transformation to a comoving frame in overdamped dynamics. This pseudo
force equals the friction force at drift velocity vg , leading to

Feff(x) = F f 1(0 ≤ x < lt )+Fb1(x > lt )− kB T

D(x)
vg . (5.4)

Here, 1(c) is the indicator function returning 1 if the condition c is true and 0 otherwise.
The diffusion constant D(x) = D

(
yt (x) , y`(x)

)
, where the x dependence of the overlap

lengths y is given in Fig. 5.3C, and the diffusion constant follows Eq. 5.1. The comoving
frame adds a backward drift to the actin filament, which is captured by the negative term
in the effective force in an overdamped system. This term does not always equal the full
friction force on the actin filament, since the velocity of the filament can stochastically
differ from vg . The comoving frame of reference is special because it is the only frame of
reference in which time is not an explicit parameter of Eq. 5.4.

5.4. ACTIN TRANSPORT IS A META-STABLE STATE

A CTIN transport is a non-equilibrium process, and hence cannot be described by an
equilibrium free energy. However, since we know the Fokker-Planck equation that

governs the motion of the actin position x in the comoving frame of reference, and be-
cause we assume that the dynamics is within the linear response regime giving rise to
the Einstein relation [28], we can define a generalised free energy that is consistent with
this Fokker-Planck equation.

We integrate the effective force from Eq. 5.4 to find the emergent generalised free en-
ergy F (x) shown in Fig. 5.3E. The free energy shows three regimes, corresponding to the
three situations indicated in the bottom of Fig. 5.3C. For x < 0, there is no condensation
force since the actin filament does not interact with the microtubule tip region. The neg-
ative slope is caused by the effective backward drift of the actin filament in the comoving
frame. For 0 ≤ x ≤ lt , the condensation force acts to maximise the overlap region, caus-
ing a drop in the free energy for an increasing overlap length. For x > lt , the overlap
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Figure 5.3: Computer simulations and analytical theory of a mechanism for actin transport by
growing microtubules (MTs). (A) The model used for simulating the interaction between an actin
filament (blue, top) cross-linked to a growing MT (red, bottom). Both filaments are modelled as
one dimensional inflexible chains of binding sites with lattice constant δ. Cross-linkers are mod-
elled as springs with spring constant k that can first bind to the MT and from there to the actin
filament. These cross-linkers represent a complex of TipAct and EB3, which has a higher affinity
for the tip region of the MT (dark red, right) compared to the lattice region (light red, left). The
distance between the filaments remains fixed, so the actin filament can only move forward and
backward. Viscous interactions with the solution result in a diffusion constant Da for the actin
filament, while the longitudinal components of the pulling forces from the cross-linkers provide
additional movement of the actin filament. (caption continues on the next page)
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between the actin filament and the microtubule tip region can no longer increase, so the
forward condensation force disappears. A very small negative force remains, since the
actin filament loses overlap with the microtubule lattice as x increases. However, the
largest contribution of the upward slope for x > lt is again caused by the effective back-
ward motion in the comoving frame. The combination of these three regimes creates
the well in the free-energy landscape shown in Fig. 5.3E, showing that actin transport is
a meta-stable state. Interestingly, we can compare this theoretical free-energy profile to
the negative log probability of actin positions x sampled in the simulations. The gener-
alised free-energy profile obtained from the simulations closely agrees with the theoret-
ical prediction without any adjustable parameters, validating our hypotheses that actin
transport is in the linear response regime where the Einstein relation holds, and that it is
driven by a condensation force.

5.5. SIMULATIONS AND THEORY PREDICT CORRECT TRENDS IN

TRANSPORT TIMES

T HE simulations and the analytical theory make predictions about actin transport that
can be directly tested against the experimental data. Specifically, we study how the

mean duration of transport 〈Tt 〉, where Tt is defined in Fig. 5.3B, changes with the mi-
crotubule growth velocity and actin filament length. We observed in Fig. 5.1C that actin
transport ends by microtubule catastrophes, actin unbinding, or actin falling behind the
tip region of the microtubule.

Actin unbinding events rarely occur when the overlap between the actin filament and
the microtubule tip region is long, x À 0, since the density of cross-linkers is large on the

(B) A typical time trace of the MT and the actin filament. Compare to Fig. 5.1C. The actin filament
is transported when it interacts with the MT tip region (dark red, front of MT), and can recover
from quick detachments from this tip region through diffusion (black arrow). However, after a
stochastic transport time Tt , the actin filament falls behind the tip region and then performs ran-
dom diffusion on the MT lattice. (C) Parameter definitions for an analytical theory in a comoving
frame. We define x as the position of the front of the actin filament compared to the back of
the MT tip region. Since the tip region advances upon MT growth, this constitutes a comoving
frame of reference. The theory describes the dynamics of x using the cross-linker induced effec-
tive diffusion constant of the actin filament Deff(x), the MT growth velocity vg and the effective
forward condensation force F f . The actin filament has a length la , the microtubule tip region has
a length lt , and the microtubule lattice region is assumed to extend leftward. The overlap lengths
between the actin filament and the microtubule tip and lattice regions are denoted yt and y`, re-
spectively, and the bottom schematics show the relations between these overlap lengths and the
other parameters in three regimes. (D) The effective actin diffusion constant Deff(x) decreases
with the overlap between the actin filament and MT lattice region y` (blue) and the MT tip region
yt (green). Simulations give the proportionality constants of the actin friction coefficients ζt and
ζ` by fitting Eq. 5.1 (lines) to the simulation results (points). (E) Using an analytical expression
for the condensation force and the fits from (D), the theory predicts a free-energy well (blue line),
where a comoving actin position x > 0 within the well represents meta-stable transport, whereas
a barrier crossing at x = 0 and the subsequent slide towards x < 0 represents the actin falling be-
hind the MT tip. Direct sampling of the positional distribution of x in simulations (blue points)
confirms the validity of the theoretical prediction.
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Figure 5.4: Comparing experimental, simulation, and theoretical results for the mean transport
times. The transport time Tt is defined in Fig. 5.3B. (caption continuous on the next page)
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microtubule tip and the actin filament cannot unbind when a cross-linker connects it
to the microtubule. On the other hand, if there is no overlap, and the actin filament is
behind the tip region such that x < 0, then the transport event will not end via the direct
unbinding of the filament either, because the event most likely ends by the actin fila-
ment falling further behind the tip. Hence, the rate at which actin unbinding from the
microtubule tip region ends actin transport is limited by the probability that the actin
filament position x (defined in Fig. 5.3C) is close to 0, and this probability can be cal-
culated using the effective free-energy profile. In Sec. 5.N, we show that the probability
that x ≈ 0 scales exponentially with the growth velocity vg . Once the actin filament has
climbed up the barrier and lost all connections with the microtubule tip region, the ac-
tual unbinding requires the filament to lose all connections to the microtubule lattice
too. Using Eq. 5.2, which we derive in Sec. 5.L, we can calculate how the probability to be
disconnected changes with the actin length la ,

ru = r 0
ue−la /λ`evg /γ. (5.5)

Here, λ` is the same as in Eq. 5.2, and γ follows from the free energy and measures how
fast the barrier height changes with the microtubule growth velocity vg . Analytical ex-
pressions for λ` and γ are given Sec. 5.N. Only the prefactor r 0

u remains unknown, so
we fit it once to the complete set of simulated average transport times that is shown in
Fig. 5.4AB, after which we keep this single value of r 0

u fixed.

(A) Mean actin transport time plotted against the growth velocity. Simulations and theoretical
predictions shown for three different actin filament lengths. Experimental data is sorted accord-
ing to the growth velocity and grouped into four sets with 63 or 64 data points each. The error bars

represent
(
v g ,i ±SDi ,T t ,i ±SEMi

)
, where i labels the four groups, a bar on a random variable rep-

resents the sample mean, SD is the standard deviation of the distribution of growth velocities, and
the SEM is the standard error of the mean of the transport times over that group. The experimental
data samples over a distribution of actin lengths l a = 1.5± 0.8µm (mean±SD). The theory cor-
rectly predicts both the order of magnitude and the declining trend of the mean transport times.
(B) Mean actin transport time plotted against the actin length. Simulations and theoretical predic-
tions shown for three different microtubule growth velocities. The same experimental data as in A
is sorted according to the actin length and divided into four equally sized groups of 63 or 64 data
points each, with vg = 3.8±0.7µmmin−1 (mean±SD). The experimental data confirms the order
of magnitude and the trends of the theoretical predictions. There is insufficient experimental data
to test the declining transport times due to increased friction for la > 4µm. However, for la < 4µm,
the experimental data confirms that the transport time increases due to an increase of the actin
binding times when the actin length increases. (C) Fractions of transport events that end by micro-
tubule catastrophes, actin falling behind the microtubule tip region, or actin unbinding from the
tip region as a function of actin filament length. The fractions calculated from theoretical values
of the catastrophe rate rc , rate of falling behind re , and unbinding rate ru are plotted as the indi-
cated coloured regions. We group the experimental data into two bins of equal size, because the
four data bins used in (B) provide insufficient statistics per bin to calculate two numbers per bin.
We calculate the mean actin length (horizontal error bars are the SD) and the fractions at which
each mechanism ends the transport events in both bins. We report the borders between these
three regions (vertical error bars are the SEM). Microtubule catastrophes either lead to backward
actin transport or to actin unbinding, but are always counted as catastrophes in these fractions.
The theory overestimates the fraction of events that unbinds, but it correctly shows that unbinding
events become less important with an increasing actin length.
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To compute the rate at which the actin filament falls behind the tip region, x < 0, we
note that the filament has to cross a free-energy barrier to leave the tip region, as shown
in Fig. 5.3E. Hence, we can employ Kramers theory [30] (see Sec. 1.5) to calculate the rate
re at which the actin filament escapes from the free-energy well,

re =
[∫ lt

−∞
eF(x)/kB T

D(x)
dx

∫ ∞

0
e−F(x)/kB T dx

]−1

. (5.6)

Finally, we treat microtubule catastrophes as an independent process that occurs at
a fixed rate rc . The total rate at which transport ends is given by rt = ru + re + rc , and the
average transport time is simply the inverse of this rate, 〈Tt 〉 = 1/rt .

We calculate 〈Tt 〉 using this theoretical description, and additionally sample Tt in
computer simulations as a function of the microtubule growth velocity vg and the actin
length la . As shown in Fig. 5.4, the theory successfully describes the simulation data,
showing that the coarse-grained analytical theory is valid for all regimes probed in the
simulations. Only the single parameter r 0

u was directly fitted once to the complete set of
lines in Fig. 5.4, otherwise all parameters in the theory are based on analytically calcula-
ble expressions or on ζ` and ζt , which are separately fitted to the diffusion constants in
Fig. 5.3D. The curves in Fig. 5.4A show that higher growth velocities lead to shorter trans-
port times, because the friction force between the filaments increases while the con-
densation force remains unchanged, lowering the free-energy barrier. The friction also
increases with the actin length, which explains why the theory predicts a decrease of the
transport time as the actin length increases for large actin lengths, as shown in Fig. 5.4B.
However, for short actin filaments, transport ends predominantly through actin unbind-
ing, strongly limiting the transport time. The competition between these two effects
explains the two regimes observed in Fig. 5.4B.

Experimentally, we observe a set of transport events, each characterised by a micro-
tubule growth velocity vg , actin length la , and transport time Tt . Since both vg and la

vary stochastically in the experiments, we sort the experimental data according to the
microtubule growth velocity (actin length), and group the data into four sets with an
equal number of data points each. Then, we calculate the mean v g (la) and the mean T t

for each set, giving the four green data points in Fig. 5.4A (Fig. 5.4B). Hence, the experi-
mental data points in Fig. 5.4 are not varied at fixed la or vg , but always contain a range
of different values for these variables, in contrast with the theoretical data sets.

In Fig. 5.4AB, the experimental data shows decreasing transport times for increas-
ing growth velocities (also see Fig. 5.14A), and increasing transport times for increas-
ing filament length (also see Fig. 5.14B). These trends were confirmed by calculations
of Spearman correlation coefficients, both for the experimental data and for the simula-
tions (Table 5.2). As shown in Fig. 5.4A, the experiments (with l a = 1.5µm, see Fig. 5.9B)
confirm the predicted theoretical order of magnitude and trends with varying the growth
velocity. Moreover, Fig. 5.4B shows that the experimental data (with v g = 3.8µmmin−1,
see Fig. 5.8A) confirm the order of magnitude and the trends of the transport time with
varying the actin length predicted by the theory in the small actin length regime. The
experimentally observed actin filaments are not long enough to also probe the regime
la > 4µm where the transport time is predicted to decline again due to increased fila-
ment friction. The direct unbinding of short actin filaments from the microtubule tip
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region ends a significant fraction of the transport events, as shown in Fig. 5.15B. Using
the theoretically calculated rates for microtubule catastrophes, actin falling behind, and
actin unbinding, we predict the fractions each of the three categories of events, and com-
pare these fractions to the experimentally determined fractions as a function of the mi-
crotubule growth velocity in Fig. 5.4C (Fig. 5.14C shows the fractions as a function of the
actin length). We observe that the model parameters overestimate the direct unbinding
rate of the actin filaments, but the experiments do confirm that the fraction of unbinding
events decreases strongly with the actin filament length.

5.6. CROSS-LINKER BINDING CREATES A SIGNIFICANT CON-
DENSATION FORCE

W E calculate the condensation force for the model presented in Fig. 5.3A by focusing
on the binding sites on the microtubule. Each site on the microtubule tip can have

three binding states; unbound, bound by a cross-linker that dangles in the solution, or
bound by a cross-linker that is also bound to the actin filament. We assume that the fila-
ments are far enough apart such that the free-energies of the unbound and the partially
bound states are unaffected by the presence or absence of the actin filament. Then, in-
creasing the overlap length between the actin filament and the microtubule tip region
always reduces the free energy, since the fully cross-linked state is only available when
the filaments overlap. We can calculate the condensation force using the model shown
in Fig. 5.16 using an analytical approximation that is described in Sec. 5.J. We find a con-
densation force of F f = 0.10pN in the simulation model, which is part of the effective
force in Eq. 5.4.

As a direct test of the existence of the condensation force, we use optical tweezer
measurements in a simplified geometry where TipAct is attached to a bead in the ab-
sence of actin filaments (Fig. 5.5A). Each experiment starts with placing such a TipAct-
coated bead in front of a growing microtubule end with the trap. Successful binding of
the bead to the microtubule tip region is evident from its movement towards a micro-
tubule (Fig. 5.17A). The bead then gradually returns to the centre of the trap under the
assisting force of the trap (Fig. 5.5A,B). We take the first positive displacement of the bead
against the opposing force until the smoothed bead trajectory crosses the zero displace-
ment again as the force signal for further analysis shown in Fig. 5.17B. The magnitude of
the force on the beads is expected to be different from the force on actin in the transport
experiments. As shown in Eq. 5.25, we find an analytical expression for the condensa-
tion force in this simplified geometry where the TipAct-coated bead replaces the actin
filament. Using order of magnitude estimates of the relevant parameters, we predict the
growing microtubule to exert a condensation force of roughly 0.2pN on the bead.

From typical force signals as shown in Fig. 5.5C, we measure forces with a mean of
0.12pN (±0.07, SD) for the same conditions as the previously described actin transport
experiments (Fig. 5.17C), which is less than the predicted 0.2pN, but confirms its order
of magnitude. We also observe that the force magnitudes decrease when we lower the
cross-linker affinity for the microtubule by raising the salt concentration, consistent with
Eq. 5.25. This confirms the predictive power of our theoretical model, and further sup-
ports the hypothesis that actin transport is driven by a condensation force that competes
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Figure 5.5: Optical tweezer measurement of the force developed by cargo-bound TipAct at the
growing microtubule plus end. (A) Schematic diagram of the experimental setup. A TipAct-coated
bead is initially attached to a growing microtubule carrying an EB3 comet. The bead moves back
to the centre of the trap under the assisting force (1). After having arrived in the trap center (2),
the bead is pulled by the EB3 comet against the opposing force from the trap (3). (B) A typical
recording of a bead moving against the opposing trap force with experimental steps numbered
according to (A). (C) Examples of forces exerted by growing microtubule ends through the TipAct
coupling in presence or absence of EB3.

with a cross-linker induced friction.

5.7. DISCUSSION

I N this study, we have reconstituted transport of actin filaments by growing micro-
tubule plus ends in the presence of transiently binding cross-linkers. We have shown

that this transport is governed by a condensation force and a competing friction force
that are both caused by the cross-linkers. Microtubule growth leads to the net motion
of the chemically distinct microtubule tip region, but the microtubule performs no me-
chanical movement. The actin filament recognises the microtubule tip region through
cross-linking proteins that bind more strongly to the tip region compared to the lattice
region, creating a force that tries to maximise the overlap between the actin filament
and the microtubule tip region. However, the resulting mechanical movement of the
actin filament is opposed by a friction force with the motionless microtubule, and actin
movement is only possible if the cross-linkers remodel their binding positions on the
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actin filament through (un)binding dynamics. Hence, increasing the condensation force
by increasing the cross-linker density does not necessarily lead to longer-range actin
transport, since the cross-linker induced friction force between the filaments is also in-
creased.

In recent years, it is becoming increasingly clear that, in addition to motor-driven
and (de)polymerisation-driven forces, passive cross-linkers can also generate active forces.
One mechanism for passive cross-linkers to generate active forces is via entropic expan-
sion [18] (see Sec. 4.1), where the overlap region between two filaments is maximised
to increase the entropy of a fixed number of diffusible cross-linkers, as was shown for
Ase1 cross-linkers that connect anti-parallel microtubules in the mitotic spindle [18]. A
second mechanism to generate active forces by passive cross-linkers is via their bind-
ing affinity for overlap regions when the cross-linkers are present in the solution. This
mechanism can result in bundle contractions, as was shown for FtsZ filaments in bacte-
ria [120] and for actin filaments [54, 55], it can lead to the deformation of elastic struc-
tures, such as lipid membranes [119], and it can cause processive movement, as for the
proposed transport by a shrinking microtubule in a sleeve [116] and for the actin trans-
port described here.

The mechanism that we describe is similar to a previously proposed mechanism
for cargo transport by shrinking microtubules binding in a sleeve, originally introduced
as a mechanism for chromosome transport via kinetochores [116]. Also in that case,
the force that drives the transport is simultaneously countered by a friction force be-
tween the sleeve and the microtubule. However, previous theoretical analysis of chro-
mosome transport focused on finding the meta-stable distribution of microtubule posi-
tions within the sleeve [116] equivalent to finding the generalised free-energy profile we
present in Fig. 5.3E. In contrast, we focus on the transport time distribution that results
from this meta-stable state, which can be compared to the experimental measurements.
Furthermore, actin transport differs from the sleeve mechanism since it is only driven
by the higher attractive interaction of the actin filament with the microtubule tip region
compared to the chemically different lattice region, whereas the sleeve transport follows
a depolymerising microtubule.

Another example of condensation forces that result in processivity is a recent exper-
imental study on pulling of membrane-tubes by growing microtubules [119]. Similar to
the transport of actin filaments, the forward force on the membrane tubes is driven by
the affinity of the membrane for the growing microtubule plus-end. However, the mem-
brane is also pulled over the microtubule lattice, whereas actin transport stops when the
actin filament is no longer interacting with the microtubule tip region. Moreover, the
actin filament slides relative to the microtubule, causing a friction force, whereas the
fluid nature of the membrane means that the pulled tubes can spread over the micro-
tubule like a continuous track.

Actin transport by growing microtubule plus ends results in much lower forces and
velocities than are measured for microtubule motor proteins (0.10 pN and 1–10µmmin−1

for microtubule growth compared to 1–10 pN and 0.1–1µms−1 for single motors or col-
lectives of motor proteins) [85, 129]. In direct competition, motor forces would therefore
likely dominate over the condensation forces. However, these forces can remodel actin
filaments specifically at the growing microtubule plus end, whereas motor-driven forces
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mainly remodel actin filaments along the microtubule lattice, or at depolymerising mi-
crotubule ends [121, 130]. In addition, Tip-localised transport could be useful in cells for
relocating newly nucleated actin filaments towards the leading edge of migrating cells.
Recent studies uncovered two distinct pathways to specifically nucleate new actin fila-
ments at the growing microtubule plus end [111, 112]. The transport mechanism iden-
tified in our study could rapidly relocate those filaments to the leading edge of the cell,
where they influence the formation of new actin-based protrusions.

The microtubule tip region is chemically different from the microtubule lattice re-
gion, which is recognised by microtubule end-binding (EB) proteins [126–128]. As the
microtubule grows, the GTP bound to the subunits of the microtubule tip are hydrolysed,
creating new lattice units. The condensation force adopts this wave of chemical modifi-
cation on the mechanically still microtubule to generate mechanical motion of the actin
filament. This transport mechanism might also be used to transport other cytoskeletal
filaments, such as intermediate filaments [131–134]. Furthermore, we speculate that the
theoretical description can be applied not only to filament transport, but also to trans-
port by propagating reaction-diffusion patterns on membranes, such as the transport of
plasmids by ParA [135–137].
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APPENDIX

5.A. PROTEIN ISOLATION AND PREPARATION

Engineered cross-linking protein TipAct (composed of an N-terminal eGFP followed by
the actin binding domain and EB-binding domain of full-length MACF1, separated by
the coiled-coiled linker of Cortexillin I) was expressed in E. coli T7 cells and purified
using a His-tag affinity column, as was previously described [107, 138]. Lyophilized
porcine brain tubulin was obtained from Cytoskeleton (Denver, CO, USA), resuspended
at 50–100µM MRB80 buffer [80 mM piperazine-N,N’-bis(2-ethanesulfonic acid) (Pipes),
pH 6.8 with KOH, supplemented with 4 mM MgCl2 and 1 mM EGTA], snap-frozen and
stored at −80 °C until use. G-actin was purified from rabbit skeletal muscle acetone pow-
der as previously described [139], filtered on a Superdex 200 10/60 size-exclusion col-
umn (GE Healthcare, Waukesha, WI, USA) to remove any oligomers and stored at −80 °C
in G-buffer [5 mM tris(hydroxymethyl)aminomethane (Tris), pH 7.8 with HCl, 0.1 mM
CaCl2, 0.2 mM ATP, 1 mM dithiothreitol (DTT)]. Fluorescent actin was prepared by la-
belling monomers with Alexa Fluor 649 carboxylic acid succinimidyl esther (Molecular
Probes, Life Technologies, Carlsbad, CA, USA). Before use, G-actin was thawed overnight
at 4 °C and spun for 15 min at 149.000 g to remove any aggregates, and stored at 4 °C for
no longer than 2 weeks. 6xHis-tagged recombinant human GFP-EB3 and mCherry-EB3
were expressed and purified as described before [140].

5.B. DYNAMIC MICROTUBULE ASSAY

Microscope flow cells were constructed as previously described [138]. In brief, flow
channels of 10–15µl, assembled from base-piranha cleaned glass cover slips and slides
and Parafilm spacers, were functionalised by sequential incubation with 0.1 mgml−1

PLL-PEG-Biotin (PLL(20)-g[3.5]-PEG(2)/PEG(3.4)-Biotin(20%), SuSos AG, Dübendorf,
Switzerland) for 30–60 min, 0.25 mgml−1 streptavidin (Thermo Scientific Pierce Protein
Biology Products, Rockford, IL, USA) for 10 min, 0.5 mgml−1 κ-casein for 10 min and 1
% (w/v) Pluronic F-127 for 10 min, all solutions in MRB80, and including 40–70µl rinses
with MRB80 in between incubation steps.

Actin filaments were pre-polymerized at 7.5µM G-actin concentration (15 mol % la-
belled and 85 mol % unlabelled premixed monomers) in MRB80 for 30–90 min at room
temperature, before adding phalloidin (Sigma-Aldrich) in 1:1 molar ratio to stabilise
the filaments. Dynamic microtubules were nucleated from guanylyl-(α,β)-methylene-
diphosphonate (GMPCPP) stabilised microtubule seeds, which were bound to the bi-
otinylated surface and prepared according to standard double-cycling protocols [16, 138].
Any non-attached seeds were rinsed off with MRB80 before adding the final imaging mix.
The core imaging buffer consisted of MRB80 supplemented with 0.5 mgml−1 κ-casein,
0.2% (v/v) methyl cellulose (M0512, Sigma-Aldrich Chemie B.V., the Netherlands), 75 mM
KCl, 1 mM guanosine triphosphate(GTP), 0.2 mM Mg-ATP and an oxygen scavenging
system [4 mM dithiothreitol (DTT), 2 mM protocatechuic acid (PCA) and 100 nM protocatechuate-
3,4-dioxygenase (PCD)]. This solution further contained tubulin concentrations ranging
from 20–30µM (6 mol % Rhodamine labeled), 7.5–10 nM F-actin, 133 nM EB3 (mCherry
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or GFP labeled), and 50 nM TipAct (GFP).

5.C. MICROSCOPY

Imaging of in vitro actin transport by growing microtubule plus ends was performed us-
ing a Nikon Eclipse Ti-E inverted microscope (Nikon Corporation, Tokyo, Japan) equip-
ped with an Apo TIRF 100x/1.49 numerical aperture oil objective, a QuantEM:512SC EM-
CCD camera (Photometrics, Roper Scientific), a motorized stage, Perfect Focus System,
and a motorised TIRF illuminator (Roper Scientific, Tucson, AZ, USA). For excitation, we
used a 561 nm (50 mW) Jive (Cobolt, Solna, Sweden), a 488 nm (40 mW) Calypso (Cobolt)
diode-pumped solid-state laser and a 635 nm (28 mW) Melles Griot laser (CVI Laser Op-
tics & Melles Griot, Didam, Netherlands). A custom-built objective heater was used to
maintain the sample at 30 °C. Triple-colour images were acquired for 10–20 min with 3 s
intervals and 100–200 ms exposure times.

5.D. IMAGE AND DATA ANALYSIS

Image processing and analysis were performed using plug-ins for Fiji [141] or ImageJ and
custom-written programs in Python, MATLAB and Mathematica. Time-lapse series of
TIRF images were drift-corrected using a custom-written Matlab program. Kymographs
of microtubule growth were created using the reslice tool in Fiji [141]. Plus and minus
ends were distinguished based on their growth rates: faster-growing ends were identi-
fied as the plus ends and the slower-growing ends as the minus ends. The parameters
characterising actin transport and microtubule dynamics were determined from these
time-lapses and kymographs.

A microtubule/actin interaction event was classified as transport and included in
further analysis when (1) an actin filament colocalised with an EB3/TipAct-complex at
the growing microtubule plus end, (2) moved for at least 0.5µm (3 pixels) and for 9 s (3
time steps) along with the microtubule tip, and (3) was not interacting with other actin
filaments or microtubules. The actin filament length and tracking time were obtained
from manual fits on the kymographs. From the original time lapse image series, the
binding states of the actin filament before and after the transport event were determined.

The microtubule dynamics were characterised as previously described [142]. In brief,
growth velocities were obtained from manual fits to the growth phases, and the average
velocity was taken as the average over all events weighted with the duration of the in-
dividual events. The error is the weighted standard deviation. Catastrophe rates were
calculated as the number of catastrophe events divided by the total time microtubules
spent growing. The error is given by the rate divided by the square-root of the number of
events.

5.E. OPTICAL TWEEZERS

Silica beads (1µm in diameter) functionalised with carboxy groups (Bangs Laboratories)
were conjugated PLL-PEG-Biotin (PLL(20)-g[3.5]-PEG(2)/PEG(3.4)-Biotin(10%), SuSoS
AG, Switzerland) as described in [143]. 10µl of PLL-PEG-coated beads (ca 0.2% w/v)
were washed in washing buffer (80 mM K-Pipes pH 6.9 with 1 mM EGTA, 4 mM MgCl2,
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1 mM DTT and 0.5 mgml−1 casein) by centrifugation for 1 min at 16000 g, then resus-
pended in 20µl of 8µM Neutravidin (Thermo Scientific) in the same buffer. After 30 min
incubation at 23 °C with frequent mixing, the beads were washed twice in 100µl of the
washing buffer, resuspended in 20µl of 0.2µM biotinylated anti-GFP IgG (Rockland) and
further incubated for 30 min at 23 °C with frequent mixing. After two more washes in
the washing buffer, the beads were resuspended in 20µl 120 nM GFP-TipAct and incu-
bated for 1 h on ice with frequent mixing. Finally, the beads were washed three times
and resuspended in 50µl of the washing buffer.

To attach microtubule seeds to glass, we used digoxigenin (DIG)-labelled tubulin
to prevent interactions with the biotinylated beads. Briefly, tubulin was purified from
porcine brain [144] and chemically labelled with NHS-DIG [145]. GMPCPP stabilised
microtubule seeds were prepared using 30% DIG-labelled tubulin and according stan-
dard double-cycling protocols [16].

Optical trapping was performed as described previously [119]. Slides and cover slips
were silanised using Plus-One Repel Silane (GE Life Sciences), then assembled into flow
chambers using double-sided tape and functionalised with 0.2µM anti-DIG IgG (Roche),
then passivated with 1% Pluronic F-127 in MRB80, before DIG-labelled seeds were in-
troduced. The reaction mix (80 mM K-Pipes pH 6.9, 50 or 75 mM KCl, 1 mM EGTA, 4 mM
MgCl2, 1 mM GTP, 1 mgml−1 κ-casein, 4 mM DTT, 0.2 mgml−1 catalase, 0.4 mgml−1 glu-
cose oxidase, 20 mM glucose and either 25 mM unlabelled tubulin with addition of
133 nM EB3, or 10 mM unlabelled tubulin in the absence of EB3) was centrifuged at
30 psi for 5 min. TipAct-coated beads were added to the supernatant at a ratio of 1:33-
1:50. This final mix was then introduced into the flow chamber, and experiments were
carried out at 25 °C.

DIC microscopy and optical trapping were performed as described previously [143].
Measurements were performed at nominal trap power of 0.2 W (the lowest setting of
our instrument), and then the trap stiffness was additionally softened down to 4×10−3–
6×10−3 pNnm−1 using a circular polarising filter placed in the wave path of the trapping
laser. The QPD signal was recorded at 10 kHz.

5.F. MICROTUBULE CATASTROPHES AFFECT THE TRANSPORT

TIME DISTRIBUTION

As shown in Fig. 5.2A–C, transport events typically end in one of three ways. Actin can
fall behind the growing microtubule tip and escape to the microtubule lattice, actin can
unbind directly from the microtubule tip and escape to the solution, or a microtubule
catastrophe occurs. The stochastic times at which these events happen are called Te ,
Tu , and Tc , respectively. Our description assumes that these three random variables are
independent, and the shortest time decides which event actually occurs. In this section,
we discuss a framework to separate the events of interest, i.e., the actin falling behind
the tip or unbinding, from simple catastrophe events. Hence, we group the former two
event types, Ti ≡ min(Te ,Tu), and refer to them as events of interest. In case of a mi-
crotubule catastrophe, the actin filament either unbinds from the microtubule or it is
transported back by the shrinking microtubule (see Fig. 5.10), but we consider the mi-
crotubule catastrophe itself to be responsible for terminating transport in both cases,
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since we only focus on forward transport. We call ri = re +ru the rate at which the events
of interest occur, and we call the rate of microtubule catastrophes rc . Then, the experi-
mentally measurable rate rt at which the transport events end is given by

rt = ri + rc . (5.7)

We next consider how the distribution of observed transport times depends on whether
we only select the events of interest or if we combine them with the catastrophe events.

The transport time Tt obeys

Tt = min(Ti ,Tc ) . (5.8)

Since both types of events are independent and exponentially distributed, we have

P(Tt > t ) =P(Ti > t ∧Tc > t ) = exp[− (ri + rc ) t ] , (5.9)

which agrees with Eq. 5.7.
To better isolate the two event types, we can analyse how the transport times of the

events of interest are distributed. If we cut out the events that end in catastrophes, we
observe the transport time distribution

P(Tt > t | Ti < Tc ) = P(Ti > t ∧Ti < Tc )

P(Ti < Tc )
, (5.10)

where we rewrite the first probability using Bayes’ theorem and Eq. 5.8. We can calculate
the probability density of Tc happening at time t ′, and integrate over all possible t ′,

P(Ti > t ∧Ti < Tc ) =
∫ ∞

0
P

(
t < Ti < t ′

)
rc exp

[−rc t ′
]

dt ′

=
∫ ∞

t

(
exp[−ri t ]−exp

[−ri t ′
])

rc exp
[−rc t ′

]
dt ′

= ri

ri + rc
exp[− (ri + rc ) t ] . (5.11)

In a similar fashion, one can show that

P(Ti < Tc ) = ri

ri + rc
. (5.12)

Hence, Eq. 5.10 gives

P(Tt > t | Ti < Tc ) = exp[− (ri + rc ) t ] = exp[−rt t ] =P(Tt > t ) . (5.13)

The cumulative distribution function (CDF) we look for is simply P(Tt ≤ t | Ti < Tc ) =
1−P(Tt > t | Ti < Tc ), and Eq. 5.13 shows that this distribution equals the CDFP(Tt ≤ t ).
Naively, one may expect that removing the catastrophe data and looking only at the
events of interest would lead to measuring the CDF P(Ti ≤ t ), the distribution that is
measured when catastrophes never occur. To get an intuitive understanding why the dis-
tribution Eq. 5.13 is biased compared to exp[−ri t ] when we remove the events that end
in microtubule catastrophes, it is helpful to estimate the likelihood that an event ends in
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a catastrophe when the event time Ti is short (Ti < 1/rc ) or when it is long (Ti > 1/rc ).
When Ti is short, and catastrophes do occur, it is likely that the catastrophe takes place
after the actin filament escapes, or Ti < Tc . When the events that end in catastrophe are
then discarded, it is likely that the short Ti is still observed. However, when Ti is long, the
catastrophe is more likely to happen before the event of interest, and usually Ti > Tc . The
selection then discards these events more often. Hence, short Ti are selected more often
than long Ti , which introduces a negative bias in the distribution of transport times of
those events that do not end in a microtubule catastrophe. Eq. 5.13 shows that the CDF
for the selected transport times P(Tt ≤ t | Ti < Tc ) equals the CDF of the complete data
set of transport times P(Tt ≤ t ), and is biased compared to the desired CDF P(Ti ≤ t ).
Hence, we proceed by simply measuring the mean transport time using all events Tt ,
and then separately measure the microtubule catastrophe rate in order to identify the
contribution of ri to rt .

5.G. DETAILS OF THE SIMULATED MODEL

The simulation model (see Fig. 5.3A) is based on the model developed in Chap. 2 to de-
scribe cross-linked microtubules. The simulation uses discrete time step dynamics for
the movement of the actin filament, while using a kinetic Monte Carlo algorithm for
simulating the Markovian reactions that take place with time-varying rates. Below, we
list several details of the simulation model that are not described Sec. 5.2.

First, we describe the experimentally observed binding properties of TipAct, and
then how we choose to model them. TipAct has a binding site that can bind to actin di-
rectly [107]. In the presence of EB3, TipAct has a higher binding affinity for microtubules
than for actin filaments. TipAct forms a complex with EB3, which in turn has a high affin-
ity for the microtubule tip region and a low affinity for the microtubule lattice region. In
the model, we make the simplifying assumption that there is a single cross-linker that
represents the complex of TipAct and EB3, but could also represent states where TipAct
binds to microtubules and actin on its own. We will refer to this single cross-linker as
TipAct, except when we need to specifically distinguish between internal binding states.

To form a cross-link between a microtubule and an actin filament, there are two dif-
ferent pathways. TipAct can first bind to the microtubule or first to the actin filament, af-
ter which it can bind to the opposite filament. All these binding transitions are reversible,
leading to are eight (un)binding rates; two for the transition between the unbound and
actin-bound states, two between the unbound and microtubule-bound states, two be-
tween the actin-bound and fully bound states, and two between the microtubule-bound
and fully bound states. Detailed balance reduces this to a set of seven different rates. In
vitro experiments showed that the binding of TipAct to single actin filaments is negli-
gible compared to the binding to single microtubules [146] (Fig. 5.15), meaning that we
can remove one of the pathways, and we are left with four (un)binding rates per pair
of binding sites on the microtubule and actin filament, as shown in Fig. 5.3A. These are
the two rates for the transition between a fully unbound state and a state where TipAct
is solely bound to the microtubule, and two rates for the transition from this dangling
cross-linker state to the state where the cross-linker binds both the microtubule and the
actin filament.
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Since TipAct binds strongly to the microtubule tip region through EB3, but also has
a low but significant affinity for the microtubule lattice, we use two separate sets of
(un)binding rates for TipAct binding from the solution to the microtubule lattice and tip
regions. However, we assume that the rates to bind to or unbind from the actin filament
are the same for dangling TipAct cross-linkers bound to the microtubule tip or lattice.
For convenience, we label the unbound state as 0, the state with a dangling cross-linker
bound to the microtubule 1, and the fully bound state where the cross-linker also binds
to the actin filament 2, and we distinguish between the microtubule lattice region L and
the microtubule tip region T . As Fig. 5.3A shows, this gives us the rates r T

0,1, r T
1,0, r L

0,1, r L
1,0,

r 0
1,2, and r 0

2,1. Here, a rate ri , j corresponds to the transition from state i to state j , and
the 0 in the superscript indicates that the rate will depend on the amount that the linker
has to stretch,

r1,2(d) = r 0
1,2 exp

[
− U (d)

2kB T

]
, (5.14)

where d is the amount by which the linker is stretched after the transition, and U (d) gives
the potential energy for a cross-linker with extension d . The same equation holds for the
reverse rate r2,1(d) if we change the sign of the potential energy. Detailed balance sets a
Boltzmann factor for the ratio between the forward and backward rates, but not for the
rates individually. We make the model choice to distribute this factor evenly between the
forward and backward reactions, explaining the factor 1/2 in the exponent. This choice
ensures that the binding rate to a site that requires a cross-linker stretch d decreases with
d , and the corresponding unbinding rate increases with d .

Even though there are typically multiple cross-linkers connecting the actin filament
to the microtubule, the filaments can occasionally disconnect due to stochastic nature
of the (un)binding dynamics of the cross-linkers. However, upon the unbinding of the
last cross-linker, the filaments are still in close enough proximity such that new cross-
linkers can bind. Hence, cross-linker rebinding can keep the filaments connected. To
simulate this rebinding dynamics, we introduce a time scale τa and end a simulation
when there are no connections between the two filaments for longer than τa . This time
scale simulates the time it takes the actin filament to diffuse over a distance correspond-
ing roughly to the size of a cross-linker, such that the probability of rebinding becomes
negligible [147].

Since we keep the distance between the filaments fixed in the simulations, we only
have to describe the longitudinal component of the stretch of the cross-linkers d , and
we assume that the potential energy obeys a simple harmonic function U (d) = kd 2/2.
This potential provides forces on the actin filament and also influences the (un)binding
rates through Eq. 5.14. When a cross-linker is bound to the microtubule and dangling,
there are many binding sites on the actin filament that the cross-linker could bind to,
but the harmonic potential sets very low rates for binding to the ones that require the
cross-linker to stretch far. Hence, we improve the efficiency of the simulations by setting
a maximum stretch for the cross-linkers, such that the simulations do not check binding
positions that are unrealistically far away. We set this maximum stretch to 4δ, where
δ is the spacing between binding sites on either filament. Using the parameter values
from Table 5.1, the springs store a potential energy of 10.4kBT at a stretch of 4δ. Hence,
thermal fluctuations are unlikely to cause a stretch that large, justifying the simulation
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choice. For consistency, we also disallow the actin filament to change its position in a
way that would stretch linkers more than 4δ.

We made the model choice that the density of microtubule tip sites follows a step
function, such that the tip is a well-defined region on the microtubule of length lt . This
simple structure simplifies calculations and expresses our ignorance about the precise
structure of the microtubule tip region where EB3 binds, which remains under discus-
sion [148–150]. To confirm that the proposed mechanism of tip tracking also works with
different microtubule tip region structures, we performed simulations where the density
of tip sites decreases exponentially with the distance from the front of the microtubule.
Leaving the other parameter values as they are listed in Table 5.1, we still observed actin
transport, as shown in Fig. 5.18. Hence, the mechanism of a condensation force caused
by transiently binding cross-linkers works independent of the exact shape of the tip re-
gion.

To calculate the statistics of the transport times, we make use of Welford’s online
algorithm, as described in Sec. 5.O.

5.H. ACTIN DIFFUSION MEASUREMENTS

We experimentally observed that actin filaments occasionally land on the microtubule
lattice and perform one-dimensional diffusion while remaining bound via TipAct. By
raising the tubulin concentration to 30µM, we obtained longer microtubules that al-
lowed us to measure the diffusive motion of the actin filaments on the microtubule lat-
tice, away from the tip region. The estimation of the diffusion constant is complicated
by thermal fluctuations of the apparent actin filament length. We quantify this apparent
length by manually measuring the positions of the beginning and the end of the actin
filament, called xb and xe , respectively, as a function of time with time steps of δt = 3s.
Two kymographs of diffusing actin are shown in Fig. 5.12AB, along with the trajectories of
xb and xe and the apparent actin length la = xe −xb . Besides small fluctuations around a
constant length, Fig. 5.12AB also shows large transient deviations of the actin length that
occur at the beginning of the time traces, as shown in the bottom panels of Fig. 5.12AB.
These length fluctuations are probably caused by the binding process of the actin fila-
ments. To estimate the length of the part of the actin filament that interacts with the
microtubule, we remove the initial part of the time traces and take the mean value of la

over the cropped time trace, as shown in Fig. 5.12AB. Then, we define the actin position
x as the centre point of the actin filament, x = (xb + xe )/2, and estimate the diffusion
constant from the time trace of x in the cropped window.

Since the recorded data for x is noisy and contains a finite number of time points, it is
difficult to find a reliable estimate of the diffusion constant from a single time trace [151].
The data set consists of N + 1 time points xi , which are acquired at ti = iδt and i =
{0,1, . . . , N }. For the diffusion constant, we use a family of estimators based on the time-
averaged square displacement [152],

D∆ = 1

2∆ (N −∆+1)δt

N−∆∑
i=0

(xi+∆−xi )2 , (5.15)

which depends on a choice of the number of time steps ∆ ∈N over which we probe the
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fluctuations. The movement of the actin filament is likely correlated for small times,
and when ∆ is smaller than the largest correlation time, the estimate of the diffusion
constant will be influenced by these correlations. Furthermore, measurement noise and
thermal length fluctuations have a larger influence on D∆ when ∆ is small, because the
actin steps (xi+∆−xi ) are typically smaller. However, when ∆ is too large, the number
of time points N −∆ decreases, and the uncertainty in the estimate grows. As shown in
Fig. 5.12D, the time traces last for only 30 s to 950 s before cropping, giving between 9
and 291 data points after cropping. We focus on the two time traces that are longer than
500s to obtain reliable estimates of the actin diffusion constants.

We show the results of Eq. 5.15 as a function of the time gap ∆δt for the two long
time traces in Fig. 5.12C. These two time traces are obtained from actin filaments with
lengths la = 6.6µm and la = 7.1µm, and after cropping the time traces to a total duration
of 873s and 762s, respectively. For small times, the estimate D∆ decreases strongly with
∆ and reaches a plateau value after roughly 150s. We believe that the strong bias in D∆

contains contributions from actin filament length fluctuations and external measure-
ment noise. Furthermore, actin movement is different for time scales shorter than the
time scales over which cross-linker remodelling occurs, and we expect that these effects
also contribute to the bias in D∆. We estimate the true diffusion constant as the sample
mean of D∆ over a window between 150s and 450s, and report the standard deviation
of the mean over this window as the error in our estimate. This results in the values
D = 0.014(3)µm2 s−1 (la = 6.6µm) and D = 0.009(3)µm2 s−1 (la = 7.1µm).

5.I. SIMULATION PARAMETER VALUE ESTIMATION

The simulation model presented in Fig. 5.3A contains many parameters, which are listed
in Table 5.1. We constrain these parameters by combining several experimental obser-
vations.

First, for model simplicity, we chose to have a single lattice spacing between cross-
linker binding sites both on the microtubule and on the actin filaments. We take this
lattice spacing to be equal to the distance between subunits of the microtubule, which is
δ= 8nm [76]. The actual distance between binding sites on the actin filament is around
5nm [153, 154]. However, the actin binding domain of TipAct consists of a tandem of CH
domains and TipAct forms a dimer [107], making it likely that TipAct typically fills two
neighbouring binding sites. Moreover, due to the helical twist of the actin filament [155],
it is unclear how many binding sites are available on average. Hence, we can only find
an approximate value for the lattice spacing between binding sites on the actin filament.
Importantly, our model results do not depend qualitatively on the values of the lattice
spacings on the microtubule and the actin filament.

Another parameter that can be estimated relatively easily from experiments is the
size of the microtubule tip region. In our model, the tip region is a deterministic step
function. In experiments, the EB3-TipAct comet fills roughly a single pixel of the camera,
which has a size of 0.2µm. Therefore, we take the length of this tip region lt = 0.2µm as a
rough estimate, which sets the number of tip sites to 25 using the previously introduced
choice for lattice spacing δ.

Next, the longitudinal friction coefficient of F-actin due to its viscous interactions
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with the solution can be calculated theoretically for a thin rod [156–158],

ζ|| = 2πηla

log(la/d)+γ||
. (5.16)

Here, the correction parameter γ|| = −0.114, as confirmed experimentally for actin fila-
ments [158], and the actin diameter d = 9×10−9 m [155]. Furthermore, the viscosity is
taken to be that of water, η= 1×10−3 Pas, and we use a filament length of la = 3µm here,
which falls within the experimental length distribution shown in Fig. 5.10C. Using the
Einstein relation [28] and kB T = 4.1×10−21 J, this gives us Da ≈ 1µm2 s−1. For simplic-
ity, we will not vary the value of Da with the actin length, which is justified by the fact
that the cross-linkers limit the motion of the actin filament much more strongly than the
viscous drag by the solvent.

Another parameter in our model is τa , the time it takes for the actin filament to dif-
fuse far enough away from the microtubule such that it is unlikely to be recaptured. To
estimate this time scale, we use the time it takes diffusion of the actin filament to pro-
duce a standard deviation of 0.1µm in the perpendicular position. This is roughly three
times the length of the TipAct-EB3 complex [146], and also accounts for the possibility
that the actin filament could slightly bend. Using an equation for the friction coefficient
ζ⊥ similar to Eq. 5.16 [158], we arrive at

τa ≈ 5×10−3 s. (5.17)

As Fig. 5.3A shows, we have to constrain the rates r T
0,1, r T

1,0, r L
0,1, r L

1,0, r 0
1,2, and r 0

2,1, and
also the spring constant k. Since these parameters are difficult to access directly, we esti-
mate them based on a comparison between experimental observations and simulation
results. Firstly, we use the observed diffusion constants of actin filaments on the lattice.
Secondly, we measure the duration of actin diffusion on the microtubule lattice before
unbinding as a function of the actin length. Thirdly, we fit our parameter set to the or-
der of magnitude of the duration of actin transport events. Fourthly, we label TipAct and
EB with the same fluorescent tag, and measure the difference in the fluorescence sig-
nal between the microtubule lattice and tip regions as a read-out of the binding affinity
of the complex. Lastly, we use several specific observations on the (un)binding rates ob-
tained by fluorescence recovery after photobleaching (FRAP) measurements. We explain
all these experimental sources in detail below.

We discussed above that the actin diffusion constant is roughly Deff = 0.01µm2 s−1

at la = 7µm, as shown in Fig. 5.12. This diffusion constant is affected by the average
number of cross-linkers that bind to the actin filament. If there are many cross-linkers,
the diffusion on the lattice slows down. The number of bound linkers is set by all bind-
ing rates on the lattice, r L

0,1, r L
1,0, r 0

1,2, and r 0
2,1. The parameter r 0

2,1 is also important for
actin movement in another way, since movement is limited by how fast the cross-linkers
can remodel. Hence, a higher r 0

2,1 will quickly increase the effective diffusion constant
of actin on the microtubule lattice by reducing the number of cross-linkers and by in-
creasing the rate of cross-linker remodelling. Additionally, the actin diffusion constant
decreases by lowering the spring constant k, since it increases the numbers of bound
cross-linkers by increasing the accessibility of the actin binding sites.
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Another experimental observation that constrains the binding rates is the average
duration of actin diffusion on the microtubule lattice. Fig. 5.12D shows that this duration
depends exponentially on the actin length, since it becomes exponentially more likely
that at least one cross-linker binds to the actin filament when more binding sites are
available. The experimentally observed duration is strongly stochastic, and since we only
have 19 events where actin simply diffuses on the lattice, we can only make an order of
magnitude estimate of the average time of being bound for a diffusing actin filament of
a certain length. The experiments show that the actin stays on the microtubule lattice
for roughly 40s at la = 4µm, so we fit the order of magnitude of the actin binding time in
our simulations to this value. Specifically, we perform simulations in which a 4µm long
actin filament is transported by the microtubule, and then record both the time until
the actin falls behind the tip and the time until the actin unbinds from the microtubule
lattice. Several parameters influence the duration of lattice diffusion in the simulations.
Increasing the average number of cross-linkers on the lattice by changing r L

0,1, r L
1,0, r 0

1,2 or

r 0
2,1 makes this binding time larger. Additionally, the actin binding time can be increased

by reducing the time scale of cross-linker remodelling, so by increasing both r 0
1,2 and

r 0
2,1 while keeping the number of cross-linkers fixed. The actin unbinds when no cross-

linkers connect the filaments for a duration of τa , and rebinding events often rescue the
actin filament from unbinding if the cross-linkers remodel quickly.

Then, we use a rough estimate of the average time an actin filament is transported by
a growing microtubule tip in cases where microtubule catastrophes and actin unbind-
ing play no role. We used preliminary data sets that are part of the data presented in
Fig. 5.14AB and Fig. 5.8 together with Eq. 5.7 to estimate the average time Te ≈ 80s for an
actin filament of la = 4µm and a microtubule growth velocity of vg = 3µmmin−1. We
hence excluded simulation parameter sets that showed order of magnitude deviations
from this value of Te .

All binding parameters have an influence on the transport time Te . Increasing the
condensation force leads to longer transport times, and a larger condensation force can
be created by increasing the binding affinity on the tip compared to the lattice. This
can be seen in Eq. 5.23, where changing k, r T

0,1, r T
1,0, r L

0,1 or r L
1,0 changes the condensa-

tion force. Increasing the number of cross-linkers by altering r 0
1,2 and r 0

2,1 also increases
the force, since the stronger interaction between the actin filament and the microtubule
amplifies the effect of the stronger affinity for the lattice as set by r T

0,1 and r T
1,0. However,

simply increasing the force by increasing the number of cross-linkers is not generally
favourable, since it also increases friction between the moving actin filament and the
fixed microtubule.

Another set of experiments shows that TipAct has a significant affinity for the mi-
crotubule lattice, which we can directly compare to the affinity for the microtubule tip.
Specifically, we observe that the intensity of TipAct and EB3 is roughly R = 20 times
higher on the tip than on the lattice when no actin is present, as shown in Fig. 5.13. This
ratio is set by the rates r T

0,1, r T
1,0, r L

0,1 and r L
1,0,

R =
(

K t
0,1

1+K t
0,1

)
/

(
K `

0,1

1+K `
0,1

)
, (5.18)
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where the equilibrium constants K t
0,1 and K `

0,1 are defined in Eq. 5.20. These same pa-
rameters also influence the condensation force, as seen in Eq. 5.23. Hence, the ratio R
sets a limit on the condensation force in the limit where K1,2 →∞,

F f ,max = kB T

δ
log[R] ≈ 1.5pN. (5.19)

The true force F f = 0.10pN is more than an order of magnitude lower, since K1,2 is far
from ∞ using our final parameter set. So far, we have only talked about the effects of the
ratios K0,1, but we do not have data on the specific rates r L

0,1 or r L
1,0. Hence, we make a

choice that makes r L
0,1 < r T

0,1 and r L
1,0 > r T

1,0, but the specific choice has little effect as long
as the factors K0,1 stay the same.

To gain insight into the rate r 0
2,1 at which TipAct unbinds from the actin while it re-

mains connected to the microtubule, we use in vitro TIRF measurements of the TipAct
fluorescence signal on single actin filaments, as shown in Fig. 5.15A. We find that TipAct
barely binds to actin filaments when no microtubule is present, and the binding events
that do happen are quickly followed by unbinding events. From measurements with
an inter-frame duration of ∆T = 33ms, a mean binding time of T = 111ms is deduced
(Fig. 5.15A), giving an off-rate of roff ≈ 9s−1 from actin without a microtubule present.
However, the rate r 0

2,1 used in the simulations does not simply equal roff. In the simula-
tions, TipAct unbinds from the actin filament but remains bound to a microtubule that is
very close. Furthermore, in the experiments shown in Fig. 5.15A, unbinding means that
the cross-linker has not only detached but also that it has diffused away, since it is no
longer in the proximity of the actin filament. In the simulations, what is required is only
a short moment where the cross-linker is not bound, and we consider a quick rebinding
to a neighbouring location to be a new binding event. Hence, the binding and unbinding
rates in our model will be higher than the roff observed in full (un)binding experiments.

The (un)binding rates for the TipAct on the microtubule tip also require some in-
terpretation. Since the protein is assumed to bind in a complex with EB3, TipAct and
EB3 could in principle unbind individually. In the simulations, we consider only a sin-
gle cross-linker, ignoring the possibility of the complex dissociating. To estimate the
(un)binding rates r T

0,1 and r T
1,0, kinetic data is available on EB1 [148], and on TipAct and

EB3 on microtubule tips as shown in Fig. 5.15BC. The binding rate of EB1 to the micro-
tubule tip is 0.15(nM)−1s−1 [148]. With an EB concentration of 100nM, we would get a
binding rate of 15s−1. However, we assume that the concentration of the complex equals
the (limiting) TipAct concentration, which is 25nM in our experiments.

For the unbinding rate of the complex from the microtubule tip r t
1,0, Fig. 5.15BC

shows that we found unbinding rates of 1.8s−1 for EB3 on microtubule tips, 0.8s−1 on
microtubule tips associated with actin bundles, 3.1s−1 for TipAct on microtubule tips,
and 0.7s−1 for TipAct cross-linked between microtubules and actin bundles. The re-
ported unbinding rate of EB1 from microtubule tips equals 3.4s−1 [148]. We need to
assume a higher unbinding rate r t

1,0, since a rate of 3.4s−1 makes partial binding very
likely and makes it impossible for sites not to be bound. We justify this choice by see-
ing that this rate is an effective parameter that combines the unbinding of EB3 from the
microtubule and of TipAct from EB3. Furthermore, the floppiness of the actin makes
the binding of cross-linkers less likely because the actin is occasionally at a distance,
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but this flexibility is completely ignored in our model. Hence, we overestimate the like-
lihood of the fully bound state of the cross-linkers due to our inflexible actin filament,
which we can compensate for by increasing r t

1,0. Moreover, we have that the rate of

3.4s−1 obtained by FRAP measures the effective unbinding rate after possible rebind-
ing events [148], whereas we consider the short-time unbinding events to be separate
events, again showing that r t

1,0 > 3.4s−1.

The value for the spring constant is also not easily accessible by direct measure-
ments. We choose a value of 2×104 kBT/µm2, which is lower than the range of pre-
viously reported spring constants 6×104–3×105 kBT/µm2 for other cytoskeletal cross-
linking proteins [68, 78, 80] (see Sec. 2.A). This low value accounts for the flexibility of
a complex of EB3 dimers and TipAct dimers, and for the floppiness of actin. We chose
several values of k going down from 1×105 kBT/µm2 (similar to the value obtained for
Ase1 in Sec. 2.A) to 1×104 kBT/µm2, then varying the binding rates until we find param-
eter sets that roughly comply with all considerations listed in this section. The value of
k = 2×104 kBT/µm2 leads to a parameter set where the effective diffusion constant of
the cross-linked actin filament is consistent with the experimental measurements. Low-
ering the spring constant even more leads to frequent events where the actin filament
stochastically moves to x ∼ 1µm in the comoving reference, where x = 0 is at the front
of the growing microtubule tip. An actin filament that sticks so far past the front of the
microtubule should be observable in TIRF microscopy. Since we do not observe such
events experimentally, we do not lower the spring constant further.

We finally arrive at a set of a parameters that accounts for all the experimental obser-
vations, listed in Table 5.1. We find an actin diffusion constant on the microtubule lattice
of Deff = 0.006µm2 s−1 for an actin length of 7µm, comparable with the experimental val-
ues of 0.014(3)µm2 s−1 (la = 6.6µm) and D = 0.009(3)µm2 s−1 (la = 7.1µm). The average
transport duration is 90s in simulations for a microtubule growth velocity of 3µmmin−1

and an actin length of 4µm, consistent with the experimental value of 80s. With the final
parameter set, an actin filament of 4µm unbinds from the microtubule roughly 44s after
it loses its interaction with the microtubule tip in the simulations, close to the experi-
mental value of 40s observed in the actin diffusion experiments. Finally, our parameter
set leads to a factor R = 26.1 from Eq. 5.18, which is very similar to the factor 20 measured
experimentally.

5.J. ANALYTICAL EXPRESSION FOR CONDENSATION FORCE

The magnitude of the condensation force that drives actin transport by microtubule tips
depends on the strength of the interaction between the cross-linkers and the filaments
and on the density of binding sites in the overlap between the actin filament and the
microtubule tip region. Here we derive an analytical expression for this force.

Because the model does not allow cross-linkers that are only bound to the actin fila-
ment, we focus on the binding sites on the microtubule and classify the sites according
to their cross-linker binding state, as shown in Fig. 5.16. The state is denoted by 0 if the
site is free, 1 if the microtubule site is occupied by a cross-linker that is dangling and not
connected to the actin, and 2 if the site is occupied by a cross-linker that is also bound to
the actin. We use ri , j for the transition rate from state i to state j , as shown in Fig. 5.3A.



557624-L-bw-Wierenga557624-L-bw-Wierenga557624-L-bw-Wierenga557624-L-bw-Wierenga
Processed on: 29-3-2021Processed on: 29-3-2021Processed on: 29-3-2021Processed on: 29-3-2021 PDF page: 147PDF page: 147PDF page: 147PDF page: 147

5.J. ANALYTICAL EXPRESSION FOR CONDENSATION FORCE

5

137

We define the equilibrium constants Ki , j between the states through the local detailed
balance relation,

Kα
0,1 = exp

(−(
Fα

1 −F0
)

/kB T
)= rα0,1

rα1,0

,

K1,2 = exp
(−(

Fα
2 −Fα

1

)
/kB T

)= r 0
1,2

r 0
2,1

√
2πkB T

kδ2 , (5.20)

where α ∈ {t ,`} represents the microtubule tip or lattice region, respectively. The equi-
librium constants are ratios of partition functions, and are thus related to differences
between the free energies Fi of different binding states i . The process to create a cross-
linker in the dangling state 1, where it is bound to the microtubule but not to the actin,
depends on the microtubule region α that the cross-linker is binding to. Cross-linkers
bind faster and unbind slower from the microtubule tip than from the lattice. However,
we assume that the rate to bind to the actin filament is the same for all dangling cross-
linkers, independent of the microtubule region they are bound to. Hence, the equilib-
rium constant K1,2 does not depend onα. The rate rα0,1, and hence Kα

0,1, is proportional to
the TipAct concentration in the solution, but we keep this dependence implicit since we
do not vary the concentration. Since the cross-linkers act as harmonic springs, a cross-
linker bound to a specific binding site on the microtubule can bind to multiple binding
sites on the actin filament. We group all these possible binding states into a single state
2. Therefore, the expression for K1,2 is a sum over all possible cross-linker binding posi-
tions on the actin filament, and we approximate the sum by assuming that there are no
interactions between the cross-linkers and that the actin filament is infinitely long,

K1,2 ≈
∞∑

i=−∞

r 0
1,2

r 0
2,1

exp

(
−k (iδ)2

2kB T

)
≈

∫ ∞

−∞
1

δ

r 0
1,2

r 0
2,1

exp

(
− kx2

2kB T

)
dx =

r 0
1,2

r 0
2,1

√
2πkB T

kδ2 . (5.21)

Here, we make use of our model assumption that the actin filament has lattice spacing
δ.

To calculate the condensation force, we consider the case where an actin filament
overlaps with both the microtubule lattice and tip regions, such that the front of the
actin filament is behind the front of the microtubule, as shown in Fig. 5.16. We assume
that there are n` microtubule lattice sites and nt microtubule tip sites overlapping with
the actin filament, such that the actin filament contains `a = n`+nt sites. Furthermore,
the microtubule has `` lattice sites and `t tip sites. For the calculation of the force, we
also assume that the cross-linker binding states of different microtubule binding sites
are independent, such that the partition function describing the binding state of the full
system can be expressed as the product of the local partition functions for each site on
the microtubule. The microtubule sites can always be in states 0 and 1, but state 2 is only
available when the actin filament overlaps with that site. The local partition function for
each microtubule binding site is a sum over the possible binding states of the Boltzmann
factors. These factors contain the free energies Fi , and we make the choice to set the
free energy F0 ≡ 0, giving a Boltzmann factor of 1 for state 0. Using Eq. 5.20, we see that
the Boltzmann factors for binding states 1 and 2 are simply products of the equilibrium
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constants. Hence, the full partition sum for the system shown in Fig. 5.16 is

Z (n`,nt ) =
[

1+K `
0,1

]``−n`
[

1+K `
0,1 +K `

0,1K1,2

]n` [
1+K t

0,1 +K t
0,1K1,2

]nt
[
1+K t

0,1

]`t−nt .

(5.22)
The four factors correspond to the (``−n`) lattice sites outside of the actin overlap, the
n` lattice sites within the actin overlap, the nt tip sites within the actin overlap, and
the (`t −nt ) tip sites outside of the actin overlap, as shown in Fig. 5.16A. The conden-
sation force can be calculated as a positional derivative of the free energy F (n`,nt ) =
−kB T log[Z (n`,nt )], given by Eq. 5.22. The actin filament position x is defined in Fig. 5.3C
as the difference between the front of the actin filament and the location on the micro-
tubule where the lattice region turns into the tip region, and Fig. 5.16A shows that this
region contains nt sites that are spaced δ apart. Hence, nt = x/δ, and since the number
of sites on the actin filament `a is constant, n` = `a−nt = `a−x/δ. The forward pointing
condensation force can thus be calculated as

F f =−dF (`a −x/δ, x/δ)

dx
= kB T

δ
log

[
1+K `

0,1

1+K `
0,1 +K `

0,1K1,2

1+K t
0,1 +K t

0,1K1,2

1+K t
0,1

]
. (5.23)

We see that the condensation force does not depend on the position of the actin fila-
ment x as long as there is a partial overlap with the microtubule tip region. The situation
changes when x > lt = `tδ, such that the actin fully covers the microtubule tip region
and sticks out in front of the microtubule. Then, the forward pointing condensation
force disappears because it is no longer possible for the actin filament to gain binding
free energy by increasing the overlap with the microtubule tip. Further forward motion
of the actin filament now leads to a loss of the number of binding sites on the micro-
tubule lattice, which comes with a free energy cost. Hence, while the number of tip sites
overlapping with the actin filament nt = `t remains constant, n` still depends on x as
before, and Eq. 5.22 shows that there will be a backward pointing condensation force
due to the loss of overlap with the microtubule lattice,

Fb =−dF (`a −x/δ,`t )

dx
= kB T

δ
log

[
1+K `

0,1

1+K `
0,1 +K `

0,1K1,2

]
. (5.24)

Fb is negative because all equilibrium constants K are positive. Since the binding affin-
ity of cross-linkers for the microtubule lattice is much lower than for the microtubule
tip, K `

0,1 ¿ K t
0,1, we have that |Fb | ¿ |F f |. Using the parameter values of Table 5.1, we

find the values F f = 0.10pN and Fb = −4.6fN, showing that the backward force is typi-
cally irrelevant. The condensation force is plotted as a function of the actin position in
Fig. 5.16B. The backward force is only able to move the actin filament when the micro-
tubule is depolymerising, an effect that we confirmed experimentally (see Fig. 5.10B).
Depolymerising microtubules have no tip region where EB3 binds strongly, leading to a
low number of cross-linkers and thus to a low cross-linker induced friction force. A force
in the femtonewton range can easily overcome the viscous friction between the actin fil-
ament and the solution, since F f applied to an actin filament with a diffusion constant
of 1µm2 s−1 would lead to a drift velocity of −1.1µms−1.
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5.K. CONDENSATION FORCE IN THE OPTICAL TWEEZER EXPER-
IMENTS

In the optical tweezer experiments, the bead plays the role of the actin filament that is
transported by the growing microtubule tip region in the actin transport experiments.
Below, we theoretically estimate the condensation force associated with the geometry
of the optical tweezer experiment. Because TipAct (in complex with EB3) has a much
higher affinity for microtubules than for actin filaments, we assume in the simulations
of actin transport that TipAct never binds to the actin filament directly, but that it first
binds to the microtubule before it can bind to the actin filament. By contrast, TipAct is
irreversibly bound to the bead in the optical tweezer experiments, and there is no TipAct
in solution. Hence, the only possible binding path is from the dangling state on the bead
to a fully connected state between the bead and the microtubule. The two regions of
the microtubule then lead to two equilibrium constants describing the affinity for the
microtubule, Kt and K`. A third and final parameter for the system is the density of
bound cross-linkers on the bead ρ.

Calculating the free energies relative to the dangling state, such that this state has the
Boltzmann factor 1, we derive the force on the bead using a similar method as used to
derive Eq. 5.23,

F f ,bead = kB Tρ log

[
1+Kt

1+K`

]
. (5.25)

We do not have data to estimate these parameters properly, but we can make an order of
magnitude estimate. First, we estimate the density of cross-linkers on the bead ρ. This
density represents the number of cross-linkers that is conformationally capable to bind
per micrometer of microtubule length. We make the order of magnitude estimate that ρ
equals 10% of a fully covered microtubule, ρ ≈ 0.1/δ.

To find the equilibrium constants Kt and K`, we recognise that TipAct binds much
more strongly to microtubules than to single actin filaments, since single microtubule
tips show a strong fluorescent TipAct signal while single actin filaments do not (see
Fig. 5.7). This was previously quantified, reporting dissociation constants of K t

D = 67nM
for the binding between TipAct and microtubule tip regions, and K a

D = 5.2µM for the
binding between TipAct and actin [146]. We note that K a

D was probably underestimated
in the experiments, because TipAct forms dimers that have two actin binding sites, which
likely caused actin filaments to bundle and lead to a higher measured affinity than should
be expected for the binding of TipAct to single actin filaments. To find a relation for the
parameters Kt and K`, we use that the equilibrium constant Kt describes the transi-
tion to bind from the bead (representing the actin filament) to the microtubule, and K1,2

represents the transition to bind from the microtubule to the actin filament. The exper-
imental values set Kt /K1,2 ≈ K a

D /K t
D = 78, giving us the order of magnitude Kt = 100K1,2

in the simulations. This is likely an underestimation due to the described bias in the
value of K a

D .
Finally, to find K`, we use that the difference in affinity between the microtubule tip

and lattice regions should be the same for the optical tweezer experiments and the actin
transport experiments, Kt /K` = K t

0,1/K `
0,1. Using Table 5.1, we find the force

Ff,bead ≈ 0.17pN. (5.26)
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This is the force on the bead when the bead is behind the front of the microtubule and
still overlapping with the microtubule tip region. However, when the bead and the mi-
crotubule first come into contact, the bead is in front of the microtubule. Then, the con-
densation force caused by the increasing overlap with the microtubule tip region equals

Fb,bead =−kB Tρ log[1+Kt ] ≈−0.21pN, (5.27)

using the same parameters as before. As shown in Fig. 5.17, we experimentally find a
forward force of Ff,bead ≈ 0.2pN and a backward force of Fb,bead ≈ −0.7pN. Hence, we
correctly estimate the order of magnitude for these forces, but the ratio between these
forces is not well predicted. This may be due to an overestimation of the ratio Kt /K`,
which is in turn due to an overestimation of K t

0,1/K `
0,1.

5.L. BINDING PROBABILITY SCALES EXPONENTIALLY WITH ACTIN

LENGTH

In our simulations, we consider the actin filament to be bound to the microtubule as long
as there is at least a single cross-linker binding the two filaments together. Here, we ob-
tain an approximate expression for this binding probability using similar expressions as
in the derivation of the condensation forces. The probability of having no cross-linkers
connecting an actin filament that overlaps with the microtubule tip region over a length
yt and overlaps with the microtubule lattice region over a length y`, p0

(
yt , y`

)
defined

in Eq. 5.2, equals

p0
(
yt , y`

)= [
1+K t

0,1

1+K t
0,1 +K t

0,1K1,2

]yt /δ[
1+K `

0,1

1+K `
0,1 +K `

0,1K1,2

]y`/δ

= e−yt /λt e−y`/λ` . (5.28)

Here, the discrete numbers of binding sites that overlap with the microtubule tip region
and lattice region are approximated as nt = yt /δ and n` = y`/δ, respectively. We recog-
nise that the probability decreases exponentially with both overlap lengths, which allows
us to define the length scales λt and λ`,

λα = δ

log
[

1+Kα
0,1 +Kα

0,1K1,2

]
− log

[
1+Kα

0,1

] , (5.29)

with α ∈ {t ,`} representing the microtubule region again. Using the parameters listed in
Table 5.1, we calculate λt = 0.038µm and λ` = 0.89µm. Since there is a higher density of
bound cross-linkers on the microtubule tip than on the lattice, as shown in Fig. 5.13, the
probability to have no cross-linkers decays much more rapidly with the overlap length
with the tip region than with the overlap length with the lattice region. This explains why
the length scale λt is much shorter than λ`.

5.M. KRAMERS THEORY

In Fig. 5.3E we identify that the actin filament needs to cross a free-energy barrier to fall
behind the microtubule tip region. Given that we know the free-energy profile and the
diffusion constant, we can calculate the rate of these transitions using Kramers theory.
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As shown in Fig. 5.3C, x is the position of the front of the actin filament relative to
the point on the microtubule where the lattice region ends and the tip region begins.
Since the latter point moves with the growing microtubule tip, x constitutes a comoving
frame of reference. We call D(x) the effective diffusion constant of the actin filament,
and we obtain D(x) by calculating how the overlaps between the actin filament and the
microtubule lattice region y` and between the actin filament and the microtubule tip
region yt change with x. As shown in Fig. 5.3C,

yt (x) = x1(0 ≤ x < lt )+ lt1(x ≥ lt ) ,

y`(x) = la −x1(x ≥ 0) , (5.30)

where we assume that la À lt , x. Then, we enter these expressions into Eq. 5.2 and Eq. 5.3
to find D(x) = D

(
yt (x) , y`(x)

)
, which is given in Eq. 5.1.

Next, we call Feff(x) the forward pointing force on the actin filament, given by Eq. 5.4.
We integrate this effective force to find the generalised free energy

F (x) =−
∫ x

0
Feff

(
x ′)dx ′. (5.31)

The function F (x) behaves exactly like an equilibrium free energy, even though it de-
scribes the non-equilibrium process of microtubule growth and actin transport. This is
the result of the comoving frame, in which the free-energy profile loses its time depen-
dence.

Combining the expressions for the diffusion constant and the generalised free en-
ergy, and assuming the Einstein relation [28], we find a Fokker-Planck equation for fa(x, t ),
the probability density of the actin position x,

∂t fa(x, t ) = ∂x

[
D(x)e−F(x)/kB T ∂x

(
eF(x)/kB T fa(x, t )

)]
. (5.32)

As shown in Eqs. 5.1–5.4, the free energy is determined by the parameters Da , λt , λ`,
ζt , ζ`, F f , and Fb . Da is a parameter in the simulations as well, and we have analyti-
cal approximations to the length scales λt and λ` in Eq. 5.29, and for the condensation
forward and backward forces F f and Fb in Eq. 5.23 and Eq. 5.23, respectively. The only
fitting parameters are the two proportionality factors ζt and ζ` that show how the fric-
tion coefficient scales with the actin length on the microtubule tip and lattice. Direct
measurements of the diffusion constant in simulations, shown in Fig. 5.3D, give the val-
ues ζt = 810kBTs/µm3 and ζ` = 30.2kBTs/µm3. We emphasise that this set of simulations
is independent of the set of simulations in which we estimate the free-energy profile and
transport times, which means that we can make independent theoretical predictions on
the generalised free-energy profile and on the functional behaviour of the actin trans-
port time. We obtain the rate of actin falling behind the tip using Kramers theory [30]
(see Sec. 1.5) based on Eq. 5.32, and the resulting rate is given in Eq. 5.6.

5.N. RATE OF ACTIN UNBINDING

One of the processes by which actin transport ends is by the direct unbinding of the
actin filament from the microtubule when it is still in contact with the microtubule tip
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region. Here, we develop a theoretical explanation of the unbinding rate observed in
the simulations. If the actin filament is at a position x < 0, transport will most likely
end when the filament falls behind the tip, which we treat as an independent process.
Hence, we consider the scenario x > 0 for the unbinding rate, such that the actin filament
overlaps both with the microtubule lattice region and with the tip region.

The actin filament can only unbind when there are no cross-linkers binding the actin
filament. First, the actin filament needs to loose all connections with the microtubule
lattice region. Second, the cross-linkers bind very strongly to the microtubule tip region,
so the actin can only unbind when the overlap between the actin filament and the tip
region almost vanishes, x ≈ 0. Then, we assume that the rate of unbinding is limited by
the probability that both these events happen,

ru ∝P[no connections lattice∧x ≈ 0] =P[no connections lattice]P[x ≈ 0 | no connections lattice] .
(5.33)

Here, we use the definition of conditional probability to rewrite the proportionality into
two factors, and we will discuss each factor separately.

First, we calculate the probability that no cross-linkers are bound between the actin
filament and the microtubule lattice using Eq. 5.28. This probability limits the rate at
which the actin filament can unbind in Eq. 5.33, so the unbinding rate decreases expo-
nentially with the actin filament length,

ru ∝ e−la /λ` . (5.34)

We only focus on how the unbinding rate is shaped by the actin length la and the micro-
tubule growth velocity vg , since these are the variables we use to compare the transport
time between simulations and experiments, and absorb all other effects into the propor-
tionality constant. We use the length scale λ` here, since elongating a filament at fixed
position x only increases the overlap with the microtubule lattice region, not with the tip
region.

Then, we require the probability that x ≈ 0 given that the actin filament has lost its
connections with the microtubule lattice region. This probability follows from the free-
energy profile F (x) shown in Fig. 5.3E. Specifically, the peak of the barrier is always lo-
cated at x = 0, while the valley is at x = lt , where lt is the length of the microtubule tip
region. Hence, the probability to find the actin filament close to the peak is given by the
free-energy barrier height ∆F ‡ =F (0)−F (lt ),

ru ∝ e−∆F ‡/kB T . (5.35)

Eq. 5.31 shows that this free-energy barrier requires integrating the effective force de-
fined in Eq. 5.4. The only term that depends on vg or la is the friction term,

Feff(x) =−ζ(x) vg + . . . . (5.36)

Given that there are no cross-linkers connecting the actin filament to the microtubule
lattice, only the overlap with the microtubule tip provides a significant friction coeffi-
cient ζ for the actin filament,

ζ(x) ≈ ζt x. (5.37)
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Now, integrating Eq. 5.36 gives us

∆F ‡ = 1

2
ζt l 2

t vg + . . . . (5.38)

By combining Eq. 5.34, Eq. 5.35, and Eq. 5.38, we find the actin unbinding rate

ru
(
vg , la

)= r 0
ue−la /λ`evg /γ, (5.39)

where the velocity γ is defined as

γ= 2kB T

ζt l 2
t

. (5.40)

5.O. ALGORITHMS

W E often need to estimate the mean and variance of a random variable, for example
to measure the drift and diffusion constant of the position of the actin filament.

For this, we could make use of the simple textbook formulas,

xa,b = 1

b −a +1

b∑
i=a

xi ,

V a,b = 1

b −a

b∑
i=a

(
xi −xa,b

)2 , (5.41)

for a set of n data points {xi }. The estimate of the mean over all data points with labels
between a and b is denoted by xa,b , and similarly the estimate of the sample variance
over those data points is denoted by V a,b . However, these formulas require all data to
be stored, and the calculations of the moments requires to loop through the data twice,
once to estimate the mean and once to estimate the variance. Another simple algorithm
would be to calculate the sum

∑
i xi and the sum of squares

∑
i x2

i in a single loop, after
which the square of the sum is subtracted from the sum of squares to find the variance.
However, this algorithm is very unstable due to catastrophic cancellation of the floating
point precision [159].

To avoid these problems, we use Welford’s online algorithm [160], in which we keep
track of the quantities

xa,b = 1

b −a +1

b∑
i=a

xi ,

Sa,b =
b∑

i=a

(
xi −xa,b

)2 . (5.42)

Then, given that we receive samples one by one, we use the following rule to update the
mean,

xa,b = 1

b −a +1

b−1∑
i=a

xi + 1

b −a +1
xb = xa,b−1 +

xb −xa,b−1

b −a +1
. (5.43)
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This step uses the old mean xa,b−1 and the new value xb to update the estimate of the
mean. For a similar update rule for the quantity S, we first make note that Eq. 5.43 im-
plies (

xb −xa,b
)= xb −xa,b−1 −

xb −xa,b−1

b −a +1
= b −a

b −a +1

(
xb −xa,b−1

)
. (5.44)

Then we see

Sa,b =
b−1∑
i=a

(
xi −xa,b

)2 + (
xb −xa,b

)2

=
b−1∑
i=a

(
xi −xa,b−1 −

xb −xa,b−1

b −a +1

)2

+ (
xb −xa,b

)2

=
b−1∑
i=a

(
xi −xa,b−1

)2 −2
xb −xa,b−1

b −a +1

b−1∑
i=a

(
xi −xa,b−1

)
+ (b −a)

(
xb −xa,b−1

b −a +1

)2

+ (
xb −xa,b

)2

= Sa,b−1 +
1

b −a +1

(
xb −xa,b−1

)(
xb −xa,b

)
+ b −a

b −a +1

(
xb −xa,b−1

)(
xb −xa,b

)
= Sa,b−1 +

(
xb −xa,b−1

)(
xb −xa,b

)
. (5.45)

In the third line, we observe that the second sum vanishes by definition of xa,b−1, and we
apply Eq. 5.44 to one factor in both square terms on the fourth line. Hence, we can now
update the quantity Sa,b as we receive data as well, without having to store all data. We
get an estimate of the variance using

V a,b = Sa,b

b −a
. (5.46)

When running, we sometimes wish to combine data from multiple parts that run
concurrently to get a better estimate of the mean and variance. We can use Welford’s al-
gorithm as described above for each of those individual parts, but we need a rule for how
to combine this data in the end. If we divide the data labelled {a, a +1, . . . ,b,b +1, . . . ,c}
in two such that we have b−a+1 points in the first set and c−b points in the second set,
we can use the following combination rules [159],

xa,c =
(b −a +1) xa,b + (c −b) xb+1,c

c −a +1
,

Sa,c = Sa,b +Sb+1,c +
(b −a +1)(c −b)

c −a +1

(
xb+1,c −xa,b

)2 . (5.47)

The latter update rule can be derived in a similar fashion as Eq. 5.45. In the derivation,
we use that

xa,c = xa,b +
c −b

c −a +1

(
xb+1,c −xa,b

)
xa,c = xb+1,c −

b −a +1

c −a +1

(
xb+1,c −xa,b

)
. (5.48)
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seed + EB3 tubulin TipActA

B seed + EB3 TipAct actin

Figure 5.6: TipAct tip-tracks growing microtubule plus ends in the presence of EB3. (A) TipAct in
the absence of actin filaments tracks the growing microtubule plus end. Images (left to right) show
microtubule seeds and EB3 in red, tubulin in cyan, TipAct in yellow, and the merged image. (B)
TipAct is present at the growing microtubule plus end during actin transport events. Images (left
to right) show microtubule seeds and EB3 in red, TipAct in yellow, actin filaments in cyan, and the
merged image. Note that in this experiment, tubulin is not labelled. Scale bars: 5µm (horizontal)
and 2 min (vertical).

We use these algorithms for estimating the diffusion constant and drift of the actin fila-
ment as a function of its position.
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MT

actin

EB3/TipAct

Figure 5.7: Experimental field of view. Typical cropped region that was used for analysis, including
microtubules/tubulin (red), EB3 (yellow), TipAct (yellow), and stabilised actin filaments (cyan).
We imaged 80µm by 80µm regions, and analysed a 54µm by 54µm crop in the centre where the
illumination is homogeneous. The EB3/TipAct signal is much stronger on the microtubule tip
regions than on the actin filaments, justifying our model simplification that TipAct does not bind
to actin filaments when no microtubules are present. Left: merged image. Right: the three separate
channels, as labelled. Scale bars: 10µm.
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Figure 5.8: Microtubule dynamics. (A) Normalised distribution of microtubule growth velocities
for growth events where the microtubule does not interact with actin filaments (red) and for micro-
tubules that transport an actin filament (blue). The average growth velocities are 3.5±0.6µmmin−1

and 3.7±0.7µmmin−1 for non-interacting and interacting events, respectively. (B) Normalised dis-
tribution of microtubule growing times for growth events where the microtubule does not interact
with actin filaments (red) and for growth events where microtubules transport an actin filament
(blue). Average catastrophe rates of 1.00± 0.03min−1 and 0.57± 0.03min−1 for non-interacting
MTs and actin-transporting MTs, respectively. Microtubules that quickly undergo a catastrophe
have had less time to bind an actin filament, so selecting for microtubules that interact with actin
introduces an observation bias, showing only long lived microtubules. This bias can fully explain
the difference between the red and blue distributions (data not shown). Number of measured
growth events indicated in figure.
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Figure 5.9: Distributions of transport parameters. (A) Distribution of transport distances for actin
filaments transported by growing microtubule plus end. Median distance of 2.1µm (and mean of
2.5µm) and range of 0.2–12.2µm. (B) Length distribution of transported actin filaments. Median
length of 1.4µm (and mean of 1.6µm) and length range of 0.5–7.9µm long filaments. Note that all
filaments shorter than 0.5µm are binned as 0.5µm because of the diffraction limit. The maximal
length is limited by the tendency of longer filaments to form bundles, which are excluded from
further analysis.
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Parameter Value Sources

Lattice spacing binding sites
δ

0.008µm literature [76, 107, 153–155]

Microtubule tip size lt 0.2µm imaging
Binding rate to microtubule
tip r T

0,1

3 s−1 literature [146, 148], trans-
port

Unbinding rate from micro-
tubule tip r T

1,0

4 s−1 FRAP, literature [146, 148],
transport

Binding rate to microtubule
lattice r L

0,1

1 s−1 fluorescence, diffusion,
transport, unbinding

Unbinding rate from micro-
tubule lattice r L

1,0

60 s−1 fluorescence, diffusion,
transport, unbinding

Basic binding rate to actin fil-
ament r 0

1,2

75 s−1 diffusion, transport, unbind-
ing

Basic unbinding rate from
actin filament r 0

2,1

300 s−1 diffusion, transport, unbind-
ing

Effective spring constant k 2×104 kBT/µm2 literature [35, 68, 78, 80], dif-
fusion, transport, unbinding

Diffusion constant bare actin
filament Da

1µm2 s−1 viscosity, literature [155–158]

Actin unbinding time τa 5×10−3 s viscosity

Table 5.1: Model parameters, their values used in the simulations, and the sources used for deter-
mining the parameter values. As explained in the Sec. 5.I, we use a combination of experimental
observations to fit the model parameters, and most of these observables are influenced by multiple
parameters. Hence, we manually varied the parameters and searched for a parameter set that is
consistent with all experimental observations. The sources that influenced each parameter value
are previously published data (literature), direct microscopy observations (imaging), the order of
magnitude of the duration of actin transport without the effects of actin unbinding or microtubule
catastrophe (transport), fluorescence recovery after photobleaching experiments determining ef-
fective unbinding rates (FRAP), experimental observations of the actin diffusion constant (diffu-
sion) or binding duration (unbinding) on the microtubule lattice, and calculations of the viscous
drag of the solution on an actin filament (viscosity).
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Figure 5.10: Termination of actin transport events at growing microtubule plus end. (A) Cate-
gories of termination events together with their frequency (n=265). Examples for these events are
shown for actin unbinding in Fig. 5.2A, for actin falling behind in Fig. 5.2C, and for the microtubule
undergoing a catastrophe in Fig. 5.2B. microtubule catastrophe where the shrinking microtubule
pulls the actin filament along in Fig. 5.10B (top), and actin transport ending by microtubule paus-
ing in Fig. 5.10C(bottom). (B) Kymographs showing examples of a shrinking microtubule that pulls
an actin filament backwards after the catastrophe (top), and of a microtubule that pauses, upon
which the EB3/TipAct comet disappears and the actin unbinds (bottom). Scale bars: 5µm (hori-
zontal) and 60 s (vertical).

vg , Tt la , Tt

Corr. Perm. Corr. Perm.
Experiments (n=265) −0.15 0.00±0.06 0.17 0.00±0.06
Selected experiments (n=103) −0.23 −0.01±0.10 0.33 −0.01±0.09
Simulations (n=60000) −0.252 0.000±0.004 0.113 0.000±0.004

Table 5.2: Spearman correlation coefficients show that the transport time decreases with the mi-
crotubule growth velocity while it increases with the actin length. By making 100 random permu-
tations of the transport times linked to the growth velocities or the actin lengths, we find the range
of Spearman coefficients that can be expected for an uncorrelated data set (mean ± SD), showing
that the measured correlation coefficients are significantly outside of this range. By selecting only
those events that end by actin falling behind the microtubule tip region, we find similar correla-
tion coefficients. Finally, we perform the same analysis on the two data sets shown in Fig. 5.4AB.
Each data point in those figures is the result of simulating 2000 events, giving 66000 events for the
set varying the growth velocity and 60000 events for the set varying the actin length. The correla-
tion coefficient between the transport time and the growth velocity obtained in the simulations is
comparable to the correlation coefficient found in experiments, while the correlation coefficient
between the transport time and the actin length agrees in the sign, but is lower in magnitude for
the simulations than for the experiments. The reason for this discrepancy is that the simulation
data extends to larger actin lengths where the transport time decreases again.
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Figure 5.11: Catching-up of actin filament to tip-tracking-complex. (A) Kymograph showing a
growing microtubule (red), the tip-tracking-complex consisting of EB3 and TipAct (yellow), and a
transported actin filament (cyan). At one point, the actin filament (cyan arrow) falls behind the tip
(yellow arrow), but remains at the microtubule lattice and quickly catches up with the tip-tracking-
complex again to continue transport. (B) Line profiles along the kymograph in (A), showing an
actin filament catching up with the tip-tracking-complex. Arrows indicate the locations of the
actin filament (cyan) and of the tip-tracking-complex (yellow). Scale bars: 3µm (horizontal) and
60 s (vertical).
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Figure 5.12: Diffusion of actin filaments along the microtubule lattice. (A) Diffusion of 7.1μm
long actin filament along the microtubule lattice in a kymograph (top), corresponding time trace
of the filament front and rear end positions (middle), and the filament length fluctuations used
to determine the actin length (bottom). (B) Another example, showing diffusion of a 6.6μm long
actin filament. (C) Diffusion constant estimates given by Eq. 5.15. For small time scales, the ob-
served actin position fluctuations are influenced by external noise and length fluctuations, so we
can only extract the diffusion constant at large time scales. We take the sample mean of the esti-
mator over the window between 150 s and 450 s, yielding D = 0.014(3)μm2 s−1 (la = 6.6μm) and
D = 0.009(3)μm2 s−1 (la = 7.1μm). (D) The typical duration of diffusion events increases with the
actin filament length, since the rate at which the actin filament unbinds from the microtubule lat-
tice region decreases with the number of cross-linkers that connect the two filaments. Scale bars:
5 min (horizontal), 10μm (vertical).
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Figure 5.13: Ratio between the fluorescence signal of EB3 and TipAct on the microtubule tip and
on the lattice. (A) Example kymograph showing the GFP signal of EB3 and TipAct, from which
tip/lattice-ratios can be calculated. The dashed line was used to produce an intensity profile.
(B) Intensity profile showing the lattice (red) and plus end intensity of EB3 and TipAct (yellow).
Dashed lines on the profile, showing the maximum value and the mean value along the micro-
tubule lattice for GFP, were used to estimate the 1:10 lattice:tip ratio of the EB3/TipAct-complex.
(C) Distribution of ratios for 40 analysed profiles of EB3/TipAct intensity while transporting an
actin filament. Scale bars: 5µm (horizontal) and 2 min (vertical).
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Figure 5.14: Raw and binned data for actin transport. (A) The transport time versus the micro-
tubule growth velocity and (B) the transport time versus the actin filament length. Single data
points are shown in blue; binned experimental means (when distributing data in 4 bins of equal
size) are shown in red. Horizontal error bars represent the standard deviation of the growth ve-
locities or the actin filament length within the bin, and vertical error bars represent the standard
deviation of the mean transport time. (C) The fractions of the categories of transport ends as a
function of the microtubule growth velocity. The fractions were calculated from theoretical val-
ues of the catastrophe rate (constant rc ), falling behind rate (Eq. 5.6) and unbinding rate (Eq. 5.5).
Experimental data was binned into two bins of equal size, shown as points with errors. Transport
events ending by microtubule catastrophes include both events where actin is pulled back with the
depolymerising microtubule and events where the actin unbinds upon a catastrophe. The hori-
zontal error bars show the weighted standard deviation of the microtubule growth velocity and
of the actin filament length, and the vertical error bars show the standard error of the estimated
mean ratio. Since we have to estimate two data points per bin with sufficient statistics, we only
divided the growth velocities and actin lengths into two bins.
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Figure 5.15: Binding dynamics of the tip-tracking complex. (A) TipAct single-molecule dwell
times on actin filaments. High temporal resolution kymograph (33 ms/frame) of TipAct molecules
showing multiple binding and unbinding events at a surface-bound actin filament, and a nor-
malised distribution of TipAct dwell times (right), including single-exponential fit (red curve)
which yielded an average dwell time of (111±6) ms (n=301). (B) FRAP experiments to probe pro-
tein off-rates at microtubule plus-ends. We analyse the recovery curves for mCherry-EB3 (top) and
GFP-TipAct (bottom) at both free (red) and actin-bound (blue) microtubule tips. The solid lines
show fits, and the thin coloured lines and shaded areas show the average curves and SEM for n=19
(free) and n=13 (actin-bound) recovery profiles for mCherry-EB3, and n=7 (free) and n=6 (actin-
bound) recovery profiles for GFP-TipAct, respectively. Note that the maximum recovery intensity
of GFP-TipAct at actin-bound microtubule tips reaches values larger than one due to the variable
amount of GFP-TipAct that can localise to the F-actin bundles independently of microtubules.
(C) Schematics to interpret the FRAP experiments. Top, showing the unbinding rates for EB3 and
TipAct at free microtubule plus ends. Bottom, showing the unbinding rates for EB3 and TipAct at
actin-bound microtubule plus ends.



557624-L-bw-Wierenga557624-L-bw-Wierenga557624-L-bw-Wierenga557624-L-bw-Wierenga
Processed on: 29-3-2021Processed on: 29-3-2021Processed on: 29-3-2021Processed on: 29-3-2021 PDF page: 166PDF page: 166PDF page: 166PDF page: 166

5

156 5. PASSIVE CROSS-LINKERS DRIVE ACTIN TRANSPORT BY GROWING MICROTUBULES

1 0 2 0 1 2 0 1

nl = la − nt

ll lt

nt = x/δ 

x < 0 0 < x < l t x > l t

B

0.05

0.1

0

−0.05

0.15

af
fin

ity
-d

riv
en

 fo
rc

e 
F 

(N
)

actin front position x (µm)
−0.1−0.2 0 0.1 0.2 0.3 0.4 0.5

A

Figure 5.16: (A) Parameter definitions for analytically calculating the condensation force. `` is the
number of binding sites in the microtubule lattice region, and `t is the number of binding sites in
the microtubule tip region. The actin filament contains `a binding sites, which are split into n`
sites that overlap with the microtubule lattice and nt sites that overlap with the microtubule tip.
The actin position x, defined as the distance between the front of the actin filament and the back
of the microtubule tip region (see Fig. 5.3C), equals nt ×δ, where δ is the lattice spacing between
binding sites. We describe the full configuration of all cross-linkers by labelling each microtubule
binding site with its binding state: no cross-linker is bound (0), a dangling cross-linker is bound
(1), or a cross-linker is bound that connects with the actin (2). To calculate the condensation force,
we take into account all possible extents to which the cross-linker can stretch. (B) The conden-
sation forces for the parameters given in Table 5.1. No condensation force exists when the actin
filament is fully behind the microtubule tip region, but a forward force is generated when the fil-
ament overlaps partially with the microtubule tip region. When the front of the actin filament
passes the front of the microtubule, the forward force disappears, but a small negative conden-
sation force still exists, because the actin filament loses its overlap with the microtubule lattice
region.
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Figure 5.17: Additional force measurements. (A) Examples of full recordings of TipAct-coated
beads interacting with growing microtubule ends in presence or absence of EB3. (B) Distributions
of the duration and amplitude of forces obtained in conditions indicated in the legend. In ab-
sence of EB3, most forward force events last shorter than 1 s. (C) Distribution of force amplitudes
for signals longer than 1 s, comparing two different salt concentrations, with (0.20±0.11) pN for
50 mM and with (0.12±0.07) pN for 75 mM (mean±SD). For the transport assays, we used 75 mM
KCl. Straight line is the median (0.19 pN for 50 mM KCl and 0.11 pN for 75 mM KCl). The numbers
above the bins indicate the fraction of force signals included in the distribution out of all signals
regardless of their duration.
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Figure 5.18: Actin transport also occurs when tip sites hydrolyse stochastically, resulting in an
exponentially decaying density of tip sites. New sites are added with a rate of 6.25s−1 (microtubule
growth velocity of vg = 3µmmin−1) and all tip sites decay to lattice sites with a rate of 0.25s−1.
These values lead to a density of tip sites that decays exponentially with a length scale of 0.2µm.
The other parameter values are listed in Table 5.1.
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6
ENERGETIC CONSTRAINTS ON

FILAMENT MEDIATED MEMBRANE

POLARISATION

Cell polarisation is an essential process for the function and development of many cell
types and organisms, for example for the unicellular organisms budding yeast and fission
yeast. These cells utilise cytoskeletal structures to transport proteins to one location on the
membrane and create a high density spot of membrane-bound proteins. We investigate
if active transport alone can establish a polarised protein distribution on the membrane,
and quantify the free-energy cost of creating this non-equilibrium steady state. Using a
minimal model, we find that next to active transport, detailed balance can also be broken
by the shuttling of proteins between the filament, membrane, and cytosol, and the model
predicts that this driven binding dynamics dissipates orders of magnitude less free-energy
than active transport to create the same membrane spot. Active transport along filaments
may be sufficient to create a polarised distribution of membrane-bound proteins, but an
additional chemical modification cycle of the proteins themselves is more efficient and less
sensitive to the physical exclusion of proteins on the transporting filaments, providing in-
sight in the design principles of the Pom1/Tea1/Tea4 system in fission yeast and the Cdc42
system in budding yeast.

159
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Cell polarisation is a common motif for establishing different cellular functions and for
cell development, in which a cell generates a distinct front and back. For example,
cells that perform unidirectional movement need to polarise along a single axis [161].
Lophotrichous bacteria require the placement of multiple flagella on one side of the
cell, and crawling eukaryotic cells need to polarise their cytoskeleton to create a protru-
sive leading edge on one side and a contractile trailing edge on the opposite side of the
cell [105, 162]. Moreover, epithelial cells are polarised to distinguish the apical and basal
sides [161, 162], and asymmetric cell division requires cell polarisation along the division
axis to create different fates for the daughter cells [161, 163]. For instance, budding yeast
requires the formation of a bud on one spot on its cell membrane [20]. Similarly, fission
yeast remains polar after cell division, primarily growing at the old pole initially [20].

Because cell polarisation is an essential cellular feature, many different biological
processes exist that induce cell polarisation [164]. A large class of such processes in-
volves the cytoskeletal filaments [165], because both microtubules and actin filaments
have an intrinsically polar structure by which they can act as tracks for the directional
transport of cargoes by motor proteins. Because the cytoskeleton itself is often asym-
metrically organised, for example in the mitotic spindle, these structures can be used
to guide other proteins into a polarised state [162]. For example, motor proteins that
walk on central spindle microtubules can transport proteins such as the RHO activator
ECT2 [105] towards the membrane, where they can promote the formation of the cytoki-
netic ring. In budding yeast, the small GTPase of the Rho family Cdc42 is bound to the
membranes of vesicles that are delivered to the membrane along actin cables [20, 166],
which may produce cell polarisation. Furthermore, fission yeast uses microtubule based
transport to place the proteins Tea4 and Tea1 at the membrane, where Tea4 forms a com-
plex with Dis2 and dephosphorylates the DYRK family kinase Pom1, which subsequently
binds to the membrane [19, 20]. Once Pom1 is on the membrane, it autophosphorylates
and unbinds again, leaving a steady state distribution of Pom1 on the membrane in the
neighbourhood of the microtubule tips [19].

The transport of vesicle-bound Cdc42 in budding yeast shows that active transport
can play a role in creating a high density of proteins in one spot on the membrane [20,
166]. In contrast, the organism fission yeast does not directly transport Pom1, but it uses
(de)phosphorylation to drive the protein through a chemical modification cycle where it
binds to the membrane preferably near the positions of the microtubule tips where Dis2
is present [19, 20]. Here, we investigate which of these two mechanisms, active transport
along a filament or the chemical driving of a binding cycle catalysed by the cytoskele-
ton, is more efficient in creating a polarised distribution of proteins on the membrane.
Because a polarised state corresponds to a non-equilibrium distribution of the protein,
the maintenance of this distribution requires the constant dissipation of chemical free
energy, usually in the form of NTP hydrolysis. To assess the efficiency of both active
transport and driven chemical modification in creating a polarised protein distribution,
we take into account the chemical free-energy dissipation of each process. Such ener-
getic constraints are typically excluded when discussing cellular pattern formation, but
they are important because they provide a quantitative measure by which we can com-
pare different mechanisms for polarising a cell. Using a minimal model in which both
transport along a filament and non-equilibrium binding can lead to cell polarisation, we
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will show that transport alone can be sufficient for creating a polarised spot on the mem-
brane, but that a chemical modification cycle of the protein itself can dissipate orders of
magnitude less free energy to achieve the same quality of polarisation. This may explain
why many cell polarisation systems, including the Cdc42 system in budding yeast and
the Pom1 system in fission yeast, contain a chemical modification cycle.

6.1. MINIMAL MODEL FOR MEMBRANE SPOT FORMATION

Inspired by the cell polarisation systems in fission yeast and budding yeast, we create
an analytically solvable minimal model in which a filament can transports proteins and
where the proteins bind to a membrane patch at the end of the filament. We consider
a single stable filament that is perpendicular to the cell membrane, as shown in Fig. 6.1.
All model parameters are shown and explained in Fig. 6.1. We do not model the entire
cell, but only a finite volume around the filament, because diffusion will smooth out the
protein distributions sufficiently far from the filament. By choosing a cylindrical shape
for this volume, we can find analytical solutions for the probability densities in each part
of the system. The membrane patch is located on one side of the cylinder, so the proteins
can be on the membrane, on the filament, or in the cytosol (bulk). Crucially, the particles
are transported along the filament towards the membrane, and because the filament is
in direct contact with the membrane, particles can transition between the membrane
and the filament. Additionally, we include transitions between bulk and the filament
and between the bulk and the membrane. Hence, a particle flux can exists that moves
from the bulk along the filament to the membrane, and from there back to the bulk. The
transition pathways between the three system parts are memoryless, and we include the
microscopic reverse reaction for each transition such that the free-energy dissipation in
the system remains finite. These transitions can be out of equilibrium by coupling the
chemical reactions to a non-equilibrium NTP bath, such that the binding rates alone
break detailed balance and cause a flux of proteins from the bulk to the filament, to the
membrane, and back to the bulk again. This mechanism can act independently from
and concurrently with active transport to create a polarised distribution of membrane-
bound proteins. In the following sections, we will first keep the binding reactions in
equilibrium to assess how efficiently the non-equilibrium distribution on the membrane
is maintained by active transport along the filament. Subsequently, we will also take into
account the effects of a non-equilibrium binding cycle.

We use cylindrical coordinates (s, z), where the radial distance s runs from the fil-
ament radius r to the container radius R, and the longitudinal coordinate z runs from
0 to the filament length L. Because the system is rotationally symmetric, the resulting
concentration profiles will be too, and we do not require the azimuth. Having a finite
microtubule radius eases the mathematics of membrane-filament transitions compared
to a one dimensional microtubule, by avoiding unphysical divergences of the protein
densities. We model the dynamics of the system in time t by a set of coupled Fokker-
Plank equations for the protein densities f (z, t ), m(s, t ) and b(z, s, t ), which cover the
filament, the membrane and the bulk, respectively.

To make the equations analytically tractable, we first consider a system with a large
bulk diffusion constant DB → ∞, which smears out density fluctuations and turns the
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Figure 6.1: Minimal model to investigate how protein transport along a filament can create a po-
larised distribution of membrane bound proteins. We consider a subvolume of a cell in the shape
of a closed cylinder with radius R, with a circular patch of the membrane on one side (blue). A
finite filament (red) with a radius r and a length L is located in the centre of the cylinder, perpen-
dicular to the membrane. We consider a single protein species that can be membrane bound (M),
dissolved in the bulk (B), or connected to the filament by motor proteins (F ). In each of these parts,
the particles diffuse with diffusion constants DM , DB , and DF , respectively, and on the filament
the motor proteins provide an average drift velocity vF towards the membrane. The particles can
unbind from the membrane and the filament with the Markovian rates kMB and kF B . The corre-
sponding reverse binding transitions can occur when a particle that is dissolved in the bulk is in
contact with the membrane or the filament, and the transition rates uB M and uBF have the di-
mensions of a velocity, not of a rate. Finally, a particle that is bound to the filament and in contact
with the membrane can transition to the membrane with a rate uF M that is possibly different from
uB M , and similarly the particle can bind from the membrane to the filament with a rate uMF that
can be different from uBF . We define a coordinate system with z longitudinal to the filament, such
that the membrane is at z = 0, and with s as the radial distance, with the microtubule surface at
s = r .
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bulk field into a single concentration,

b(z, s, t ) = b(t ) . (6.1)

The partial differential equations for the protein concentrations read

∂t f (z, t ) = DF∂
2
z f (z, t )+ vF∂z f (z, t )−kF B f (z, t )+2πr uBF b (t ) , (6.2)

∂t m (s, t ) = DM
1

s
∂s (s∂s )m (s, t )−kMB m (s, t )+uB M b (t ) , (6.3)

V ∂t b (t ) =
∫ L

0

[
kF B f (z, t )−2πr uBF b (t )

]
dz

+
∫ R

r
2πs [kMB m (s, t )−uB M b (t )]ds, (6.4)

where we define volume of the bulk V ,

V =π(
R2 − r 2)L. (6.5)

Here, the filament density f (z, t ) represents the protein concentration per unit length
along the filament, which is the density per unit surface area of the filament multiplied
by the angular factor 2πr . Hence, we will use units µm−1 for f , µm−2 for m, and µm−3 for
b. The boundary conditions of the partial differential equations are set by the conserva-
tion of the number of particles and by the transition rates between the filament and the
membrane, which provide relations for the fluxes on the filament and on the membrane
at their edges,

[
DF∂z f (z, t )+ vF f (z, t )

]
z=0 = uF M f (0, t )−2πr uMF m (r, t ) , (6.6)[

DF∂z f (z, t )+ vF f (z, t )
]

z=L = 0, (6.7)

[DM 2πs∂s m (s, t )]s=r =−uF M f (0, t )+2πr uMF m (r, t ) , (6.8)

[DM 2πs∂s m (s, t )]s=R = 0. (6.9)

The system is greatly simplified by studying it in steady state, setting all time derivatives
in Eqs. 6.2, 6.3, and 6.4 to zero and eliminating t as a variable. In steady state, integrating
over Eqs. 6.2 and 6.3 and applying the boundary conditions shows that Eq. 6.4 becomes
linearly dependent on Eqs. 6.2 and Eq. 6.3. The linear dependence is a consequence of
the conservation of particles, which imposes that steady state fluxes have to loop back
to their origin. Hence, we omit Eq. 6.4 from the steady state equations. Additionally, it is
helpful to make the equations non-dimensional by defining the following dimensionless
variables,

α= vFp
DF kF B

, β= uF Mp
DF kF B

, γ= uMFp
DM kMB

,

δ= uMF kF B uB M
uF M uBF kMB

, λ=
√

kF B
DF

z, Λ=
√

kF B
DF

L,

σ=
√

kMB
DM

s, ρ =
√

kMB
DM

r, P =
√

kMB
DM

R.

(6.10)
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We also rescale the density fields to make them dimensionless,

ϕ (λ) = kF B

2πr uBF b
f

(√
DF

kF B
λ

)
,

µ (σ) = kMB

uB M b
m

(√
DM

kMB
σ

)
. (6.11)

Using these definitions and the steady state condition, Eq. 6.2 and Eq. 6.3 become

∂2
λϕ (λ)+α∂λϕ (λ)−ϕ (λ)+1 = 0, (6.12)

1

σ
∂σ (σ∂σ)µ (σ)−µ (σ)+1 = 0. (6.13)

Using the dimensionless variables, the boundary conditions become[
∂λϕ (λ)

]
λ=0 +αϕ (0) =β(

ϕ (0)−δµ(
ρ
))

, (6.14)[
∂λϕ (λ)

]
λ=Λ+αϕ (Λ) = 0, (6.15)[

∂σµ (σ)
]
σ=ρ =−γ

δ

(
ϕ (0)−δµ(

ρ
))

, (6.16)[
∂σµ (σ)

]
σ=P = 0. (6.17)

The general solutions of the ordinary differential equations Eq. 6.12 and Eq. 6.13 are found
by solving the homogeneous equations, and adding the particular solutionsϕ(λ) = 1 and
µ(σ) = 1. The full solutions read

ϕ (λ) = 1+C1 exp

[
−λ

2

(√
4+α2 +α

)]
+C2 exp

[
λ

2

(√
4+α2 −α

)]
, (6.18)

µ (σ) = 1+C3K0 (σ)+C4I0 (σ) . (6.19)

Here, I0 (σ) and K0 (σ) are the modified Bessel functions of the first and second kind, re-
spectively. The integration constants C1, C2, C3, and C4 are determined by Eq.6.14–6.17,
and are listed in Sec. 6.A. We can simply recover the protein density fields in the dimen-
sionful representation by using the dimensionless exact solutions and substituting back
the expressions listed in Eq. 6.10, providing exact solutions for the protein densities and
for the protein flux in the case of DB →∞.

Instead of the fourteen parameters of the full model, the dimensionless model with
fast bulk diffusion only contains seven independent parameters. Three of those parame-
ters set the system size (ρ, P, andΛ), and the four remaining independent parameters (α,
β, γ, and δ) set the system dynamics. Of these, β and γ determine how fast the particles
transition between the membrane and the filament.

The parameters α and δ describe the non-equilibrium nature of the system. When
α= 0 and δ= 1, we find that C1 =C2 =C3 =C4 = 0, and the particle densities reach their
equilibrium values

ϕeq (λ) = 1, (6.20)

µeq (σ) = 1. (6.21)
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When the system is out of equilibrium, a steady-state flux can exist that on average brings
particles from the bulk to the filament, from the filament to the membrane, and from the
membrane back to the bulk. Eqs. 6.14–6.16 show that this flux is proportional to

Jss ∝ϕ (0)−δµ(
ρ
)

. (6.22)

Using the exact solution, it can be shown that this flux vanishes if and only if α = 0 and
δ= 1, so these parameters determine whether detailed balance holds. Because α and δ
can be varied independently, the model contains two essential processes by which de-
tailed balance can be broken. Firstly, a positive value of α represents a drift velocity on
the filament, as shown in Eq. 6.10. Here, motor proteins on the filament drive the par-
ticles and create a flux through the system, where particles bind from the bulk to the
filament, are driven towards the membrane to which they bind, diffuse on the mem-
brane moving away from the filament, and finally fall off into the bulk again. Secondly,
the value of δ, defined in Eq. 6.10, describes the extent to which membrane and fila-
ment binding are in or out of equilibrium. The particle itself can undergo a chemical
modification step along the cycle filament-membrane-bulk-filament, which is driven by
the dissipation of chemical free energy and leads to a value δ < 1. For example, a pro-
tein may exist in several phosphorylation states, such as fission yeast Pom1 which has a
high affinity for the the membrane when it is dephosphorylated at microtubule tips, but
quickly unbinds from the membrane when it is rephosphorylated there [19]. If an NTP
molecule is hydrolysed at any step in the forward direction of the filament-membrane-
bulk-filament cycle, the model shows that a membrane spot is formed independent of
whether particles are actively transported along the filament. There are thus two distinct
mechanisms that can act independently to create a polarised distribution of membrane
proteins.

The parameter α describes how fast the particles are driven on the filament,

α= vF

kF B
/

√
DF

kF B
= lv /lD . (6.23)

Here, lv is the average distance that a particle travels on the filament before it unbinds
when it moves with a drift velocity vF , and lD sets a length scale over which diffusion
smooths out the profile of the particle density on the filament f (z). Hence, α measures
how much the particle density is shaped by the drift velocity. In Fig. 6.2, we show that the
particle distribution on the filament is reshaped more strongly when α increases. Parti-
cles are transported from the right to the left, where the membrane is located at λ = 0.
In the centre of the filament, the rate at which particles bind from the bulk equals the
rate at which particles unbind from the filament, and transport of particles coming in
from the right equals the transport out to the left. Hence, the particle density is simply
the equilibrium density there. However, within a distance λbinding from the end of the
filament (λ=Λ), the particle density decreases because no particles can be transported
from beyond Λ while particles are still transported towards the left. Similarly, within a
distance λcrowding from the membrane (λ= 0), the particle density peaks because trans-
port brings in particles from the right while they cannot be transported further to the
left. As shown in Eq. 6.18, the two dimensionless length scales are given by
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Figure 6.2: The dimensionless particle density along the filament ϕ(λ) is shaped by the dimen-
sionless drift velocity α = vF /

√
DF kF B . The driving force moves particles away from the right

border at λ=Λ towards the membrane at λ= 0, lowering the particle density close to λ=Λ. Due
to this reduced density on the right, the binding of new particles exceeds the unbinding as the
particles move to the left, and the binding and unbinding balance out after a length scale λbinding.
On the opposite side, particles are crowded against the membrane, which leads to a peak in the
distribution with a size of λcrowding. For low drift velocities (α = 0.1), the distribution is close to
the equilibrium shapeϕ(λ) = 1, but for larger values (α= 1) the shape becomes more pronounced.
When the drift velocity increases even more (α= 10), the amplitudes of the density deformations
increase further, but are now accompanied by a decrease of the length scale λcrowding and an in-
crease of the length scaleλbinding. Forα≈Λ, the full filament acts as an antenna for the adsorption
of particles from the bulk, and roughly all those particles reach the membrane. Ifα<Λ, many par-
ticles fall off the filament before they reach the membrane. We use the parameter values listed in
Table 6.2, except for α andΛ= 10.
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Figure 6.3: The dimensionless length scales λbinding and λcrowding are roughly equal for α < 1,
but when the driving velocity increases (α > 1) the particles can be transported for longer dis-
tances, which increases λbinding ≈ α. Furthermore, particles are pushed against the membrane
more strongly, decreasingλcrowding ≈ 1/α. The exact expressions are given in Eq. 6.24 and Eq. 6.25,
while the approximations are given in Eqs. 6.26–6.29.
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λbinding =
2p

4+α2 −α
, (6.24)

λcrowding =
2p

4+α2 +α
. (6.25)

These length scales can be approximated in both the small and large limits ofα, showing
that up to leading order

λbinding
α¿1−−−→ 1, (6.26)

λcrowding
α¿1−−−→ 1, (6.27)

λbinding
αÀ1−−−→α, (6.28)

λcrowding
αÀ1−−−→ 1

α
. (6.29)

These approximations are plotted in Fig. 6.3 along with the exact length scales from
Eq. 6.24 and Eq. 6.25. The figure shows that for α < 1, the length scales λbinding and
λcrowding barely change withα, and increasing the driving velocity only increases the ab-
solute slopes of the particle densities at both ends of the filament, as seen in Fig. 6.2. But
when α > 1, the larger drift velocity crowds the proteins tighter against the membrane,
creating a peak with a smallλcrowding close toλ= 0. Furthermore, the slope at the back of
the filament becomes longer as the average distance that particles travel before they un-
bind increases. This is known as the antenna effect [167, 168], since the microtubule acts
as an antenna that transports particles over a distance that equals the motor protein pro-
cessivity length lv (see Eq. 6.23). Hence, protein transport to the membrane is the most
efficient when the length of the filament equals the antenna length, Λ = λbinding. If the
filament is shorter, the protein concentration at the membrane will decrease. However,
if the filament is longer, then many proteins will fall off the filament before they arrive at
the membrane, wasting the chemical energy that was spent on driving them forward.

Because the motor drift on the filament creates a high protein density on the fila-
ment end that is close to the membrane, the interaction between the membrane and the
filament will also lead to a higher protein density on the membrane. As shown in Fig. 6.4,
this leads to the formation of a high density spot on the membrane close to the filament.
The density of the spot increases with α, as the steady state particle flux around the cy-
cle increases, but the size of the spot ls is set by the unbinding rate and the diffusion
constant,

ls =
√

DM

kMB
. (6.30)

Hence, the size of the spot is roughly constant, and the dimensionless density on the
membrane close to the filament µ

(
ρ
)

fully measures how pronounced the membrane
spot is. If there is no spot, µ

(
ρ
)= 1, and a value larger than unity shows how much higher

the protein density is in the membrane spot compared to the density on the membrane
far away from the filament, which is set by the equilibrium dynamics between the bulk
and the membrane. Therefore, we will use µ

(
ρ
)

to assess the quality of polarisation,
which allows us to measure the impact that different parameters have on cell polarisa-
tion.
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Figure 6.4: The dimensionless particle density on the membrane µ(σ) becomes more peaked
when the dimensionless drift velocity α increases. There is a peak in the particle density on the
filament as shown in Fig. 6.2, which is connected to the membrane at σ= ρ ≈ 1.8×10−3. Some of
these particles are deposited on the membrane, after which they diffuse away and finally unbind
to the bulk. This diffusion and unbinding sets a length scale that equals 1 in the dimensionless
representation. If the particles are driven along the filament to the membrane faster (increasingα),
the height of the particle density on the membrane increases, but the width of the high density spot
does not change. This width equals

√
DM /kMB , or 1 in the dimensionless system. The parameters

are the same as in Fig. 6.2.
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Figure 6.5: The measure for the height of the membrane spot, µ
(
ρ
)
, changes when varying the

dimensionless parameters β and γ, which describe the rate of hopping from the filament to the
membrane and vice versa, respectively. Here we vary these parameters and keep δ = 1, such
that there is no free-energy drop associated with the binding and unbinding around the full cy-
cle filament-membrane-bulk-filament, and detailed balance is only broken by active transport
(α ≈ 11). We vary either β = β0 exp

(
q
)

and γ = γ0 (dark blue), or β = β0 and γ = γ0 exp
(
q
)

(light
red), where β0 and γ0 are the values shown in Table 6.2. We see that if we increase the rate β to
move from the filament to the membrane while keeping δ = 1, the height of the spot decreases.
Similarly, if we increase the rate γ to move back from the membrane to the filament while keeping
δ= 1, the polarisation of the membrane distribution improves. Hence, when binding is in equilib-
rium, the affinity for the membrane should be low compared to the affinity for the microtubule,
such that the particles that are deposited on the membrane by the microtubule have a large impact
on the membrane distribution.



557624-L-bw-Wierenga557624-L-bw-Wierenga557624-L-bw-Wierenga557624-L-bw-Wierenga
Processed on: 29-3-2021Processed on: 29-3-2021Processed on: 29-3-2021Processed on: 29-3-2021 PDF page: 181PDF page: 181PDF page: 181PDF page: 181

6.2. BIOLOGICALLY RELEVANT PARAMETER VALUES

6

171

The dimensionless parameter β quantifies how fast the particles move from the mi-
crotubule tip to the membrane, and the parameter γ quantifies the speed of the reverse
transition. In Fig. 6.5, we show that the height of the membrane spot decreases if we
increase the rate of binding from the filament to the membrane or decrease the reverse
rate, while keeping δ= 1. This counter-intuitive result holds true precisely because δ= 1,
such that there is no net free-energy drop along the cycle filament-membrane-bulk-
filament. Increasing β or decreasing γ increases the affinity for the membrane relative
to that for the filament, but the constraint that there is no free-energy drop around the
cycle means that this must be accompanied by a decrease of the relative affinity for the
filament compared to the bulk or by an increase of the relative affinity for the membrane
compared to the bulk. In the former case, the density of particles at the tip of the fila-
ment decreases, which reduces the height of the membrane spot because the flux from
the filament tip to the membrane is decreased. In the latter case, the equilibrium density
on the membrane increases, reducing the contrast between the membrane spot and the
density far away. The absolute equilibrium probability that the particle is found in the
bulk does not influence the relative likelihoods of finding the particle on the membrane
or on the filament when the binding cycle is in equilibrium, explaining why the details of
the transition rates to and from the bulk become irrelevant in the non-dimensional rep-
resentation. Hence, increasing β and decreasing γ decreases µ

(
ρ
)

because the binding
affinity for the filament should be high compared to the binding affinity for the mem-
brane to create a polarised membrane spot.

Finally, we focus on how δ affects the formation of a steady state membrane spot. If
δ < 1, then there is a free-energy drop each time a particle moves from the bulk to the
filament, from the filament to the membrane, and from the membrane back to the bulk.
The protein density in the membrane spot depends on the flux that runs through this
cycle, so we expect µ

(
ρ
)

to increase when δ decreases. Fig. 6.6 shows that the height of
the membrane spot indeed increases when δ< 1. Furthermore, the shape of the density
profile on the filament barely changes, only slightly reducing the size of the density peak
ϕ(0) when δ< 1 (data not shown). Hence, breaking detailed balance through a chemical
modification cycle in the binding cycle filament-membrane-bulk-filament has a strong
effect on the formation of a polarised protein distribution on the membrane.

6.2. BIOLOGICALLY RELEVANT PARAMETER VALUES

The dimensionful model presented in Sec. 6.1 contains fourteen parameters, including
one that sets the average concentration b. To focus the model analysis, we find a set of
biologically relevant parameter values, which also provide values for the dimensionless
parameter set. Then, we vary individual parameters to investigate how they influence
the polarisation of the membrane and the free-energy dissipation.

Because microtubules are roughly 25 nm in diameter [12], we choose a filament ra-
dius r = 12.5nm. Furthermore, we choose a filament length of L = 10µm, which is a typ-
ical microtubule length. For the container radius, we choose a value of R = 10.0125µm,
which will be large enough to show the full membrane spots that are created by a sin-
gle microtubule, and which ensures that R − r = 10µm, simplifying the creation of his-
tograms that cover the entire radial space of the membrane. This leads to a container
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Figure 6.6: The measure for the height of the membrane spot relative to the equilibrium density
on the membrane, µ

(
ρ
)
, decreases when δ increases while the driving velocity remains constant

(α ≈ 11). If the binding cycle filament-membrane-bulk-filament is coupled to the dissipation of
chemical free energy, for example by performing an NTP hydrolysis each time the particle moves
through the cycle, then δ< 1 and the steady state flux through the cycle increases. Increasing this
flux has a positive effect on the protein density in the membrane spot, and increases the polarisa-
tion independent of the driving velocity on the filament α. Apart from δ, the parameter values are
given in Table 6.2.
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that is large compared to the typical size of a fission yeast cell, which is roughly 10µm
long [169]. However, the exact size of the spot, and thus the required container size, does
not influence the conclusions of this chapter. Furthermore, we will discuss in the follow-
ing paragraphs that we expect that the diffusion constant of proteins on the membrane
is effectively lower in vivo compared to in vitro, creating a smaller spot that would fit on
a yeast cell.

The dynamical parameters on the filament describe how a cargo moves on a mi-
crotubule under the influence of motor proteins. Single kinesin motors can move be-
tween 0.01 microm/s and 1µms−1 depending on the ATP concentration, the load, and
the kind of kinesin protein [129, 170]. Since we consider low load single protein car-
goes, we set the average drift velocity to vF = 0.5µms−1. The dynamics on the filament
is defined by this drift velocity in combination with the diffusion constant of kinesin
motors running along a microtubule, which has been measured to be roughly between
0.002µm2 s−1 [171] and 0.005µm2 s−1 [172]. Hence, we set DF = 0.004µm2 s−1.

The diffusion constant on the membrane depends on the diffusing protein and the
type of lipid bilayer. For a simple membrane in vitro, the diffusion constant of pro-
teins with a radius of roughly 2 nm equals around 8µm2 s−1 [173]. Because we em-
ploy a minimal model, we ignore the compartmentalisation of the membrane [174], and
choose a diffusion constant on the membrane of DM = 5µm2 s−1. In the bulk, we require
the diffusion constant of proteins in the cytosol, which was measured to be on average
DB = 60µm2 s−1 [175].

We assume that the rate at which the cargo unbinds from the microtubule is limited
by the unbinding rate of kinesin, which is roughly kF B = 0.5s−1 when no external force
pulls on the motor [176]. For the rate at which the particles unbind from the membrane,
we use the experimental off-rate that was measured for the Rho-GTPase Cdc42, which
sets a value of kMB = 0.1s−1 [177]. Together with the membrane diffusion constant DM ,
this rate sets a typical length scale for the membrane spot size of

lM =
√

DM

kMB
≈ 7µm. (6.31)

The same experiments also provide an order of magnitude for the binding rate of parti-
cles from the bulk to the membrane by observing the Cdc42 association with liposomes.
In equilibrium, the total binding rate from the solution equals

kon = uB M Ab, (6.32)

where A is the area of the membrane on spherical liposomes. Taking a concentration of
b = 50nM, a liposome radius of 0.5µm (giving A ≈ 3.1µm2), and a kon = 1s−1 [177], we
find uB M ≈ 0.01µms−1.

The binding rate of cargo proteins from the cytosol to the filament is affected by the
binding rate of motor proteins to the microtubule and the binding rate of the cargo to
motor proteins. We assume that this binding is relatively strong, such that the equilib-
rium affinity for the microtubule is much higher than for the membrane, which allows
the driving on the microtubule to have a pronounced effect on the membrane concen-
tration. Because the rate of unbinding from the filament to the bulk is larger than that
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from the membrane to the bulk, kF B = 5kMB , this means that uBF must be several orders
of magnitude larger than uB M to guarantee a higher equilibrium affinity for the filament.
Furthermore, because the area of the microtubule is much smaller than the area of the
membrane, the affinity for the microtubule needs to be very large to find a significant
fraction of particles on the filament. Hence, we choose uBF = 100µms−1. We can com-
pare our values of kF B and uBF to the reported dissociation constant KD,BF of a kinesin
subunit binding to microtubules, which was found to be lower than KD,BF < 50nM ≈
30µm−3 [178]. This dissociation constant should equal

KD,BF = kF B

uBF Atub
, (6.33)

where Atub is the surface area of a single tubulin dimer on the microtubule, which we
take to be roughly 50 nm2. Using the previously mentioned values of kF B and uBF , we
find KD,BF ≈ 100µm−3. Hence, the experimental value of the dissociation constant sug-
gests that we slightly underestimate the binding to the microtubule, but our value is of
the right order of magnitude.

Once the particles are driven to the tip of the filament, and are in contact with the
membrane, the rate to bind to the membrane uF M is related to the rate uB M . If the
mechanism of binding from the filament is the same as from the bulk, then we assume
uF M = uB M = 0.01µms−1. However, the cell may implement a different mechanism for
transporting the cargo from the tip of a microtubule to the membrane, in which case
this value could be larger. Hence, it will be interesting to see how the prominence of the
membrane spot changes with uF M .

Finally, detailed balance provides a relation for the reverse rate uMF at which par-
ticles that are on the membrane and close to the filament bind to the filament. If the
binding and unbinding is in equilibrium, we have

δ= uMF kF B uB M

uF M uBF kMB
= 1. (6.34)

Using the previously mentioned values for all other (un)binding rates, we find uMF =
1µms−1. In Table 6.3, we give an overview of all parameter values, and in Table 6.2 we
list the values that the dimensionless parameters take in the biologically relevant regime.

6.3. A FINITE BULK DIFFUSION CONSTANT IS BENEFICIAL FOR

CELL POLARISATION

In steady state, Eqs. 6.2–6.4 provide a set of ordinary differential equations that can be
solved analytically, as shown in Eq. 6.18–6.19. However, these equations are valid when
the diffusion constant in the bulk is very large, DB → ∞. When DB is finite, we could
modify the steady state differential equations and the corresponding boundary condi-
tions, leading to a set of coupled partial differential equations for f (z), m(s) and b(z, s)
that cannot be solved analytically. To find numerical solutions for the steady state den-
sity profiles, we perform simple time step based Monte Carlo simulations of a single par-
ticle moving through the system. We do not require multiple particles since we model
an "ideal gas" of proteins that never interact.
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Because of the radial symmetry of the system, we only keep track of the longitudinal
position z and the radial distance s. To model the particle diffusion, we implement a dis-
crete time random walk in which particles move by a stochastic longitudinal step δz or
radial step δs each time step δt . On the filament, δz follows a Gaussian distribution with
mean −vFδt and standard deviation

√
2DFδt , while in the bulk the mean of δz vanishes

and the standard deviation equals
√

2DBδt . For the diffusion in the radial direction, we
draw two Gaussian random numbers δx and δy with zero mean and standard deviation√

2DMδt (membrane) or
√

2DBδt (bulk). Then, we calculate (s +δs)2 = (s +δx)2 +δy2,
where we use that the x-axis can always be chosen to point in the radial direction. When
either δz or δs brings the particle outside of the container, we reflect the particle posi-
tion back across the boundary. The algorithm to reflect the particles in a flat or circular
surface without breaking detailed balance is described in Sec. 6.B.

To simulate the particle transitions between the three system parts, we use the same
kinetic Monte Carlo algorithm that we used for implementing cross-linker hopping as
explained in Eq. 2.27. In summary, we integrate the transition rates until a stochastically
chosen threshold is passed upon which we perform a reaction [82]. Since the binding
rates uBF , uF M , uMF , and uB M contain a spatial dimension as well, we define the reac-
tion length scales llong and lrad. When a particle is in the bulk and within a distance llong

from the membrane, it can bind to the membrane with a transition rate

kB M = uB M

llong
. (6.35)

This definition ensures that if the bulk concentration is roughly constant within the re-
action volume, then the flux is modelled correctly, kB M llongb ≈ uB M b. Hence, this equa-
tion is only valid when llong is much smaller than the size of typical density fluctuations.
Similarly, we have

kF M = uF M

llong
. (6.36)

In the radial direction close to the filament, the reaction volume has a tubular form, and
we must have that kBFπ

(
(r + lrad)2 − r 2

)
b ≈ 2πr uBF b. Therefore, we choose

kBF = uBF

lrad + l 2
rad/2r

(6.37)

and
kMF = uMF

lrad + l 2
rad/2r

. (6.38)

When a reverse reaction occurs, we place the particle uniformly within the reaction vol-
ume. For example, when a particle unbinds from the filament to the bulk, it will be
placed at a radial position r < s < r + lrad, which is uniformly distributed over the area
π

(
(r + lrad)2 − r 2

)
. This mechanism ensures that detailed balance holds when α= 0 and

δ= 1.
We show the simulated protein concentration profiles on the filament and on the

membrane in Fig. 6.7 and Fig. 6.8, respectively, and compare them to the exact solutions
for f (z) and m(s) that are valid at DB →∞. We use the biologically relevant parameters
listed in Table 6.3, and the figures show that the simulations with DB = 60µm2 s−1 agree
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Figure 6.7: The probability density f (z) that a particle is at position z on the filament, where the
membrane is located at z = 0 and motor proteins drive the particles from the right to the left. We
use the biologically relevant parameters of Table 6.1. The dark blue line gives the exact result for
DB →∞, showing that the filament acts as an antenna over a length lbinding ≈ 1.0µm. After this
distance, the unbinding of particles balances out the binding of new particles. When the particles
reach the membrane, they are crowded over a length scale lcrowding ≈ 8nm. In light blue, we show
a histogram of the particle density in simulations using the parameters of Table 6.3, in which the
bulk diffusion constant DB = 60µm2 s−1, which nearly perfectly coincides with the theoretical re-
sult. Simulations with a lower bulk diffusion constant DB = 10µm2 s−1 are shown in yellow, reveal-
ing that the antenna effect acts over a longer length scale when the bulk diffusion constant is lower.
The lower diffusion constant allows some particles that unbind from the filament to rapidly rebind
to the filament, increasing the effective distance over which the particles can be transported. The
density peak in the leftmost bin is predicted to be 2.1×10−2 µm−1 (DB →∞), and the simulations
find 2.2×10−2 µm−1 (DB = 60µm2 s−1) and 2.4×10−2 µm−1 (DB = 10µm2 s−1), indicating that
the particle density at the filament tip increases when the bulk diffusion constant decreases.
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Figure 6.8: The probability density m(s) that a particle is at a radial position s on the membrane,
where the filament is located at s = r = 0.0125µm. We use the same parameters and simulation
as in Fig. 6.7. The dark blue line gives the exact result for DB →∞, which predicts a spot size of√

DM /kMB = 7.1µm. The difference between the simulations with a high bulk diffusion constant
(DB = 60µm2 s−1) and the exact solution are likely caused by insufficient sampling. The particle
density in the leftmost bin is predicted to be 2.7×10−4 µm−2 (DB →∞), and the simulations find
2.8×10−4 µm−2 (DB = 60µm2 s−1) and 2.9×10−4 µm−1 (DB = 10µm2 s−1). The higher density for
the lower bulk diffusion constant persists inside the whole membrane spot (yellow bins), showing
that a lower bulk diffusion constant can slightly improve cell polarisation.
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Figure 6.9: The probability density b(z, s) that a particle is at a longitudinal position z and a radial
position s in the bulk, where the membrane is located at z = 0 and the filament is located at s = r =
0.0125µm. We show the histogram produced by simulations with a lower diffusion constant in the
bulk, DB = 10µm2 s−1, because DB = 60µm2 s−1 results in a nearly flat density profile. Otherwise,
all parameters are the same as listed in Tab. 6.1. With a lower diffusion constant, the density profile
on the filament shown in Fig. 6.7 persists for some distance into the bulk, improving the effects of
active transport on the polarised particle distribution.

with the analytical solutions. In contrast, additional simulations with a bulk diffusion
constant DB = 10µm2 s−1 do display significant deviations from the predicted behaviour
for DB → ∞. Specifically, it appears that the length scale lbinding on the filament in-
creases, improving the antenna effect caused by the motor proteins. Furthermore, the
density peak on the filament close to z = 0 is higher when the bulk diffusion constant is
lower. This subsequently causes a larger flux of particles to be deposited on the mem-
brane, leading to a slight increase of the particle density in the membrane spot as shown
in Fig. 6.8.

The steady state particle density in the bulk b(z, s) is almost homogenous when DB =
60µm2 s−1 (data not shown), explaining why the exact solution for DB → ∞ is nearly
identical to the simulation results. To visualise the effects of a lower bulk diffusion con-
stant, we plot how the proteins are distributed in the cytosol for DB = 10µm2 s−1 in
Fig. 6.9. Close to the filament, which is located at s = r , the bulk density profile resem-
bles the shape of the density on the filament shown in Fig. 6.7. The transport along the
filament removes particles from the back of the container, lowering the protein density
in a region that extends several microns into the bulk. Furthermore, Fig. 6.9 shows that
the particles are concentrated more densely close to z = 0 and s = r , which is close to
the density peak on the filament and on the membrane. Since a finite diffusion constant
does not smear out the protein distributions instantly, lowering the diffusion constant in
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the bulk is beneficial for the formation of a strongly polarised non-equilibrium distribu-
tion on the membrane.

6.4. FREE-ENERGY IS DISSIPATED TO FORM A MEMBRANE SPOT

Using the exact solutions of the protein densities on the filament and the membrane in
Eqs. 6.18–6.19, we saw that the flux through the system vanishes if and only if δ= 1 and
α= 0. The parameter δ can break detailed balance when the particles undergo a driven
chemical modification cycle when they revolve through the filament, membrane, and
bulk. On the other hand, a non-zero value for the parameter α is caused by motor pro-
teins driving the movement of the particles along the filament. Both processes dissipate
free energy, and we can find lower bounds for the free-energy dissipation caused by each
process.

On the filament, the particles have a drift velocity vF and a diffusion constant DF .
Using the Einstein relation [28] (see Eq. 1.39), these two parameters define the average
drift force FF that acts on particles bound to the filament,

FF = kB T
vF

DF
. (6.39)

We can calculate the work performed on a particle by multiplying this force with the net
distance that the particle travels on the filament.

For the binding reactions, we make use of the local detailed balance relation Eq. 1.23.
Because the individual transitions can also involve the changing of dimensions, for ex-
ample from the bulk to the membrane, it is nonsensical to assign free-energy differences
between particle states on the membrane or in the bulk,

∆FB M 6= kB T log

[
uB M

kMB

]
. (6.40)

In this expression, we would take the logarithm of a factor that has a dimension of length.
Still, because a particle that moves through a loop has to pass the dimensional transi-
tions along the z- and s-axis in both directions, these length scales have to cancel in the
ratio δ. Only a multiplicative constant c may survive because the length scales of the
transitions from the filament to the membrane and from the bulk to the membrane, or
the length scales in the transitions from the membrane to the filament and from the bulk
to the filament could differ. Hence,

∆FF MB = kB T log

[
uF M kMB uBF

uMF uB M kF B

]
+kB T log[c] =−kB T log[δ]+kB T log[c] . (6.41)

Here, we take the dissipated free energy to be positive, such that a positive free-energy
drop around the loop ∆FF MB drives a flux through the loop filament-membrane-bulk-
filament. Because we have shown that detailed balance holds if and only if δ= 1, and we
require ∆FF MB = 0 in that case, we see that the length scale c = 1, showing that

∆FF MB =−kB T log[δ] . (6.42)

We can use Eq. 6.39 and Eq. 6.42 to define free-energy differences, but to compare
the two we require the average dissipated power per particle. In the simulations, we can
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keep track of the net distance travelled on the filament dnet, which increases if motor
proteins drive the particle towards z = 0, but decreases again if the diffusion with dif-
fusion constant DF increases z. Hence, we take into account that motor proteins that
hydrolyse ATP have a small chance of moving back, reattaching a phosphate group to an
ADP molecule. Similarly, we record the net number of times the particle moves forward
in the transition filament-membrane NF M . We run the simulations for a time t , after
which the total average dissipated power Psim equals

Psim = FF dnet +NF M∆FF MB

t
. (6.43)

If the simulated time t is long enough, we will find a reliable measurement of the power.
Using the steady state versions of Eq. 6.2–6.9 and their analytical solutions, we can

also calculate the exact dissipated power per particle for DB →∞. First, we see that the
steady state flux that moves through the filament-membrane-bulk-filament cycle equals

Jss = uF M f (0)−2πr uMF m(r ) . (6.44)

Then, the power dissipated by the binding dynamics equals

Pexact,F MB = Jss∆FF MB . (6.45)

Then, the power dissipated by the driving on the filaments follows from the flux along
the filament,

Pexact,F =
∫ L

0

(
DF∂z f (z)+ vF f (z)

)
FF dz, (6.46)

where the diffusive term includes the free energy that is returned if a motor protein
makes a backward step. By integrating over the differential equations Eq. 6.2–6.4, we
can find expressions for the number of particles in each part of the system,

NF =
∫ L

0
f (z)dz = 1

kF B
(2πr LuBF b − Jss ) ,

NM =
∫ R

r
m(s)2πs ds = 1

kMB

(
π

(
R2 − r 2)uB M b + Jss

)
,

NB =
∫ L

0

∫ R

r
b2πs ds dz =π(

R2 − r 2)Lb,

Ntot = NF +NM +NB . (6.47)

Using these definitions, we find the power per particle to equal

Pexact =
DF

(
f (L)− f (0)

)+ vF NF

Ntot
FF + Jss

Ntot
∆FF MB . (6.48)

This solution is exact, but only valid when the diffusion constant in the bulk is very large,
DB →∞.

In Sec. 6.3, we showed that lowing the bulk diffusion constant slightly improves the
quality of polarisation, but we also expect that it improves its efficiency. Particles that
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are transported along the filament and fall off before they reach the membrane instantly
diffuse away when DB → ∞. Hence, the free energy that is dissipated in transporting
these particles is wasted as soon as they fall off the filament. However, a lower bulk dif-
fusion constant allows the particles to rebind to the filament, reducing the number of
wastefully transported particles. For the parameter values listed in Table 6.1, we predict
that the power of active transport equals 2.61kBT/s for DB → ∞, and we find a power
of 2.6kBT/s in simulations with DB = 60µm2 s−1 and a power of 2.4kBT/s in simulations
with DB = 10µm2 s−1. Hence, simulations show that lowering the bulk diffusion con-
stant can indeed improve the efficiency of active transport by increasing the quality of
polarisation and decreasing wasteful free-energy dissipation.

6.5. DRIVEN BINDING KINETICS IS MORE EFFICIENT THAN MO-
TOR TRANSPORT

Using the results of Sec. 6.4, we can quantify both the dissipated power by the motor
proteins and by the binding kinetics of the cargo proteins. Furthermore, we showed in
Sec. 6.1 that the quality of the polarised protein distribution on the membrane can be
quantified by µ

(
ρ
)
, which compares the protein density in the centre of the membrane

spot to the density on the periphery of the membrane. Starting from the biologically
relevant set of parameter values listed in Table 6.1, we investigate how varying some
parameters influences the membrane spot.

First, we vary the drift velocity on the filament vF between 0 and 1µms−1, and calcu-
late both the dissipated power Pexact (see Eq. 6.48) and the quality of the membrane spot
µ
(
ρ
)

for each value of vF . The results of the exact solutions are plotted in Fig. 6.10 (dark
blue line) together with the values obtained in simulations with DB = 60µm2 s−1 (dark
blue dots). We see that the membrane spot becomes more pronounced if we increase
vF , but that the dissipation per particle also increases strongly. Combined, the quality of
the membrane spot appears to increase with the dissipated power as a power law when
it is only driven by active transport.

Instead of increasing the drift velocity, the system may also break detailed balance
in the binding cycle filament-membrane-bulk-filament, lowering the value of the non-
dimensional parameter δ < 1. In Sec. 6.2, we noted that the rate to bind from the fila-
ment to the membrane uF M may be different from the rate to bind from the bulk to the
membrane uB M . For example, the motor proteins that transport the particles on the fil-
ament may also provide a mechanism to deliver them to the membrane. Furthermore,
the chemical state of the proteins may be different when they are on the filament, for
example by strongly favouring the binding of (de)phosphorylated particles to the motor
proteins, or by packing the proteins on a vesicle before transport. Hence, we vary the
rate uF M while maintaining the driving velocity vF = 0.5µms−1, and calculate both µ

(
ρ
)

and Pexact. Fig. 6.10 (light blue line and dots) shows that increasing uF M improves the
quality of the polarised spot, but it does not cost more free energy. In fact, the power per
particle caused by the binding cycle Pexact,F MB becomes non-zero and remains small,
but increasing uF M also reduces the time that particles spend on the filament, which
reduces the probability that a particle unbinds from the filament to the bulk and wastes
the free energy that was spent in transporting it. Hence, the power per particle caused by



557624-L-bw-Wierenga557624-L-bw-Wierenga557624-L-bw-Wierenga557624-L-bw-Wierenga
Processed on: 29-3-2021Processed on: 29-3-2021Processed on: 29-3-2021Processed on: 29-3-2021 PDF page: 192PDF page: 192PDF page: 192PDF page: 192

6

182 6. ENERGETIC CONSTRAINTS ON FILAMENT MEDIATED MEMBRANE POLARISATION

0 2 4 6 8
0

20

40

60

dissipated power per particle (kBT/s)

q
u
al
it
y
of

p
ol
ar
is
at
io
n
µ
(ρ
)

vary vF
vary uFM

vary uBF (1)

vary uBF (2)
baseline

Figure 6.10: The quality of polarisation, given by the protein density at the centre of the spot
relative to the equilibrium density on the membrane, µ

(
ρ
)
, as a function of the dissipated power

in the system. The black point corresponds to the biologically relevant parameter values shown
in Table 6.1, providing a baseline from where to change parameters. We vary the drift velocity
on the filament vF between 0 and 1µms−1, where the baseline value is given by vF = 0.5µms−1,
and we keep the binding in equilibrium (dark blue line, power law). We also vary the binding
rate from the filament to the membrane uF M between 7×10−5 µms−1 and 1.5µms−1 (baseline
uF M = 0.01µms−1, light blue vertical line). This binding lowers the highly crowded density at the
front of the filament, improving polarisation while slightly saving on dissipated power. However,
increasing uF M past vF does not influence the polarisation. Hence, we keep the optimal value
uF M = 0.5µms−1 and increase the power dissipated through binding by increasing the rate to bind
to the filament uBF from the baseline value 100µms−1 to 425µms−1 (yellow exponential line, 1),
or set vF = 0 and vary uBF between 100µms−1 and 5250µms−1 (red vertical line, 2). All theoret-
ical curves are compared to simulations with a bulk diffusion constant DB = 60µm2 s−1 (points),
confirming the agreement with the assumption DB →∞. We see that the quality of the membrane
polarisation can be improved much more efficiently by dissipating power in the binding cycle than
by transporting the proteins on the filament.
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Figure 6.11: The quality of polarisation as a function of the rate to move from the filament to the
membrane, uF M . All other parameter values are listed in Table 6.1. Increasing uF M to a value
larger than vF = 0.5µms−1 has no influence on the high density spot on the membrane, only re-
ducing the crowding at the end of the filament.

transport on the filament Pexact,F decreases more strongly than Pexact,F increases when
we increase uF M , leading to a lower overall power consumption.

The boundary condition Eq. 6.6 indicates that the derivative of f (z) at z = 0, the den-
sity on the filament near the membrane, becomes less negative or even positive when
uF M increases. Faster transmission of the particles from the filament to the membrane
lowers the high density peak on the filament, which is the spike at z = 0 in Fig. 6.7. How-
ever, if uF M becomes much larger than vF , the density f (0) becomes zero, and the flux
to the membrane becomes limited by the speed at which new particles are transported
by the motor proteins. Fig. 6.11 shows that the quality of membrane polarisation µ

(
ρ
)

reaches an asymptote before reaching a value of uF M ≈ vF . Even though increasing uF M

increases polarisation at almost no cost, it is only beneficial as long as uF M < vF .
To further investigate if increasing the dissipation in the binding cycle is efficient,

we choose to vary the rate to bind from the bulk to the filament, uBF . In Sec. 6.2, we
showed that there is some freedom in choosing this rate. We increase the rate from uBF =
100µms−1 to 350µms−1, while setting uF M = vF = 0.5µms−1. As shown in Fig. 6.10 (yel-
low line, 1), the quality of polarisation µ

(
ρ
)

increases exponentially with the power dis-
sipated, which is more efficient than simply increasing the drift velocity on the filament.
The dissipation mainly increases because the number of particles on the filament in-
creases with uBF , and this leads to a larger dissipation by the motor proteins.

To see if a non-equilibrium binding cycle can cause a polarised distribution of par-
ticles on the membrane, we also vary uBF while keeping vF = 0. Fig. 6.10 (red line, 2)
shows the model does show a strong polarisation when only the binding cycle breaks
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detailed balance, and that the free-energy dissipation is orders of magnitude lower than
with a finite drift velocity. For uBF = 4300µms−1 and vF = 0, we find µ

(
ρ
) = 60 and

Pexact = 0.02kBT/s, whereas for uBF = 350µms−1 and vF = 0.5µms−1, we find the same
polarisation µ

(
ρ
) = 60 but with a dissipated power of Pexact = 7.8kBT/s. Hence, by driv-

ing the binding cycle out of equilibrium, via e.g. a phosphorylation-dephosphorylation
cycle as in the Pom1/Tea1/Tea4 system, the cell can make the binding from the filament
to the membrane more likely without increasing the backward rate from the membrane
to the filament. This process is probably highly efficient in terms of its free-energy con-
sumption.

6.6. DISCUSSION

Cytoskeletal filaments are often organised in non-homogeneous structures within the
cell. For example, the mitotic spindle is a structure in which microtubules point radially
outward from two microtubule organising centres. Together with the intrinsically po-
larised structure of the filaments, the cell can use its cytoskeleton to provide directional
transport of other particles and break the symmetry of the distribution of particles. Fis-
sion yeast makes use of microtubule based transport of Tea1 and Tea4 to polarise the
distribution of Pom1 on its membrane [19], and budding yeast transports vesicles with
membrane-bound Cdc42 along actin cables, leading to a polarised distribution of Cdc42
on the outer membrane [20, 166]. Hence, if the filaments point towards the membrane
and the transported cargoes bind to the membrane, transport by motor proteins along
filaments offers a mechanism to polarise a distribution of proteins on the membrane of
the cell. Using a minimal model, we showed that transport along a filament can create
a polarised steady state distribution on the membrane, and that the motor proteins dis-
sipate a reasonable amount of chemical free energy to maintain this non-equilibrium
state. Using biologically relevant parameter values, the protein concentration on the
membrane can increase by a factor 12 compared to the equilibrium density on the mem-
brane, forming a high density spot close to the filament while the cell dissipates on aver-
age 2.6kBT/s of chemical free energy per particle. In comparison, the hydrolysis of a sin-
gle ATP molecule releases roughly 18kBT [179], so a motor protein moving at 0.5µms−1

that hydrolyses one ATP molecule per 8 nm step dissipates more than 1000kBT/s. Hence,
a polarised distribution of filament orientations that is used for directed transport can
be sufficient to create a polarised distribution of cargo proteins on the membrane.

The model also includes a second mechanism to break detailed balance besides ac-
tive transport. The particles transition reversibly between the bulk (cytosol) and fil-
ament, between the filament and membrane, and between the membrane and bulk.
Those reactions can break detailed balance by modifying the particles as they pass through
the loop. For example, Pom1 is dephosphorylated before it binds to the membrane
in fission yeast, but its autophosphorylation then increases its dissociation rate from
the membrane [19, 20]. Furthermore, Cdc42 switches between GDP and GTP bound
states, binding to the membrane as Cdc42-GDP and unbinding after Cdc24 and Bem1
exchanges the bound nucleotide for GTP [166]. The model shows that such a non-equilibrium
binding cycle would dissipate around 7×10−3 kBT/s per particle to generate the same
level of polarisation (µ

(
ρ
)= 12) as active transport, which dissipates 2.6kBT/s per parti-
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cle. Even though a driven binding cycle can thus dissipate orders of magnitude less free-
energy than active transport along the filament to create the same membrane spot, the
absolute dissipation of active transport could still be low compared to other cellular pro-
cesses such as protein translation, and therefore evade evolutionary selection pressure.
Previously, it was estimated that budding yeast experiences selection pressure against
genes that require more than 1×104 molecules of ATP per cell cycle [180]. We can make
an estimate of the energy costs of cell polarisation via transport alone by assuming that
the polarisation machinery is active for 30 min per cell cycle, which is a quarter of the
minimal duration of the cell cycle of yeast [180]. Furthermore, we assume that 1000
copies of the polarising protein are involved, similar to the copy number of Cdc42 in
budding yeast [181], and that ATP hydrolysis releases 18kBT [179]. Then, the power pre-
dicted by our model in the biologically relevant regime (2.6kBT/s) leads to the estimate
that active transport would hydrolyse around 2.6×105 molecules of ATP per cell cycle
to create cell polarisation. Hence, ignoring other fitness effects of the different polari-
sation mechanisms, the energetic requirements alone can be sufficient to stimulate the
formation of a driven binding cycle.

In fact, our work provides a new perspective on the design logic of these systems. In
particular, experiments indicate that Pom1 itself is not actively transported along the mi-
crotubule filaments [19, 20]. Instead, the filaments only mark the location where Pom1
is delivered to the membrane by transporting Tea4 to the microtubule tip, specifying the
position where the phosphatase Dis2 becomes active in dephosphosphorylating Pom1,
allowing Pom1 to bind to the membrane [19, 20]. The filaments could in principle also be
used to actively transport Pom1, but our work suggests that this would only marginally
enhance polarisation while it would significantly increase energy dissipation. When ac-
tive transport of the polarising protein does occur, this transport may be sufficient to
create a polarised protein density on the membrane, but it is still more efficient to im-
plement an additional driven binding cycle, which is the case for the Cdc42 system in
budding yeast.

A non-equilibrium binding cycle is more efficient because the particles only dissi-
pate free-energy when they participate in the flux that moves from the filament to the
membrane, and it is this flux that causes the spot on the membrane. In contrast, the mo-
tor proteins drive proteins along the entire filament, and many unbind from the filament
before they reach the membrane. These cycles waste the free energy that was invested
by the motor proteins, because the high diffusion constant in the bulk almost immedi-
ately homogenises the protein distribution in the bulk again. However, the binding cycle
will likely also lead to the wasteful release of chemical free energy that is not captured
by our model. For example, a phosphorylation cycle will typically include erroneous de-
phosphorylation steps, dissipating the free energy obtained from hydrolysing an NTP
molecule. Integrating such wasteful processes in the minimal model presented here, it
is likely that breaking detailed balance in the cycle of binding reactions also leads to a
significant free-energy cost. In addition, simulations show that the transport along fil-
aments is less wasteful when the finite magnitude of the diffusion constant in the bulk
is taken into account, bringing the efficiencies of transport and binding closer together.
Nonetheless, it is fundamentally difficult to create a membrane spot when binding is in
equilibrium, because detailed balance causes the binding rate from the bulk to the mem-
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brane to be large when the binding rate from the filament to the membrane is large. This
increased binding rate from the bulk leads to a large homogeneous equilibrium con-
centration of proteins on the membrane, lowering the relative effect of the proteins de-
posited by the filament. Furthermore, we saw in Fig. 6.7 that transport generates a high
density spot on the membrane via a direct reversible interchange of particles between
this membrane spot and a strongly compressed density of particles on the tip of the fil-
ament. When exclusion effects between the proteins on the filament are taken into ac-
count, it may not be possible to create such a high density concentration on the tip of the
filament [182, 183], preventing the formation of a membrane spot. In Sec. 6.5, we show
that increasing the rate to bind from the filament to the membrane reduces the protein
density at the front of the filament, but then an active binding cycle is required to still
create a significant spot on the membrane. Hence, it is theoretically possible to create a
polarised distribution of proteins on the membrane by active transport alone, but both
in cells or in synthetic systems, membrane polarisation would likely be superior using a
dissipative mechanism that biases the binding from the filament to the membrane.
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Filament radius r 0.0125µm
Container radius R 10.0125µm
Filament length L 10µm
Diffusion constant on filament DF 0.004µm2 s−1

Driving velocity on filament vF 0.5µms−1

Diffusion constant on membrane DM 5µm2 s−1

Diffusion constant in bulk DB 60µm2 s−1

Binding rate to the filament uBF 100µms−1

Unbinding rate from filament kF B 0.5 s−1

Binding rate to membrane uB M 0.01µms−1

Unbinding rate from membrane kMB 0.1 s−1

Rate of deposit on the membrane uF M 0.01µms−1

Reverse rate from the membrane uMF 20µms−1

Table 6.1: Model parameters and values, as derived in Sec. 6.2. For most parameters, we found
a biologically relevant value in the literature, while for uBF we chose a value that allows for the
formation of a pronounced membrane spot, and uMF is set by detailed balance.

Filament radius ρ 1.8×10−3

Container radius P 1.4
Filament lengthΛ 112
Drift velocity α 11
Filament-membrane transition rate β 0.22
Membrane-filament transition rate γ 28
Binding driven factor δ 1

Table 6.2: The values of the dimensionless parameters, defined in Eq. 6.10, given by the values
listed in Table 6.1.

APPENDIX

6.A. INTEGRATION CONSTANTS OF ANALYTICAL SOLUTIONS

In the Eq. 6.12 and Eq. 6.13, we found two ordinary differential equations for the non-
dimensionalised protein densities on the filament and on the membrane. These equa-
tions are valid in steady state, and when the diffusion constant in the bulk DB is very
large, such that there are no density fluctuations in the bulk. The solutions for the di-
mensionless density on the filament ϕ(λ) and the dimensionless density on the mem-
brane µ(σ) are given in Eq. 6.18 and Eq. 6.19, respectively. These solutions involve the
integration constants C1, C2, C3, and C4, which are determined by the four boundary
conditions Eqs. 6.14–6.17. The boundary conditions provide a set of linear equations on
the integration constants, which can be solved by standard linear algebra. Using that the
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Longitudinal reaction length llong 5×10−3 µm
Radial reaction length lrad 5×10−3 µm
Time step δt 1×10−6 s

Table 6.3: The parameter values used for the simulations of a system with a finite bulk diffusion
constant. The reaction lengths were chosen such that they are (much) smaller than all length
scales in the system, but large enough that a diffusing particle with diffusion constant DB that
comes close to the membrane has a significant probability to be within a reaction volume during a
time step δt . The time step was chosen such that all reaction rates lead to a small (<1%) probability
of performing a reaction each time step.

modified Bessel functions obey the relations

∂σI0 (σ) = I1 (σ) , (6.49)

∂σK0 (σ) =−K1 (σ) , (6.50)

we find the following integration constants,

C1 = 1

N

{(
I1 (P)K1

(
ρ
)−K1 (P) I1

(
ρ
))

·
[
α

(√
4+α2 +α

)(
1−exp

[
Λ

2

(√
4+α2 −α

)])
+β (1−δ)

(√
4+α2 +α

)
exp

[
Λ

2

(√
4+α2 −α

)]
−2αβ

]
+αγ(

I1 (P)K0
(
ρ
)+K1 (P) I0

(
ρ
))

·
(√

4+α2 +α
)(

1−exp

[
Λ

2

(√
4+α2 −α

)])}
, (6.51)

C2 = 1

N

{(
I1 (P)K1

(
ρ
)−K1 (P) I1

(
ρ
))

·
[
α

(√
4+α2 −α

)(
1−exp
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2
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4+α2 +α
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)
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[
−Λ

2
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)]
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]
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(
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(
ρ
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·
(√
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)(

1−exp
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−Λ

2
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, (6.52)
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C3 = γ I1 (P)

δN
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)
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√
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}
, (6.53)

C4 = γK1 (P)

δN

{
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. (6.54)

To prevent repetition, we have defined the denominator N ,

N = (
I1 (P)K1

(
ρ
)−K1 (P) I1

(
ρ
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. (6.55)

Using these definitions and Eq. 6.18 and Eq. 6.19, we now have a full analytical solution
for the protein densities on the filament and the membrane.

6.B. REFLECTING BOUNDARY ALGORITHMS

The Monte Carlo algorithm that simulates the diffusion of the particle in each of the sys-
tem parts makes a finite spatial step every time step. If the particle is at the longitudinal
position z0 in the bulk or on the filament, then the algorithm proposes a new position z ′

1
by taking a step δz,

z ′
1 = z0 +δz, (6.56)
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where the difference is drawn from a normal distribution, δz ∼ N
(
0,
p

2Dδt
)

and D is

the appropriate diffusion constant. If this proposed position z ′
1 is outside the container,

it is reflected back in the boundary. Assuming that L À p
2Dδt , such that a particle is

never reflected twice, we can summarise the diffusive algorithm by

z1 = z ′
1 if 0 ≤ z ′

1 ≤ L, (6.57)

z1 =−z ′
1 if z ′

1 < 0, (6.58)

z1 = 2L− z ′
1 if z ′

1 > L. (6.59)

These reflections are reversible. For example, a particle that is close to z = 0 can move
from z0 > 0 to z1 > 0 directly, or it can move to z ′

1 = −z1 after which it is reflected to

z1. If we denote the probability density function of N
(
0,
p

2Dδt
)

by n(z), then the total

probability density for the transition equals

p(z0 → z1) = n(z1 − z0)+n
(
z ′

1 − z0
)= n(z0 − z1)+n

(
z ′

0 − z1
)= p(z1 → z0) , (6.60)

where we used that z ′
1 = −z1 and z ′

0 = −z0. Since the probability density function of
the normal distribution only depends on the traversed distance and not on the direc-
tion (sign) of the step, and because reflections preserve distance, the reflective algorithm
obeys detailed balance.

When the particle is in the bulk or on the membrane, it makes two dimensional dif-
fusive steps in the x − y plane, where the radial coordinate s =

√
x2 + y2. Starting from

a position s0, a new position s ′1 = s0 +δs is proposed, where both Cartesian coordinates
of the difference vector δs are drawn from a normal distribution with standard devia-
tion

p
2Dδt . The proposed position can be inside the inner circle that represents the

filament,
∥∥s ′1

∥∥ < r , or outside the outer circle that borders the container,
∥∥s ′1

∥∥ > R. As
shown in Fig. 6.12, a path that crosses the outer circle is reflected in tangent line to the
circle. To find the reflection point p , we define points along the line s0—s ′1 as

l (λ) = s0 +λ
(
s ′1 − s0

)
, (6.61)

where s0 = l (0) and s ′1 = l (1). Then, p is the point where this line intersects the outer
circle, providing the quadratic equation

‖l (λ)‖2 = R2. (6.62)

Then, the reflection point is given by the positive root of this equation, p = l (λ+), with

λ+ = 1∥∥s ′1 − s0
∥∥2

[√(
s0 ·

(
s ′1 − s0

))2 + (
R2 −‖s0‖2

)∥∥s ′1 − s0
∥∥2 − s0 ·

(
s ′1 − s0

)]
. (6.63)

Knowing p , we define the unit vector p̂ = p/R. The proposed point s ′1 is reflected by
moving it in the direction of p̂ ,

r ′′
1 = r ′

1 −2
[

p̂ · r ′
1 −R

]
p̂ . (6.64)

As shown in Fig. 6.12, it is not guaranteed that
∥∥r ′′

1

∥∥≤ R, so the algorithm checks whether
the newly proposed point is inside the container, and if not it repeats the previous steps
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s0

s′1

s′′1

s1

s′0

s′′0

p

p′

s2 s′3

s3

s′2

q

Figure 6.12: Starting from a position s0, the diffusion algorithm can propose a new point s′1 out-
side of the container. To bring the proposed point back into the outer circle, we find the point
p where the line s0—s′1 intersects the outer circle, and reflect s′1 in the line tangent to the circle
through p . The resulting point, s′′1 , still lies outside the circle in this example, so we repeat the
procedure, reflecting s′′1 in the tangent line through p ′, giving s1. Starting from s1, taking the pro-
posed point s′0 leads to the exact reverse of the first path. Similarly, we can start from a position s2
and propose a point s′3 that lies inside the inner circle. Again, we find the intersection point q and
reflect the point in the tangent line through q to find s3. The reverse transition from s3 to s2 occurs
when we propose a point s′2 that is outside of the inner circle, showing that we have to reflect any
line that passes through the inner circle to guarantee reversibility of all paths.
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replacing the old point r0 with p and replacing the proposed point r ′
1 with r ′′

1 . The algo-
rithm ends when the proposed point is inside the container, setting r1.

Fig. 6.12 shows that we perform similar reflections in the inner circle with radius r
that represents the filament. Starting from an initial position s2 inside the container, a
proposed point s ′3 can be inside the filament. Furthermore, the line s2—s ′3 can cross
the inner circle even when the proposed point is outside the filament. In both cases, we
reflect the line in the first point that crosses the inner circle. Defining the reflection point
q as the first intersection point between the inner circle and the line

l (λ) = s2 +λ
(
s ′3 − s2

)
, (6.65)

the reflection point follows from the smallest solution of the quadratic equation

‖l (λ)‖2 = r 2. (6.66)

To test whether a reflection is necessary, we first check if
∥∥s ′3 − s2

∥∥ > ‖s2‖− r . If that
is not the case, then the line s2—s ′3 is not long enough to reach the circle. If this test
is positive, we calculate the discriminant of the second order polynomial in λ given by
Eq. 6.66. If the discriminant is negative or zero, then the extended line through s2 and s ′3
never crosses the inner circle or only touches it in one point, respectively. In either case,
no reflection is necessary. If a reflection is still possible at that point, we calculate the
smallest root of Eq. 6.66,

λ− = 1∥∥s ′3 − s2
∥∥2

[
−

√(
s2 ·

(
s ′3 − s2

))2 − (‖s2‖2 − r 2
)∥∥s ′3 − s2

∥∥2 − s2 ·
(
s ′3 − s2

)]
. (6.67)

Finally, we test if λ− < 0 or if λ− ≥ 1, which together with the assumption that ‖s2‖ ≥ r
implies that the line s2—s ′3 never crosses the circle. If 0 ≤ λ− < 1, we know that the line
has crossed the circle, and we perform a reflection in the point q = l (λ−). Defining the
unit vector q̂ = q/r , the reflected point is located at

s3 = s ′3 +2
[
r − q̂ · s ′3

]
q̂ . (6.68)

This reflection is guaranteed to lie outside of the inner circle, completing our diffusive
algorithm.
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SUMMARY

In chapter 1, we summarise some of the key concepts from thermodynamics and statis-
tical physics that are used in this thesis. Starting from the Boltzmann distribution, we de-
scribe the local detailed balance relation that is used to connect free-energy differences
to the dynamics of discrete Markovian systems, even when the systems are not in equi-
librium. This description is then extended to continuous Markovian systems, by viewing
the continuous system as a limiting case of having many small discrete states that are
connected smoothly. These continuous systems are described by Fokker-Planck equa-
tions, and the local detailed balance relation is transformed into the Einstein relation
which connects the dynamics of the system to the forces acting on it. Finally, we focus
on the opposite direction where a continuous system shows discrete behaviour. This oc-
curs when the continuous dynamics leads to a discrete number of attractor regions that
are separated by free-energy barriers. To find the Markovian dynamics in this reduced
discrete system, we apply Kramers theory, which attempts to find transition rates from
the underlying diffusive dynamics and the free-energy profile.

Then, we apply these techniques to a biologically motivated problem in chapter 2.
Here, we investigate a model system that was previously successful in explaining the en-
tropic force generation when two microtubules are connected by diffusible cross-linking
proteins called Ase1. It was observed in simulations and in experiments that the fric-
tion between the microtubules scales exponentially with the number of cross-linkers,
but an explanation of this phenomenon remained lacking. We show that the nonlin-
ear scaling of the friction coefficient is caused by having a lattice of binding sites on the
microtubules, together with the relatively high stiffness of the cross-linkers with respect
to the lattice constant. These properties lead to a lattice of optimal positions for the
microtubules that are 8 nm apart, with free-energy barriers separating these basins of
attraction. The friction between the microtubules is caused by the height of the free-
energy barriers, and we show that these barriers grow linearly with the number of cross-
linkers. Furthermore, we observe that when the density of cross-linkers becomes higher,
the height of the barrier scales even faster with the number of cross-linkers. This super-
exponential increase of the friction can have implications in the non-equilibrium net-
works of microtubules that occur in the mitotic spindle, since motor proteins can drive
microtubule overlaps to decrease, thereby increasing the densities of cross-linkers. Fur-
thermore, the model can also be applied to other cytoskeletal systems such as the actin
cytokinetic ring.

While the previous chapter predicts how the the friction coefficient scales, chapter
3 looks at the absolute value of this friction coefficient. Since the friction coefficient
follows directly from the rate at which the microtubule jumps in equilibrium, we apply
Kramers theory to estimate the prefactor of this jump rate. First, we estimate the ef-
fective diffusion constant at the peak of the barrier, and confirm the expression using
simulations. Even though the free-energy profile and the reaction coordinate are well
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established, and the diffusion constant is also predicted relatively well, Kramers theory
does not predict the prefactor over the full range of cross-linker numbers and overlap
lengths. The predicted prefactor works well for low densities, and does generally give
the right order of magnitude as compared to the simulation results, but it predicts the
prefactor to scale exponentially with the density of cross-linkers while the simulations
actually show a decreasing prefactor. By examining all assumptions of Kramers theory
one at a time, we reach the conclusion that the errors of Kramers theory are caused by
the breakdown of the validity of the Fokker-Planck equation during the small time scales
in which barrier crossings occur.

Chapter 4 uses the friction model established in the previous chapters to investi-
gate how two partially overlapping microtubules move when subject to either entropic
or condensation forces. It was previously established that when the cross-linkers cannot
bind or unbind, such that their number remains constant, the overlap length grows due
to the increase of entropy when diffusing cross-linkers can explore a larger overlap. From
the expressions of the entropic force and the friction coefficient, we predict the overlap
length to grow with the square root of time, which is also observed in simulations. When
binding and unbinding are allowed, the overlap also expands due to the condensation
force that is driven by the binding affinity of the cross-linkers for the overlap between
the microtubules. Here, we expect the overlap to scale logarithmically in time, but sim-
ulations show that the overlap expansion can be fast initially and then stall much more
rapidly. We show that this behaviour is explained by the slow (un)binding rates of the
cross-linkers, which fail to equilibrate within the small overlap when it is moving fast.
Then, we also discuss the effects that cooperative binding and multiple protofilaments
have on the balance of forces.

In chapter 5, we look at another system in which condensation and friction forces
interact in a new way. Using an engineered cross-linking protein called TipAct, which
has affinity for microtubule tip regions and for actin filaments, in vitro experiments
show that growing microtubules can transport actin filaments. The binding of the cross-
linking TipAct proteins simultaneously causes a condensation force and a counteracting
friction force. We show that in this case, because of a low effective spring constant, the
friction between the two filaments scales linearly with the number of cross-linkers. In
experiments, the transport events end in one of three ways: the actin filament can un-
bind from the tip of the microtubule, the microtubule can have a catastrophe event, or
the actin filament can fall behind the tip region and diffuse on the microtubule lattice
due to a low affinity of TipAct for the microtubule lattice. We create a theoretical de-
scription for these three events, where the unbinding rate decreases exponentially with
the overlap length, the catastrophes occur at a fixed rate, and the actin falling behind
the microtubule tip region is a barrier crossing event which occurs more often for longer
actin filaments and for faster growing microtubules. Using Kramers theory to estimate
the time until the barrier crossings, we can compare our theoretical predictions directly
to experiments, confirming that our proposed mechanism can quantitatively explain the
transport of actin filaments by growing microtubules.

Finally, we study a different cytoskeletal system where thermodynamics plays a strong
role in chapter 6. Cell polarisation is a necessary condition for the correct biological
functioning and reproduction of many cells, and it remains an interesting question how
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cell polarisation can be established. One mechanism by which a protein concentration
can be polarised makes use of cytoskeletal filaments, which are intrinsically polarised fil-
aments and can be used as tracks for motor proteins to transport other proteins to their
plus ends. Assuming that the cell manages to polarise the distribution of cytoskeletal
filaments to point them towards a point on the cell membrane where a specific protein
needs to be concentrated, we ask whether the transport of the proteins is enough to cre-
ate a polarising spot. Using a minimal model of a single microtubule in a cylinder with
a membrane on one side, we use Fokker-Planck equations to describe the polarisation
of a protein concentration on the cell membrane. We show that polarisation is possible,
but has very significant energetic costs when it is only driven by motor proteins. How-
ever, when the proteins themselves undergo a chemical modification that biases their
binding to the microtubule or their unbinding from the membrane, polarisation is en-
hanced at a much lower energetic cost. The change in dissipation of chemical free energy
between transport and non-equilibrium binding may be sufficient to lead to selection
pressures in some organisms, for example providing insight in the design mechanisms
of the Pom1/Tea1/Tea4 system in fission yeast or the Cdc42 system in budding yeast.



557624-L-bw-Wierenga557624-L-bw-Wierenga557624-L-bw-Wierenga557624-L-bw-Wierenga
Processed on: 29-3-2021Processed on: 29-3-2021Processed on: 29-3-2021Processed on: 29-3-2021 PDF page: 220PDF page: 220PDF page: 220PDF page: 220

SAMENVATTING

In hoofdstuk 1 vatten we enkele belangrijke concepten uit de thermodynamica en statis-
tische fysica samen die in dit proefschrift worden gebruikt. Na een afleiding te hebben
gegeven van de Boltzmann-verdeling beschrijven we de lokale evenwichtsconditie. Deze
conditie definiëert vrije-energieverschillen in Markovprocessen in een discrete ruimte,
zelfs wanneer deze Markovketens niet in evenwicht zijn. Daarna breiden we de toe-
pasbaarheid van deze beschrijving uit naar Markovprocessen in een continue ruimte
door deze ruimte te zien als de limiet van discrete punten die op een gladde manier
verbonden zijn. Deze continue Markovprocessen worden beschreven met een Fokker-
Planck vergelijking, en de continue limiet transformeert de lokale evenwichtsconditie
voor discrete systemen tot de zogenaamde Einstein relatie die de dynamica van het sys-
teem verbind met de krachten die erop uitgeoefend worden. Als laatste beschouwen
we een limiet in de andere richting, waarin een continu systeem zich gedraagt als een
verzameling van discrete punten. Dit komt voor wanneer de continue dynamica zich
over eindige tijden beperkt binnen enkele attractorposities die gescheiden worden door
vrije-energiebarrières. Om de Markovdynamica te vinden in dit gereduceerde discrete
systeem passen we de Kramers theorie toe, welke de transitiesnelheden probeert te vin-
den vanuit de onderliggende diffusieve dynamica en het vrije-energieprofiel.

Daarna passen we deze technieken toe op een biologisch gemotiveerd probleem
in hoofdstuk 2. Hier onderzoeken we een modelsysteem dat eerder succesvol was in
het beschrijven van de generatie van entropische krachten wanneer twee microtubuli
verbonden zijn via de diffusieve crosslinkers Ase1. Zowel experimenten als simulaties
lieten zien dat de wrijving tussen de microtubuli exponentieel schaalt met het aantal
crosslinkers, maar er bestond geen verklaring voor dit fenomeen. We laten zien dat de
niet-lineaire schaling van de wrijvingscoëfficiënt veroorzaakt wordt door de combinatie
van een rooster van bindingsplaatsen op de microtubuli en de relatief hoge veercon-
stante van de crosslinkers op de schaal van de roostercontante. Deze eigenschappen
leiden tot een rooster van optimale posities voor de microtubuli die 8 nm van elkaar ver-
wijderd zijn, en deze attractorposities worden gescheiden door vrije-energiebarrières.
De wrijving tussen de microtubuli wordt veroorzaakt door de hoogte van deze vrije-
energiebarrières, en we laten zien dat de barrières lineair hoger worden wanneer het
aantal crosslinkers toeneemt. Daarnaast zien we dat de hoogte van de barrière nog snel-
ler schaalt wanneer de dichtheid van crosslinkers hoger wordt. Deze superexponentiële
toename van de wrijving kan implicaties hebben in de niet-evenwichtsnetwerken van
microtubuli die in de spoelfiguur voorkomen, omdat motoreiwitten de overlap tussen
microtubuli daar laten krimpen en zo de dichtheid van de crosslinkers laten toenemen.
Verder kan ons model ook worden toegepast op andere structuren in het cytoskelet, zo-
als de actine-ring die wordt gevormd tijdens cytokinese.

Terwijl het vorige hoofdstuk voorspelt hoe de wrijvingscoëfficiënt schaalt, kijkt hoofd-
stuk 3 naar de absolute waarde van deze wrijvingscoëfficiënt. Omdat de wrijvingsco-
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ëfficiënt direct kan worden berekend vanuit de frequentie waarmee een microtubulus
rondspringt wanneer deze in thermisch evenwicht is, kunnen we Kramers theorie ge-
bruiken om de voorfactor van deze frequentie te berekenen. Eerst schatten we de diffu-
sieconstante op de piek van de barrière af en bevestigen we de functionele afhankelijk-
heid van deze diffusieconstante met behulp van computersimulaties. Terwijl het vrije-
energieprofiel en de reactiecoördinaat vastliggen en ook de effectieve diffusieconstante
bij benadering goed wordt beschreven, komt de voorspelling door Kramers theorie niet
overeen met de gevonden sprongfrequenties over het hele domein van crosslinkeraan-
tallen en overlaplengtes. Voor lage dichtheden van crosslinkers komt de voorfactor van
de sprongfrequentie goed overeen met de voorspelde absolute waarde, maar voor hoge
crosslinkerdichtheden groeit de voorspelde voorfactor exponentieel terwijl de simulaties
een lichte daling laten zien. Door achtereenvolgens alle aannames in Kramers theorie te
doorlopen en uit te sluiten concluderen we dat de fouten in de voorspelde waardes wor-
den veroorzaakt door het falen van de toepasbaarheid van de Fokker-Planck vergelijking
op de kleine tijdschalen waarbinnen de barrièretransities plaatsvinden.

In hoofdstuk 4 gebruiken we het wrijvingsmodel dat we in de voorgaande hoofdstuk-
ken hebben bestudeerd om te onderzoeken hoe twee deels overlappende microtubuli
ten opzichte van elkaar bewegen wanneer ze onderhevig zijn aan entropische- of con-
densatiekrachten. Eerder onderzoek stelde vast dat wanneer de crosslinkers niet kun-
nen binden of ontbinden, zodat het aantal crosslinkers vastligt, de overlaplengte tussen
de microtubuli uitdijt door een toename van de entropie van de crosslinkers die een
grotere overlap kunnen verkennen. Met behulp van de uitdrukkingen voor de entropi-
sche kracht en de wrijvingscoëfficiënt voorspellen we dat de overlaplengte groeit met
de vierkantswortel van de tijd, wat wordt bevestigd in simulaties. Wanneer het binden
en ontbinden van crosslinkers is toegestaan dijt de overlap uit onder invloed van een
condensatiekracht die voortkomt uit de bindingsaffiniteit van de crosslinkers voor de
overlap tussen de microtubuli. Hier verwachten we dat de overlap logaritmisch groeit
met de tijd, maar simulaties laten zien dat de overlaplengte soms initieel snel uitdijt
en dan abrupt stil komt te staan. We laten zien dat dit wordt veroorzaakt door de lage
(ont)bindingssnelheden van de crosslinkers, die de snelle expansie van de korte overlap-
pen niet bij kunnen benen en daardoor niet in evenwicht komen. Ten slotte bespreken
we ook de effecten die coöperatieve interacties en meerdere protofilamenten hebben op
de krachtenbalans tussen microtubuli.

In hoofdstuk 5 beschouwen we een ander systeem waarin condensatiekrachten en
wrijvingskrachten op een nieuwe manier wisselwerken. Gebruikmakend van het artifi-
ciële crosslinkeiwit TipAct dat een affiniteit heeft voor zowel het uiteinde van microtu-
buli als voor actinefilamenten, laten in vitro experimenten zien dat groeiende microtu-
buli actinefilamenten kunnen transporteren. De binding van de crosslinkende TipAct-
eiwitten creëert tegelijkertijd een condensatiekracht en een tegenwerkende wrijvings-
kracht op de actinefilamenten. We laten zien dat, beïnvloed door de lage veerconstante
van de crosslinkers, de wrijvingsconstante tussen de filamenten lineair schaalt met het
aantal crosslinkers. Experimenten tonen dat het transport van de actinefilamenten op
drie manieren eindigt: de filamenten ontbinden van het uiteinde van de microtubulus,
de microtubulus ondergaat een catastrofe, of het actinefilament raakt achter op het groei-
ende uiteinde van de microtubulus en diffundeert langs het rooster van de microtubulus
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door de lage bindingsaffiniteit van het actinefilament voor dit rooster. In dit hoofdstuk
vormen we een theoretische beschrijving voor elk van deze drie processen, waarin de
ontbindingsssnelheid exponentieel afneemt met de overlaplengte, de catastrofes met
een vaste frequentie plaatsvinden, en het achterblijven van de actinefilamenten wordt
beschreven als een oversteken van een vrije-energiebarrière, wat vaker voorkomt voor
langere actinefilamenten en voor sneller groeiende microtubuli. Met Kramers theorie
kunnen we de gemiddelde tijd berekenen tot de volgende sprong over de barrière, en we
vergelijken onze voorspellingen direct met de experimenten. Deze vergelijking beves-
tigt dat het door ons voorgestelde mechanisme het transport van actinefilamenten door
groeiende microtubuli goed beschrijft.

Tot slot beschouwen we in hoofdstuk 6 een ander systeem waarin zowel het cytoske-
let als thermodynamica een sterke rol spelen. Celpolarisatie is een voorwaarde voor de
biologische functie en reproductie van veel cellen, en het blijft een interessante vraag
hoe celpolarisatie kan worden bewerkstelligd. Eén mechanisme waarmee een eiwitcon-
centratie kan worden gepolariseerd is via filamenten uit het cytoskelet, welke intrinsiek
gepolariseerd zijn en als spoor kunnen worden gebruikt voor moleculaire motoren om
andere eiwitten te transporteren. Ervan uitgaande dat een cel zijn cytoskelet weet te
organiseren zodat de individuele filamenten naar de plek op het celmembraan geori-
ënteerd staan waar membraaneiwitten geconcentreerd moeten worden, stellen we de
vraag of actief transport van de eiwitten langs een filament voldoende zijn om een gepo-
lariseerde distributie van membraaneiwitten te veroorzaken. Met een minimaal model
van een enkel filament in het centrum van een cilinder met het membraan op de zijkant
gebruiken we een Fokker-Planck vergelijking om de polarisatie van een eiwitconcentra-
tie op het celmembraan te beschrijven. We laten zien dat polarisatie mogelijk is, maar
dat het energetisch kostbaar is wanneer deze alleen door transport langs het filament
wordt gedreven. Echter, wanneer de membraaneiwitten ook zelf een chemische modifi-
catiecyclus ondergaan die het binden naar het filament of het ontbinden van het mem-
braan bevordert kan celpolarisatie worden verwezenlijkt met een veel lager energetische
budget. Het verschil in de dissipatie van chemische vrije energie tussen het transport en
het niet-evenwichtsbinden van eiwitten kan voldoende zijn om tot een selectiedruk te
komen in bepaalde organismen, wat bijvoorbeeld inzicht geeft in de ontwerpprincipes
van het Pom1/Tea1/Tea4 systeem in splijtingsgist of het Cdc42 systeem in biergist.
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