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CHAPTER 1

Introduction

Humankind has been morphing materials to their needs since its first appearance,
and the adoption of different types of materials became a reference measure of our
evolution. While the importance of shape in materials has been vastly harnessed
– e.g. a metal wheel as opposed to a metal knife – the idea that geometry alone
could help surpass the limits of known laws in physics is relatively new. While tra-
ditional materials posses properties depending on their chemical composition and
physical properties, metamaterials exhibit unusual behaviours simply because of
their geometry. The meta prefix, which translate from Greek to beyond, was added
to highlight that these novel materials display properties which are not found
in Nature, and go beyond the material properties of their constituents. The sur-
prising behaviour that metamaterials show was first demonstrated in 1898, when
Jagadis Chunder Bose was able to rotate the polarization plane of microwaves,
by interposing twisted structures between the source and the receiver [1]. From
there, the study of metamaterials grew to revolutionize various fields, from op-
tics to acoustics, from electronics to material science, from solid state physics to
mechanics.

Within the branch of mechanics, the novelty of metamaterials can be under-
stood with a simple yet meaningful experiment, by considering an elastic material
such as a common piece of rubber. As one might know from experience, when
compressing it along a certain direction, it will expand in an orthogonal direction
as shown in Fig. 1.1. While the lateral expansion due to the compression happens
with all isotropic materials we find in Nature, by patterning the same material with
holes, after some initial expansion, the material will shrink transversely instead,
see Fig. 1.2. This qualitatively opposite behaviour produced by the same material
with a different geometry, can be assessed by measuring the Poisson’s ratio, which
quantifies the relation between longitudinal and transversal strain [2]. Traditional
isotropic materials have positive Poisson’s ratio, with typical values of 0.5 for
rubbers, 0.27 for steel and ∼ 0 for cork [3]. On the other hand, materials behaving
like the one presented in Fig. 1.2 exhibit a negative Poisson’s ratio. These novel
mechanical metamaterials are also refered to as auxetic materials.

Following the intuition that inverted honeycomb lattices (Fig. 1.3a) could grant
auxetic behaviour [4, 5], the very first example of auxetic mechanical metamate-
rial was introduced in 1987 [6]. It is a polymer foam, whose internal structure
consisted of unit cells with inward-protruded ribs as shown in Fig. 1.3b. In this
example, the connection between adjacent unit cells, together with the inward-
leaning ligaments, induces a coupling between vertical and side compression.
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CHAPTER 1. INTRODUCTION

Initial Compressed

FIGURE 1.1: Initial and deformed shape for a uniaxial compression of elastomeric material
(Smooth-On Dragon Skin FX-Pro).

Contrarily, when the material is pulled, the unit cells expand isotropically. Since
then, this design has served as inspiration for multiple auxetic metamaterials
both at the macroscale [7–10], and the microscale [11, 12]. While the negative
Poisson’s ratio might be the most evident characteristic of auxetic metamaterials,
this feature - because of the volumetric compaction when uniaxially compressed
- also enhances other mechanical properties such as material hardness, indenta-
tion strength, shear resistance, toughness and energy absorption [13–18]. These
enhanced mechanical properties, together with novel geometrical features such as
synclastic properties [13, 19] (as opposed to traditional anticlastic), allowed these
engineered materials to be deployed in a range of products spanning from high
performance sport equipment to prosthesis [18, 20, 21].

In particular, the auxetic behaviour in some of these materials is achieved
by harnessing nonlinearities which originate from microscopic instabilities [22].
These materials in fact, present relatively slender internal elements which can
buckle, snap or bend when loaded axially [23], see Fig. 1.2 and Fig. 1.3a-c. At
the macroscopic level, the buckling of the internal elements can be detected by
noticing a sharp inflection of the force-deformation response. While these buck-
ling phenomena have previously been avoided since they are associated with
catastrophic failures in structures [24], the discovery of mechanical matematerials
caused an inversion of trend, moving from buckliphobia to buckliphilia, and being
able to leverage and tune instabilities became the key for new exotic materials [25].
In addition, since such instabilities are characterized by sudden large deformations
at relative small load increments, they enable the design of materials with sharp
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1.1. DESIGN OF BUILDING BLOCKS

Initial Compressed

FIGURE 1.2: Initial and deformed shape for a uniaxial compression of mechanical metama-
terial with circular pores (Smooth-On Dragon Skin FX-Pro).

pattern transformations [26–32], allowing for materials with rapid shift in proper-
ties [29, 33, 34], non commuting behaviour [35] and mechanical computation [36,
37].

1.1 Design of building blocks

In contrast to the rich and complex behaviour that these mechanical metamaterials
show, their architecture is remarkably simple, see e.g. the circular pores on a square
array in Fig. 1.2. To be able to achieve novel functionalities in fact, individual
material portions need to be frustration-free, so that they deform cooperatively
exhibiting a collective behaviour. This is often achieved by adopting cellular
designs consisting of repetitions of identical unit cells. While natural cellular
materials such as bones or bamboo have been observed to show great toughness
and strength, these properties are limited to the linear elastic or plastic regimes [7].
The development of novel elastomeric solids, which can stretch up to multiple
times their length, made the exploration of cellular designs within highly nonlinear
regimes an exiting path to follow.

A largely explored research direction has been devoted to understand the
role of the building blocks’ geometry on the exotic behaviour that these material
show. In [30, 33] it was shown that simply varying the pore geometry, see e.g.
Fig 1.3c, can lead to tunable responses in terms of stiffness, critical strain and
Poisson’s ratio. The individual pore size, in relation to the unit cell dimension, can
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FIGURE 1.3: a), Schematic of inverted honeycomb lattice with negative Poisson’s ratio [7].
The structure expand transversely when pulled longitudinally. b, Auxetic foam unit cell
schematic, from [6]. Reprinted with permission from AAAS. c) Uniaxial compression
of metamaterials with different hole shapes. Reprinted from [30], with permission from
Elsevier. d, Biholar unit cell granting monothonic force-deformation curve in uniaxial
compression [40]. e, Square, rhombitrihexagonal, trihexagonal and triangular tilings of cir-
cular holes. Republished with permission of ROYAL SOCIETY OF CHEMISTRY, from [34];
permission conveyed through Copyright Clearance Center, Inc.

be chosen to alter the wavelength of the buckling pattern [33, 38], or modify the
critical strain required to obtain the pattern transformation associated with the
Poisson’s ratio transition from positive to negative [39]. Considering larger and
more articulated elemental building blocks such as biholar unit cells (Fig. 1.3d),
which break one of the symmetries that exists in the identical pore case, allows
for obtaining a monotonic force-deformation curve, removing the sharp buckling
transition these materials usually exhibit. In this case, the removal of one of the
symmetries also strengthens the coupling between horizontal and vertical strain,
enabling to calibrate the vertical snapping behaviour by controlling the horizontal
confinement [29, 40].

Nevertheless, in spite of the large variety of behaviours and mechanical prop-
erties achieved to this date, most of the unit cells are designed via trial and error
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processes, and a clear connection between unit cell geometry and material prop-
erties is not yet established. This created the opportunity for the adaptation of
existing inverse design tools for automated unit cells designs [41–44].

a)

b)

x– x+ y– y+ z– z+

FIGURE 1.4: Heterogeneous mechanical metamaterials. a, Unit cells schematic and three-
dimensional metacube material with smiley face made of 10× 10× 10 unit cells. Reprinted
by permission from Copyright Clearance Center, Inc.: Springer Nature [37], Copyright 2016.
b, Mechanisms metamaterial consisting of door handle, mechanism and latch [45]. Image
courtesy of A. Ion, Carnegie Mellon University.

1.2 From materials to machines

Beyond the geometry of a single unit cell, mechanical behaviour is also influence
by how unit cells are assembled together to form a material. In fact, going beyond
square lattices, the exploration of triangular or trihexagonal tiling patterns of unit
cells containing circular pores, showed the emergence of chiral buckling patterns,
together with a great diversity in achievable mechanical properties in terms of
stiffness, critical load and strain, and Poisson’s ratio [34].

Furthermore, the adoption of identical unit cells to form a homogeneous ar-
chitecture is not the only approach to obtain frustration-free metamaterials. The
choice of heterogeneous metamaterial designs comes at the cost of taking into
account multiple compatibility requirements between unit cells, which demand
for automated design routines. An example is the combinatorial design of textured
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CHAPTER 1. INTRODUCTION

metamaterials, a three-dimensional cubic metamaterial consisting of an ad-hoc
combination of unit cells of three different kinds, see Fig 1.4a [37]. This material
has been inversely designed to display a smiley face on one of his sides, when
compressed with a specific pattern on another side. One could argue that this
material is actually performing some sort of computation, since the smiley face
only appears if the correct compression pattern is applied as input. This example
pushes the capabilities of mechanical metamaterials beyond a bare mechanical re-
sponse, towards complete functionalities. One could imagine completely replacing
the complex combinations of materials and structures making up the mechanisms
of a door handle with a lock, with one material providing the same functionalities
as shown in Fig 1.4b [45]. An updated version of this material, is able to verify
that the correct numerical ’code’ is inserted, before transferring the motion of the
handle to the latch, opening the door [36]. These are just a few examples of how
metamaterials, with the aid of automated design, are blurring the boundaries
between materials and rudimental machines.

1.3 Active building blocks

Despite the design process used to accomplish a functionality, the exotic properties
these material exhibit are fixed: one design has a set of sought properties or func-
tions. What if materials could be made of active building blocks whose features,
going beyond the mere geometrical mass distribution, could affect the material
properties or behaviour altogether? One could imagine a unit cell which changes
shape as a function of time, modifies the interactions with the neighbouring units,
or performs actions, locally altering the system. To do so, each unit would require
elements to sense the environment, actuators to perform actions, and controllers
(or ’brains’) to interface the two. This novel and emerging field, which since
the last couple of years has been referred to as Active or Robotic metamaterials, is
broadening the definition of what is traditionally thought of as a material [46–49].

The use of active units within materials include the potential of locally adding
and extracting energy to the system, this is something that is not possible in
common materials, allowing for the observation of non-Hermitian effects [50, 51].
The implementation of non-reciprocal unit cells (Fig 1.5a), which e.g. behave
differently if a stimulus acts clockwise instead of counterclockwise, is enough
to create a material featuring unidirectional and non-reciprocal amplification of
pulse [49]. The adoption of active elements like gyroscopes, together with their
placement on regular lattices (Fig 1.5b), was shown to allow for the emergence of
topological edge modes, where energy can be propagated only along the edge of
the lattice with high resistance to disorder [52].

These examples endorse how systems which exhibit new properties such as uni-
directional transmission of energy or topological features, can be now engineered
for energy localization and trapping, communication and sensing applications. Yet,
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FIGURE 1.5: Robotic metamaterials. a, Non-reciprocal robotic metamaterial [49]. b, Topo-
logical gyroscopic metamaterial [52]. Images adapted and reproduced with permissions
from the respective publishers.

in these examples unit cells are reactive and respond to external stimuli following
a carefully predefined set of rules. But what should these rules be? How should
the unit behave to get the properties we seek? These are million-dollar questions.

1.4 Research objectives

In the field of mechanical metamaterials, researchers have shown how cellular
design has been vastly harness to produce novel properties emerging across scales.
Specifically, the majority of these peculiar properties are obtained by leveraging
instabilities at the microscale. Because most of the automated design strategies fail
to correctly tune instabilities, or have a cumbersome implementation, the largest
number of designs is still produced via trail and error approaches. Furthermore,
since the challenging numerical description of such instabilities is shared among
different fields, the impact of existing algorithms remained limited to a handful of
applications. As a consequence, the first objective of this thesis is:

Objective 1. Develop a general inverse design algorithms able to deal with disjoint
optimization landscapes.

7
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This objective is primarily addressed by focusing on designing the unit cell geom-
etry (i.e. the unit cell features) such that a targeted global buckling behaviour is
obtained.

Differently, when considering robotic metamaterials, a unit cell feature is also
the relation between sensed inputs and the local response, which grants these
materials surprisingly novel behaviours. As a consequence, the same robotic
metamaterial platform can display a plethora of behaviours, by simply updating
the input-output relation of its units. A natural question to ask is what should
these features be, in order to obtain a certain global behaviour? Can we apply
a similar inverse design strategy to robotic metamaterials, such that they can
improve their behaviour by themselves, by only relying on the information sensed
at the unit scale? This would create a metamaterial with capability of learning.
If this was possible, these metamaterial could dynamically adapt to changing
circumstances while maintaining optimal behaviour. To set a general direction in
answering these questions, we start with the assumption that a measure of the
behaviour we are interested in is available to individual active unit cells. Then,
the second objective of this thesis can formalized as:

Objective 2. Develop and characterize general and minimal learning strategies for a
multi-agent systems.

This objective translates into defining the unit cells inherent dynamic behaviour,
and establish how the learning occurs based on the information sensed by each
unit. In the characterization phase, we are interested in assessing how the learning
capabilities are affected by the environmental changes and the system size, while
also defining its limitations. Nevertheless, within the framework of metamaterials,
such learning strategies require a physical platform where its efficacy can be
tested when facing real-life circumstances. The transition to a physical platform
also highlights that these learning strategies need to be simple enough, such
that they can be potentially embedded in very small physical units with limited
computational power. In order to make an incremental step, we aim at designing
a platform where unit-to-unit interactions are limited to a line configuration. The
next objective can be defined as follows:

Objective 3. Design and develop a robotic metamaterial platform, and its correspond-
ing numerical model, with the aim of assessing different learning strategies under
various real-life circumstances.

This objective entails the definition of a common target which is representative
of the global sought behaviour, which can be sensed independently by the units.
Specifically, the global behaviour envisioned here is the forward locomotion of the
robotic metamaterial, where the units’ behaviours need to adapt to the environ-
mental circumstances in order to sustain the motion.

8



1.5. THESIS OUTLINE

Next, to increase the complexity of the robotic platform to accommodate for
general real-life operating conditions such as e.g. motions in two-dimensional
space, we need to move away from the chain-like configuration towards two-
dimensional assembly of unit cells. This implicates that the robotic metamaterial
can exhibit more articulated behaviours, and create the conditions to test the
learning strategies with novel challenges. The last objective of this thesis can be
formulated as:

Objective 4. Design a simplified, but more general model of a robotic metamaterial
to test more complex objectives and situations.

1.5 Thesis outline

The contributions towards the objectives defined in the previous section, are
conveyed throughout the chapters of this thesis as described here.

In Chapter 2 we developed a general, Monte Carlo-based inverse design algo-
rithm which is able to deal with disjoint optimization problems. While we mostly
look at the design of buckling-based mechanical metamaterials, where we e.g.
tailored buckling properties within a wide range of values, we also tackle a differ-
ent benchmark problem of compliance optimization. Furthermore, by combining
simulation and experiments, we show that with the tuning of higher buckling
modes, we can alter their interaction avoiding unstable and unpredictable material
behaviours. While most of the results are focused on the vertical compression of a
beam-like geometry, we also look at 2D lattices with multiple load cases.

In Chapter 3 we move on to robotic metamaterials, where we design a one-
dimensional material made of independent active units with sensors, actuators
and controllers that do not exchange information. Here, the conceived material
behaviour is the capability of learning locomotion in a predefined direction in spite
of the external circumstances. This is done by implementing Monte Carlo-based
learning strategies on each unit, to adjust the unit’s behaviour depending on the
sensed data from the environment. Supported by both in-real-life and simulated
experiments, we show that one of the two learning strategy is able to make the
system resistant to damage, changes in the environment and rearrangement of
cells.

Next, in Chapter 4 we developed a simulation framework where the robotic
metamaterial’s physical interaction with the environment is simplified to the eval-
uation of some idealized environment functions, so we can efficiently test the
learning strategies without e.g. solving the equation of motion of our system. By
assessing how the learning performances are affected by system size or variation
in the environment, it helps us define the limiting factor of our learning strate-
gies. Specifically, we find that within the settings considered in out simulated
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CHAPTER 1. INTRODUCTION

framework, the rate at which the environment is changing, as perceived by the
individual party, is a crucial aspect for a successful learning process.

Finally, in Chapter 5 we extend one learning strategy to a two-dimensional
material. Here, with further experimental validation in mind, we reintroduce
the system’s physical interaction with the environment, and developed a sim-
plified simulation framework to study the emergence of locomotion in larger
and arbitrary-shaped bidimensional systems. Despite the increase in complexity
deriving from motion on the plane or diverse units assembly, we show that one of
the introduced learning strategy is suitable for the control of such robotic metama-
terial systems. In fact, while the system is not be able to exploit good locomotion
patterns, it preserves the ability to learn and adapt to variable circumstance while
maintaining a positive whole-body locomotion towards the target, even with the
interposition of obstacles.

Overall, the results presented in this thesis aim at designing novel metamateri-
als, where complex behaviours can be engineered and learnt bottom-up from the
simpler unit-to-unit interactions. Specifically in the robotic metamaterial prospect,
we believe that the results presented here offer a leap forward for the development
of thriving ubiquitous autonomous systems.

10







CHAPTER 2

Inverse design of mechanical
metamaterials that undergo buckling

Published as:

Oliveri, G., Overvelde, J.T.B. 2020. Inverse
Design of Mechanical Metamaterials That Undergo
Buckling. Advanced Functional Materials 2020,
adfm.201909033.

Metamaterials are man-made materials which get their properties from their
structure rather than their chemical composition. Their mesostructure is specifi-
cally designed to create functionalities not found in nature. However, despite the
broad variety of metamaterials developed in recent years, a straightforward proce-
dure to design these complex materials with tailored properties has not yet been
established. Here we tackle the inverse design problem by introducing a general
optimization tool to explore the range of material properties that can be achieved.
Specifically, we apply a stochastic optimization algorithm and demonstrate its
applicability to disjoint problems, in which we focus on optimizing the buckling
properties of mechanical metamaterials, including experimental verification of our
predictions. Besides this problem, our algorithm can be applied to a large variety
of systems that, because of their complexity, would be challenging otherwise. Po-
tential applications range from the design of optomechanical resonators, acoustic
band gap materials, to dielectric metasurfaces.
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CHAPTER 2. INVERSE DESIGN OF MECHANICAL METAMATERIALS THAT UNDERGO

BUCKLING

2.1 Introduction

Metamaterials are materials that derive their properties from their structure, not
only from their chemical composition. The microstructure of these materials is
specifically designed to create new functionalities not found in nature, such as
materials characterized by a negative index of refraction [53, 54], negative Poisson’s
ratio [6], and a very high stiffness to weight ratio [55], or structures that enable
optical [56] and mechanical [57] cloaking. While most of the properties of these
metamaterials are fixed, compliance, resulting from the use of soft or relatively thin
materials, can be used as a paradigm to design reconfigurable metamaterials with
tunable functionality. Applications range from materials with adaptive auxetic
behaviour [30, 33, 39, 58], tunable stiffness [59], or ad-hoc optical [60, 61], phononic
[26, 62] and acoustic [63] properties, to tunable surface properties such as the drag
coefficient [64], wettability [65] and chemistry [66].

A particularly interesting avenue has been to harness mechanical instabilities
in the design of reconfigurable metamaterials, which changes the continuous
nature of the transformation to a discrete response originating from bifurcation.1

Interestingly, these instabilities can be used to increase the sensitivity to external
loads, and enable multistability and hysteretic behaviour [40]. In contrast to
the complex and unstable behaviour that these mechanical metamaterials show,
their architecture is often surprisingly simple. One of the iconic examples is an
elastomeric material patterned with a square lattice of circular pores [39]. Upon
compression, a collective buckling instability suddenly changes the Poisson’s ratio
from positive to negative, and in a similar fashion changes the phononic behaviour
by opening and closing band gaps [26]. While several studies focused on the
effects of pore shape [30], pore distribution [69] and material loading direction
[70], the mechanical properties have only been tuned within limits dictated by a
few geometrical parameters. Here, design optimization approaches could play a
key role in solving the inverse problem to design mechanical metamaterials with
specific properties, and explore the bounds of achievable functionality.

A specific inverse design approach that has been successfully applied to a
large variety of problems is called topology optimization. This method has been
developed to allow for complete design freedom by varying the local density of
the structure, and therefore does not require a description and parametrization of
the geometry beforehand [71]. While topology optimization was initially used to

1When a material is mechanically loaded, its configuration in terms of e.g. the applied load and its
deformation, describes the equilibrium path. Materials can have multiple and distinct equilibrium
paths for the same applied load. Knowing a material’s equilibrium path is as important as knowing
the stability of that paths [67, 68]. A configuration on an equilibrium path is considered stable if
after a perturbation it is applied to it, the system returns to the same configuration. Differently, the
configuration is considered unstable when the system will move away from it. In this case, the system
will try to move to the closest, compatible equilibrium path which is stable. When two or more
equilibrium paths cross, we find a bifucation point.
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2.1. INTRODUCTION

solve mechanical design problems such as maximizing structural stiffness using a
limited amount of material [72–74], it gradually expanded towards other research
areas such as optics [75–78], phononics [79], material science [44, 80, 81], and fluid
mechanics [82]. Importantly, most of the algorithms use gradient information
of the objective function and constraints to reach a local or global minimum.
Therefore, the optimization problem needs to be continuous and differentiable
with respect to the design variables. While some work has been done to include
buckling behaviour in the optimization problem either through constraints [83]
or the objective function [74, 84], the requirement of gradient information in
the applied methods complicates the applicability and generalization of these
approaches for more nonlinear problems. Moreover, the presence of multiple local
minima makes the optimization highly dependent on the initial conditions [85]
and search algorithm. Besides these gradient-based methods, other approaches
to optimize the behaviour of mechanical networks exist, including stochastic
optimization approaches [86, 87] and evolutionary approaches that are inspired
by mechanical allostery [88, 89].

Here, we apply stochastic optimization to design the buckling response of
periodic structures, in which the objective functions do not require objective
function differentiability. To reduce the search space and to generate smooth
structures, we introduce a heuristic subroutine inspired by the ferromagnetic
Ising model. In order to determine the effectiveness of such an approach, we
reduce computational time by considering the linear buckling response, such
that we can perform multiple optimizations and compare their results (i.e. > 500
solutions per objective). More specifically, we show how it is possible to design
structures with maximum buckling load, but also allow tailoring to a predefined
buckling force within a wide range of values. We furthermore show that by
controlling the occurrence of higher modes, we can effectively remove multi-mode
interactions that occur for nearly degenerate bifurcations. Finally, we validate our
optimized designs using compression experiments on elastomeric samples. While
the performances of gradient based topology optimization algorithms have been
proven to be unmatched [85], here we show that stochastic algorithms, due to their
flexibility and relative simplicity of implementation, provide a general approach
beneficial to explore more complex problems.

Problem description

To emphasize how the morphology of a structure can alter its buckling behaviour
in a discontinuous fashion, we performed a buckling analysis on a range of beams
with different pore shape. Each beam is composed of n = 10 vertically placed
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FIGURE 2.1: FEA simulation results showing the effect of pore shape on the buckling
behaviour of periodic porous beams under vertical compression. Here the first twenty
modes are shown. Since mode switching occurs at c = 0.075, the buckling strain of the
first mode εcr

1 is not continuously differentiable, such that gradients based optimization
algorithms cannot be applied to optimize buckling behaviour.

square unit cells that contain a pore defined by a geometrical parameter c. The
radius of the pore shape is defined as [30]

r(θ) =
L
√

2φ√
π(2 + c2)

[1 + c cos(4θ)] , (2.1)

in which 0 ≤ θ ≤ 2π, L is the size of the unit cell and φ the porosity. We applied
a vertical compressive strain on beams with a porosity φ = 0.5, and ran linear
buckling analyses for −0.1 ≤ c ≤ 0.1 using the Finite Element Analysis (FEA)
package Abaqus, in which we discretized the structure using biquadratic plane
stress elements (CPE8R). In Figure 2.1 we show the critical strain εcr for the first 20
buckling modes as a function of the pore shape.2 By monitoring the displacement
of 11 nodes along the longitudinal axis of the beams, we were able to correlate
the mode shape between the different beams via bivariate correlation [90]. This
enables us to identify mode switching that arises from changes in pore geometry.

We next focus on the buckling mode with the lowest critical strain, since this
mode will occur upon compression of the beam. We find that for c < 0.075 the

2In this case, the buckling modes represent the shapes that the beams assume when losing stability
in the primary compression path, for a given critical strain εcr and pore shape c.
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buckling mode of the beam is characterized by a typical macroscopic buckling
mode with a wavelength of 2nL that is equal to twice the length of the beam, while
for c > 0.075 a microscopic buckling mode occurs characterized by a wavelength
of 2L equal to twice the size of the unit cell [38, 91]. When we would perform an
optimization to e.g. maximize the lowest critical strain of the beam according to

max
c

εcr
1 , (2.2)

we find that the derivative of the objective function dεcr
1 /dc is discontinuous due

to the change in buckling behaviour (Fig. 2.1). While this specific problem can be
tackled with gradient-based algorithms by rewriting Eq. 2.2 using a bound formu-
lation [84, 92], a perturbation-based sensitivity analysis should be performed for
each individual eigenvalue by solving sub-optimization problems at each opti-
mization step. For the specific case shown in Fig. 1 in which the optimal solution
lies exactly at the point where the first two modes switch order, gradient-based
methods would require taking progressively smaller steps in the proximity of
mode swaps in order to guarantee smoothness. This, together with the difficulties
associated to tuning for a specific target buckling value εcr1 , strengthens the need
of optimization techniques that do not rely on gradient information to seek the
optimum.

2.2 Stochastic optimization

In order to find structures with interesting and specific buckling behaviour, we
developed a density-based stochastic topology optimization approach based on
the geometrical description used in the SIMP interpolation method [93, 94]. The
topology of the structure, which is divided into square elements, can be changed
by varying the density of the elements between 0 ≤ ρi ≤ 1. Differently, in our
stochastic optimization implementation we can use a discrete representation of
the design since we do not require intermediate unrealistic densities to make our
design continuously differentiable [86]. As such, we assume that each element
can take a density ρi of ρmin ≈ 0 (void) or ρmax = 1 (solid). When assuming
linear elastic behaviour of each element, we can evaluate the initial mechanical
and buckling response of the structures by using a linear FEA code implemented
in Matlab (details in Sec. 2.6), in which the stiffness and Poisson’s ratio of each
element are given by Ei = ρiE and νi = ρiν to account for the geometry of the
structure.

Starting from an initial random density distribution with a solid/void ratio
of φ, we alter the geometry by randomly picking and exchanging two elements
with different density. After each change in geometry, the objective function Φ(ρi)
is evaluated. Following a simulated annealing optimization approach [95], the
variation in objective function ∆Φ(ρi) between current and previous iteration is
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used to determine the acceptance probability, P (∆Φ(ρi)) of the new candidate
solution according to

P (∆Φ(ρi)) = e−
∆Φ(ρi)

T , (2.3)

where T is a parameter often referred to as the Temperature, which can be used
to tune the acceptance probability of optimization steps that do not improve the
objective function, in order to reach global optima. Here we use a fixed number
of iterations for the optimization, Niter, and assume an exponential decay of the
temperature [95, 96]. We let the temperature decrease from Tmax to Tmin, such that
the temperature at a given iteration n is given by

T (n) = Tmax

(
Tmin

Tmax

)n/Niter

. (2.4)

A test problem: compliance optimization

While our main goal is to optimize buckling behaviour, we will first test our
method using a typical topology optimization problem that is computationally less
expensive. We focus on compliance optimization (i.e. stiffness maximization), and
do this by replicating the MBB-beam optimization problem [97, 98] (see schematic
in Fig. 2.2a). This allows us to compare our implementation with previous work. If
we consider a domain with nx × ny = 60× 20 elements, the optimization problem
can be formulated as:

min
ρi

Φ(ρi) = C = {D}T [K]{D}, (2.5a)

s.t. {F } = [K]{D}, (2.5b)
Vsolid

VΩ
= φ∗ = 0.5, (2.5c)

where {D} and {F } are vectors containing the displacement and reaction forces at
the nodes, respectively, which are related by the stiffness matrix [K] (see Sec. 2.6).
Moreover, the volume constraint of Eq. 2.5c enforces that the ratio between the
volume of material elements, Vsolid, and the total domain volume, VΩ, is constant.
Note that in our approach this volume constraint is automatically satisfied, and
depends on the initial solid/void fraction. Finally, we normalize the compliance
of our designs C by the compliance of a homogeneous structure Cref with ρi = 0.5,
such that C̃ = C/Cref.

We start by identifying proper temperature bounds (Tmax and Tmin) for the
simulated annealing algorithm (Eq. 2.4). First, to determine the objective function
sensitivity to the temperature, we run 10 optimizations with a total number of
iterations equal to Niter = 1.5× 104, during which the temperature is decreased
according to Eq. 2.4 between Tmax = 102 and Tmin = 1× 10−9. By looking at the
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FIGURE 2.2: Compliance optimization of the MBB-beam problem using our stochastic optimization
algorithm without the Ising-inpired subroutine. a) Selecting the optimal temperature bounds (Tmax and
Tmin) for the simulated annealing algorithm for actual optimization runs by performing ten different
optimizations. b) Dependency of the final optimized solutions on the number of iterations Niter. For
each value of Niter, 30 optimizations have been performed, where the insets show one of the final
optimized solutions for Niter = 103, 104 and 1.5 · 104.

objective function evolution for decreasing T (Fig. 2.2a), we identify three regimes.
(i) For high temperatures (T > 20) any candidate solution is accepted, such that the
objective function fluctuates around the same value and there is no convergence
to an optimum. (ii) Intermediate temperatures (1 × 10−7 ≤ T ≤ 20 ) result in
convergence towards a minimum, with a probability to reach a global minimum.
(iii) For T < 1× 10−7 only candidate solutions with lower objective function are
accepted, the algorithm behaves as a random search with steepest descent and
therefore only convergences to a local minimum. For optimal behaviour of the
simulated annealing algorithm, we focus on regime (ii), such that Tmax = 20 and
Tmin = 1× 10−7.

Using these specific bounds for the temperature, we next focus on finding the
required number of iterations Niter. To do so, we performed several optimizations
with 500 ≤ Niter ≤ 15000. In Figure 2.2b we show the final objective function
values for 30 optimizations per data point. As expected, we find that a larger
number of iterations (i.e. a slower cooling rate) benefits the objective function
optimization. This can also be seen by looking at the topologies associated with
different cooling rates (Fig. 2.2b), which become more clustered given enough
time. Balancing the time required for the optimization with the final objective
function value, Niter = 104 seems to be a good choice for the number of iterations,
for which the typical C̃ ≈ 0.9.
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2.3 Ising-inspired subroutine

As can be seen from the compliance optimization examples (Fig. 2.2b), while the
solutions are converging, the current approach leads to structures with fragmen-
tation and local checkerboard patterns. This is a typical problem in topology
optimization, and is the result of artificial stiffening [99, 100]. As a result, the opti-
mized geometries highly depends on the choice of mesh density. Moreover, apart
from introducing numerical artifacts, these local patterns make the fabrication
impossible.

Typically, this problem is solved by introducing local averaging [101], which
is not suitable for our optimization given that we do not take into account inter-
mediate densities. Differently, for discrete grids a potential solution to overcome
checkerboard patterns is e.g. by introducing additional constraints on the local
connectivity of material elements during each step of the optimization [102, 103],
or by removing the checkerboard pattern by random perturbations during a finite
number of the optimization iterations [86]. These methods however only prevent
checkerboard patterns, or loosely connected structures, and it is not possible to
control more global features in the final optimized structures such as interface
length or other feature sizes. Therefore, we introduce an approach to heuristically
reduce the probability of certain geometrical features by drawing only specific
candidate solutions. Here, we take inspiration from the 2D ferromagnetic Ising
Model [104, 105], and implement a subroutine to prioritize clustering of the mate-
rial, as it is a well known that for the Ising model the interface length can be tuned
by varying the Ising temperature. While the Ising model describes the behaviour
of a system formed by magnetic dipole moments of different spins interacting
among each other, we translate the spin diversity into material diversity. If we
relate the spin to the density of each element according to si = 2ρi − 1, using the
Von Neumann neighborhood the total energy in our system can be written as

E = −1

2

Nelem∑
i=1

si
[
sup(i) + sdown(i) + sleft(i) + sright(i)

]
, (2.6)

where the spin of each element si is only affected by the spins of the four adjacent
elements. Therefore, if an element of a certain spin si is inverted, the system will
experience a variation in Ising Energy equal to

∆Ei = 2 si
[
sup(i) + sdown(i) + sleft(i) + sright(i)

]
, (2.7)

which, according to the 2D Ising Method, is only accepted with a probability equal
to

P (∆Ei) = e
− ∆Ei
TIsing . (2.8)
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FIGURE 2.3: Compliance optimization of the MBB-beam problem using our stochastic optimization
algorithm without and with Ising-inpired subroutine. a) Probability distribution of the Ising-inpired
subroutine to change the density of an element as determined from Eq. (2.9) within a solid or void phase,
relative to the optimal solution B in Fig. 2.2b. b) Effect of Ising temperature on the swapping probability
of element in the solid phase for optimized solutions found without and with the Ising-inspired
subroutine.

Here, the Ising temperature TIsing can be used to tune the acceptance probability
of certain topological variations. Lower TIsing will result in the formation of more
clustered candidates solutions, while higher TIsing will not have much effect on the
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FIGURE 2.4: Compliance optimization of the MBB-beam problem using our stochastic optimization
algorithm with the Ising-inpired subroutine. a) Dependency of the final optimized solutions on the
Ising temperature TIsing. For each value of TIsing, 30 optimizations have been performed, where
the insets show one of the final optimized solutions for TIsing = 0.5, 1.25 and 4. b) Length of the
material-void interface for the optimized solutions. The insets represent the bounds for the length.

selection of the candidate solution and therefore will result in topologies similar
to those shown in Fig. 2.2b.

Note that for the Ising model, especially for low temperatures, it often occurs
that no spins changes are made during a step. To make sure that our design
changes in each iteration step, we instead draw an element from the probability
distribution specified by

P (Si) =
P (∆Ei)∑Nelem

k=1 P (∆Ek)
, (2.9)

which depends on how the Ising acceptance probability of an element P (∆Ei)

relates to the total acceptance probability
∑Nelem
k=1 P (∆Ek) of the current state. To

ensure that the volume constraint is satisfied, each design change is divided in two
steps in which we first draw a solid element, update the density and probability
distribution, and then we draw a void element. In Figure 2.3a we show the material
and void probability distributions of an optimized design with a checkerboard
pattern, in which the density distributions are normalized with respect to the
probability of a random element selection P (i) (i.e. without using the Ising-inpired
subroutine). Moreover, in Fig. 2.3b we show the effect of TIsing on the probability
of making a solid element void for the given configuration. We observe that
for low TIsing, the elements located at the solid-void interface (e.g. checkerboard
regions) have a high probability of being swapped, while the elements within
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homogeneous regions have almost zero probability. Increasing the temperature
will increase the probability of selecting elements within the homogeneous regions,
which in the limit of TIsing →∞ results in a fully random selection not influenced
by the Ising-inspired subroutine.

We next apply this subroutine to the same compliance optimization problem
considered previously, using the same parameters for the simulated annealing
algorithm, and study the effect of TIsing on the optimized topology. We do so by
running 30 simulations per TIsing value. As can be seen in Fig. 2.4a, for low TIsing
the material clusters dramatically, and prevents full exploration of the design space.
As a result, the optimized designs have a relatively high compliance of C̃ ≈ 2.4.
Moreover, for TIsing < 0.5 we find that some optimized designs are disconnected
from the boundary conditions (i.e. connected via low density elements), leading
to very high objective values of C̃ ≈ 103. Better results are obtained for TIsing ≥ 1,
for which all the optimizations converge to similar objective function values of
C̃ ≈ 0.9, comparable to the results obtained without Ising-inspired subroutine.

Interestingly, while the objective functions for TIsing > 1 found with our stochas-
tic optimization approach are similar, the optimized topologies depend greatly
on TIsing. Two examples for which we have used TIsing = 1.25 and TIsing = 4 are
shown in Fig. 2.4a. Clearly, lower TIsing results into more clustered solutions and
mitigates the checkerboard patterns, while high TIsing creates thin material connec-
tions with sharp material-void interfaces affected by numerical errors. This effect
of TIsing on the topology can be shown by considering the final length ˜̀= `/`min
of the solid-void interface as shown in Fig. 2.4b, where the lower dashed line
represents the minimum length `min the given domain can achieve, and the upper
dashed line is the length of the optimal design obtained without the Ising-inspired
subroutine shown in Fig. 2.3a. For TIsing > 1 we find a direct relation between
the Ising temperature and the interface length. Similarly, we counted the number
of edges that each material element has (Fig. 2.11), and find that for TIsing < 1
the number of elements with two or less neighbors (i.e. which are needed for
checkerboard patterns) remains below 7%. Taking both effects into account, we
select TIsing = 1.25 as the temperature in the following studies. Note that the
results obtained for TIsing = 1.25 are∼ 30% higher, and therefor not as good as, the
optimal material distribution obtained with the SIMP method [98], see Section 2.6.

Furthermore, besides reducing the interface length and removing checker-
board patterns, introducing the Ising-inspired subroutine heuristically reduces
the number of candidate solutions that are considered during each iteration of
the optimization. This is shown in Fig. 2.3b, where we plot the probability of
selecting elements of an optimal design obtained with the Ising-inspired sub-
routine. Notice how the elements with high probability of being swapped are
mostly at the material-void interface. Therefore, the optimization first explores the
interesting part of the design space, associated with the material interface rather
than considering the full domain at each iteration.
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2.4 Buckling behaviour optimization

The strength of our algorithm becomes visible when dealing with disjoint prob-
lems, where conventional gradient-based approaches fail, have a limited versatility,
or complicate the implementation. In this section we will focus on determining the
topology of a periodic structure that undergoes buckling. We focus on a beam-like
domain composed of nuc

x × nuc
y = 2× 10 unit cells, in which each unit cell is made

of nx × ny = 20× 20 elements that are used as the design variables. We fix the top
and bottom of the beam, and apply a vertical compression. Moreover, to better
estimate the bifurcation buckling we impose mirror symmetry with respect to the
vertical axis for the density distribution [106] (see schematic in Fig. 2.5a).

Optimizing for a specific buckling load

We start by determining the optimal topology of the periodic beam for a predefined
buckling load. Given a target critical force, the optimization problem can be
defined as:

min
ρi

Φ(ρi) =

√
(λ1 − λ1T )

2 (2.10a)

s.t. ([K]− λ[Kσ]) {δD} = {0}, {δD} 6= {0} (2.10b)

λ = {λ1, λ2, ... , λn}T (2.10c)
Vsolid

VΩ
= φ∗ = 0.5, (2.10d)

where λ1 is the first eigenvalue, λ1T is the target eigenvalue, and [K] and [Kσ] are
the stiffness matrix and the geometrical stiffness matrix, respectively (see Sec. 2.6).
The eigenvalues λ are coefficients proportional to the buckling force of the struc-
ture. Note that we consider only positive eigenvalues related to compression of
the beam, and ignore negative eigenvalues related to tension. Moreover, while

here we used Φ(ρi) =

√
(λ1 − λ1T )

2 for our objective function, similar results

might be obtained by using Φ(ρi) = (λ1 − λ1T )
2, although this would affect the

specific temperatures that need to be set for the optimization. Furthermore, by
performing the same parameter study as done in previous sections for the com-
pliance optimization problem, we obtain suitable temperatures for this problem
given by Tmax = 0.01, Tmin = 10−8 and Niter = 3000. Finally, we use TIsing = 1.25
as determined previously.

In Figure 2.5a we show the results of 900 optimizations for λ̃1T = λ1T /λref in
the range [0.2, 3], where λref is the first buckling load of a solid beam with equal
volume fraction φ∗. We find that our algorithm can consistently optimize for
targeted buckling forces up to λ̃1T ≈ 1.3 (i.e. the buckling force is improved by
30% with respect to a solid beam made with the same mass), where we find that
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FIGURE 2.5: Optimization to a target buckling load λ̃1T . a) Results of 900 optimizations
(60 per selected λ̃1T ) as a function of the target value λ̃1T . b) Selection of optimal density
distributions and the corresponding buckling modes for λ̃1T = 0.4, 0.8, 1.2 and 1.8.

approximately 1% percent of simulation converges to a load different than the
objective. Interestingly, for each target buckling force we find multiple optimal
solutions, as shown by the examples in Fig. 2.5b. However, for λ̃1T > 1.3 (i.e.
λ̃1 > 1.3) we see an increase in diversity, resulting from solutions that do not
converge to the target objective. In fact, these solutions are likely the result of
optimizations that converge to local minima. Note that for λ̃1T > 2 we find that
all solutions convergence to a value lower than the target, with a median value at
λ̃1 ≈ 1.8.
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FIGURE 2.6: Maximum buckling load optimization. a) The buckling load λ̃1 of 600 optimiza-
tion in function of the optimized structures’ normalized moment of inertia Ĩ . Structures
with first modes characterized by long (2nuc

y L) or short (2L) wavelengths are indicated by
the blue and pink markers, respectively. The insets shows the effective stiffness k̃ of the
optimized solutions. b) Comparison between prediction of critical buckling load found
with linear and nonlinear simulations (λ̃1) and experiments (F̃ cr).

Maximizing buckling load

To understand whether the maximum buckling load we achieved for this domain
is λ̃1 ≈ 2 as we showed in the previous section, or that this limit is an artefact of
the convergence to local minima, we next introduce an optimization problem to
maximize the buckling load. This is achieved by setting the target objective buck-
ling force in Eq. (2.10a) to an arbitrarily high value of λ̃1T=10, which effectively
will never be reached. Movie 1 and Movie 2 show the accepted candidate solutions
of two optimizations, with and without Ising-inspired subroutine, respectively. It
is important to note that during both optimization paths we encounter buckling
modes of different wavelengths, indicating the disjoint nature of the problem.

We perform 600 optimizations, each starting from different random initial
configurations. The results are shown in Fig. 2.6a, in which we plot the normalized
buckling force λ̃1 and average moment of inertia Ĩ = 〈I〉/〈Iref〉 for each optimized
beam, where 〈I〉 =

∫∫∫
ρix

2
i dA dy. As expected, we find that most of the results

are clustered within a few local minima indicated by points A-H in Fig. 2.6a.
Representative topologies for these local minima are shown in Fig. 2.7a. We find
that in order to achieve higher buckling force the material distribution needs to
maximize the moment of inertia, which follows Timoshenko beam theory [23]. As
a consequence, an increase in buckling force lowers the stiffness of the structures as
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FIGURE 2.7: a-b, Simulated and experimental buckling modes of structures A-H in Fig. 2.6a.

shown in the inset of Fig. 2.6a. For beams with lower moment of inertia (e.g. beams
A-F) we find that all optimized beams buckle with a wavelength equal to 2nuc

y L.
However, we also observe solutions (e.g. beams G-H) in which the first buckling
mode has a wavelength equal to double the size of the unit cell (2L), similar to the
observation made in Fig. 2.1. This is the result of widening of the beams, which has
a direct impact on the thickness and buckling behaviour of the internal features.
By performing centroid linkage hierarchical clustering on the eigenvector results
[107], we are able to assess the wavelengths of optimized beams, and distinguish
beams with wavelengths equal to 2nuc

y L from 2L as indicated by using blue and
pink markers in Fig. 2.6a. The appearance of these two modes seems to limit the
maximum buckling load that can be achieved, and we find a maximum buckling
load equal to 2.04 times that of a solid beam with the same weight.
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Experimental validation To quantify how the optimized topologies (A-H in
Fig. 2.7a) compare with experiments, we fabricated the beams using an elastomeric
rubber (Zhermack Elite Double 8). Each beam was casted in a single step in a
3D-printed mold (Stratasys Eden260VS), and has a thickness of 40mm and a
nominal length of 140mm, associated with a unit cell dimension of 14 × 14mm.
We then performed five compression cycles at a rate of 30mm/min to a maximum
compression of 20mm using a materials testing machine (Instron 5965L9510).
From the force-displacement response we can then determine the buckling point
F cr, which is found at the intersection between the regression lines of the force-
strain curves at small strain ε ≈ 0 and right after buckling as indicated by the
sharp transition (Fig. 2.13a). To be able to compare the results with experiments
we normalize each response by the experimental buckling force of the reference
geometry (solid vertical beam), i.e. F̃ = F/F cr

ref.
The results are summarized in Fig. 2.6b, where we show the difference between

the experimental buckling force F̃cr and simulation results λ̃1 in function of the
normalized moment of inertia of the structures Ĩ . While beam A, which is closest
to a solid beam, is in agreement with the simulation results, wider beams with a
more defined porous structure start to show higher buckling forces compared to
the numerical results. Interestingly, for beams A-E we see an approximately linear
deviation from the predicted buckling load λ̃1 for increasing Ĩ . This is likely due to
the relatively large strains that need to be applied before the beams buckle (i.e. up
to ε = 0.12), such that the beams considerably widen and shorten, resulting into
an effective increase in the experimental buckling load. To limit the computation
time in our simulations, these nonlinear geometrical effects have not been taken
into account in the model.

However, to make sure that the deviation between theory and experiments is
due to nonlinear effects, we performed additional nonlinear FEA to determine
the buckling load of the optimized 2D beams under plane stress conditions. Note
that we have used the same mesh as in our optimization, except for the low
density elements that we removed for the nonlinear analysis. As indicated in
Fig. 4c, we find that nonlinear effects such as bulging indeed seems to increase
the moment of inertia of the beam, resulting in higher buckling loads. However,
the obtained results do not fully agree with the experiments, in which we see an
even larger increase in the buckling load. This could be the effect of additional
geometrical effects that arise in the fully 3D samples. However, additional effects
could also play a role, such as differences in boundary conditions, misalignment
of the sample, imperfection (or e.g. increase in ligament thickness) due to the
fabrication process, viscoelastic behaviour of the material, or numerical effects
related to e.g. the mesh density.

Finally, this nearly linear relation between buckling force and moment of inertia
does not hold for beams F-H. To determine where this deviation is coming from,
we show in Fig. 2.7b the experimentally obtained buckled states for all beams
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right after buckling has occurred. While for beams A-E the beams all buckle in the
predicted buckling mode, for beams F-H we observe a localization of the mode and
a sudden drop in force (Fig. 2.13a). This localization indicates a creasing instability
[108], and is also observed in the nonlinear FEA (Fig. 2.14). Note that beams
D-E also show a similar localization later along the loading path, and therefore
undergo a second instability during loading. Importantly, it seems that due to the
increase in buckling load of the predicted buckling mode, a mode switch occurs
in beams F-H, such that for higher values of the moment of inertia the expected
buckling load can no longer be reached.

The sensitivity of the buckling mode to the finite size deformations that occur
during loading suggests that the critical values of higher modes are not well sepa-
rated from the first mode. In Figure 2.8 we show the difference between the critical
force of the first and second mode λ̃2 − λ̃1, as a function of the moment of inertia
Ĩ . Interestingly, we find a sudden transitions at Ĩ = 3 that separates structures
that have a well-defined first mode (e.g. A-E), and structures for which multiple
modes happen at the same critical force (e.g. F-H). Note that all the structures that
exhibit potential microscopic buckling (i.e. have a buckling wavelength of 2L as
indicated by the pink marker in Fig. 2.8) lay on λ̃2 − λ̃1 ≈ 0, such that we were not
able to obtain such a localized mode experimentally.

1.0 2.0 3.0 4.0 5.0 6.0
0.0

0.2

0.4

0.6

0.8

1.0

A B C D

E

F G H

FIGURE 2.8: Difference between the buckling load of the first and second mode λ̃2 − λ̃1 of
the optimized structures from Fig. 2.6, as a function of the moment of inertia Ĩ . Structures
with first modes characterized by long (2nuc

y L) or short (2L) wavelengths are indicated by
the blue and pink markers, respectively.
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Penalizing higher modes

To investigate whether mode switching influences the experimental post buck-
ling behaviour of our optimized geometries, we next introduce a penalty in our
optimization problem that enforces a minimum separation between the first and
second critical buckling force. To do so, we rewrite the objective function from
Eq. (2.10a) as

min
ρi

Φ(ρi) =

√(
λ̃1 − λ̃1T

)2

+ α
δλ̃− δλ̃T
δλ̃T

, (2.11)

in which α is the penalty factor, equal to

α =

{
1/5, if δλ̃ < δλ̃T

0, if δλ̃ ≥ δλ̃T .
(2.12)

For further optimization studies we chose δλ̃T = λ̃2 − λ̃1 = 0.3 as the minimum
distance between the first and second buckling mode. Rerunning the previous
optimization study now with the penalty applied to the buckling force of the
second mode has a considerable effect on the results. This becomes clear in
Fig. 2.9b, in which we show the difference between the buckling force δλ̃ for the
optimized structures in function of the moment on inertia Ĩ . The sharp transition
at Ĩ ≈ 3 is still present, however the results levels off for Ĩ > 3 at the specified
minimum of δλ̃ = 0.3. It is important to note that by using this penalty we only
find structures that exhibit a macroscopic buckling mode with a wavelength of
2nuc

y L. Moreover, while we are still able to achieve structures similar to A-F found
previously, Fig. 2.9a shows that after the introduction of the penalty, we no longer
observe clusters of structures with a microstructure similar to G and H (Fig. 2.6a).

To asses whether the separation of the first and second mode has has an effect
on the buckling behaviour of our structures, we fabricated two different geometries
belonging to the F’ group, and used to same protocol as before to test them in a
compression machine. In Figure 2.9c we show the buckling modes of the optimized
geometries F1’ and F2’ obtained using both simulations and experiments. While
the designs are nearly identical to structure F (Fig. 2.7a), these structures undergo
macroscopic buckling as predicted by our simulations, before exhibiting a creasing
instability, see Fig. 2.13b. In fact, by adding the experimental results in terms
of buckling force F̃ cr to Fig. 2.6b, we find that the structures exhibit the same
geometrical stiffening as predicted. Therefore, we conclude that the second mode
for structures F1’ and F2’ is separated well enough to prevent mode switching.
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FIGURE 2.9: Maximum buckling load optimization with penalization of the second buck-
ling mode according to Eq. 2.11 with δλ̃T = 0.3. a) Buckling load λ̃1 of 600 optimizations
in function of average moment of inertia Ĩ . Most of the results cluster in the same minima
A’-F’ as previous maximization study without penalization, however, structures G and H
are no longer present (Fig. 2.6a). b) Difference between the buckling load of the first and
second mode λ̃2 − λ̃1 as a function of the average moment of inertia Ĩ . c) Comparison be-
tween buckling modes obtained using simulations and experiments for two representative
geometries belonging to cluster F’.
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Maximum mode separation

Finally, to explore the maximum mode separation that can be achieved between
the first two modes, we introduce a different objective function given by:

min
ρi

Φ(ρi) =

√(
λ̃1 − λ̃1T

)2

+
(
λ̃2 − λ̃2T

)2

. (2.13)

We ran a total of 2104 optimizations with target eigenvalues ranging between
λ̃1T = [0.4, 2.4] and λ̃2T =

[
λ̃1T , 3

]
. In Figure 2.10 we show the results in term

of the optimized buckling forces λ̃1 and λ̃2. Interestingly, we find a bounded
region of buckling behaviour that can be achieved, indicated by the gray area. In
fact, while we can optimize for structures with coincident critical points λ̃1 ≈ λ̃2

resulting in so-called frustrated structures [28], there is a maximum separation
λ̃2 − λ̃1 which can be achieved. This value seems to be dependent on the λ̃1, since
for λ̃1 < 1 the maximum separation achievable λ̃2 − λ̃1 ∝ λ̃1, and for λ̃1 > 1,
λ̃2 − λ̃1 ∝ λ̃1 + 0.85. These results are coherent with the results shown in Fig. 2.8
and Fig. 2.9b. Therefore, the gray area shown in Fig. 2.10 represents a projection of
the design space onto the control variables of our inverse design problem.

2.5 Conclusions

In this work we have applied stochastic optimization to tackle disjoint topology
optimization problems. Furthermore, in order to create feasible optimized geome-
tries, we proposed an Ising-ispired subroutine to effectively guide the optimization
and cluster material. After testing our method and reproducing the results of a
widely-used, differentiable, compliance optimization problem, we approached
novel optimization problems dealing with the buckling behaviour of mechanical
metamaterials. Specifically, in this paper we focused on the optimization of the
first two buckling modes of a beam, and their interaction. While here we focused
on the optimization of beams that exhibit 1D periodicity, our method can also be
applied on structures with higher periodicities. For example, Fig. 2.15 demon-
strates the optimization of a 2D lattice, with multiple load cases. As such, our
method opens up new avenues for the exploration of more fundamental questions
regarding frustration and mode interaction that occur in these and more complex
mechanical metamaterials.

While in current work the Ising energy has been defined by penalizing inter-
faces (i.e. acting effectively as a surface tension) by reducing the probability of
drawing these solutions, other energy potentials with e.g. longer range interac-
tions or physics based potentials could be used to alter the candidate selection.
This could potentially vary the minimum feature size or incorporate specific
geometrical features in the final solution.
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FIGURE 2.10: Optimization results for 56 different combinations of target buckling values

(λ̃1T , λ̃2T ), where λ̃1T = [0.4, 2.4] and λ̃2T =
[
λ̃1T , 3

]
. The blue markers indicate all

optimized solutions, while the gray area shows all the evaluated solutions during the
optimization, indicating the feasible design space for our optimization problem. The
diagonal dashed lines represent the determined bounds, specified by λ̃1 = λ̃2, and λ̃1 < 2.1.

Moreover, because our method does not require objective function differentia-
bility, it can be applied to different problems that would be impossible otherwise.
These can range from optimization of the buckling shape of mechanical meta-
materials or the band gap behaviour of periodic and aperiodic photonic, and
acoustic metamaterials, to their fully nonlinear, transient and unstable behaviour.
Therefore, we believe that the flexibility and simplicity of our method is a good
addition to existing gradient-based optimization problems, and is able to deal
with more complex problems that have been left unexplored so far.
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2.6 Supplementary information

Finite Element Analysis of buckling behaviour

To determine the buckling behaviour of 2D structures, we implemented a linear
Finite Element Analysis (FEA) model made of a geometry that is discretized
using square 2D bilinear quadrilateral element (Q4) [68]. The displacement (u, v)i
of a coordinate (x, y) within an element i can be obtained, as a function of the
nodal displacements {d}i, via linear interpolation using the shape functions [N ],
expressed as

{u, v}Ti = [N ]{d}i, (2.14)

in which

[N ] =

[
N1 0 N2 0 N3 0 N4 0
0 N1 0 N2 0 N3 0 N4

]
, (2.15)

{d}i =
[
u1 v1 u2 v2 u3 v3 u4 v4

]T
, (2.16)

and uj and vj (j = 1, .., 4) are the horizontal and vertical displacements of the four
nodes corresponding to each element. In our topology optimization approach we
only apply square elements with sides of length 2a, such that the shape functions
can be expressed as

N1 =
1

4

(a− x)(a− y)

a2
, N2 =

1

4

(a+ x)(a− y)

a2
,

N3 =
1

4

(a+ x)(a+ y)

a2
, N4 =

1

4

(a− x)(a+ y)

a2
.

(2.17)

The element stiffness matrix [Ke]i is defined as

[Ke]i =

∫ a

−a

∫ a

−a
[B]Ti [Em]i[B]i t dx dy, (2.18)

where t is the element thickness and [B]i and [Em]i are the strain-displacement
and elasticity matrices, respectively, which can be written out as

[B]i =

N1,x 0 N2,x 0 N3,x 0 N4,x 0
0 N1,y 0 N2,y 0 N3,y 0 N4,y

N1,y N1,x N2,y N2,x N3,y N3,x N4,y N4,x

 , (2.19)

where terms correspond to the partial derivatives of the shape function, e.g. N1,x =
δN1

δx . Moreover

[Em]i =
Ei

1− ν2
i

 1 νi 0
νi 1 0
0 0 1−νi

2

 , (2.20)
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where we have assumed plain-stress conditions. Moreover, the elements Young’s
modulus Ei and Poisson’s ratio νi are defined in function of the element density ρi,
such that Ei = ρiE and νi = ρiν. Material element have ρi = ρmax = 1, and void
element have ρi = ρmin = 1×10−5, whileE = 1 and ν = 0.49. The element stiffness
matrices [Ke] are numerically integrated via second order Gaussian quadrature
using four sampling points and assembled to form the global stiffness matrix [K].
Using this global stiffness matrix we can then determine the displacement of the
global nodes {D} of the structure given certain boundary conditions, by solving

{F } = [K]{D}. (2.21)

To determine the buckling behaviour, we need to additionally solve for the
stability of the structures. We do this by considering the element geometrical
stiffness matrix [Ke

σ]i, which is equal to

[Ke
σ]i =

∫ a

−a

∫ a

−a
[G]Ti [S]i[G]i t dx dy, (2.22)

where [G]i and [S]i are defined as

[G]i =


N1,x 0 N2,x 0 N3,x 0 N4,x 0
N1,y 0 N2,y 0 N3,y 0 N4,y 0

0 N1,x 0 N2,x 0 N3,x 0 N4,x

0 N1,y 0 N2,y 0 N3,y 0 N4,y

 , (2.23)

and

[S]i =


σx τxy 0 0
τxy σy 0 0
0 0 σx τxy
0 0 τxy σy

 . (2.24)

Here, the stress {σ}i can be determined from

{σ}i = {σx, σy, τxy}Ti = [Em]i[B]i{d}i. (2.25)

Once the global geometrical stiffness matrix [Kσ] is assembled similarly to [K],
the critical loads λ can be determined by solving the following eigenvalue problem

([K]− λ[Kσ]) {δD} = {0} {δD} 6= {0}. (2.26)

Associated with each eigenvalue λk, the eigenvectors {δD}k represent the struc-
tural buckling modes. Note that for low density elements, the terms in [K] are
very small compared to the respective terms in [Kσ] leading to buckling modes
localized into low density regions. To avoid the occurrence of such artificial buck-
ling modes, we neglected the contribution of the low density elements when
assembling the geometric stiffness matrix [Kσ] [74].
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FIGURE 2.11: Number of edges per material element for each optimization as shown in
Fig. 2.4a-b

Influence of Ising temperature on local element connectivity

In contract to the global effect of the Ising temperature on the final topologies as
showed in Fig. 2.4b, to understand its influence on the local element connectivity
we counted the relative number of material cells for each kind of direct connection
for all the structures optimized for compliance, see Fig. 2.11. For TIsing < 1 most of
the optimized results show either no material-void interface, or elements that have
only one edge. For TIsing ≥ 1 the structures start to exhibit more elements with 1
or 2 edges, while connections with 3 or 4 edges only account for ≈ 1% at TIsing = 2
of the total material elements. It is important to note that diagonal connections
can be made only when cells with 2 or more edges are placed adjacently with a 45
degrees angle. While we do not directly control diagonal connections, as shown
by above results we can control their occurrence by defining an energy potential
on the nearest neighborhood.

Comparison with SIMP results

In order to compare our compliance optimization results with the SIMP results,
we run the code presented in [98], using nx × ny = 60 × 20 elements, volume
fraction φ∗ = 0.5, penalization power p = 3 and filter size of 1.5 resulting into the
optimized geometry shown in Figure 2.12a, characterized by a compliance C̃ ≈
0.81. We then evaluate the compliance of the design obtained via our stochastic
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a) SIMP optimized geometry

b) Our optimized geometry = 1.25TIsing Our optimized geometry = 4TIsingc)

FIGURE 2.12: Compliance optimized geometries. a) Result obtained via SIMP algorithm
[98]. b) Optimized geometry of our stochastic optimization algorithm using TIsing = 1.25. c)
Optimized geometry of our stochastic optimization algorithm using TIsing = 4.

optimization algorithm, shown in Figure 2.12b, using the same code provided
in [98] obtaining a compliance C̃ ≈ 1.05: our results obtained for TIsing = 1.25
present a worse compliance, ∼ 30% higher, than the optimal material distribution
obtained with the SIMP method [98]. On the other hand, the results obtained for
higher TIsing, e.g. TIsing = 4, while exhibiting fragmented material distribution (see
Figure 2.12c), have a compliance C̃ ≈ 0.86 comparable to the SIMP results.

Experimental Validation

From the experimental force-strain response of each structure, we determined the
buckling point F cr, found at the intersection between the regression lines of the
force-strain curves at small strain ε ≈ 0, and right after buckling has occurred. We
use the buckling load of the reference geometry (solid beam) as normalization
factor such that F̃ = F/F cr

ref. In Figure 2.13 we show the average force-strain curve
of the last 4 compression cycles for the representative geometries obtained via
maximum buckling load optimization, with and without penalty respectively.

NonLinear simulations FEA

To account for the geometrical changes occurring in the experiments, we per-
formed nonlinear Finite Element Analysis (FEA) in ANSYS to determine the
buckling load of 2D beams under plane stress conditions. Here we used the same
mesh as used in the linear buckling analysis (ANSYS element type PLANE182),
however, we removed the void elements. We modeled the structures with a nearly
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FIGURE 2.13: Normalized force-strain curves for representative beams obtained with
maximum buckling load optimization. Dashed lines represent the regression lines before
and after buckling, used to find the experimental buckling load shown with the pink marker.
The results of all beams are normalized with respect to the buckling force of the reference
(Ref) geometry. a) Normalized force-strain curves for representative beams A-H (Fig. 2.7b)
obtained with maximum buckling load optimization. b) Force-strain curves of geometries
F1’ and F2’ obtained via maximum buckling load optimization with penalty for the second
buckling mode, δλ̃T = 0.3 (Fig. 2.9).
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incompressible Neo-Hookean material model, in which we used a shear modulus
of µ = E/3 and a bulk modulus of K = 2µ(1 + ν)/(3(1− 2ν)), in which ν = 0.49.
Moreover, we applied an imperfection of .1% to all nodes according to the first five
buckling modes of the beam. In Fig. 2.14 we show the force-strain curves obtain
by the nonlinear simulation, in which the buckling force is estimated similar to
the experiments at the intersection between the regression lines of the force-strain
curves at small strain ε ≈ 0, and right after buckling as indicated by the sharp
transition.

Multi-Objective optimization to 2D cellular materials

To show the flexibility of our topology optimization algorithm and demonstrate
that our strategy can be extended to complete cellular solids, we released the
symmetry constraint and studied the buckling behaviour of a 2D material made
of 7×7 unit cells of nx×ny = 20×20 elements. We implemented a multi-objective
optimization aimed at maximizing the buckling force along the x and y direction,
in which we use an objective function given by

min
ρi

ΦMO(ρi) =
√

Φx(ρi) · Φy(ρi), (2.27)

in which Φx(ρi) and Φy(ρi) are the sub-objective functions determined according
to Eq. (2.10a), obtained by applying a force independently in the x and y direction.
In Fig. 2.15a we show a schematic of the enforced periodicity in relation to the total
domain Ω, while Fig. 2.15b illustrates the two load cases for which the complete
system is evaluated. In Fig. 2.15c we show two distinct optimized solution for
which the buckling load along x and y are simultaneously maximized. These
results are obtaining by annealing the temperature between Tmax = 0.01 and
Tmin = 10−8 in Niter = 6000, with a TIsing = 0.8.
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FIGURE 2.14: Normalized force-strain curves for the structures A-H shown in Fig. 2.7a,
obtained by performing nonlinear FEA (ANSYS). Dashed lines represent the regression
lines before and after buckling, used to find the buckling load shown with the pink marker.
The results of all beams are normalized with respect to the buckling force of the reference
(Ref) geometry.
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FIGURE 2.15: Multi-objective topology optimization for a lattice with 2D periodicity. a)
Schematic of material made of 7× 7 unit cells. b) Schematic of the two loading conditions
that are applied for multi-objective optimization, in which the objective is given by Eq.
(2.27), and Φx(ρi) and Φx(ρi) are taken from Eq. (2.10a). c) Two examples of optimized
structures with maximized buckling force in both the x and y direction simultaneously.
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CHAPTER 3

Continuous learning of emergent
behaviour in robotic matter

In review as:

Oliveri, G., van Laake, Lucas C, Carissimo, C.,
Miette, C., Overvelde, J.T.B. 2020. Continuous
Learning of Emergent behaviour in Robotic Matter

One of the main challenges in robotics is the development of systems that can adapt
to their environment and achieve autonomous behaviour. Current approaches typ-
ically aim to achieve this by increasing the complexity of the centralised controller
by, e.g., direct modeling of their behaviour, or implementing machine learning. In
contrast, we simplify the controller using a decentralised and modular approach,
with the aim of finding specific requirements needed for a robust and scalable
learning strategy in robots. To achieve this, we conducted experiments and sim-
ulations on a specific robotic platform assembled from identical autonomous
units that continuously sense their environment and react to it. By letting each
unit adapt its behaviour independently using a basic Monte-Carlo scheme, the
assembled system is able to learn and maintain optimal behaviour in a dynamic
circumstances as long as its memory is representative of the current environment,
even when incurring damage. We show that the physical connection between
the units is enough to achieve learning, and no additional communication or
centralised information is required. As a result, such a distributed learning ap-
proach can be easily scaled to larger assemblies, blurring the boundaries between
materials and robots, paving the way for a new class of modular ’robotic matter’
that can autonomously learn to thrive in dynamic or unfamiliar situations, for
example encountered by soft robots or self-assembled (micro-)robots in various
environments spanning from the medical realm to space explorations.
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3.1 Introduction

Traditional robots typically exhibit well-defined motions, and are often controlled
by a centralised controller that uses sensor data to provide feedback to its actuators
[109, 110]. While these systems are capable of operating in well-known and
controlled environments combining high-speed with precision, adapting their
behaviour to various highly dynamic and unforeseen circumstances remains a
challenge in the design of autonomous robots [111]. Towards this goal, reinforced
learning strategies can be used to deal with more complex tasks that cannot directly
be programmed in the behaviour of the robot. By sensing their environment,
robots can build models of themselves [112], or optimize man-made models with
machine learning strategies to improve their behaviour [109, 110, 112–116]. Apart
from a clear division between training and task-execution, these systems rely on a
centralised architecture, that - with an increasing number of active components -
demands advanced models and higher computational power.

A recent alternative idea to simplify the computational task, while allowing for
adaptability to the environment, is to make soft robots. These are robots fabricated
with materials with stiffness resembling human tissue [111, 117–120], that exhibit
so-called ‘embodied intelligence’ [121–123], and adjust their shape when subjected
to forces resulting from interactions with their environment. While this physical
adaptability enhances the robustness of the robot’s behaviour, allowing it to
e.g. operate in more complex environments, it is not guaranteed that they operate
optimally, or even operate at all. For example, a soft robot that is able to walk on
various surfaces still requires a different actuation sequence to crawl through a
narrow opening [124]. At the moment, and because of the unpredictable nature
of the robot’s behaviour in varying environments, this sequence is externally
(and manually) adjusted. A natural question to ask is if such higher levels of
decision-making and learning can also be embodied in robots, similar to e.g. the
decentralised neural networks of squids [125].

In fact, decentralised approaches are already applied in swarm robotics, where
an increasing number of active components can cooperatively achieve complex
behaviour when sensing or communication capabilities are incorporated into
the individual units [126–129]. In such a robotic system, behaviour emerges
from local interactions, rather than being centrally controlled. Inspired by social
animals such as ants, bees or birds, researchers have been able to achieve emerging
properties out of simple unit-to-unit interactions, such as adaptation to mechanical
stimuli [130], self-assembly [129, 131], construction [132], and locomotion [127,
133]. Interestingly, such behaviour does not have to be programmed, and could
also be learned using the same decentralised architecture [134, 135].

In this work, in order to explore similar decentralised strategies, we develop
and perform experiments on modular robots that are connected to form a single
body. Using this platform, our aim is to simplify the learning strategy, while
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FIGURE 3.1: Robotic unit design and assembled robot consisting of two active units. a,
Design of a single robotic unit in its relaxed and extended state. b, Robot assembled from
two active units and one dummy unit.

focusing on the fundamental challenge to ensure robust and optimal behaviour1

under varying external conditions and damage. We do so by having each element
continuously learn and adapt it own behaviour to changing circumstances. To that
end, we develop a fully decentralised and universal reinforced learning strategy
that can be easily implemented, is scalable, and allows the robotic system to
autonomously achieve and maintain specific emergent behaviour.

3.2 Individual unit behaviour

Such an approach holds potential for a wide variety of robotic systems, and we
illustrate this here with a robot made of several identical units connected by soft
actuators that periodically extend and contract along one direction on a circular
track, ensuring that 1D motion. Each robotic unit operates independently and

1Under the assumption that information on the working condition is partially available, optimal
behaviour is here intended in a heuristic term, where "good enough" performance is optimal. Such that
the task is executed, even if not with best performance. Considering that circumstances are dynamic,
and as a consequence the optimal behaviours change over time, a robust behaviour refers to the ability
of the learning strategy to find and assume the optimal behaviour relative to the current circumstances.
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consists of a micro-controller, optical motion sensor, pump, pneumatic actuator
and battery (Fig. 3.1a and Sec. 3.8). The actuator is activated by cyclically turning
the pump on and off at a ratio of α = ton/tcycle = 0.4 with a total cycle duration of
tcycle = 2 s. By continuously venting the air in the actuator through a needle, the
actuator extends and contracts (Fig. 3.2a). Note that the units are not capable of
locomotion by themselves and require to be physically attached to other units to
move. For this reason, forward locomotion is what we refer to as the emergent
behaviour that our assembled robot exhibits.

Importantly, each unit aims to move as quickly as possible in the same prede-
fined direction. To achieve this, it can adapt its behaviour by varying the phase of
actuation φitcycle. As a first trial for a potential learning algorithm that is capable
of learning emergent behaviour, we implement a Monte-Carlo scheme [136] in
each unit. At the beginning of every learning step, the unit perturbs its phase
according to φ′i = φi + ε∆s, in which ε is a random number drawn from a uniform
distribution on the interval [−1, 1], and ∆s = 0.1 is the stepsize indicating the
maximum change in phase allowed per learning step. Then, after performing
nact = 2 cycles the unit determines its average velocity U ′i via the motion sensor,
and compares it with the velocity Ui stored in memory. The unit will update the
phases and velocities in its memory with probability e(U ′i−Ui)/T , in which T is a
‘temperature’ that can be used to tune the acceptance probability when U ′i−Ui < 0.
We refer to this algorithm as the ’Thermal algorithm’ (see pseudocode in Sec. 3.8).

3.3 Learning of emergent behaviour

Two active units

In order to test if the system can optimize its movement in a predefined direction,
we first focus on the most basic assembly of two active units (Fig. 3.1b). Note that
we also need one dummy unit without an actuator at the end of the assembly to
make sure all the other actuators are connected on both sides. We place the units
on a circular track and initialize both the active units with a random actuation
phase φi (Fig. 3.2a), and let the system run for nlearn = 100 learning iterations. At
the beginning of each learning step the units update their phases independently,
without exchanging any information. The pushing and pulling forces applied by
the pneumatic actuators are the only interactions between the units (Movie 1).
The results in Fig. 3.2b-c show that the assembled robot learns to move forward,
and reaches its fastest speed after just 80 s (i.e. 20 learning iterations). This grants
each unit a forward motion of ≈ 4.5 mm/cycle (see SI for specifics on the velocity
calculation). For the remaining 320 s the units try to continuously increase their
speed, resulting in random perturbations around the optimal behaviour. We then
repeat this learning experiment 56 times with the same settings, but with different
random initial phases.
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FIGURE 3.2: Initial learning experiments for an assembled robot consisting of two active
units. a, Each active unit can vary its phase φitcycle, which affects the actuation timing
as shown by the cyclic pressure in the soft actuators. b-c, Evolution of phases φi and
measured velocityUi in the active units as a function of time for a single learning experiment.
d, Distribution of average robot velocity Ū as a function of the learning step for 112
learning simulations and 56 learning experiments. e, Simulated and experimental velocity
as function of phase difference ∆φ = φ2 − φ1, exemplified by three experiments in Fig.3.3.

To complement our experimental results with simulations, we additionally
model the robot behaviour with a one dimensional mass-spring system, where
the masses experience static friction with the environment. Each active robotic
unit is modeled with a mass with an adjacent spring, see Fig. 3.9a. To model the
cyclic actuation that units perform, each spring has a time-dependent preferred
spring length which depends on the phase φi, resulting in a pushing force on two
consecutive masses, (see Sec. 3.8 for further details). By using this model, we then
perform 112 learning simulations and compare the results with experiments. The
distribution of the average robot velocities Ū =

∑
i Ui during learning is shown

in Fig. 3.2d. We find that, while the average speed after learning is distributed
around Ū ≈ 4.5 mm/cycle for both simulations and experiments, in the latter
case we also find an additional optimum for Ū ≈ 1 mm/cycle. The distribution
stabilizes at these two values after ≈ 20 learning steps.
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To determine the underlying cause for this bi-modal velocity profile shown
in experiments, we map the behaviour that this assembled robot can exhibit.
Although each unit updates its phase individually, the overall motion of the
assembled robot depends only on the phase difference ∆φ = φ2 − φ1 between
the two units. Fig. 3.2e shows a scan of the potential velocities Ū the robot can
exhibit, obtained in experiments by setting φ1 = 0 and varying φ2 between 0 and 1.
From these results we find that the highest speed is achieved at a phase difference
of ∆φ ≈ 0.4, at which the robot reaches a velocity of ≈ 4.5 mm/cycle. This is
same phase difference we observed in our first learning experiment (Fig. 3.2d). At
this optimal locomotion pattern, the system seems to undergo peristaltic motion,
where the first unit’s actuator is expanding for t ≤ α2 s pushing the first unit
to right (see e.g. Fig. 3.1b). Then, once the first unit’s actuation has ceased, the
second unit actuator becomes active pushing on both the second and dummy
unit. At the same time, the first unit’s actuator is relaxing, favoring the positive
displacement of the second unit to the right. Finally, when also the actuators of
the second unit stops, its spring back force has a larger effect on the dummy unit
since the actuator is also contracting. To further understand the relation between
optimal phase combination and α, we performed a parametric study and found
an approximately linear relation ∆φ ≈ α (Fig. 3.16).

Similarly, for ∆φ = 0.6 the robot moves in the opposite direction with a
reversed actuation pattern with a velocity of ≈ −3 mm/cycle, while at ∆φ ≈ 0.9
we find a local maximum in experiments with lower speed of ≈ 1 mm/cycle. The
total displacement caused by these three locomotion patterns are demonstrated
in Fig. 3.3, where we show both the starting and the end position after 60 s. It is
important to note that while we expected symmetric behaviour between forward
and backward motion, as also demonstrated by the mass-spring model (Fig. 3.2e),
in experiments we observe asymmetric motion. We believe that this asymmetry
arises from a reduction of the friction due to the vibration of the pumps, which only
occurs in the active units, see SI for further details. The placement of the dummy
unit therefore influences the behaviour the robot can achieve. Also note that when
applying the learning strategy in the simulations (Fig. 3.2d-e), we find that the
system only stabilizes around the maximum at ∆φ ≈ 0.4, since no significant local
optima are observed.

Three active units

While the results for a robot assembled from two active units seem promising, the
system’s average score function Ū is relatively simple (Fig. 3.2e). Therefore, we
next increase the complexity by performing experiments on a robot assembled
from three active units and one dummy unit (Movie 1). In Fig. 3.4a we show the
distribution of the average velocities Ū during learning, of 112 simulations and 56
experiments. We observe both in experiments and simulations an initial improve-
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FIGURE 3.3: Start and end positions for three experiments with fixed phase combinations,
∆φ = 0.4, 0.6 and ∆φ = 0.9 respectively, as indicated in Fig. 3.2e

ment of Ū during the first few ≈ 50 learning iterations, similar to the assembled
robot containing two active units. Interestingly, while the simulations stabilize at
a Ū with a mean positive value and an acceptance rate of ≈ 0.25 (Fig. 3.4b), for
experiments we observe a decrease of the mean Ū after ≈ 200 learning steps. This
is accompanied by a decrease in the average acceptance rate of new phases, which
approaches zero soon after the learning starts. To understand the qualitative
difference between simulations and experiments, and specifically the decrease in
Ū in experiments, we measured Ū for all potential phase combinations in both
simulations (Fig. 3.4c) and experiments (Fig. 3.4d). As expected, the results show a
diverse range of possibilities, with multiple maxima. While our relatively simple
model seems to capture the behaviour of the assembled robot, there are two main
differences in experiments. First, in experiments we observe significant noise,
which could, e.g., be the result of how the measurements are taken (see SI). Second,
in experiments the performance of the robot seems to depend on where it is located
on the circular track, which could be the result of the variations in track width
and the resulting friction (SI and Fig. 3.17). This is supported when considering
the standard deviation of the observed Ū measured over 20 experiments, which
exhibits non-negligible variations (Fig. 3.4e and Fig. 3.13a). For example, when
running an experiment with φ2 − φ1 = 0.4 and φ3 − φ1 = 0.2 (bottom circle in
Fig. 3.4d-e), we find that for some parts of the track this assembled robot is capable
of achieving Ū ≈ 2 mm/cycle, while the robot comes to a complete stop when
reaching different parts of the tracks (Fig. 3.4f and Movie 2). In contrast, other
regions in the phase space appear to be robust against track variations, see e.g. the
phase combination φ2 − φ1 ≈ 0.4 and φ3 − φ1 ≈ 0.8 (top circle in Fig. 3.4d-e), for
which the robot displacement Ū ≈ 4.5 mm/cycle is at a maximum (Fig. 3.4f and
Movie 2).
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t = 0 s t = 146 s t = 292 s

Φ2-Φ1= 0.4
Φ3-Φ1= 0.2

t = 0 s t = 146 s t = 292 s

Φ2-Φ1= 0.4
Φ3-Φ1= 0.8

FIGURE 3.4: Adaptability to variations in the environment of an assembled robot consisting
of three active units. a-b, Distribution of average velocities Ū and average acceptance rate p̄
for the Thermal algorithm, as a function of the learning step, for 112 simulations and 56
experiments. c-d, Average velocity Ū obtained in simulations and experiments as a function
of all the possible combinations of phases φ3 − φ1 and φ2 − φ1 (with φ1 = 0). e, Standard
deviation of the average velocity Ū observed over 20 experimental runs. f, Two different
experiments with fixed phases, to highlight the effect of the track on the robot’s behaviour.
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ba
Flaky Algorithm

FIGURE 3.5: a-b, Distribution of average velocities Ū and average acceptance rate p̄ for the
Flaky algorithm as a function of the learning step, for 112 simulations and 56 experiments.

3.4 A more robust learning strategy

To understand the effect that noise and changes in environment can have on our
proposed decentralised learning algorithm and the reason that the algorithm stops
accepting new phases, we need to consider how the memory is updated. At the
moment, each unit only updates its Ui that is stored in memory when achieving a
higher U ′i , with the exception of a probability to accept lower U ′i depending on the
specified temperature T . If in the previous step the noise caused an overestimation
of the Ui that was stored in memory, the probability to accept realistic U ′i becomes
smaller. Similarly, if changes in the environment cause a decrease in U ′i , it will
become less likely that the value of Ui that is stored in memory is updated. This
will influence the overall acceptance probability (Fig. 3.4b), and reduce the ability
to adapt to variations and noise as also demonstrated by including noise in the
simulations (Fig. 3.14a-b).

Therefore, while the Thermal algorithm performs well in a noiseless or static
environment, in order to improve the adaptability2 of our system to real dynamic
experimental conditions where sensor data might not be always reliable or envi-
ronment has changed, we need to modify how memory is stored in each active
unit. So far, we stored the last accepted phase φi and corresponding displacement
Ui in memory. Instead, we propose an improved algorithm in which we update
the memory according to the newly obtained velocity U ′i , while still only updating
the phase to φ′i in case of acceptance. We refer to the this new strategy as the ‘Flaky
algorithm’ (see pseudocode in Sec. 3.8). As such, with this new formulation each
unit is constantly aware of the landscape and does not rely on past information
that may not be reliable anymore (Movie 1).

2We refer to adaptability as the capacity of our learning algorithm to adapt to different circumstances,
such that it is still able to improve the current performance on the task, and explore the range of optimal
behaviours given the ongoing circumstances.
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To determine the performance of this updated algorithm, we repeated the
learning study and gathered data from 112 simulations and 56 experiments. The
results in Fig. 3.5a show that with the Flaky algorithm the active units are now
capable of adapting to variations in their environment, achieving velocities of
Ū ≈ 4 mm/cycle. Interestingly, the units now accept ≈ 60% of all new candidates,
independent of the learning step (Fig. 3.5b). As a result, the robot is able to adapt
its behaviour to noise and variations in the environment, which significantly
improves its overall robustness. The difference in adaptivity between the Thermal
and Flaky algorithm can also be illustrated by simulations in which we implement
a sudden reduction in friction during learning (Fig. 3.18 and Fig. 3.19). Moreover,
simulations indicate that the acceptance rate of the Flaky algorithm is not affected
by the noise level, in contrast to the Thermal algorithm (Fig. 3.14c).

While the Flaky algorithm seems more suitable for dynamic environments
than the Thermal algorithm, we can still observe certain conditions for which the
Flaky algorithm is starting to have problems. For example, when increasing the
friction in this system as shown in Fig. 3.17e-f we observe potential behaviour that
changes more abruptly with a change in actuation phase. As such, the derivative
of the score with respect to the phases is close to zero everywhere, except for a
few boundaries between domains. In this case the memory in the Flaky algorithm
can be reset almost instantaneously, after which it will accept any other phase
combination. As such, the Flaky algorithm requires some notion of smoothness,
with variations occurring over domains that are larger then the stepsize.

3.5 Adaptivity to damage

With the adoption of the Flaky algorithm, we next explore if and how the assem-
bled robot adapts to suddenly applied damage. In order to show this, we consider
a learning experiment with three active units and one dummy unit, in which we
intentionally damage the robot after ∼ 300 learning steps by removing the venting
needle in the second unit (Fig. 3.6a-b and Movie 3). This dramatically alters the
possible behaviours the robot can exhibit, as indicated by the contour plots of
the score before and after damage (Fig. 3.6c-d and Fig. 3.13). Once damaged, the
robot must find a new locomotion pattern. It should be noted that although the
second actuator cannot inflate after damage, we still observe the presence of a
global optimum at φ2 − φ1 ≈ φ3 − φ1, for which unit two and three are active
simultaneously. While one would expect no influence of the damaged unit’s phase
on the overall score (Fig. 3.20, Fig. 3.21), we find that by turning the pump on and
off, unit two seems to control its friction properties and as a result still plays a role
in the optimal behaviour.
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FIGURE 3.6: Adaptability of the assembled robot to damage using the Thermal and Flaky
algorithm. a-b, An assembled robot consisting of three active units is damaged by removing
one of the needles. c-d, Average velocity Ū obtained in experiments for an intact and
damaged robot, as a function of the possible range of combinations of phases φ3 − φ1 and
φ2 − φ1 (with φ1 = 0). The white and black dots represent the tried phases in two learning
experiments in which the robot is damaged after 300 learning steps, using the (e) Thermal
and (f) Flaky algorithm, respectively.
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Importantly, when directly comparing the experiment and the simulations
results of the Thermal and the Flaky algorithm as shown in Movie 3, Fig. 3.6e-f,
Fig. 3.20 and Fig. 3.21, we find that the Thermal algorithm is not able to adapt to
the damage and gets stuck at a certain phase, while the Flaky algorithm is able to
overcome damage by completely adapting its behaviour.

3.6 Scalability of the learning behaviour

Finally, to verify if our learning strategy is scalable and can be applied to assembled
robots consisting of more than three active units, we performed 112 simulations
and 56 experiments on a robot consisting of seven active units and one dummy
unit (Fig. 3.7a and Movie 4). In Fig. 3.7b we show the distribution of average
velocity Ū as a function of the learning step. While the average displacement
Ū ≈ 2.5 mm/cycle is lower than before, the initial learning occurs within a
comparable number of learning steps. Note that during learning the assembled
robot occasionally does reach higher speeds up to Ū ≈ 4 mm/cycle, however
it is not able to maintain these speeds, likely due to the random guesses made
by each unit during normal operation. To better understand how the system’s
behaviour is affected by its size, we performed 112 simulations for sizes up to
20 active units. To determine the equilibrium velocity Ūeq as shown in Fig. 3.7c,
we fitted an exponential function to the average learning behaviour (Fig. 3.15a).
We find that the equilibrium velocity decreases for larger number of units, but
appears to asymptotically reach a value close to Ū ≈ 1.7 mm/cycle.

Here, it should be noted that scalability could refer to two things, which
is the behaviour that the robotic platform can exhibit (in the sense that it can
physically move with more units connected together), and the ability to learn
"good enough" or optimal behaviour. In the results shown in Fig. 3.7c we are
investigating both factors for scalability simultaneously. One could argue that
the velocity associated with the peristaltic locomotion should not depend on
the number of units, such that the system is apparently not able to find the
optimal behaviour for larger system size. This might be explained by the fact that
our learning algorithm is exploring the behaviour in a probabilistic way, such
that equilibrium relates to some extent to the standard deviation of the system’s
potential behaviour (Fig. 3.22). However further studies should be performed to
support this statement.

Interestingly, we do find that an increase in the number of units does not affect
the rate of learning, as indicated by Fig. 3.7d, and that on average the units only
need 35 learning steps to reach speeds within 80% of the equilibrium velocity Ūeq.
Furthermore, we can increase the equilibrium velocity Ūeq at the cost of learning
rate by decreasing the steps size used to update the phases (Fig. 3.7c-d), which
underpins the assumption that better behaviour is attainable but depends on the
stochastic nature of the algorithm.
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FIGURE 3.7: Scalability of the learning behaviour for an assembled robot ranging from 2 to
20 active units. a, Initial and final position after 300 learning steps (1200 s) of an assembled
robot consisting of seven active units. b, Distribution of average velocities Ū as a function of
the learning step, for 112 simulations and 56 experiments. c, Relation between the number
of active units and the equilibrium velocity Ūeq, obtained using simulations, for ∆s = 0.1
and ∆s = 0.1/4. d, Average number of learning steps, and standard deviation, needed to
reach equilibrium (i.e. 0.8 Ūeq) as a function of the number of active units. Here we only
consider the simulation which reach the 0.8 Ūeq threshold within the assigned number of
learning steps. While for ∆s = 0.1 all the simulations reach the threshold, for ∆s = 0.1/4
we find that a percentage of simulations do not reach 0.8 Ūeq (Fig. 3.15b).

3.7 Conclusions

In this work, we implemented a basic decentralised reinforced learning algorithm
in a modular robot to improve and adapt its emergent global behaviour. We
demonstrated that such a decentralised learning approach is an effective way to
adapt the robot’s behaviour to a changing environment or damage. One of the
most important findings of this work is the requirement on how previous scores
(measured by the sensors) should be stored in each unit, where we find that the
memory should be representative of the current environment in order for the
algorithm to be adaptive. We implemented this in the Flaky algorithm by always
keeping the last measured displacement, in contrast to the more classic Thermal
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algorithm that keeps the best of all previously measured displacements, and
therefore can only overcome sudden changes in conditions according to a specific
temperature parameter. Interestingly, our proposed system was able to learn
peristaltic locomotion gaits [127, 137, 138] without any prior knowledge, making
this decentralised learning strategy suitable for the exploration of environments
whose governing physical conditions are unknown.
Given that each unit in the robot is identical, no electrical connections are needed,
and there is no centralised controller, the robot can be reconfigured into any
shape and maintain its capability to learn, for example after shuffling the units
(Movie 5). As a result, each module represents a unit cell capable of learning,
such that the learning capability becomes essentially a material property, e.g.,
when cutting the robot in two both parts would maintain the ability to learn. We
therefore refer to this kind of system as ‘robotic matter’ [47, 49, 139]. Although
we performed 1D experiments to simplify the potential behaviours, the robot
does not need to be confined to a track (Movie 5). Importantly, we believe that
our approach is applicable to a large range of robotic systems with different
architectures, actuators, and sensors, including (soft) robots with many degrees
of freedom that are assembled in 2D patterns [127], or that fully deform in 3D
[124]. Furthermore, the simplicity of our learning strategy and the fact that it can
be coded using only a few lines makes it suitable for (micro-sized) robots that
have limited computational power and dedicated electronic circuits [140–142],
and could potentially even be realized through other means than an electronic
circuit such as microfluidics [117, 143], and even material behaviour [144]. The
simplicity and robustness of our proposed robotic matter is an important step
towards robotic systems that can autonomously learn to thrive in a broad range of
applications at different length-scales, spanning from in vivo healthcare, to disaster
relieve and space exploration.
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3.8 Supplementary information

Fabrication of units

Each unit consists of a micro-controller (ESP32), a motion sensor (ADNS-9800)
and a pressure sensor (Honeywell MPRLS0015 PG0000SA), mounted on a custom
made PCB embedded in a 3D printed frame with a total dimension of 68× 44×
42 mm. The frame is designed to support a micro-pump (Huizhou Yingyi Motor
Co. YYP032), a 3.7V battery (Carson 500608131), and has two mechanical snap
connectors to attach the soft actuators.

The soft actuators consist of three bellows of 25 mm outer diameter, a length
of 35 mm and a total inner volume of ≈ 2 ml, which were moulded using a soft
elastomer (Smooth-ON Dragon Skin 30). The mould consists of two external
components printed on a polyjet printer (Stratasys Eden260VS), and a soluble PVA
core printed on a FDM printer (Ultimaker 3). After casting, the soft actuators were

b c d
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FIGURE 3.8: Unit assembly and bellow actuator fabrication. a, Overview of unit components
and assembly process. b, CAD models of bellow actuator moulds. The outer mould (in
blue) was printed in VeroClear (Stratasys Eden260VS), and the inner core (in pink) was
printed in soluble PVA (Ultimaker 3). c, 3D printed parts before casting. d, Injection casting
of bellow actuator with Dragon Skin 30 (Smooth-ON).
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connected to a water pump (Eheim 1250-790) to flush out the soluble core over a
period of approximately two days. The actuators were connected on both sides
to luer lock couplings (Nordson Medical FTLL035-1 and MLRL035-1) with heat-
shrink tubes (RS-458-068). One side of the actuator is then connected to a venting
needle (Metcal 9922050-TE gauge 22, inner diameter of 0.412 mm and length of
11 mm), via a male-female luer elbow coupling (Nordson Medical LE87-1), and
two luer lock caps (Nordson Medical FSLLR-3). The other side of the actuator is
connected to the pump and the pressure sensor via a silicone tube (outer and inner
diameter 3 mm and 1.5 mm, respectively), fitted with a barb to luer lock connector
(Nordson Medical MLRL007-1).

The mass m of each unit is equal to 63.7 g, including 10.2 g for the complete
actuator and 10.8 g for the battery. After connecting two units using a soft actuator,
the distance at rest between the two adjacent units equals 62 mm. Importantly, the
assembled units touch the surface using four 5.5× 8 mm screws. To maximize the
accuracy of the motion sensor, the distance of the PCB from the surface was set to
be ≈ 5 mm, achieved with a screw head of 3 mm thickness, and four nylon rings
of 0.54 mm thickness per screw. The width of the units at the place they touch the
ground (i.e. width between the screws), which fits into the track, has dimension of
55.4 mm. An overview of the components and assembly is given in Fig. 3.8.

Experimental setup

The learning experiments are launched by initiating each unit at a random phase
φi. The initialization is done via a WiFi connection, and it is made with each unit
sequentially. While the WiFi connection is not needed to perform the experiments,
the connection is used to gather sensor data during the experiments. After ini-
tialization, the units try out new phases after every nact = 2 cycles of tcycle = 2 s
duration. During these two cycles, the phase φi is kept constant. After perform-
ing two cycles, each unit determines its average velocity U ′ that is used in the
learning algorithm. Each unit takes displacement measurements at a 10 Hz rate as
shown in Fig. 3.23, and the unit displacement for the learning step is determined
by comparing the absolute displacement at the beginning and at the end of the
second actuation cycle (the measurements that are located at the dashed lines).
The velocity can then be determined by dividing the displacement by the actuation
cycle duration of tcycle = 2 s.

The change in phase between two consecutive learning steps, is implemented
in the first actuation cycle. The change to the phase is made by scaling the total
duration of the cycle according to 1−(φ′i−φi)/tcycle, which results in an elongating
or shortening of the duration of the first cycle. Importantly, for both cycles the
pump is only turned on in the first α = 0.4 portion of each cycle. Note that the
implementation of the phase change, which results in an elongating or shortening
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of the duration of the first cycle, introduces some differences in measured velocity
between units of the same robots at the same learning step, because the evaluation
periods start and finish at different times.

By comparing the measured velocity U ′ with the velocity U stored in memory,
each unit determines the acceptance probability of the current phase φ′ according
to p(∆U) = e(U ′−U)/T , in which T = 0.1. Using the phase that is stored in
memory φ, each unit then perturbs its phase according to φ′ = φ+ ε∆s to obtain
a new candidate phase, in which ε is a random number drawn from a uniform
distribution on the interval[−1, 1], and ∆s = 0.1 is the used stepsize. Note that
while the units are initialized at the same time, the internal clocks of the units
are not further synchronized and will go out of sync over time. While this is
not corrected during learning (which should also not be necessary as the units
should be able to adapt to this), for plotting purposed we take the learning step
as reference. While the units can operate on battery, to allow for continuous
testing most of the experiments were run by powering the units with a common
power supply, attached to one of the active units. Power is then delivered to the
other units via a unit-to-unit connection placed below the soft actuator. Moreover,
the experiments were performed on a lasercut circular POM track screwed on a
MDF surface. The diameter of the track is D ≈ 0.854 m, and the track width is
w = 56.4± 0.4 mm.

The learning algorithms

Each unit runs an identical algorithm. The pseudecode for the two algorithms
(Thermal and Flaky) tested in this work are given are given below.

Algorithm 1: Thermal algorithm in pseudocode
Initialize random phase φ
Evaluate velocity U
for Step in nlearn do

Perturb phase stored in memory φ′ = φ+ ε∆s
Evaluate new velocity U ′

Determine acceptance probability p(∆U) = e(U ′−U)/T

if p(∆U) ≥ rand(0, 1) then
Store new phase in memory φ = φ′

Store new velocity in memory U = U ′

end
end
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Algorithm 2: Flaky algorithm in pseudocode
Initialize random phase φ
Evaluate velocity U
for Step in nlearn do

Perturb phase stored in memory φ′ = φ+ ε∆s
Evaluate new velocity U ′

Determine acceptance probability p(∆U) = e(U ′−U)/T

if p(∆U) ≥ rand(0, 1) then
Store new phase in memory φ = φ′

end
Store new velocity in memory U = U ′

end

Numerical model

We model the robot’s behaviour with a one dimensional mass-spring system,
where masses exhibit friction with the environment (Fig. 3.9a). Each i-th active
unit is modeled as a mass mi, with an adjacent spring with stiffness ki and initial
length Li. To model the actuation forces applied by the pneumatic actuator, this
spring has a time-dependent rest length li(t) = Li + ∆Li(t), which depends on
the actuation phase φi. Furthermore, we assume that each unit experiences a
nonlinear friction F (ẋi) with the surface that depends on the mass velocity ẋi. We
can then write the system’s equation of motion as follows,

Mẍ = −Kx− F(ẋ) + A(t), (3.1)

where M is a mass matrix, K is a stiffness matrix, F is a friction force vector and A
a vector containing the actuation forces exerted by the actuators on the connected
masses. Specifically, the matrices for the assembled system containing (n − 1)
active units (i.e. n masses) are equal to

M =


m1

m2

. . .
mn

 ,

K =


k1 −k1

−k1 k1 + k2 −k2

. . . . . . . . .
−kn−2 kn−2 + kn−1 −kn−1

−kn−1 kn−1

 ,
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a

b c

d

FIGURE 3.9: Numerical model schematic and implementaion. a, One dimensional mass-
spring model schematic for an assembled robot consisting of two active units (and one
dummy unit). b, Actuator’s preferred spring length l(t) as a function of time for the specific
case of φ = 0. c, Modelled Coulomb friction FC as a function of the relative velocity ẋ to
the ground. d, Example of positions xi for the three masses in a learning step of nact = 10
actuation cycles, with φ1 = 0 and φ2 = 0.4.

61



CHAPTER 3. CONTINUOUS LEARNING OF EMERGENT BEHAVIOUR IN ROBOTIC MATTER

A(t) =


k1l1(t)

k2l2(t)− k1l1(t)
...

kn−2ln−2(t)− kn−1ln−1(t)
kn−1ln−1(t)

 .
As an example, if we assume that all units are identical (i.e. mi = m and ki = k),
for two active units we have

m

1
1

1

ẍ1

ẍ2

ẍ3

 =− k

 1 −1
−1 2 −1

−1 1

x1

x2

x3

−
F (ẋ1)
F (ẋ2)
F (ẋ3)


+ k

 l1(t)
−l2(t)− l1(t)

l2(t)

 . (3.2)

In experiments, the pump is cyclically turned on and off for ton and toff seconds,
respectively. When the pump is turned on, the flow into the soft actuator is
approximately constant. Simultaneously, the actuator vents air through a needle.
To model the inflation and deflation cycle of the actuator characterized by the
actuation function li(t) in Eq. (3.1), we turn to an electronic analogy [145]. If we
assume the pump acts like a current source, the actuator as a capacitor, and the
needle as a resistor (with parameters I , C and R, respectively), the voltage V in
the capacitor during one full cycle (representing the pressure in the actuator) is
given by

V =

{
Voff + (IR− Voff)(1− e−t/(RC)) for 0 ≤ t ≤ ton
Vone

−t/(RC) for ton ≤ t ≤ toff + ton,
(3.3)

where Voff is the voltage in the capacitor at the end of the previous deflation step,
and Von is the voltage in the capacitor at the end of the inflation step. We next
transform this voltage to extension of an actuator by assuming ∆L = βV , such
that

li(t) = Li + βVi, (3.4)

where we assumed a linear relation between the pressure inside the actuator and
the extension of the actuator.

We model the friction force Fi(ẋi) for each mass as a combination between a
Coulomb FC,i(ẋi) and a viscous Fv,i(ẋi) friction [146]. The Coulomb friction is
given by

FC,i(ẋi) = (µBrkmig) tanh

(
ẋi
vC

)
, (3.5)
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in which µBrk is the breakaway friction coefficient between each mass and the
surface, g is the gravitational constant, and vC is the Coulomb velocity threshold
which scales the speeds at which the friction barrier is broken. Moreover, the
viscous friction equals

Fv,i(ẋi) = cẋi, (3.6)

where c is the viscous damping coefficient. The total friction force that acts on
each mass equals

Fi(ẋi) = FC,i(ẋi) + Fv,i(ẋi). (3.7)

Note that the µBrk parameter for the Coulomb friction can be observed experimen-
tally. In contrast, from an experimental perspective vC is ideally equal to zero.
However, in simulations we used vC = 0.001 to smooth the transition and prevent
numerical problems. Moreover, we included the viscous term Fv,i to numerically
dampen the system and avoid possible numerical instabilities or high-frequency
oscillations. We noticed that the choice of parameter c only effects the quantitative
agreement between simulations and experiments shown in Fig. 3.2e, and we found
a value of c = 5 to be appropriate.

Simulation setup

To determine the motion of the assembled system of equations, we numerically
solve Eq. (3.1) using the implicit Radau method implemented in a custom script in
Python with the SciPy integration library (version 1.4.1). To perform a learning
simulation, in the setup phase a worm object is instantiated and all parameters are
set to their initial values. This includes the resting length of the springs which is
always set to a constant value of L = 60 mm. A random phase φi is assigned to
each unit, along with a fixed number of learning steps and a simulation time of
20 s per learning step, during which the phases φi are kept constant. The phase
φi is used to determine the time-shift of the preferred spring length li for each
spring. E.g. for a phase φi = 0, the preferred spring length starts increasing at
t = 0, as shown in Fig. 3.9b. After the last learning step, units calculate their score
U ′ as the average distance travelled relative to the simulated time of 20 s. Units
use this score to update their phases as done in experiments. Similarly, the phases
are also perturbed in the same way after each learning step, and new candidate
phases φ′i are set for the next learning step. Note that at the beginning of every
learning step, we reset the displacements of the units to their rest length, such
that the system undergoes transient behaviour during the first actuation cycle,
as can be seen in the first seconds in Fig. 3.9d. This is the result of the difference
between the natural rest length of the spring 60 mm, and the new rest length as
determined by the new actuation phase φ′i. This does not significantly affect the
U ′, as we simulate a relatively large period of time.
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Nevertheless, when we compute the system velocity as a function of the phase
combinations (e.g. Fig. 3.2e), the simulation settings with fix time does include
some asymmetry between forward and backward motion, since we for example
set φ1 = 0 for all our simulations. This cause that a phase combination of φ1 = 0
and φ2 = 0.4 produces a locomotion that is not exactly the same as for φ1 = 0 and
φ2 = 0.6. For example, in the two active unit case, we observe that the backward
maximum velocity (∆φ = 0.6) is 0.3 [mm/cycle] higher than the forward velocity
(∆φ = 0.4). I.e., considering the velocity in forward locomotion as the real value,
since in this case both actuations have ceases at the end of the simulated time, we
measure an asymmetry (in terms of relative error) of −8%. To further verify this,
we also compute the same phase difference sweep where learning steps have a
duration 80 s. In this case, we see that the asymmetry drops to −2%, where we
measure a velocity difference < 0.1 [mm/cycle].

Model parameter measurements

To characterize the behaviour of the soft actuator (i.e. stiffness k and the exten-
sion ∆L), we measured the force-displacement response of the actuator using a
mechanical testing machine (Instron 5965L9510). To determine the stiffness, we
start with an actuator that is open to the surroundings and perform a pulling
experiment four times, in which we deform the actuator at a constant deformation
rate of 120 mm/min to an extension of 20 mm, return to the initial position, and
compress 3 mm beyond the initial position (Fig. 3.10a). Based on these results, we
extract the slope of the curve to determine the stiffness k of the actuator, as shown
in Fig. 3.10b.

To determine if the stiffness of the actuator depends on the internal pressure,
we next performed a second experiment where we start with an unpressurized,
but closed actuator, and performed the same extension/compression testing rou-
tine. We then add 1 ml of air to the actuator using a syringe pump, leading to an
increase in the internal pressure. We then closed a valve in order to disconnect the
syringe during the pulling experiment and repeated this procedure for a total of
four measurement cycles. In Fig. 3.10c-d we show the measured force-deformation
curves and the corresponding stiffness k for the closed cases, respectively. We find
that the stiffness is not significantly affected by the internal pressure when the actu-
ator is closed to the surroundings. It is important to note that during compressive
loading at small or negative extensions the actuator undergoes a global buckling
instability that suddenly changes the stiffness (Fig. 3.10c-d). However, such an
instability has never been observed in the actuators during normal operation of the
units. Moreover, we also find that the closing of the actuator to the surroundings
increases the stiffness. This is likely the result of the enclosed air that acts as an
additional spring. Since the experimental situation is between open and closed,
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and preliminary results showed that the response is qualitatively identical inde-
pendently of the exact numerical value of stiffness, we chose k = 100 N/m for the
numerical simulations. To determine the parameters used to specify the actuation

FIGURE 3.10: Characterization of a soft actuator. a, b, Force-extension and stiffness-
extension response of an actuator open to the environment. The value k = 100 N/m
was chosen as actuator stiffness in the numerical model. c, d, Force-extension and stiffness-
extension response for an actuator closed to the environment (i.e. contains a fixed amount
of air), for increasing enclosed air volumes from Vtot = Vact to Vtot = Vact + 3 ml, in steps
of 1 ml.

cycle, we measure the maximum extension ∆Lmax and corresponding pressure
Pmax of the actuator during cyclic operation. We find that ∆Lmax = 12.5 mm
and Pmax = 6 kPa. Given that the maximum pressure in the actuator equals the
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maximum voltage Von = 6 in our fluidic-electric model (Eq. (3.4)), we find that
β ≈ 2.08 mm/kPa. We next tune I , R and C such that Von ≈ 6, and Voff ≈ 0.01Von
(such that the actuator is empty at the end of the deflation cycle). We find that
values of I = 0.35, R = 18 and C = 0.0145 give a realistic inflation and deflation
behaviour according to Eq. (3.3), as shown in Fig. 3.9b.

To characterize the friction F (ẋ) of the unit moving on the experimental ta-
ble, we attached one unit to a horizontal material testing machine (Instron 5900
equipped with 100 N load cell) as shown in Fig. 3.11a), and measured the reaction
force when prescribing a displacement (Fig. 3.11b) to the unit that is moving on a
similar surface as the one used in the learning experiments. Note that we used
the bottom part of one of the units, and placed additional weight on it to a total
of mTest = 0.811 kg, in order to increase the resolution in our measurements. To
understand if this coefficient is influenced by the relative speed of the units, we
performed five tests in which a maximum displacement of 126 mm is reached
after ramping up and ramping down the displacement rate as shown in Fig. 3.11b.
Assuming that the friction force is equal to µBrk mTest g, the resulting friction
coefficient µBrk is shown in Fig. 3.11c. Apart from the initial increase in friction
coefficient when the unit is set into motion, we find an approximate constant
friction force as a function of the unit’s relative velocity. Based on this result, we
chose µBrk = 0.24 as the breakaway friction coefficient in our numerical model
(Eq. (3.5)). The final friction behaviour is shown in Fig. 3.9c.

FIGURE 3.11: Friction characterization between the unit and the table. a, overview of
the horizontal friction characterization experiment. Additional weight has been added
to the unit to increase the magnitude of the force and reduce relative noise. b, Applied
displacement (extension) profile as a function of time. c, Measured friction coefficient, and
standard deviation, as function of the applied extension. The value µBrk = 0.24 was chosen
as breakaway friction coefficient to use in the numerical model.
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Difference between experiments and simulations

Asymmetric locomotion in experiments

While we expect a symmetric velocity profile with respect to phase combinations,
it is not the case for our experiments. We observed that a reduction of friction
might be caused by the vibration of the pump, and since the dummy unit is
never vibrating, this may cause the difference between forward and backward
locomotion. This seems to be suggested also by comparing the experimental and
simulated average velocity Ū as a function of the phases combinations, in a three
active units system with damage, Fig. 3.6d and Fig. 3.21e.

To verify whether a higher friction on the dummy unit introduces the experi-
mental asymmetry we see e.g. in Fig. 3.23, we ran simulations on a two active unit
system, in which the Coulomb friction FC on the dummy mass is multiplied of a
factor β. In Fig. 3.12a, we show the velocity as a function of the phase difference
δφ, for different β, and see that the increase in friction reduces the maximum and
minimum speed the system can achieve. Specifically, it seems that the backward
velocity peak is affected more by the increase in β. To quantify this effect, we
consider the relative difference between the maximum and minimum velocity,
and find an increasing trend as β increases, despite the simulation step time of 20
or 80 s, see Fig. 3.12b. While the higher friction on the dummy unit decreases the
maximum velocity in a backward motion, it still does not explain the presence of
the local maximum at ∆φ ≈ 0.9 we find in experiment.

Experimental noise

We believe that the noise observed in experiments is mainly caused by three effects,
related to the sensing hardware, decentralisation, and environment.

First, while the position sensor is relatively precise (steps of 0.016 mm) and can
handle much higher speeds (up to 150 mm/s, we do observe some rotation when
the units are moving along the track. Such rotation is not captured by the sensors,
and could therefore cause an integration error. This causes a relatively high noise
for phases that result in approximately no movement.

Second, since measurements of the position are done separately by each unit,
the moment at which the position is measured by each unit varies in time (e.g.,
see Fig. 3.23). Therefore, when one unit is measuring its displacement, another
unit might still be moving. This effect is furthermore strengthened by the fact
that units’ internal clocks go out of sync as the learning progresses. This noise
therefore depends on the state of the system, and the time during experiments.

Third, experimental noise is also caused by variations in the track (the track has
been the same for all experiments). As mentioned in the section on experimental
setup, some regions of the tracks are narrower than others, where we observe a
standard deviation of ∼ 0.4 mm between the 20 measurements at different track
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a b

FIGURE 3.12: Simulations results with higher friction on dummy mass. a, Velocity as a
function of the phase difference ∆φ for different friction factor β. b, System locomotion
asymmetry, expresses as the relative error between forward and backward locomotion,
increasing friction factor β. The two curves represent results for simulations steps of 20 s
(standard settings) and 80 s.

locations. This causes the units’ feet to experience more play in some regions and
less in others, leading to small rotations besides the tangential translation when
pushed by the actuators. This is also demonstrated by the results in Fig. 2d, where
we show the average measured velocities across the system for 20 measurements
starting from different initial positions. In Fig. 2d we show the standard deviation
between these measurements highlighting the large variation in performance
for fixed phase combinations and different positions. Some of the individual
experimental scan can be seen in Fig. 3.13, where the landscape is explored by
fixing φ1 = 0 and φ2, and varying φ3. There is a significant dependency of the
potential behaviour the units can exhibit and where they are on the track, and so
this effect is rather a dynamic condition, rather than noise.

To determine if the velocity measurement taken by the local sensors is accurate,
we also compare the units’ displacement measurements with an external camera.
Considering the experiment with fixed phases for three active units in Movie 2,
we see that it takes approximately 1182 seconds to complete a full circle of length
2.68 meters. Comparing this to the distance measured with the sensors, we find
the three motion sensors underestimate the traveled distance with relative errors
of 1%, 9.7% and 10.7% respectively.

Importantly, we did not try to further reduce the above effects, but rather
embrace them, as one of our goals is to design a robust learning algorithm that is
capable of dealing with dynamic (and noisy) situations. Note that all three cases
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have not been included in most simulations, except for a noise term similar to
sensor noise that we have studied in Fig. 3.14, and changing friction and damage
shown in Fig. 3.18, Fig. 3.19, Fig. 3.20 and Fig. 3.21 a, respectively.
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Supplementary figures

a

b

FIGURE 3.13: Selection of experimental velocity scans for an assembled robot consisting
of three active units and one dummy unit. The results show three out of 20 experimental
runs that were used to determine the average speed Ū as a function of all the possible
combinations of phases φ3 − φ1 and φ2 − φ1 (with φ1 = 0), for (a) an undamaged and (b) a
damaged robot. Each scan is initialized by placing the robot at different starting positions.
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b c

a

FIGURE 3.14: Effect of noise on learning strategies. To understand how the performance of
the Thermal and Flaky algorithms are effected by noise, we performed simulations on a
assembled robot consisting of three active and one dummy unit, in which the measured
speed Ui of each unit was altered by a random value u drawn from a Gaussian distribution
with standard deviation ranging from 0 ≤ σ ≤ 0.6. For each selected value of σ we
performed 100 simulations. a, Distribution of measured velocities after 300 learning steps,
as a function of the standard deviation σ of the noise applied. We notice that for both
algorithms, even for larger values of the standard deviation, the system learns how to move
(although less effectively). However, for the Thermal algorithms and for an applied noise
with σ > 0.24 [mm/cycle] we see an increasing number of simulations with Ū ≈ 0. b,
Important to note is that for the Thermal algorithm the noise level has a large effect on the
acceptance probability p̄(∆U), which quickly tends to go to zero for increasing number of
learning steps and for σ > 0.024 [mm/cycle]. c, In contrast, noise does not seem to effect
the acceptance probability p̄(∆U) when using the Flaky algorithm.
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FIGURE 3.15: Scalability of the decentralised learning approach. To study the effect of the
number of units on the effectiveness of our updated learning algorithm, we performed
numerical learning experiments on assembled robots consisting of two to twenty active
units (and one dummy unit). We performed these simulations for two different stepsizes
of ∆s = 0.1 and ∆s = 0.025, in blue and pink respectively. a, Solid lines represents the
average over 112 simulations, while the shaded area represents the standard deviation. The
average curves have been fitted by an exponential function y = Ūeq −

(
Ūeq − Ū0

)
e−γ x,

shown by the dashed line. b, Percentage of simulations for ∆s = 0.025 not reaching the
0.8 Ūeq threshold within 600 learning steps. Note that for ∆s = 0.1 all simulations reach
0.8 Ūeq .
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a b

c

FIGURE 3.16: Simulations to determine the influence of the actuation duration α on the
displacement of a two active unit robot. a, Average velocity of the assembled robot as a
function of the phase difference δφ = φ2−φ1, for different values of α. The black line shows
the response for α = 0.4, that has been used throughout our studies. b, Maximum system
velocity Ūmax as a function of α. c, Optimal phase difference ∆φOpt. (for both positive and
negative Ū ) as a function of α.
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FIGURE 3.17: Effect of friction on the potential velocity and ability to learn of a three active
units robot running the Flaky algorithm. We performed 112 simulations for each of three
different frictions, where we determine both the average velocity Ū as a function of the
learning step (where the shaded area represents the standard deviation), and the optimal
phase combinations reached at the end of the last learning step, as indicated by the dots
in the contour plot. a-b, Results for the friction similar to the experiments (FC = FC,0) as
used throughout our studies. c-d, Results for reduced friction (FC = FC,0/10), qualitatively
similar to the robot moving on ice. e-f, Results for increased friction (FC = 6 FC,0).
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FIGURE 3.18: Results of 112 learning simulations of a three active units robot with sudden
and sharp drop in friction at the 150th learning step, for the Thermal algorithm. a-b, Average
velocity Ū and average acceptance rate p̄, as a function of the learning step. c-e, Optimal
phases combinations at the beginning of the learning, just before the friction change, and at
the end of the last learning step.
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FIGURE 3.19: Results of 112 learning simulations of a three active units robot with sudden
and sharp drop in friction at the 150th learning step, for the Flaky algorithm. a-b, Average
velocity Ū and average acceptance rate p̄, as a function of the learning step. c-e, Optimal
phases combinations at the beginning of the learning, just before the friction change, and at
the end of the last learning step.
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FIGURE 3.20: Results of 112 learning simulations of a three active units robot with sudden
damage on the second unit at the 150th learning step, for the Thermal algorithm. a-b,
Average velocity Ū and average acceptance rate p̄, as a function of the learning step. c-e,
Optimal phases combinations at the beginning of the learning, just before the damage is
applied, and at the end of last learning step
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FIGURE 3.21: Results of 112 learning simulations of a three active units robot with sudden
damage on the second unit at the 150th learning step, for the Flaky algorithm. a-b, Average
velocity Ū and average acceptance rate p̄, as a function of the learning step. c-e, Optimal
phases combinations at the beginning of the learning, just before the damage is applied,
and at the end of last learning step
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FIGURE 3.22: Sampling the scalable behaviour. Simulated system velocity as a function of
the number of active units. The dots represents the average value, and the bars indicate
standard deviation values over the 1000 random samples per system size.

FIGURE 3.23: Measured displacements at the 40th learning step by the two active units in
the learning experiment shown in Fig. 1d. The vertical dashed lines mark the beginning
and end of the second cycle, that is used to calculate the units’ average velocities U1 and U2.
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CHAPTER 4

Decentralised learning on idealized
environments

In preparation as:

Oliveri, G., Carissimo, C., Overvelde, J.T.B.
Reinforcement learning strategies in multi-agent
systems

In Chapter 3 we introduced a minimal, decentralised control strategy for robotic
systems made of modular independent units moving in 1D. We have shown that
a forward locomotion of the complete system can be achieved by having each
unit independently adapt its behaviour based on local measurements. Despite the
promising results in terms of adaptivity and scalability, the performance of the
learning strategies depend on the system’s interaction with the environment, mak-
ing it difficult to understand the qualities and limitations of the used algorithms.
In this chapter we develop a simulation framework where the interaction between
the system and the environment is analytically described, i.e. representing ideal-
ized case scenarios. By defining various environment functions, we characterize
the introduced learning strategies in terms of learning rate and ability to find and
maintain optima in static and dynamic environments, while also investigating
the influence of system size and noise. We find that, while the Thermal algorithm
guarantees the highest learning rate and ability to find and maintaining optima
in smooth and static environments, it is very sensitive to noise and dynamic cir-
cumstances. Differently, the Flaky algorithm is consistently able to improve the
system behaviour both in static and dynamic circumstances, even in the case of
large noise applied.
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4.1 Introduction

In Chapter 3 we have introduced decentralised learning strategies for the control
of robotic systems. By embedding sensing and decision making capabilities in
each robot part, we were able to achieve an emergent whole-body locomotion as
a results of policy specialization of each component. We define this behaviour
as emergent since units are individually incapable of locomotion, and require
to be physically connected and to cooperate in order to move. We showed that
the two introduced learning strategies are successful and improve the overall
robot behaviour, and that enhancement to the system’s adaptability1 to changing
environments can be achieved by updating how the sampled space is stored in
memory. We furthermore showed that the Flaky algorithm is suitable for the
control of an increasing number of active units maintaining the ability to improve
its performance, and allowed us to define this learning strategy scalable. Never-
theless, since the optimization landscape is the results of the system’s physical
interaction with the environment, the increase of system size augment the com-
plexity of landscape whose features such as maxima and minima, are impossible
to characterize. See e.g. the increase of possible behaviours when going from a
two to three active unit system in Fig. 3.2e and Fig. 3.4c-d.

Here, with the aim of defining the limiting factors that this decentralised ap-
proach might have, we develop a better understanding of how the two algorithms
work. We study the behaviour of independent decision makers on simplified
landscapes, which describe the relation between the system and an environment,
without the need of solving the equations of motion. In fact, by formulating the
landscapes analytically we can fully characterized the complete space of solutions,
and asses the performances of the decentralised learning algorithms with respect
to different criteria. Note that the idealized cases loos physical meaning, but do
highlight specifically the qualities of the learning strategies. First of all, we quan-
tify the learning rate of a given system with respect to the amount of noise (which
is rather hard to quantify experimentally), and its number of agents. Specifically,
by only focusing on the algorithms, we can focus on understanding how system
size plays a role in the learning strategy neglecting physical limitations.2 Further-
more, as the experimental exploration of the landscape features is cumbersome
even for relatively small system sizes, by providing an analytical formulation of

1Adaptivity describes the ability of the learning strategy to adapt to mutable circumstances, and
maintain the ability to learn and improve the performance of the system. E.g. In Chapter 3 we study
the robot adaptive behaviour with respect to variable friction, damage or re-arranging of unit position
within the system.

2In Chapter 3 the learning strategy is embodied in the units, and we refer to "scalability" as the
possibility of physically move with multiple units, and the capability of learning "good enough"
behaviours with multiple units. There we could not discern one from another. Here, by leaving out the
physical aspect, we can direct our interest to the latter aspect.
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the landscape, we can probe the system’s ability of finding global optima and
ability to maintain it.

4.2 Methods

To fully characterize the performances of our proposed algorithms, we developed
a simulation framework where the decision making of N agents is based on the
acceptance and rejection of random numbers φ = [φ1, φ2, ..., φN ]. Starting from
a random initial state, each agent is initialized with an input φi ∈ [0, 2π], and
evaluates the environment function Φ(φ) which depends on the input of all agents
within the system.3 Then, each agent draws a new input φ′i from a uniform
distribution in between [φi − ∆s/2, φi + ∆s/2] where ∆s is the search bound
width or step size, and evaluate the environment function again. Based on the
improvement of the environment function, e.g. ∆Φ(φ) > 0, each agent decides
to accept the new input φ′i and store it in memory, move the search bounds, and
draw a new input. In case of rejection, the search bound is maintained around
the last-accepted input φi. It is important to notice that, while agents accept and
reject inputs independently, their performances are linked to the choices made
by the others, as expressed by the environment function Φ(φ). In order to take
into account the various features a physical landscape can show, in this Chapter
we consider multiple environment functions (which represent different global
behaviours) to assess the learning strategies’ different properties.

Linear environment

First, we start by looking at a linear environment function, which depends on the
sum of the inputs φi,

Φ(φ) =

N∑
i=1

φi. (4.1)

In particular, given that the function has constant derivative, we can use this
function to determine the (linearized) learning rate. This environment does not
have maxima, and could e.g. be the case of a system moving towards a light
source infinitely far, where Φ(φ) would represent the measured light intensity.
Furthermore, because of its simplicity, this environment function helps us intro-
duce the test cases we will carry out for more articulated environment functions.

3In contrast with what done in Chapter 3 where each robotic unit senses the environment in-
dependently, here the environment score is the same for all agents. Since agents perform decision
independently with no knowledge of the other agents, we refer to this type of learning as decentralised.
Nevertheless, in further sections the addition of noise between different agents, makes our definition
better fitting the traditional definition of decentralised systems, where independent decisions are based
on local measurements.
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In addition we explore the effects of noise on the learning capabilities. Following
the previous light source example, noise could derive from sensor input which
alters the environment score for the same agents’ inputs.

Sinusoidal environment

Further, inspired by the two active units landscape observed in Chapter 3, where
e.g. the system’s maximum speed is obtained with a fixed phase difference be-
tween the units, we define a sinusoidal environment function. This is defined as

Φ(φ) =
1

N − 1

N∑
i=2

sin (φi − φi−1) . (4.2)

Unlike in Eq. (4.1), Eq. (4.2) has exactly one global maximum such that Φ(φ) = 1.
Therefore, we can use this environment function to determine the ability of the
system to reach and maintain maxima in the objective function. This would be for
example the case where the units are moving with a maximum speed, where Φ(φ)
represents the velocity.

Dynamic sinusoidal environment

Based on the previous environment function, the dynamic sinusoidal environment
function includes time dependency t within the sine argument. The environment
function Φ(φ, t) is then defined as

Φ(φ, t) =
1

N − 1

N∑
i=2

sin (φi − φi−1 + ω̃ t) , (4.3)

where ω̃ is the normalized frequency which describes the change in landscape
as a function of time t. This would be for example the case where the system is
trying to move in the direction of increasing light intensity, with the light source
moving along the horizon. This environment description resemble more closely
the experimental conditions, for which the optimal input combination is not
constant over time, and the system needs to constantly adapt to the environment.
This can be for example seen in Chapter 3, where large performance variations
were caused by track changes, or partial failure of the system.

Agents type

To investigate the role of agent behaviour on the overall system performance on
various landscapes, we only consider homogeneous systems made of the same
type of agents. The agent types we consider here are the Thermal and Flaky agents
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introduced in Chapter 3. For the Thermal agents, the acceptance probability of a
new tried input φ′, is given by

P (∆Φ) = e
Φ(φ′)−Φ(φ)

T = e
∆Φ
T , (4.4)

in which T is a ’temperature’ that can be used to tune the acceptance probability
when Φ(φ′) < Φ(φ). Differently, when Φ(φ′) ≥ Φ(φ) the new input is automat-
ically accepted. In case of acceptance both the input φ′ and the environment
score Φ(φ′) are stored in memory, and used for the next learning step. In case
of rejection, the last tried input φ′ is neglected, and both input and environment
score of the previous learning step are used as reference in the following step. In
this Chapter we will also look at the special thermal agent with T = 1 · 10−10 ≈ 0.
Since this agent only accepts better inputs, such that ∆Φ(φ) = Φ(φ′)− Φ(φ) > 0,
it will behave as a random search algorithm and it will generally represent the
upper limit in terms of learning rate. We will refer to this as Random Search or RS
agent.

While in Chapter 3 Flaky agents also consider a temperature T to compute the
acceptance probability of a newly tried input, to further simplify the algorithm,
we remove it, since it does not alter the its general behaviour. This is because
randomness is also built-in through the update of the objective function that does
not always correlate to the phase stored in memory. The Flaky agents considered
here only accept inputs which improve the environment function (Φ(φ′) ≥ Φ(φ)).
The fundamental difference between Random Search and Flaky agents is that the
latter stores the environment score Φ(φ′) even in case of rejection, while the input
φ′ is only updated in case of acceptance, maintaining the search space around the
last accepted input.

4.3 Learning rate

In order to quantify the systems’ learning rate, we first start by considering systems
consisting of two agents navigating a linear environment function defined as:

Φ(φ1, φ2) = φ1 + φ2. (4.5)

Since inputs are updated as

φ′1 = φ1 + ε1 ∆s/2 = φ1 + x x ∈
[
−∆s

2
,

∆s

2

]
φ′2 = φ2 + ε2 ∆s/2 = φ1 + y y ∈

[
−∆s

2
,

∆s

2

] (4.6)

where ε1 and ε2 are two independent random numbers within the interval [−1, 1],
the improvement between two consecutive learning steps (∆Φ(φ) = Φ(φ′) −
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FIGURE 4.1: Average environment score over 100 simulations Φ̄(φ) as a function of learning
steps, for two systems consisting of two agents on linear landscape. Shaded area represents
the standard deviation over all simulations results.

Φ(φ) > 0) occurs either when both agents draw inputs larger than the previous
(x, y > 0), or when one agent compensate for the unfavourable draw of the other
agent (x+ y > 0). We ran 100 independent learning simulations of nlearn = 3000
learning steps, stepsize ∆s = 0.1, with systems consisting of two RS agents and
two Flaky agents. In Fig. 4.1a we show the environment score Φ̄(φ) as a function
of learning steps. It is important to notice that here we show the measured score
of all learning steps, even the rejected ones. This is to maintain a parallelisms with
the experiments, where bad steps affect the overall performance within the given
learning steps. As expected, the RS agent systems show a larger improvement
than Flaky, since they effectively follows the steepest ascent direction. To quantify
the learning capabilities, we define the average learning rate γ̃, as

γ̃ =

nrun∑
j

Φj(φ
nlearn)− Φj(φ

1)

∆s nrun
, (4.7)

which considers the average variation in score of the individual runs, averaged
over all the nrun. We measure an average average learning rate γ̃ of 0.17 and 0.14
for RS and Flaky respectively.

To understand the difference between the two average learning rates γ̃, we
need to look at how the update of memory, even in case of rejection, affects the
behaviour of Flaky. Considering a simplified case of one Flaky agent on the linear
environment, when a new input φj is drawn, for which Φ(φj) < Φ(φj−1), the
worse environment score Φ(φj) is stored in memory while the input is discarded.
On the following step a new input φj+1, such that Φ(φj) < Φ(φj+1) < Φ(φj−1),
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FIGURE 4.2: Temperature study of learning simulations of systems consisting of two Ther-
mal agents on linear landscape. a, Average environment score over 100 simulations Φ̄(φ)
as a function of learning steps for increasing temperature T for Thermal systems. The black
curve represents the system made two Flaky agents. Shaded area represents the standard
deviation. b, Average learning rate γ̃ for Thermal system with various temperatures T . The
dashed line represents the average γ̃ for Flaky systems.

will be automatically accepted since the stored environment score is Φ(φj). This
causes the acceptance of a worse score Φ(φj+1) from Φ(φj−1) in two steps. A RS
agent would reject both inputs of these two steps since it only kept Φ(φj−1) as
reference score. Therefore, Flaky has a slightly lower learning rate than the RS.

As shown in Chapter 3, the flexibility of accepting worse scores granted by
Flaky agents, can be seen as a useful property when dealing with noisy systems
(in terms of multiple interacting agents, or varying sensor data over time), for this
reason we introduce another system made of Thermal agents with temperature
T > 0, which shows comparable performances to a Flaky system in terms of
learning rate for a linear score function and N = 2. To select a comparable system,
we vary the temperature T of the system, and ran 100 simulations with the same
settings as before. In Fig. 4.2a, we show the average environment score Φ̄(φ) as a
function of the learning steps, for Thermal systems with increasing temperature
T . We notice that at as the temperature increases, the achievable score within
the assigned learning steps decreases, since the probability of accepting worse
scores increases. This can also be seen by looking at the average learning rate γ̃
in Fig. 4.2b. Based on the equivalence of the average learning rate with the Flaky
systems, we selected a Thermal agent with T = 0.016 and include it for further
analysis.
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4.3.1 Scalability of the system

We next investigate the performance of systems when increasing the number of
agents N . We do this for systems made of the three kind of agents introduced
so far, namely RS, Thermal and Flaky. Considering the environment defined
in Eq. (4.1), we perform 100 simulations of 3000 learning steps, for increasing
system sizes N from 2 to 20. In Fig. 4.3a we show the average learning rates γ̃ as a
function of the system size, for the three type of agents. As expected, considering
the definition of the landscape function in Eq. (4.1), we find an increasing learning
rate as the system size N grows. Since each agent can modify its own input with
an amount bounded by the step size ∆s, the system’s effective step size is N∆s.
Furthermore, we notice that as the system size grows, so does the divergence from
the linear relationship between N and γ̃. To understand this deviation, in Fig. 4.3b
we plot the average learning rate γ̃ normalized by

√
N and find a nearly constant

relation with the system size N .
Considering that the linear environment score is defined as the sum of the

inputs, which are independently and uniformly drawn from an interval bounded
by ∆s, the distribution of the sums tends to be Gaussian for increasing number
of agents. The distribution of the sums, which is also known as the Irwin-Hall
distribution [147, 148], has a mean converging to N/2 and standard deviation√
N/12 for N →∞.

We find that the Thermal system gradually improves its behaviour for increas-
ing N . In fact, while the effective system step size grows with N , the temperature
value is constant, so the system becomes more conservative towards input with
worse environment scores, see Eq. (4.4). Effectively the system experiences a
decreasing temperature T for growing N , such that the Thermal system tends to
the behaviour of RS systems. For this specific environment function, we find that
the performance in terms of γ̃ of Thermal and RS systems are unmatched by Flaky,
even for increasing system size.

4.3.2 Noise resistance: environment noise

In this section we further alter the environment function in order to take into
account environment noise, and see how the agents behaviour affects the overall
system performance. In experiments, environment noise can be thought of as an
unpredictable variation in the environment, e.g. robot moving on uneven surfaces,
where the same input φ leads to different scores Φ(φ). We define an environment
Gaussian noise term with standard deviation σ, to be added to the environment
score Φ(φ) at each learning step. The environment score is then defined as

Φ(φ) =

N∑
i

φi + e(σ). (4.8)
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FIGURE 4.3: a, Average learning rate γ̃ as a function of system size N , for Random Search,
Thermal and Flaky systems. b, Average learning rate γ̃ normalized by

√
N as a function of

N , for Random Search, Thermal and Flaky systems.

It is important to notice that as before, each agent will receive the same envi-
ronment score, which now includes a noise term that is equal for all units. To

FIGURE 4.4: a-b, Effect of environment noise (σ/∆s = 0.8) on Random Search and Flaky
systems of N = 3. The agent memory represents the value of environment score stored
in memory including noise, which is taken as reference for the acceptance of new scores,
while the environment score is the real scores without noise.
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illustrate this, in Fig. 4.4a-b we show two simulations for Random Search and
Flaky respectively, where a significant amount of environment noise σ/∆s = 0.8
is applied. The introduction of noise causes the agent memory, which is taken as
reference for the acceptance of further inputs, to deviate from the effective envi-
ronment score. Agents will be more likely to accept inputs whose environment
score includes a positive noise term, and in contrast this will reduce the chances of
accepting effectively better environment scores with a smaller noise term. This
has a strong effect on the Random Search behaviour, which keeps fictitious scores
in memory for many learning steps, see e.g. the horizontal regions. In contrast,
by continuously updating the score kept in memory, Flaky keeps the difference
between its memory and the real environment score as low as possible.

Next, we consider 100 simulations of 3000 learning steps, for increasing system
size and added noise. In Fig. 4.5 we show the average learning rates γ̃ , considering
the real variation in score at the net of the noise, as a function of the applied noise
standard deviation σ for the three system types. As also seen in Fig. 4.3a, we find
an increase in learning rate as the system size grows. Importantly, we observe
a decreasing trends for all sizes and agent types as the applied noise increases.
The fact that higher system sizes perform better than smaller ones for the same
amount of noise is expected, since the relative magnitude of applied noise gets
consistently smaller as the system size N increases, see Eq. (4.8). Despite the fact
that the Flaky systems show a lower absolute learning rate in the absence of noise,
if compared with both RS and Thermal systems, it shows a considerable higher
γ̃ for large applied noise. We can better estimate this by considering the relative
difference between the average learning rate of the Flaky systems with respect
to the RS and Thermal systems, see Fig. 4.6a-b respectively. We find that for an
amount of added noise σ/∆s ≥ 0.45, Flaky shows an average learning rate higher
than RS for all system sizes. The same can be observed in relation with Thermal
for σ/∆s ≥ 0.6. The improvements, which is more distinct for smaller system size,
reach values up to 30− 35%. In Fig. 4.6c, we show the relative difference between
the average learning rate of Thermal and Random Search systems, where we see
that the use of temperature T can improve the learning rate of all system sizes for
intermediate applied noise.

4.3.3 Noise resistance: agent noise

The environment noise studied in the previous section is not the only type of noise
the systems could experience. In fact, while environment noise does not alter the
overall decision making of the individual agents, since the score function is the
same across the system, adding different noise terms to the environment score
each agent receive can lead to agents differently accepting or rejecting their inputs.
This is in general what we expect in experimental settings, where knowledge about
the environment is fully decentralised. As a consequence, the agent noise can be
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b) c)a)

FIGURE 4.5: Average learning rate γ̃ as a function of the applied environment noise standard
deviation σ, for different system sizesN . a, Average learning rate relative to Random Search
systems. b, Average learning rate relative to Thermal systems. c, Average learning rate
relative to Flaky systems.

thought of as experimental noise, uneven score across the system or a measuring
delay between different agents. We model the agent noise by defining multiple
environment scores Φi(φ) as a function of the common real environment score
Φ(φ) (see Eq. (4.2)), as defined as

Φi(φ) = Φ(φ) + ei(σ), ∀i ∈ [2, .., N ] (4.9)

where ei(σ) is a Gaussian noise realization of standard deviation σ, different for
each agent. We perform 100 simulations of 3000 learning steps, for increasing
system size and added noise. In Fig. 4.8 we show the average learning rate γ̃ as a
function of the applied noise standard deviation σ, for different system sizes. Even
thought the magnitude of applied noise is the same as in the previous section, the
fact that agents now do not take coordinated decision of their inputs, lead to a
sharper decrease in performance with respect to the case of environment noise.
An example of qualitative different behaviour can be seen in Fig. 4.7, where we
consider two individual runs for Random Search and Flaky systems of N = 3,
where the applied noise is σ/∆s = 0.8. In both cases all agents keep different
scores depending on the noise received, which for increasing noise magnitude
cause a deviation between the units and the representation of the environment
kept in memory. The decrease in performance can also be seen in Fig. 4.9 where
we plot the relative difference in average learning rate γ̃ between Flaky and the
two other systems. In the case of agent noise, we find that Flaky performs better
than RS for an added noise of σ/∆s > 0.30, irrespective of the system size. In
relation to the Thermal systems, we find this transition for σ/∆s > 0.4.
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b)a)

c)

FIGURE 4.6: Relative difference between average learning rate γ̃ for system types couples,
as a function of the applied environment noise standard deviation σ, for different system
sizes N . Results are normalized with respect to the noiseless case. a, Relative difference
between Flaky and Random Search. b, Relative difference between Flaky and Thermal. c,
Relative difference between Thermal and Random Search.
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FIGURE 4.7: a-b, Effect of agent noise (σ/∆s = 0.8) on Random Search and Flaky systems
of N = 3. The agent memories represent the values of environment score stored in memory
including the noise terms different for each agent. These are taken as reference for the
acceptance of new scores, while the environment score is the real scores without noise.

4.3.4 Optimal Temperature for a given amount of noise

In the previous sections we have shown that in a linear and noiseless environments
the performance of a Random Search system is unmatched. This is expected since
this type of agent never accepts worse scores. Differently, the introduction of
noise requires the system to be more adaptable, and the adoption of a temperature
T > 0 can help improve the learning rate γ̃. While we have so far determined the
temperature of the Thermal agents based on simulation with two agents and no
noise, here we investigate whether there is an optimal temperature T for given
system sizes and amount of noise σ.

We run 100 simulations with the Thermal agent systems of size N = 2, 5 and 8
with increasing temperature T , by considering agent noise of standard deviation
σ. In Fig. 4.10a we show the average learning rate γ̃ as a function of the applied
noise for N = 8, for various temperature T . We see that for low values of noise,
the highest learning rate is achieved with very low temperature T . On the other
hand, for larger noise, higher temperature values lead to improved learning rate
γ̃ if compared with T = 0.0001. This can better be seen in Fig. 4.10b, where we
plot the average learning rate γ̃, normalized by the value of γ̃ for T = 0.0001, as a
function of the temperature T for the different noise level σ. We see that all curves
show a maximum value, and especially for the curves with large applied noise, the
learning rate γ̃ obtained with a temperature T > 0 can be a few times higher than
in the case of T = 0.0001. These maxima represent the optimal temperature values
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b) c)a)

FIGURE 4.8: Average learning rate γ̃ as a function of the applied agent noise standard
deviation σ, for different system sizes N . a, Average learning rate relative to Random
Search systems. b, Average learning rate relative to Thermal systems. c, Average learning
rate relative to Flaky systems.

b)a)

FIGURE 4.9: Relative difference between average learning rate γ̃ for system types couples,
as a function of the applied agent noise standard deviation σ, for different system sizes N .
Results are normalized with respect to the noiseless case. a, Relative difference between
Flaky and Random Search. b, Relative difference between Flaky and Thermal.
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Topt. for the given noise level and system size N . The same results for N = 2, 5 are
shown in Fig. 4.20 and Fig. 4.21.

In Fig. 4.10c we show the optimal temperature values Topt. as a function of the
applied noise, for the three investigated system sizes. We see that for all sizes,
the increase in applied noise requires a larger optimal temperature Topt.. This is
expected since the increase in temperature can accommodate for larger variation
in environment scores. Furthermore, the relation between Topt. and σ seems to
resemble a linear relation, with a decrease in slope for growing N . This means that
for a given amount of noise, the optimal temperature for a system made of N = 8
agents needs to be smaller than in the case N = 2, in order to obtain the highest
average learning rate γ̃. This is motivated by the fact that for larger systems the
relative magnitude of applied noise is smaller, see e.g. Eq. (4.8).

To quantify how the performance of Thermal systems with optimal temper-
atures compare with the performances of Flaky systems, in Fig. 4.10d, we show
the average learning rate relative difference between the two system types. In
this case, we consider the learning rates γ̃ obtained by using the optimal tempera-
tures Topt. for given N and amount of noise σ shown in Fig. 4.10c. We find that
Flaky systems exhibit an average learning rate ∼ 5% higher than Thermal systems
with optimal temperatures for agent noise of σ/∆s ≥ 0.3. This is an important
result highlighting the flexibility of Flaky agents, which do not need parameter
calibration.

To conclude, Fig. 4.10c summarizes the importance of system size N and
amount of noise on the choice of temperatures T for Thermal systems. While
the relation we found helps to fine-tune the agent properties according to the
individual cases, given the current framework and objectives where circumstances
are not beforehand known, having parameters which strongly depends on working
condition is a severe limitation. For this reason we decided to only consider
Random Search and Flaky agents for further studies.
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b)a)

d)c)

FIGURE 4.10: Optimal temperature selection for Thermal systems. a, Average learning
rate as a function of agent noise applied, for different temperature values T . b, Average
learning rate γ̃, normalized by the learning rate with for T = 0.0001, as a function of agents’
Temperature T for different agent noise applied. Circles represent the optimal combination
of temperature Topt. and highest learning rate γ̃ for the given amount of noise. In a and b
some curves are not displayed for simplicity. c, Optimal temperature Topt. as a function of
the applied agent noise, for system sizes N = 2, 5 and 8. d, Relative difference between
average learning rate γ̃ for Flaky and Thermal with optimal temperatures Topt. as a function
of the applied agent noise standard deviation σ, for different system sizes N .

4.4 Finding and maintaining optimal behaviour

The previous environment served well at determining the systems learning rate
in a variety of circumstances. Here we consider the sinusoidal environment
function shown in Eq. (4.2) for different number of agents N , in an effort to
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assess the systems capability of finding and maintaining the optimal score. In
this case, the environment function is periodic with respect to the inputs, and it
has one maximum for φi+1 − φi = π/2. Since the agents’ inputs φ are still drawn
uniformly in the interval [0, 2π], the starting conditions have a larger impact on
the performance of the individual runs, and therefore we decided to run 300
simulations of 3000 learning steps.

In Fig. 4.11a-b we show the median environment scores for RS and Flaky, as a
function of the learning steps, for system sizes of N = 2 and N = 10 respectively.
Note that the large spread resulting from the influence of initial conditions is a
function of the system size N . This is expected since the environment score is
normalized by N − 1. However, we also find that the largest initial spread for
N = 2 quickly reduces within the first ∼ 100 learning steps. On the other hand,
for larger system sizes N the initially lower spread takes an increasing number
of learning steps to reduce. For example, in the case of N = 10, it takes ∼ 800
learning steps before converging to environment global maximum.

This can be explained by considering that for large N , the probability of draw-
ing inputs which improve the environment score of an arbitrary amount, is lower
than in the case for small N . Therefore, the system’s effective learning step de-
creases as N grows, influencing the systems’ average learning rate. Given the fact
that the sinusoidal environment function is bounded and nonlinear, we compute
the average initial learning rate γ̃ as shown in Eq. (4.7), by only considering the
first 10 learning steps. Furthermore, despite the nonlinear relation between inputs
φ and the environment, we maintain the normalization of γ̃ with respect to the
step size ∆s, since ∆s is an agent feature which influence the choice of new inputs.
In Fig. 4.11c, we show the average average learning rate γ̃ as a function of the
system size N . As predicted, we find a decreasing trend for γ̃ as a function of N
for both systems.

To assess the systems’ capability of reaching the optimum value, in Fig. 4.12a
we show the average environment score value Φ̄Eq.(φ) at equilibrium, found by
averaging the last 300 learning steps, as a function of the system size N . We find
that both Random Search and Flaky reach values Φ(φ) ≈ 1. While Random Search
systems seems not to be affected by the increase in size, Flaky shows a decreasing
trend as N grows. This is due to the fact that Flaky agents have some probability
of accepting worse inputs in two consecutive steps. Differently, RS agents only
accept better inputs. For the same reason, for Flaky we also find an increase in
spread between individual simulation’s equilibrium values.

Besides being able to find the environment maximum, an in important feature
of the learning algorithms is to be able to maintain good scores. To assess this
property we run 300 simulations of 3000 learning steps, where the initial inputs φ
are seeded on the environment maximum, such that φi+1 − φi = π/2. In Fig. 4.12b
we show the average environment score value Φ̄Eq.(φ) at equilibrium, again found
by averaging the last 300 learning steps. Here we observe the same behaviour
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seen in the case of random initial inputs φ. We conclude that on such smooth
environment function the Random Search system performs the best in terms of
convergence to optimum and ability to maintain it. On the other hand, Flaky
systems maintain equilibrium scores close to the environment maximum, which
are dependent on the system size N , and not on the initial inputs.

FIGURE 4.11: Learning behaviour on sinusoidal environment. a-b, Median environment
score over 300 simulations Φ̄(φ) as a function of learning steps, for Random Search and
Flaky systems for N = 2 and N = 10 respectively. Shaded area represents central distribu-
tion of results between the 25th and 75th percentiles of all simulations results. c, Average
learning rate γ̃ as a function of system size N for Random Search and Flaky systems.
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FIGURE 4.12: a-b, Environment score equilibrium values as a function of the system size N
for different starting conditions. The equilibrium values are calculated by averaging the
last 300 learning steps. The central points represent the median values over the individual
runs, while the extremes represent the 25th and 75th percentiles.

4.4.1 Noise resistance: agent noise

In this section we consider the sinusoidal environment function with different
noise terms between different agents. This is the type of noise deriving from
local measurements we expect in experiments. Also in this case we model the
agent noise by defining multiple environment scores Φi(φ), function of the real
environment score Φ(φ) shown in Eq. (4.2) and a noise term ei(σ), where σ is the
noise standard deviation.

In Fig. 4.13a-b we show the the average environment score value Φ̄Eq.(φ) at
equilibrium, found by averaging the last 300 learning steps, for Random Search
and Flaky systems, when simulations are initialized with random initial inputs
φ. Note that these results show the effective score the system would exhibit
for the tried inputs in absence of noise. In both cases we find that the systems’
equilibrium scores start to deviate from the optimal score, showing a decreasing
trend for increasing noise. Importantly, the system performance for small N are
less sensitive to noise. This was not the case for the agent noise in the linear
environment, where small systems were more affected by noise. This can be
explained by two factors. First, to have the sinusoidal environment score bounded,
we normalize it by N − 1. This maintains the ratio between score and noise
constant for different system sizes N . Second, as also shown by the decrease in
learning rate for larger N in Fig. 4.11c, the average score variation between two
consecutive steps is smaller for larger system sizes, hence a fixed amount of noise
has a larger effect on large systems. For the Random Search systems we see that a
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b)a)
φ φ

φ
φ

φ
φ

φ φ

FIGURE 4.13: a-b, Environment score equilibrium values as a function of the applied agent
noise and different system sizes for Random Search and Flaky respectively, with random
initial φ. The equilibrium values are calculated by averaging the last 300 learning steps.
The central points represent the median values over all runs, while the extremes represent
the 25th and 75th percentiles.

noise σ/∆s ≥ 0.4 is enough to prevent systems of N ≥ 4 to improve their score,
i.e. Φ̄Eq.(φ) ≤ 0.3. This is not the case for Flaky systems, where even in the worst
case scenario of N = 10 and σ/∆s = 1, the median environment score Φ̄Eq.(φ) at
equilibrium is around 0.5.

It is noteworthy how the distribution of results is rather skewed for Random
Search (see percentiles in Fig. 4.13), whereas for Flaky the results are centrally
distributed around the median values. The difference between the two cases is
caused by the effect of random noise draws on the agents behaviours. In fact, while
Flaky agents keep updating the score in memory at every learning step, Random
Search agents update the score kept in memory only in case of the new input
acceptance. As a consequence, positive noise realization leads to the acceptance
of inputs which are not necessarily associated with good scores. The acceptance
of unrealistic scores comprising large noise, prevents the system from accepting
better scores with smaller noises, leading to a large spread in results.

To quantify the ability of the systems to maintain optimal scores in the presence
of noise, we run 300 simulations of 3000 learning steps starting from the optimal
input φ. In Fig. 4.14 we show the environment score values at equilibrium, as
a function of the applied noise and system size N . Interestingly, the addition of
noise causes a drift towards worse environment scores even for Random Search
starting from optimal scores. This is due to the acceptance of effectively worse
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scores caused by the addition of positive noise realizations. Nevertheless, the
equilibrium environment score values for Random Search are very close to the
environment local maximum, as these are bounded by the step size ∆s and the
amount of noise applied. For the Flaky systems we find a decreasing linear relation
between applied noise σ/∆s and Φ̄Eq.(φ), and e.g. in the worst case scenario of
applied noise of σ/∆s = 1 andN = 10, the equilibrium environment score value is
Φ̄Eq.(φ) ≈ 0.7. These results are in qualitative agreement with the results without
the addition of agent noise discussed in the previous section.

By comparing the results for different starting configurations in the presence
of noise for both Random Search and Flaky in Fig. 4.13 and Fig. 4.14, we see that
the initial starting configuration has an impact on the equilibrium environment
scores. While this effect is mild for Flaky systems, for Random Search systems it is
very pronounced. In fact, Random search is only able to reach good environment
scores from a random initial configuration for limited amount of noise and sizes
(e.g. σ/∆s ≤ 0.2 and N < 4), or when starting from the environment optimum.

b)a)
φ φ φ φ

φ
φ

φ
φ

FIGURE 4.14: a-b, Environment score equilibrium values as a function of the applied agent
noise and different system sizes for Random Search and Flaky respectively, with initial φ
seeded on environment optimum. The equilibrium values are calculated by averaging the
last 300 learning steps. The central points represent the median values over all runs, while
the extremes represent the 25th and 75th percentiles.

In this section we have shown that on the smooth sinusoidal environment
function, the Random Search systems perform best at reaching and maintaining
the environment optimum. While the introduction of noise do not affect the system
capability of maintaining optimal scores, its effectiveness at finding them is largely
influenced. This causes Random Search system to stop learning, especially when
N is large. Flaky system do perform well on smooth sinusoidal environments,
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but most importantly exhibit a good resistance to noise, both at finding and
maintaining optimal scores. While in this section we only discuss the effects of
agent noise on the learning capabilities of the systems, similar results for the case
of environment noise can be found in Fig. 4.22 and Fig. 4.23.

4.5 Finding and maintaining optimal behaviour in
a dynamic environment

In this section we move on to the dynamic environment function defined in Eq. 4.3.
Here we are interested in assessing the performance of the systems at finding
the environment optimum, and their ability to maintain good scores in dynamic
circumstances. This environment description in fact, resembles more closely the
dynamic experimental conditions where optimal input combinations vary over
time, and the system needs to continuously adapt its behaviour.

We consider the environment to vary with frequency ω̃ = ω/ω0, where ω0 =
π/1000 such that the dynamic environment has a period of 2000 learning steps.
We start by considering Random Search and Flaky systems of sizes N up to 10,
and run 300 simulation of 3000 learning steps in which ω̃ = 1. In Fig. 4.15a we
show the median environment score Φ̄(φ, t) for N = 2, 6 and 10. In the case of
N = 2, we see that both systems can reach on average the environment maximum
within ∼ 100 learning steps, similarly to the static case shown in Fig. 4.11a. Once
the environment optimum is reached, Flaky can continuously adapts its inputs
to the changing environment, maintaining an equilibrium score very close to the
maximum. On the other hand, when Random Search system reaches the optimum,
the average system score begins fluctuating as a function of time. This means that
the system is not able to further improve its score, and the score variations as a
function of learning step are the result of the changing environment. In fact, once
the Random Search system reaches the environment optimum, the optimal score
in memory is used as reference for the acceptance of new phases. As the learning
run continues and the landscape is changing, the inputs saved in memory are used
to draw new inputs which will produce worse scores then rejected.

We can better assess the systems’ adaptivity to the environment by looking at
the average score at equilibrium Φ̄Eq.(φ, t), calculated by considering the last 2000
learning steps, in Fig. 4.15c. Here in fact, we see that the Random Search equi-
librium score is around zero, where the small deviation from it can be attributed
to the individual spread. On the other hand, Flaky can consistently maintain
scores around the environment maximum up to N = 4, after which we see a
sudden sharp decay of Φ̄Eq.(φ, t) as a function of N . Interestingly, by looking at
the average score as a function of the learning steps in Fig. 4.15a, we see that the
Flaky systems equilibrate at scores which are lower than the maximum reached
at the beginning of the learning experiments. Overall, moving from a static to
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FIGURE 4.15: Learning behaviour on dynamic sinusoidal environment with random initial
φ. a-c, Median environment score over 300 simulations Φ̄(φ) as a function of learning
steps, for Random Search and Flaky systems for N = 2, 6 and N = 10 respectively. Shaded
area represents central distribution of results between the 25th and 75th percentiles of all
simulations results. d, Average learning rate γ̃ as a function of system size N for Random
Search and Flaky systems. e, Average environment score at equilibrium, obtained by
averaging the last 2000 learning steps, as function of system size N for Random Search and
Flaky.
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FIGURE 4.16: Learning behaviour on dynamic sinusoidal environment with initial φ seeded
on environment optimum. a-c, Median environment score over 300 simulations Φ̄(φ) as a
function of learning steps, for Random Search and Flaky systems for N = 2, 6 and N = 10
respectively. Shaded area represents central distribution of results between the 25th and
75th percentiles of all simulations results.

a dynamic environment does alter both systems’ behaviours, while leaving the
initial learning rate unchanged, see Fig. 4.15b.

To assess whether the starting inputs have an effect on the average equilibrium
values, we then run 300 simulations of 3000 learning steps by setting the initial
inputs at φi+1 − φi = π/2, such that the systems start from the environment
maximum. In Fig. 4.16 we show the median environment score Φ̄(φ, t) as a
function of the learning step for N = 2, 6 and 10. While Flaky systems behave
similarly to the random initial input case, Random Search system keep rejecting
new inputs since their score is lower than the optimal score kept in memory,
leading to a fluctuating score over time. By considering the average environment
score at equilibrium, we found the same behaviour as for random initial φ shown
in Fig. 4.15d. Furthermore, by running 300 simulations of 3000 learning steps with
the system starting from the environment minimum, we found that and also in
this case the behaviour at equilibrium is unchanged. This allow us to conclude
that the equilibrium average scores do not depends on the initial inputs φ.

4.5.1 Rate of change dependency

So far we have seen that the introduction of a dynamic term prevents the Random
Search system to maintain optimal score once it has found it, and in fact completely
stops it from working. Differently, Flaky systems are able to find and maintain
optimal score for system sizes N < 5, exhibiting a fluctuating behaviour around
equilibrium scores that tends to zero as N grows. To understand how the rate
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of change ω̃ affects the learning capabilities and average scores at equilibrium
for Flaky, we ran 300 simulations of 3000 learning steps for increasing rate of
change up to a value ω̃ = 5. In Fig. 4.17a we show the median environment score
Φ̄(φ, t) for the Flaky systems of size N = 3, 6 and 10, for different rates ω̃. For
N = 3, for few of the ω̃ values studied, Flaky systems can consistently find and
maintain optimal environment scores. For ω̃ ≥ 2.5 the systems show decreasing
performances. Considering higher N results in gradually decreasing scores for a
given ω̃. This can be better seen by considering the equilibrium environment score
in Fig. 4.17b.

In the case of N = 3 and ω̃ ≥ 5 we notice that the equilibrium scores Φ̄Eq.(φ)
are much lower than the maximum reached scores. This is similar to what we
observe in Fig. 4.15a for i.e. N = 10. To understand this, in Fig. 4.19 we show the
distribution of all runs on the environment score, for different learning steps and
ω̃ = 1, 2.6 and 5. Initially, the environment score Φ(φ, t) is the same for the three
cases since t = 0 (learning steps). We can see the initial random distribution of the
300 optimizations. As the number of learning steps increases, we see a clustering
of the individual runs towards the inputs associated with the environment score
maximum for the given learning step. We notice three different optimization
behaviours. For the case ω̃ = 1, the environment changes are slow enough for
the individual runs to alter their inputs, and are able to follow the optimal maxi-
mum. This behaviour leads to equilibrium value very close to the environment
maximum.

In the case of ω̃ = 2.6, the environment changes are too rapid for all the
individual runs to follow, this can be seen in the streamlined distribution of runs
in the direction of the environment change. While some some runs are able to
follow, others are left behind, and as the environment is changing rapidly, they will
harness the environment periodicity to find the optimum after∼ 1/ω̃. Importantly,
starting from random initial inputs is actually beneficial in finding the dynamic
environment maximum, while ’being left behind’ by the environment forces the
individual runs to go through all environment scores before approaching the
maximum. This explain why the equilibrium values are lower than the maximum
values reached during the initial learning.

Finally, in the case of ω̃ = 5, the environment is changing so rapidly that
individual runs can not really optimize their inputs. While they can locally im-
prove their score, their performance mostly depend on the environment. This is
somewhat similar to what happens to Random Search once they have found the
environment maximum.

The behaviours shown for ω̃ = 1 and ω̃ = 5 are effectively two different phases
describing the converging behaviour of the Flaky learning strategy. Going from
small to large ω̃ values, causes the system to experience a phase transition from
a converging to a non-converging behaviour. This can also be seen by plotting
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FIGURE 4.17: Learning behaviour of Flaky system on dynamic sinusoidal environment
with various ω̃ with random initial φ. a-c, Median environment score over 300 simulations
Φ̄(φ) as a function of learning steps for N = 3, 6 and N = 10 respectively, for different
rates of change ω̃. Shaded area represents central distribution of results between the 25th

and 75th percentiles of all simulations results. d, Average environment score at equilibrium,
obtained by averaging the last 2000 learning steps, as function of system size N different
rates of change ω̃. e, Average environment score at equilibrium as function of different rates
of change ω̃ for different system sizes N .
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φ φ
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φ

FIGURE 4.18: Learning behaviour on dynamic sinusoidal environment with ω̃ = 1. Average
environment score at equilibrium for Flaky systems as function of different step sizes ∆̃s
and system sizes N .

the average environment score Φ̄Eq.(φ, t) at equilibrium as a function of ω̃, see
Fig. 4.17c.

The ability to follow a moving optimum is influenced by the step size ∆s,
since it determines the maximum variation in φ between two learning steps. For
a ω̃ = 1, we run 300 simulations of 3000 learning steps with normalized step
size ∆̃s = ∆s/∆s0 ranging between 1/4 and 4, where ∆s0 = 0.1 is the step size
used so far for all studies. In Fig. 4.18 we show the average environment score at
equilibrium as a function of the normalized step size. As expected, an increase in
step size leads to a higher mobility on the environment for all N , which results
in the ability of maintaining the optimal scores. Furthermore, we see a stronger
dependency of ∆̃s on Φ̄Eq.(φ, t) as the system size grows. This means that in order
to maintain comparable performances in dynamic environments, larger systems
needs to use larger step sizes.

4.6 Conclusions

In this chapter we have discussed the development of a numerical framework
aimed at simulating the behaviour of multi agent systems on simplified landscapes,
where the systems’ interaction with the environment is arbitrary chosen. We
consider agents based on the algorithms introduced in Chapter 3, and define
various environment scores to assess their performances in terms of learning rate,
convergence and ability to maintain optimal behaviour in static and dynamic
environments, and resistance to noise.
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φ φ

FIGURE 4.19: Learning behaviour of Flaky system of N = 3 on dynamic sinusoidal
environment with random initial φ and ω̃ = 1, 2.6 and ω̃ = 5. The first rows show the
simulation batches at the starting configurations, where the 300 runs (dots) are uniformly
distributed on the environment. The following rows present the evolution of the simulated
runs at the learning steps 200th, 400th, and 1000th respectively. The direction of change of
the landscape is indicated by the arrows in the second row.
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We find that in smooth and noiseless environments the performances of Ran-
dom Search systems are unmatched. This system in fact exhibits the highest
learning rate towards the environment optimum, while also being able to main-
tain it. On the other hand, since Random Search only accept better scores, the
introduction of a limited amount of noise prevents this system from learning. To
this extent, the introduction of a temperature T in case of the Thermal agents,
reduces the influence of noise on the learning performance. Nevertheless, for the
larger amount of noise applied in this study, Flaky systems are able to maintain
higher learning rates while also maintaining optimal inputs. This is due to how
the memory is updated.

In dynamic environments, Random Search systems are able to improve their
score until the moment they reach the landscape optimum. After that, by contin-
uously rejecting new tried inputs, their score only depends on the environment
variations. Differently, Flaky systems continuously adjust their score to the en-
vironment variations as long as the environment variations are not too rapid.
For highly dynamic environments also the Flaky systems fail at improving their
scores. In fact, for increasing environment variations rates, we find that the system
experience a phase transition between a converging to a non converging behaviour.
We find that this phase transition depends on the rate at which the environment
is changing, the system size and the agent step sizes. While in the decentralised
system settings discussed here the first two parameters are unknown to the in-
dividual agent, by acting on their step size, we believe that agent could be able
to control the converging behaviour of the complete system in highly mutable
environments.

Even though the simplified landscapes discussed in this chapter are just a few
of all the possible interactions the system could experience with the environment,
how the agents with this inherent dynamics respond to different situations, can
potentially be understood by the results obtained here. For example, reconnecting
to the experimental track changes discussed in Chapter 3, instead of a continuous
change, a landscape could suddenly change in time, due to e.g. damage. While
this would bring the Random Search Systems to a complete stop, it would only
take two steps for the Flaky system to adjust to the new landscape morphology,
and to start adapting its behaviour. Furthermore, going to a more general case, a
landscape with multiple optima is another interesting test case. In this situation
we expect that all systems would converge to local optima, and while Random
Search would not be able to escape from it, Thermal would be able to escape given
a high enough temperature T . Flaky systems would be able to escape within a
time scale proportional to the optima score barriers and step size. This makes the
Flaky systems autonomously adapt to the environment.
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4.7 Supplementary figures

b)a)

FIGURE 4.20: Optimal temperature selection for Thermal systems of N = 2. a, Average
learning rate as a function of agent noise applied, for different temperature values T . b,
Average learning rate γ̃, normalized by the learning rate with for T = 0.0001, as a function
of agents’ Temperature T for different agent noise applied. Circles represent the optimal
combination of temperature Topt. and highest learning rate γ̃ for the given amount of noise.
Some curves are not displayed for simplicity.
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b)a)

FIGURE 4.21: Optimal temperature selection for Thermal systems of N = 5. a, Average
learning rate as a function of agent noise applied, for different temperature values T . b,
Average learning rate γ̃, normalized by the learning rate with for T = 0.0001, as a function
of agents’ Temperature T for different agent noise applied. Circles represent the optimal
combination of temperature Topt. and highest learning rate γ̃ for the given amount of noise.
Some curves are not displayed for simplicity.
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FIGURE 4.22: a-b, Environment score equilibrium values as a function of the applied
environment noise and different system sizes for Random Search and Flaky respectively,
with random initial φ. The equilibrium values are calculated by averaging the last 300
learning steps. The central points represent the median values over all runs, while the
extremes represent the 25th and 75th percentiles.
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FIGURE 4.23: a-b, Environment score equilibrium values as a function of the applied
environment noise and different system sizes for Random Search and Flaky respectively,
with initial φ seeded on environment optimum. The equilibrium values are calculated by
averaging the last 300 learning steps. The central points represent the median values over
all runs, while the extremes represent the 25th and 75th percentiles.
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CHAPTER 5

2D Robotic matter

In preparation as:

Oliveri, G., Schomaker, M., Overvelde, J.T.B.
Autonomous 2D robotic matter

In Chapter 3 we have introduced decentralised learning strategies for robotic
systems consisting of multiple units. We have shown that a forward locomotion of
the complete system can be reached, by having each unit independently adapting
its behaviour based on local measurements. Despite the interesting results in terms
of adaptivity and resistance to damage, the architecture of the assembled robots
and the range of possible behaviours was limited to linear motion on a circular
track. In this chapter, we develop a simulation framework based on mass-spring
systems, and explore the performance of the Flaky learning strategy when applied
to a qualitative model of a potential robot, consisting of units that can be placed
and assembled in a square lattice. In spite of the increased complexity deriving
from locomotion on a plane and possible rotation that the system can undergo,
we find that our decentralised learning strategy is potentially suitable for the
control of robotic systems consisting of different number of units, various planar
arrangements, considerable damage, and has the ability of navigating complex
environments with obstacles.
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5.1 Introduction

In Chapter 3 we introduced a decentralised control strategy for robotic systems
made of modular independent units. By means of experimental and numerical
work we showed how complex behaviour can emerge from simple unit-to-unit
interactions. While we looked at the locomotion of a one dimensional arrangement
of active units, and show promising results in terms of scalability, adaptation to
dynamic environments and damage, the system’s behaviours were limited to a
linear motion. In this chapter we apply the same decentralised control strategy,
and extend it to robotic units that deform and can move on a plane. This allow
us to investigate the role of system connectivity and shape, in-plane scalability,
resistance to damage and impervious working circumstances, thereby increasing
the complexity of the behaviours that needs to be learned and maintained. We do
this by developing a simplified simulation framework based on two-dimensional
mass-spring systems, which may serve as benchmark for the development of the
actual experimental setup, whose implementation is left outside the scope of this
thesis.

We consider an arbitrarily shaped bidimensional system made of active unit
cells which can be connected in a square lattice. Each unit can independently
interact with neighbouring units by expanding and contracting cyclically with
actuation phase φi. We investigate the maximization of a local reward which
leads to a global preferred behaviour, e.g reaching the highest speed in a certain
direction, which can be achieved by having each unit independently alter φi, such
that an overall locomotion pattern can be established. This is done by having each
unit run the Flaky algorithm introduced in Chapter 3, which as also shown in
Chapter 4, performs well in dynamic situations. To allow for complete modularity,
the decision making within units is independent from the others, and it is only
based on local measurements.

In Chapter 3 and Chapter 4 we showed that the locomotion behaviour the
system is aiming to achieve is strongly influenced by the number of units belonging
to the system, which modify the landscape of possible phase configurations by e.g.
adding and removing maxima and minima. Moving to a bidimensional description
introduces new complexity which does not necessarily derive from the increase
in system size. In fact, while in the one-dimensional case the interaction between
the system and the environment can be considered static, unless it is purposely
made dynamic by e.g. damaging some units or having friction that depends on
location, in the two-dimensional case, the system can rotate as a result of the
exploration of different φi, altering the system’s interaction with the environment.
The performance of possible behaviours are then not only dependent on the current
system state, but also on its history, effectively making the environment highly
mutable. By studying the performance of our decentralised learning strategy on
bidimensional systems showcasing e.g. more complex situations, it allow us to
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further understand what the limitations of our decentralised control strategy are,
and help us define critical factors to improve autonomous robot behaviours. Most
important is for us to gain additional evidence that the Flaky algorithm can be
used in more complex cases. Therefore, the model used here does not have to be
precise as long as it introduces the additional complexity rising from 1D to 2D
motion.

5.2 Bridging 1D to 2D

In order to extend our study on the decentralised control strategy from one to
two-dimensional arrangement of active units in simulations, some of the assump-
tions made for our previous model need to be revised. In Chapter 3 we model
the one-dimensional modular robot with a mass-spring system, where each active
unit is represented by a mass and an adjacent active spring. While this description
could be extended to a two-dimensional square lattice, i.e. by representing each ac-
tive unit with a mass and two orthogonal springs connecting to the neighbouring
units, the mass rotation and shear between units would not be taken into account.
Additionally, in order to include the torsional stiffness units will experience be-
tween each other in experiment, we model each active unit with four masses (or
nodes) connected by springs arranged on a square layout as shown in Fig. 5.1a.
Each unit also includes two diagonal active springs which provide the actuation
resulting into a bidimensional unit expansion.

Multiple units can be assembled together to form a single-body system by
sharing the overlapping masses. For example, for the five active unit system
shown in Fig. 5.1a, which we refer to as star configuration, the central unit is
connected to the neighbouring four units by sharing all of its own nodes.

The actuation of the two active springs belonging to the same unit is syn-
chronous, and similar to the one-dimensional implementation in Chapter 3. It
is modelled by having springs with time-varying preferred spring length1 l(t),
see Sec. 5.10.1. Furthermore, to describe the frictional behaviour between masses
and environment, we adapt the friction model used in Chapter 3 to the 2D case,
see Sec. 5.10.1 for a detailed description. Note that according to this model, the
masses belonging to the same unit are now weakly coupled (via soft springs), and
can move independently from each other. This causes that masses experience
e.g. friction forces, according to their individual relative velocity with respect to
the environment. While this implementation is different than real experimental
conditions, if we e.g. adapt the experimental platform described in Chapter 3

1In the 1D case, l(t) was modelled after the inflation and deflation cycles of the pneumatic actuator
used in experiments. Despite the fact that the units in the 2D experimental setup will actuate by
using servo motors and different actuation as a function of time can potentially be used, in order to
qualitatively reproduce the previous results, we maintain a similar description of l(t) to the one used
in Chapter 3.
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b)a)
1 Unit

5 Units

FIGURE 5.1: a, Model schematic of one individual unit, and a five active unit system in a
start shape configuration. One unit consists of four masses and six springs. When multiple
units are assembled together, masses in common are shared. b, Measurable light intensity
as a function of the planar distance of detection, for different light source heights with
respect to the horizontal plane.

to allow for bi-dimensional assembly, this model serves as a benchmark to asses
whether the learning strategy is suitable for such problems.

The transition from 1D to 2D also requires the redefinition of how the environ-
ment sensing is used to compute the score function each unit is optimizing. In
Chapter 3, the units try to maximize the variation in traveled distance within a
learning step, this was experimentally achieved by measuring the displacement
with an optical motion sensor. Since the one-dimensional system is placed on a
circular track, the motion of the system is confined to the track circumference, and
the displacement can be either positive or negative according the chosen winding.
In the two-dimensional case, to be able to account for change in direction, due
to e.g. rotation of the system, we need to consider an absolute measurements of
distance. From a practical point of view, the optical motion sensors are not able
to capture units’ rotation, and the units will then have problems in determining
the orientation. For this reason, we envision to replace the motion sensor with a
light sensor that is able to measure light intensity, and is therefore able to asses
the approaching to a single light source. As a consequence, while the 1D system
aims at maximizing the change in distance (per unit cycle) in a fixed direction, the
2D system aims at maximising the change in light intensity per unit cycle. Both
definitions are equivalent to the search for the highest velocity. The new score
function to maximize can then be written as

∆I = I ′ − I, (5.1)
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where I ′ and I are the brightness measurements of the current step and the step
saved in memory respectively. Importantly, since here we only consider the Flaky
algorithm, where the new score is always stored in memory, the values I ′ and I
are the brightness measurements of two consecutive learning steps.

Considering a light source of power P , the light intensity measured at a dis-
tance r from the light source is given by

I =
P

4πr2
, (5.2)

where the denominator represent the surface of the sphere of radius r and centre
on the light source. In Fig. 5.1b we show the measurable light intensity, as a
function of the linear distance from the source on the plane, for different light
source heights h.

The nonlinear relation between planar distance and light intensity requires the
modification of the Monte Carlo optimization scheme used in Chapter 3, where
the Flaky algorithm uses a temperature T to tune the acceptance probability of
steps which do not improve the saved score. As shown in Chapter 4, the value of T
is highly susceptible to the environmental conditions and system size. In the two-
dimensional case, having a fixed temperature would allow different behaviours as
a function of the absolute distance to the light source. As an example, when the
system is far from the light source, for a disadvantageous displacement (for which
∆I < 0), the decrease in brightness will be small and it can potentially be accepted.
On the other hand, when close to the light source, the same disadvantageous
displacement will have greater change in brightness and the step will be surely
rejected. Since we use the light sensor as a measure of the traveled distance,
which is the quantity we are interested in maximizing, we only consider a Flaky
algorithm with no temperature.

Finally, contrarily to the 1D simulation setup discussed in Chapter 3, where
each learning step consisted of a new simulation with the assigned φi, in the 2D
case we implemented a continuous learning simulation framework. According
to this implementation each learning experiment is one simulation consisting of
an assigned number of learning steps, and phase changes are implemented by
altering the duration of actuation cycles with respect a common time reference. See
Sec. 5.10.1 for further details. This new implementation effectively replicates the
experimental settings discussed in Chapter 3, and is needed to perform simulations
with varying objective (e.g. resulting from system rotations during learning) and
diverse environments.

5.3 Validation of 1D results

Before proceeding with more complex environments and system shapes compris-
ing many active units, we first qualitatively validate the current 2D model with
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FIGURE 5.2: a-c, System average effective velocity as a function of phase combinations for
2D model, 1D model and 1D experiment respectively. d, Representation of optimal phase
combinations relative to point A and B in Fig. 5.2.

the model and experiments presented in Chapter 3. We do this by considering
the performance of a three active unit system for all combination of phases φi.
Since the system now moves on a 2D plane, we will measure its performance by
considering the average effective system velocity Ūeff. in the direction of the light.
This is computed by averaging the euclidean distance variation (Ueff.,i) between
the individual units and the light source during a learning step. In this specific
case, we place the system oriented radially with respect to the light source, and
while the system actuates in 2D, because of its symmetry, it will only move along
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the radial direction, moving towards the light source. Note that we can only make
a qualitative comparison, since the underlying actuation and deformation of the
2D system is slightly different.

In Fig. 5.2a-b we show the average system velocity Ūeff. for the 2D and 1D
model respectively, and in Fig. 5.2c we show the experimental results of the 1D
case. Note that here we are adopting a symmetric notation for the system phases
on the axis, as we expect a symmetric response between forward and backward
locomotion. Apart from a qualitative similarity, we find that the maxima (and
minima) found in the 1D model and the experiments are present in the 2D model
results, see point A in Fig. 5.2a-b.

Furthermore we also find the emergence of another maximum (and minimum)
for φ3 − φ2 ≈ 0.35 and φ1 − φ2 ≈ 0.9 (φ3 − φ2 ≈ 0.9 and φ1 − φ2 = 0.4), see
point B in Fig. 5.2a. We believe that the new maximum can be associated with
the combination of larger actuation stroke (preferred spring length l(t)), and
the increased stiffness of the units which can now more easily propagate their
actuation by actuating together, see actuation pattern of B. In the 1D experiments
this locomotion strategy would not work because of the high compliance of
the actuators, which bend when compressed. In general we find a very good
qualitative agreement, and the difference in absolute values can be related to the
choice of actuator stroke, springs stiffness, and viscous term, see Sec. 5.10.3.

5.4 Learning to move towards a light source

To verify whether the proposed decentralised learning strategy based on local
light intensity measurement can actually achieve the locomotion of 2D systems
towards a light source, we perform learning simulations where the light source
is placed at different distances from the system starting point. We consider the
bidimensional star shape configuration shown in Fig. 5.1a, and run 40 simulations
of 300 learning steps for three different light source locations. Specifically, we
place the system at the origin of our coordinate system, and consider the light
source at increasing distances along the positive x axis, at 0, 2 and 5 m.

To display the qualitative behaviour, in Fig. 5.3 we show the trajectories of two
simulation runs in the case of a light source placed at 2 m, where the depicted
system positions are relative to the 50th, 200th and 300th learning steps. In one
case the system move directly towards the light source, while in the second case
the system first moves perpendicular to the direction of the light, after which
it makes a sharp turn towards it. We also notice the alternation of relatively
straight trajectories with sharp bends. This can be associated with the exploitation
of relatively good phase combinations in the straight part, and exploration of
different phase combination in the bends. The transition between exploitation and
exploration can also be seen by the overshooting trajectories, especially visible in
the proximity of the light source. Here in fact, good locomotion patterns lead to
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Start End

End

FIGURE 5.3: Learning experiment trajectories for two simulated runs in a start shape
configuration, with light source placed at (2, 0) m. The screenshots represent the position
of the systems at the start of the run, at 50th and 200th learning steps and at the end of the
run. The dashed circle represent the circular area of r = 0.15 m around the light source.

greater speeds towards the light, which cause the system to surpass the target and
increase the relative distance to it, causing the system to look for different patterns
to move in the opposite direction. As consequence, the systems roam around the
light source. In the other case, although the system does not get as close to the light
source as the first example, it considerably reduce its distance to the target, and the
overall behaviour alternating straight paths with bends is similar. Both examples
show how the complexity of the task execution has considerably increased moving
from the one-dimensional to the two-dimensional description.

Considering all the 40 simulation runs, in Fig. 5.4a we show the system’s centre
position during the learning experiments for the different light source distances.
We find that all simulation runs are able to learn to move towards the light, while
also displaying some displacement along the y direction. The trajectory spread
along the vertical direction can be associated with the exploration of sub-optimal
locomotion patterns, mostly occurring at the beginning of the learning experiment.
After the initial learning steps in fact, the trajectories seem to straighten toward
the direction of the light source as also shown in Fig. 5.3.

In the case of a light source placed at 2 m, the system is able to approach the
target and roam around it within the assigned learning steps. In fact, we find that
48% of our simulations reach the proximity of the light source (systems’ centre
distance from the light source < 0.15 m) within the assigned learning steps.
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a)

b)

c)

FIGURE 5.4: Star shape configurations results with light source position at 0, 2 and 5 m
along the positive x axis, where each light source distance comprise 40 runs. a, System
trajectories as a function of the learning step. b, Distribution of system average effective
velocity Ūeff, as a function of the learning steps. c, Distribution of system gained distance as
a function of the learning steps.

123



CHAPTER 5. 2D ROBOTIC MATTER

This percentage goes up to 70% if we consider a threshold distance of 0.4 m.
As mentioned before, once the system approach the light and surpass it, it will
exhibit a negative effective velocity Ūeff. (see the distribution across negative values
around ≈ 150 learning steps in Fig. 5.4b). As a result, the system will need to
learn different locomotion patterns towards the opposite direction. The fact that
the system change direction of motion can be seen by the non-diverging gained
euclidean distance in Fig. 5.4c.

This is an important difference between the 1D and 2D systems. In fact, while
the 1D system aims at maximizing the velocity in a fixed direction searching for
a fixed actuation pattern, the 2D system aims at maximizing the velocity in the
direction of the light. Since the relative position of the system with respect to the
light source constantly changing, the optimal actuation patterns are changing as
well.

The two remaining cases, for light source placed at 0 and 5 m, represent the
two general behaviours that the system needs to be able to achieve. For 0 m, the
system’s optimal behaviour consist of maintaining its position, roaming around the
light source. For the case in which the light source is placed at 5 m, the systems can
not reach the target within the assigned learning steps, and the optimal behaviour
consist in moving as fast as possible in the direction of the light. For these, we find
the reach of a positive effective velocity Ūeff. ≈ 3 [mm/cycle] and and monotonic
increase in gained distance.

In general we find that ∼ 40 learning steps are needed to achieve and maintain
a positive Ūeff. for all light source distances greater than zero, see Fig. 5.4b-c.
Importantly, we see that the learning behaviour is not effected by the absolute
value of the light intensity, making this measure suitable for our purpose.

5.5 Learning to move in various shape configurations

In the previous section we have shown that our decentralised control strategy,
based on light intensity measurements, is suitable for the control of 2D modular
systems. So far we only considered a double-symmetric star shape system consist-
ing of five units. Here instead we look at a larger range of systems with various
shapes. Specifically, we consider all possible system configurations polyomino
shapes up to order 5 [149], where adjacent units share at least one edge. We only
consider unique shapes which can not be obtained by rotation or translation of
other shapes, and consider symmetric configurations only once. As discussed in
Sec. 5.3, in-line configurations can only produce locomotion along the longitudinal
axis since they can not break symmetry across the transversal direction. For this
reason, we remove the linear polyominoes from the ensemble of all possible config-
urations. In Fig. 5.5a we show the 15 unique shapes that are left given mentioned
considerations.
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We run 100 simulations of 600 learning steps per individual shape, by placing
the system on the reference system’s origin with a random rotation. The light
source is positioned at (2, 0) m. We find that all of the considered shapes can
improve their score by approaching the light source, and find no long term influ-
ence of the initial rotation. Nevertheless, we do find differences in performance
between individual shapes. To assess the property of convergence to the light
source, in Fig. 5.5b we show the median number of steps needed to reach the
light source location for the first time within a radius of r = 0.15 m. While we see
that most of the shapes can approach the light source in a comparable number of
steps, where the best performing shape is number 2, the shapes 0, 4 and 11 stands
out for their higher values. We believe that the better convergence can be related
to systems asymmetry, which may have limited number of optimal locomotion
patterns restricted to a particular orientation of the system with respect to the light
source.

As also illustrated in the previous section, when the system reaches the target
it often overshoot and moves away from it. In Fig. 5.5c we show the number of
steps spent within the target radius with respect to the number of steps need to
reach it. We see that most of the results leave the target region after entering it. To
quantify which shapes are better at maintaining a good position with respect to
the light source, in Fig. 5.5d we show the median number of steps spent within the
target region as a function of the geometry index. Also here we find that the best
performing shape is number 2, while the worst are shapes number 0, 4 and 11.

In order to assess the general behaviour of these shapes, in Fig. 5.6a we show
the positions during the learning experiments for geometries 0, 2 and 11 respec-
tively. We see that the overall worse performance of geometries 0 and 11 can be
seen by ample motion on the plane with larger trajectories spread. Especially in
the case of geometry 11, the trajectories show very sharp bends. We believe this
can be associated with the need of adjusting the locomotion pattern to different
orientation of the system with respect to the light source.

In Fig. 5.6b we show the distribution of average effective velocities of the three
systems. While geometry 0 improve its effective velocity at the beginning of the
learning experiment, it quickly converges to lower average equilibrium values
of ∼ 1 mm/cycle only after ∼ 120 learning steps. This low scores can not be
associated with the roaming around the light source, since as shown in Fig. 5.5b
this geometry takes on average 400 learning steps to do so. Differently, shape 2
rapidly converge to high effective velocities and maintains them on average, until
it reach the target region at ∼ 250th learning step.
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FIGURE 5.5: a, Ensemble of all unique system shapes up to 5 active units, where the number
represent the geometry index use for reference. b, Median number of steps required to reach
the circular area around the light source with r < 0.15 m, as a function of the geometry
index. The errorbar represent the 25th and 75th quantiles respectively. c, Number of steps
spent within the circular area around the light source with r < 0.15 m, with respect to
the number of steps needed to reach it for all geometries. d, Median number of steps
spent within the circular area around the light source with r < 0.15 m as a function of the
geometry index.
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a)

b)

0 112

FIGURE 5.6: a, Selected system’s trajectories for 100 runs with random initial orientation.
Distribution of selected system average effective velocity Ūeff, as a function of the learning
steps.

5.6 Adaptability to obstacles

In the previous section we have shown that the proposed learning strategy is
able to adapt to different arrangements of active units. We have shown that the
adoption of a particular shape can influence the traveled distance by changing the
range of possible behaviours, and that different shapes can converge or maintain
their position close to the light differently than others. In this section we investi-
gate the adaptability of our proposed learning strategy to sudden variation in the
environment. As in Chapter 3 we have focused on the adaptability of the 1D sys-
tem to variations of the track and friction changes, here we look at an impervious
landscape where obstacles are interposed between the system and the light source.

Since the system’s shape did not affect the overall behaviour of the learning
algorithm, since all shapes were able to approach the light source, for simplicity we
consider the star shape configuration shown in Fig. 5.1a, placed on the reference
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a)

b)
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FIGURE 5.7: a, Trajectory of start shape configuration with circular obstacles interposed
between starting position and light source. b, Individual units measured effective velocity
U ieff as a function of the learning step. Shaded band are located and 89th, 327th, 462th, and
570th learning steps respectively, whose position in space are shown in Fig. 5.7a at point A,
B, C and D respectively.

system’s origin, with a light source placed at (5, 5) m. Between the light source
and the system’s starting position, we interpose a square array of circular obstacles
of radius 0.2 m. Importantly, the obstacles do not generate shadows, but define
regions of the space where the system can not reach by exerting a reaction force on
the system, see Sec. 5.10.1 for details on the implementation. In Fig. 5.7a we show
the system trajectory and four screenshots of a learning experiment consisting of
600 learning steps. We notice that after an initial forward locomotion along the
vertical direction, the first contact with one obstacle occurs. This causes a sharp
drop in the average effective velocity since no forward locomotion is possible
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anymore. This is shown by the first vertical shaded band in Fig. 5.7b. After trying
different locomotion strategies, which incur into negative effective velocities, the
system manages to get passed the obstacle and move towards the light. Later on
along the learning process, approximately between the 220th and 280th learning
steps, the system experience further contacts with the two adjacent obstacles,
without coming to a compete stop this time.

Note that the type of locomotion around obstacles shown between the 327th

and 462th learning steps, is maintained as long as it exhibit a good average effec-
tive velocity. When the circular locomotion causes the system to reach negative
velocities, hence moving away from the light source, the system keeps adjusting
its behaviour reaching a different locomotion pattern, as it can be seen in the
trajectory after the 462th learning step. This is a clear indication that the system
is highly adaptable to the environment, continuously adjusting the locomotion
patterns according to the situation.

In Fig. 5.8a we show the distribution of gained distances for 100 similar runs.
Here we find a monotonic increase in gained distance towards the light, meaning
that despite the interaction with obstacles, the system can proceed moving towards
the target location. The encounters between the system and obstacles lead to a
general decrease in performance of the system decreasing its speed, which can also
be seen in the darker trajectories of all simulation runs in Fig. 5.8b. To conclude,
the adaptive behaviour of our learning strategy, when applied to the star shape
configuration, can also be seen by noticing that the system average direction is
along the direction of the light source (at a 45◦ angle respect to the x axis).

5.7 System scalability

The ultimate prerogative of decentralised robotic system is the possibility of de-
ploying a growing number of units, while being able to maintain the intended
functionality. In this section we discuss the scalability for 2D systems, and inves-
tigate how the increasing number of active units N , affect the system learning
capabilities and overall behaviour in terms of effective velocity and type of mo-
tion. For systems made of square lattices of N = n × n active units, we run 100
simulations of 500 learning steps with a light source placed at (20, 0) m, and n
ranging from 2 to 7. As also shown before, the consideration of different number
of unit leads to modification of the landscape of possible behaviours the system
can achieve. For this reason, to assess the performance of our system we will
look at the average effective velocity Ūeff. and determine an equilibrium effective
velocity ŪEq.eff. the systems converge to.

In Fig. 5.9a-c we show the average effective velocity Ūeff. as a function of the
learning steps for n = 2, 5 and 7 respectively. We find that on average all system
sizes can improve their velocity towards the light within the first ∼ 50 learning
steps, and that the maximum reached velocities decrease at the increase of N .
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a) b)

FIGURE 5.8: a, Distribution of gained distance for 100 runs for star shape configuration
with obstacles as a function of the learning step. The top dashed line represents the light
source distance from the system starting point. b, Center position trajectories of start shape
configurations with obstacles.

We also find that the spread between individual runs, as shown by the average
curve standard deviation, decrease with the increase in system size N , this is in
qualitative agreement with the 1D results shown in Chapter 3, highlighting the
lower impact of single units’ behaviour on the overall locomotion for large N . To
quantify the equilibrium effective velocity ŪEq.eff. , we fit the average behaviour to
the exponential function:

y = ŪEq.eff. −
(
ŪEq.eff. − Ū0

)
erx, (5.3)

and in Fig. 5.9d we show the relation between ŪEq.eff. and system size N . We find a
decreasing trend as the system size grows. While the equilibrium effective velocity
ŪEq.eff. decreases, interestingly the number of learning steps needed to reach 80% of
it also decreases (Fig. 5.9e).

By considering the variation in effective velocity Ūeff. within the first 10 learning
steps, similary to Chapter 4, we can calculate the average learning rate as

γ̄ =
1

∆s nruns

nruns∑
j=1

Ū10
eff., j − Ū1

eff., j

9
. (5.4)

In Fig. 5.9f we show the dependency of γ̄ on the system size, and find a decrease
for increasing N . Most importantly, the trend of the normalized learning rate is in
very good agreement with the scalability results shown in Fig. 4.11 of Chapter 4.
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FIGURE 5.9: a-c, Average effective velocity Ūeff. as a function of the learning step for square
system of N = 4, 25 and N = 49 active units. The solid lines represent the average curve
over 100 runs, the shaded area the results within the standard deviation, whereas the
dashed line represent the exponential fit to the average curve. d, Equilibrium effective
velocity ŪEq.eff. as a function of system size N . The values are obtained from the exponential
fits where line thickness represent the standard deviation on the parameters. e, Average
number of learning steps needed to reach 0.8ŪEq.eff. as a function of the system size N . f,
Average normalize learning rate, considering the first 10 learning steps, as a function of the
system size N .
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To conclude, we believe that the minor reduction in average learning rate in
comparison with the reduction of the equilibrium velocity at the increase in N ,
causes the improvement in the average number of learning steps to reach 0.8 ŪEq.eff. .

Initializing the simulations from good solutions

The results shown so far are for simulations where the initial configurations φi
were randomly assigned. Even for relatively small systems, i.e. N > 3, computing
the possible behaviours as a function of all phases combinations φi becomes com-
putationally expensive, therefore we do not have knowledge on the location and
the amount of optima the system presents. This was in fact one of the motivations
highlighted in Chapter 4. However, based on physical reasoning, we can make an
educated guess on the phase combinations which would produce forward locomo-
tion with significant velocity. By doing so we are able to determine whether the
system converges to local optima, or if it at least is able to maintain good solutions.

In Chapter 3 we found that the one-dimensional optimal locomotion is obtained
with phase differences ∆φ = φ2 − φ1 = 0.4 for two active units, and φ2 − φ1 = 0.4,
φ3 − φ1 = 0.8 for three active units. In Sec. 5.3 we showed that the same phase
combination produce an optimal locomotion in the two-dimensional model as well.
This locomotion mode in fact features the least actuation interference between
adjacent units in the direction of the locomotion. This causes one unit to push onto
the next, when the second one is not actuating.

Here we also consider systems made of square lattices of N = n× n units, and
assign initial phase difference φj−φi = 0.4 between units belonging to consecutive
columns. This is displayed in Fig. 5.10a, where the peristaltic actuation wave
moves from the right (closer to the light source) to the left. In Fig. 5.10b we show
the average effective velocity Ūeff. as a function of the system size N , and find
an increase of velocity. While this might seem counter intuitive based on the
previous learning experiment results, the increase in velocity can be explained by
the increase of effective stroke of the system due to its increased dimension along
the vertical axis. This can be seen Fig. 5.10c, where a system of N = 64 active units
shows a greater expansion than a N = 9 system in Fig. 5.10a. Furthermore, given
our model definition where units share the masses in common, considering larger
2D system leads to a decrease of the average weight of each active unit.

Nevertheless, it is important to realize that these velocities are specific to these
square configurations, with the assigned peristaltic locomotion pattern, and most
importantly, for the given system orientation with respect to the light. While we do
not have certainty that the suggested locomotion pattern is the system’s absolute
maximum, we have verified that it grants locomotion speeds higher than those
obtained when optimizing from a random initial phase combinations. We can
then assess the system learning behaviour starting from a good solution, instead
of from random phase combinations as we did so far.
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a)

b) c)

FIGURE 5.10: a, Schematic of system actuation with peristaltic phases combination, such
that φj −φi = 0.4 between units belonging to consecutive columns, on a N = 9 active units
system. b, Average effective system velocity as a function of system size N for peristaltic
phases combination and horizontal alignment with respect to the light source. c, Schematic
of system actuation with peristaltic phases combination on a N = 64 active units system.

We next run 100 learning experiments on systems made of square lattices of
N = n× n active units, with n ranging from 2 to 7, by seeding the initial phases
to the phases of the peristaltic locomotion pattern. In Fig. 5.11a-c we show the
average effective velocity Ūeff. as a function of the learning steps for n = 2, 5 and 7
respectively. We notice a sharp drop in velocity in the first learning steps, which
seems to be more pronounced for small N . In Fig. 5.11d we show the velocity
equilibrium values as obtained from the exponential fit, and compare them with
the equilibrium values when starting with random phases as also shown in Fig. 5.9.
Apart from a small variation for N = 4, we find almost a perfect match between
the two cases. This is an indication that the average velocity equilibrium values
ŪEq.eff. are not affected by the initial phase combinations.

The fact that, in the long term, the system does not benefit from starting off a
good set of phases, can be related to the combination of two phenomena. Firstly,
the Flaky algorithm used in this chapter has preference on the exploration of new
phases rather than maintaining similar values. While this grants adaptability,
it comes at the cost of not maintaining good scores for long, as also shown in
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FIGURE 5.11: a-c, Average effective velocity Ūeff. as a function of the learning step for square
system of N = 4, 25 and N = 49 active units, with initial peristaltic phases combination.
The solid lines represent the average curve over 100 runs, the shaded area the results within
the standard deviation, whereas the dashed line represent the exponential fit to the average
curve. d, Equilibrium effective velocity ŪEq.eff. as a function of system size N for peristaltic
and random initial phases combinations. The values are obtained from the exponential fits
where line thickness represent the standard deviation on the parameters. e, Average total
angle variation over 100 runs as as a function of the system size N , where the shaded areaa
represent the standard deviation values.

Chapter 3 and Chapter 4. A second effect can be related to the system rotation
during the learning. As mentioned earlier in fact, the seeded phase combinations
allow for great velocity in the case of perfect alignment of the system with respect
to the light source. System rotation occurring during learning, alter the interaction
between the system (with rather good phases) and the environment. This effect
is further strengthen by the explorative nature of Flaky, which continuosly try to
correct for the past steps.
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To quantify the amount of rotation the systems experience, we measure the
total angle variation during a learning experiment, calculated as

nlearn−1∑
k=1

|θk+1 − θk|
1

π
, (5.5)

where the θk is the rotation of the system with respect to the horizontal direction at
learning step k. Importantly, since we have proven that the system is able to learn
despite its orientation and shape, the absolute variation in angle is proportional to
the change in the system’s interaction with the environment. In fact, the larger the
angle variation between two learning steps, the more different the performances
of the system are for the same phase combinations.

In Fig. 5.11e we show the total angle variation as a function of the system size.
We see that small systems, e.g. N = 2 × 2 = 4, experience approximately three
times as much rotation as a N = 7× 7 = 49 system. This means that large systems,
by rotating less during a learning experiment because of physical reasons, operate
in a less dynamic environment, where optimal phases combinations change not as
rapidly as for the small systems. Reconnecting to the results discussed in Chapter 4,
we can say that small systems experience large ω̃ whereas large systems experience
a smaller ω̃. This would furthermore explain the sharper drop in effective velocity
for small N shown in Fig. 5.11a-c. To conclude, as the system size N grows and the
complexity to find optimal locomotion rises, the physical stability of the systems
increases pushing the system towards stable regimes in terms of variation of the
environment.

5.8 Resistance to damage

The benefit of using a decentralised system based on modular elements becomes
evident when the redundancy of the building blocks grants the complete system
resistance to damage. This section aims at quantifying how much our learning
strategy is affected by damage, represented by the amount of inactive units. Here
we consider systems made of square lattices of active units, and perform knock-out
experiments, where a percentage of units are not able to actuate, and are effectively
dead weight to be carried. We run 100 simulations of 500 learning steps with a
light source placed at (20, 0) m, where the location of inactive units is randomly
assigned, and consider system sizes of N = 16, 25 and 36.

In Fig. 5.12a-c and Fig. 5.15 we show the average effective velocity for the
considered system sizes and increasing percentage of inactive units. We notice
that all systems can withstand some amount of damage without compromising
the learning capabilities as shown by the positive effective velocity. Surprisingly, it
seems that some amount of damage can actually help the systems achieve higher
velocities, see e.g. Fig. 5.12a-b. To better quantify these findings, and compare
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between different system sizes, in Fig. 5.12d we show the equilibrium effective
velocity ŪEq.eff. obtained from the exponential fits, as a function of the percentage of
inactive units. We see that the three considered lattices can cope with a percentage
of inactive units up to ∼ 45% without lowering their equilibrium effective velocity
ŪEq.eff. . Interestingly, besides the N = 36 also the systems with N = 25 can benefit
from having some inactive units, since they reach ŪEq.eff. higher values compared to
the completely intact case, Fig. 5.15d-e and Fig. 5.12a-b.

We believe this is the results of a trade off between three effects. First, inactive
units needs to be dragged, lowering the effective velocity of the system. Second,

FIGURE 5.12: a-c, Average effective velocity Ūeff. as a function of the learning step for
square system of N = 36 units with percentage of inactive units equal to 0, 44.4 and 77.8%
respectively. The solid lines represent the average curve over 100 runs, the shaded areaa is
the standard deviation, whereas the dashed line represent the exponential fit to the average
curve. d, Average effective velocity Ūeff. as a function of the percentage of inactive units, for
systems of N = 16, 25 and N = 36 respectively.
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as discussed in previous section, larger systems experience less rotation, making
the system’s interaction with the environment less mutable. This depends on the
total number of units, despite of their activity level. Last, inactive units reduce the
complexity of the optimization since less units are updating their phases, making
it simpler to explore the realm of possible phase combinations, facilitating the
reach of good locomotion pattern.

5.9 Conclusions

In this chapter we considered the decentralised control strategy developed in
Chapter 3, and applied it to bidimensional systems by developing a simulation
framework based on simplified two-dimensional mass-spring systems. With in
mind the aim of benchmarking the experimental counterpart for further imple-
mentation, we indentify the limitations emerging from bridging the 1D case to 2D,
and perform a series of explorative numerical experiments.

We showed that in spite of the significantly increased complexity of the task,
caused by the motion of the system in 2D, all considered systems can improve
their behaviour moving towards the light source. By investigating systems of
different shape, number of units and amount of damage, while we observed some
differences in term of type of motion and maximum speed, we found that all
systems maintain the capability to learn. If on one hand the explorative nature of
the Flaky algorithm favours the adaptivity of the system to the environment, by
e.g allowing it to move around obstacles, on the other it affects the exploitation of
good locomotion patterns. This effect is particularly pronounced for large systems.
We believe this can be potentially improved by updating the current algorithm to
include a variable step size. In fact, as a large step size is beneficial for adapting
the system behaviour, since it can quickly reach and explore different phases, a
smaller step size guarantees a slower and steady improvement as also shown in
Chapter 3. In order to obtain a scalable and adaptable system, a balance between
the two needs be found during operation. This could be for example done by
varying the step size as a function of the variation of score between the last few
learning steps.
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5.10 Supplementary information

5.10.1 Model implementation

We model the bidimensional arrangement of a robotic metamaterial with a 2D
mass-spring system, where each mass experiences friction with the environment.
Each robotic unit is modelled with four masses m connected by springs as shown
in Fig. 5.1a. We consider passive springs connecting the masses horizontally and
vertically, and active springs connecting masses diagonally. Both types of spring
have a stiffness ks. When multiple units are assembled together, the additional
overlapping masses are removed.

We define a global reference frame, where the initial position of the masses is
rini = [rini,1, ..., rini,n]

T , where rini,1 = [rini,1x, rini,1y]T . The masses positions at
the following step is found as

r = rini + u = [r1, ..., rn]
T

= [rini,1 + u1, ..., rini,n + un]
T
, (5.6)

where e.g. ui = [uix, uiy]T is the displacement of the mass mi. The force balance
of our system can be written as:

Fm(ü) + Ff (u̇) + Fk(u) = Fe, (5.7)

where Fm(ü) are the inertial forces, Ff (u̇) the dissipating forces, Fk(u) represents
the elastic forces of the springs, and Fe are the external forces. Since each mass
has two degrees of freedom, each term in Eq. (5.7) contains 2n elements, where n
is the number of masses taken in consideration.

The dissipating term Ff (u̇) comprises the effects of the Coulomb friction, and
viscous friction. Both terms are function of the velocity of the masses u̇. For
example, considering a mass mi, the dissipating term is

Ff,i(u̇i) = FfC,i(u̇i) + FfV,i(u̇i) (5.8)

Ff,i(u̇i) = −
[
(µBrkmig) tanh

(
‖u̇i‖
vC

)
+ c ‖u̇i‖

]
u̇i
‖u̇i‖

, (5.9)

in which µBrk is the breakaway friction coefficient between each mass and the
surface, g is the gravitational constant, c is the viscous damping coefficient, and vC
is the Coulomb velocity threshold which scales the speeds at which the friction
barrier is broken. Note that with ‖u̇i‖we indicate the magnitude of the displace-
ment vector u̇i. According to this model, the Coulomb friction is assumed to be
purely in the direction of the velocity u̇i

‖u̇i‖ , which is a simplification of the real
frictional behaviour we would have experimentally.

The elastic forces of the springs Fk(u) depends on the distance between masses
connected by springs. E.g. considering two masses mi and mj , the elastic force
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acting on mi, depends on the relative position of the two masses and the spring
rest length Lij , as:

Fk,ij(u) = (‖rj − ri‖ − Lij) ks
rj − ri
‖rj − ri‖

. (5.10)

Then, considering all masses p ∈ P that share a spring with the mass mi, the total
elastic force on the mass mi is

Fk,i(u) =
∑
p∈P

Fk,ip (5.11)

Note that the preferred spring length Lij between two masses in Eq. (5.10) is
constant for normal springs such that Lij = l0. Differently, in the case of active
springs, Lij is time-dependent, which is used to model the actuation of units.
Specifically, assuming that the masses mi and mj are connected by an active
spring,

Lij(t) = l0
√

2 + lij(t), (5.12)

where the
√

2 comes from the fact that active springs are placed along the units’
diagonals, and

lij(t) =

{
Lij,off + (IR− Lmax)(1− e(−t+φ)/(RC)) for 0 ≤ t ≤ ton
Lmax e

(−t+φ)/(RC) for ton ≤ t ≤ λ,
(5.13)

where Lmax is the maximum variable spring length, Lij,off is the variable spring
length at the end of the previous actuation cycle, and I, C andR are the parameters
obtained from the electrical-pneumatic analogy discussed in Chapter 3. With
respect the description used in Chapter 3, we additionally add the dependency on
the following parameters: φ which is actuation phase of each unit, and λ represent
the duration of the actuation cycle such that α = ton/λ = 0.4 is kept constant.
Importantly, the variable spring length defined Eq. (5.12) is equal for active springs
belonging to the same unit.

Simulations setup

We transform Eq. (5.7) into matrix formulation

M ü(t) + Ff u̇(t) + K u(t) = Fe, (5.14)

and since our model allows for large deformation, we numerically solve it by
turning it to the state-space representation such that

y(t) =

[
u̇(t)
u(t)

]
, (5.15)
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then, the first derivative of Eq. (5.15) with respect to time can be written as

ẏ(t) =

[
ü(t)
u̇(t)

]
=

[
M−1 (Fe − Ff u̇(t)−K u(t))

u̇(t)

]
, (5.16)

which allow us to describe the system with first-order differential equations. We
then use an explicit solver with 5th order Runge-Kutta integration scheme.

To perform learning simulations, a system formed of N units is initialized
and all the parameters are set to their default values. This include the unit size,
associated with the constant rest length of all springs l0 = 0.06 m, the maximum
variable spring length Lmax = 0.06 m of the active springs such that Lij(t) =
l0 + lij(t) = 0.12 m, stiffness of the springs ks = 100 N/m and mass of the nodes
mi = 0.073 kg. Furthermore, for the calculation of friction forces and the actuation,
we set µBrk = 0.24, c = 4, R = 5, I = 1, C = 0.05. Unless explicitly specified, the
system is placed on the origin of the reference system by considering its overall
geometrical centroid, while the light source is placed at different position and
constant height of 1 m with respect to the horizontal plane. A random phase φi is
assigned to each active unit, which will be used to change the preferred spring
length of the two active springs connecting diagonally the unit’s nodes. We assign
a number of learning steps in which each unit is optimizing its phase φi to reduce
the distance to the light source.

A learning step consists of t ≈ 6 s in which three cycles of elongation-shortening
of the active springs in performed. The first cycle has a variable duration, and it
is included to implement a unit’s phase change from φi to φ′i by modifying the
value of λ in Eq. (5.13). The phase variation ∆φ = φ′i − φi is used to determine the
duration of the first cycle λchange, such that

λchange =


λ for ∆φ = 0

λ+ ∆φ for λ
2 ≤ ∆φ ≤ −λ2

2λ−∆φ for ∆φ > λ
2

2λ+ ∆φ for ∆φ < −λ2 .

(5.17)

In Fig. 5.13 we show a schematic of the phase change within a learning step.
The blue curve represent an initial phase φi = 0, whereas the pink solid line
represent the new phase φ′i = 0.2 the unit wants to achieve. In this case, the phase
change is done by extending the first cycle such that the second cycle effectively
exhibit the new phase φ′i. The variation in duration of the first cycle with respect
the others only depends on the variation between φi and φ′i, which is bounded by
the small step size ∆s = 0.1. We expect this effect to be negligible. The second
cycle with a duration of t = 2 s is included to extend the total duration of a
learning step. The third cycle, which also has a duration of t = 2 s, it used to
measured the travelled distance associated with the tried phase. While the second
cycle could be removed, its adoption increase the chance of measuring travelled
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FIGURE 5.13: Schematic of the actuation function as expressed by the time-dependent part
lij(t) of the preferred spring length Lij(t) = l0

√
2 + lij(t) as a function of time. The dashed

line represent the extended adjusted actuation cycle used to perform a pahse variation from
φi = 0 to φi = 0.2.

distances in the third cycle when other units, which are out of sync, are still on the
same learning step.

The travelled distance measured in the third cycle is calculated from the av-
erage change in position of the four masses belonging to one unit. This average
displacement value associated with one learning step is used to compute the
variation in brightness the centre of the unit would measure according to Eq. (5.1)
and Eq. (5.2). This information is used to determine the acceptance of the tried
phase φi according to the Flaky algorithm.

5.10.2 Obstacles implementation

The adaptability section of this chapter discussed the ability of the system of learn-
ing locomotion patterns towards a light source, when equally spaced obstacles
are interposed between them. The obstacles are modeled as circular region of
the space where the system nodes can not be. To keep the added computational
cost minimum, the interaction of the system with the obstacles is implemented by
applying a constant reaction force, radially oriented from the obstacles centre, on
the system’s nodes which have a distance di ≤ ro, where ro is the obstacles radius.
The reaction force applied on the i nodes is expressed by

Fi =

{
0 for ‖ri‖ > ro

η ri
‖ri‖ for ‖ri‖ ≤ ro,

(5.18)
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where η = 0.5 was arbitrary chosen to be higher than the total force nodes ex-
perience during learning experiments without obstacles. This prevent nodes to
actually overlap with the obstacles.

To avoid that the condition expressed by equation (5.18) is checked for all the
obstacles and all the nodes at every simulation timestep, the space is divided in
square portions of dimensions lref × lref, with an obstacles placed at it centre (ro <
lref). As a consequence equation (5.18) is checked only for the nodes belonging to
a specific space portion.

5.10.3 Model parameter sensitivity

To determine the model sensitivity the the choice of the numerical parameters, we
considered a system made of three active units in a line configurations oriented
radially with respect to the light source, and compute the average system effective
velocity Ūeff. for all phases combinations. Apart from the control parameter we
vary, we keep all parameters set to the values defined in Section 5.10.1. In Fig. 5.14a
we show the dependency of α on the overall system performance. We see that by
changing the value from α = 0.4 to α = 0.2 causes the merging of the two optima
into one, and that the system velocity is maximized for α = 0.3. Importantly, in
the latter case the optimal phases combination is found for φ1 − φ− 2 ≈ 0.7 and
φ3−φ2 ≈ 0.3. This can be intuitively understood by considering the fact that units
are working in sync exhibiting peristaltic actuation across the system without
interference. This is not the case for α = 0.4, where some interference between
consecutive units is present, see Fig. 5.2b.

In Fig. 5.14b we show the influence of the spring stiffness ks on the system
effective velocity. We notice that the increase in stiffness causes an enhancement
of the system velocity around the optima, i.e. these regions get sharper, without
altering the phase combinations which define them. Finally, in Fig. 5.14c, we show
the effect of the viscous friction term c. Going from c = 2 to c = 6 causes the
system to go from an underdamped configuration, where units oscillation are
large and with higher frequency, to an overdamped case, where the total system
effective velocity is low because of dissipation.
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a)

b)

c)

FIGURE 5.14: Effect of numerical parameters on the average effective velocity Ūeff., as a
function the phases combination for a three active unit system in a line configurations.
a, Sensitivity analysis results for α. b, Sensitivity analysis results for spring stiffness ks.
Sensitivity analysis results for viscous damping coefficient c.
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5.10.4 Supplementary figures

FIGURE 5.15: Average effective velocity Ūeff. as a function of the learning step for square
system of N = 16 (a-c) and N = 25 units (d-f) with increasing percentage of inactive units.
The solid lines represent the average curve over 100 runs, the shaded area the results within
the standard deviation, whereas the dashed line represent the exponential fit to the average
curve.
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CHAPTER 6

Conclusions and Outlook

The work discussed in this thesis is devoted to designing and understanding
optimal behaviour in mechanical and robotic metamaterials. Whether these are
made of active or passive unit cells, we develop optimization strategies for deter-
mining optimal cellular features which allow for targeted material properties and
behaviours. In this chapter we summarize the main contribution of this thesis,
include some recommendations and provide an outlook.

6.1 Conclusions

In Chapter 2 we focus on mechanical metamaterials, where a straightforward
design strategy for mechanical metamaterial with tailored behaviours is lacking.
In fact, while harnessing instabilities is a common practise to obtain materials with
novel properties, their tedious numerical description constrained researchers to a
trial and error design process. To provide a general solution, which can also be
extended to other fields, we implemented a Monte Carlo-based inverse design
algorithm capable of dealing with disjoint optimization problems. Here, we show
that we can design mechanical metamaterials with tuned buckling properties
within a wide range of values. By tuning higher order modes, we also show that
unpredictable material behaviours, which emerge from the interaction of multiple
modes, can be controlled and avoided. Importantly, while we mainly focus on
the design of mechanical metamaterials with targeted buckling behaviour, our
algorithm can easily be extended to a range of problems not limited to mechanics.
For example, we adapted this algorithm to inversely design overlay targets for
metrology applications [150], where the discrete nature of the problem made other
alternative design techniques unfeasible.

Bridging these concepts to the realm active metamaterials, we are interested in
determining if such algorithms could also be used to learn behaviours ’on the go’.
To verify this, in Chapter 3 we develop a modular robotic metamaterial platform,
where individual units can adapt their behaviour based on local sensing, in order
to achieve a global forward locomotion along a circular track. We propose two
learning algorithms, namely Thermal and Flaky, to be ran at the unit level. We
show that while both algorithms allow for the complete system to start to locomote,
only the Flaky algorithm makes the system robust to changes in the environments
and damage, maintaining the capability of learning even for greater system sizes.
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While the development of a metamataterial platform allow us to test the
learning strategies in real-life circumstances, it also poses some constrains. First of
all, within the settings discussed in Chapter 3, the learning strategy is embodied in
the robotic platform, and it is not possible to assess the learning capability of the
learning strategy, discerning the effects imposed by the platform. For example, the
range of possible behaviours that can be learnt by the learning strategy is dictated
by the physical locomotion possibilities of the platform. Furthermore, the use of
systems consisting of many units creates a range of possibilities too vast to be
explored, and makes it impossible to assess the learning capabilities. For these
reasons, in an effort to understand what the limits of the learning capabilities are, in
Chapter 4 we developed a numerical platform where we only consider the learning
processes of the units, translating them to the evaluation of simplified environment
functions. While the definition of such environment functions loose physical
meaning, it helps us highlight the qualities and limitations of the algorithms. Here
we find that, while the Thermal algorithm exhibits a modest resistance to noise as
results of the effect of its characteristic temperature, we show that this temperature
value depends on the system size and noise, which are information not available
to the unit. This makes the Thermal learning strategy not suitable for our purposes.
We also find that the Flaky algorithm is scalable, presents a good resistance to noise
and can adapt to dynamic environments. Importantly, within the investigated
settings, we find the adaptation to dynamic environments to be critical. In fact, we
discover that the Flaky algorithm undergoes a phase transition from converging to
a non-converging behaviour with respect to the optima. We find that the transition
between these two behaviours depends on the system size, the rate at which the
environment is changing, and the algorithm step size.

Next, to maintain the focus on the development of autonomous and self-
improving materials in real-life situations, in Chapter 5 we have a peek at more
complex circumstances deriving from the motion of our system on a plane. Here
we develop a simplified, qualitative model of robotic metamaterial where units
are placed and assembled in a square lattice. We apply the Flaky decentralised
learning strategy to the units. With the goal of benchmarking future experiments,
we look at the learning capabilities in a variety of circumstances such as obstacles
avoidance, locomotion in various shapes, resistance to damage and increase in
size. While we observe differences in the type of motion and maximum speed,
despite the considerable increase in complexity, we find that in all cases the ability
of learning is maintained. Furthermore we find that the great adaptivity of the
Flaky algorithms which allow e.g. the systems to navigate around obstacles, comes
at the cost of not being able to exploit good locomotion patterns.

We believe the work discussed in this thesis emphasizes the importance of
cellular design for novel metamaterials, where unit-to-unit interaction can coalesce
to form novel and complex behaviours. Specifically in the robotic metamaterials
prospect, the results and discussions presented in this thesis set the ground for a
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paradigm shift where metamaterials can improve themselves during operation,
offering a leap forward for the development of thriving ubiquitous autonomous
systems.

6.2 Recommendations

The inverse design algorithm we propose in Chapter 2 is a general algorithm to
tackle disjoint optimization problems. In this case, the advantage of a simple
implementation comes with the drawback of high computational cost. A possi-
ble improvement can be made by considering multiple material-void swaps per
optimization step, in order to accelerate the material clustering of the initial con-
figurations. This effect can be gradually reduced towards the end of optimization,
where smaller geometrical changes are required. Furthermore, while we found
that the Ising-inspired subroutine works well for our purposes, different candidate
selection subroutine can be chosen to tackle different optimization problems. This
is additionally made possible by the modular nature of this algorithm, which
decouple the optimization routine from the candidate selection subroutine.

Within the context of robotic metamaterials, in this thesis we present only a few
decentralised learning algorithms, and test them on numerical and experimental
platforms. In Chapter 4 we find that highly dynamic circumstances prevent the
Flaky algorithm from learning. We show that this effect depends on the system size,
the rate at which the environment is changing, and the algorithm step size. Within
the current decentralised settings, only the last information is available to the
units. As a consequence, we believe that an interesting direction to explore is the
development of an algorithm with adaptable step size and increased memory. In
fact, while a large step size allow for prompt variations in behaviours, a small step
size help exploiting good behaviours. By adopting an algorithm with adaptable
step size, the system would be able to further tune its behaviour finding an optimal
balance between exploration and exploitation. This is especially needed when the
system is moving in 2D, where system’s rotation during continuous learning alters
the landscape of possible behaviours, effectively creating a dynamic environment.

Importantly, in this work we are interested in defining the minimal require-
ments that allow robotic metamaterials to learn a certain behaviour, and have
purposely considered distributed sensing and decision making, with no commu-
nication between units. This is to explore essential requirements for algorithms
that can be translated to different material systems. We believe this choice could
be revised without going towards fully centralised systems. In fact, local commu-
nication between neighbouring unit could be implemented, where e.g. the sensed
information is averaged across a few units, before being processed by the learning
algorithm.
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6.3 Outlook

In this section we highlight three key elements of this work, and emphasize how
their contribution will shape materials in the future.

Inverse design or continuous learning?

As the human progress advances at an ever-growing pace, the need of promptly
customizing solutions to a variety of different problems and constrains becomes
essential. This calls for the development of fundamental scientific understand-
ing, and high-tech engineering applications. We believe that automated design
processes are both a tool and a solution to these needs. While we can inversely
design optimal solutions for specific problems, by embracing the fact that circum-
stances are in general not known beforehand, the development of continuously
optimizing systems can be itself the solution to families of problems. For example,
while in this thesis we focused on learning locomotion by automatically taking
the robotic metamaterial’s configuration or environment circumstances, one could
imagine other applications such as a robotic metamaterial that learns to morph its
shape around various objects. This is a fundamental aspect in transitioning from
mechanical to robotic metamaterials, where the optimal behaviour is adapted to
the dynamic circumstances.

Algorithm design: performance or adaptation?

The development of automated design routines goes hand in hand with the
development of novel algorithms, and their performances has been of prime
importance for the computer science and engineering communities. Unfortunately,
striving for efficiency has also lead to a shift in focus away from the algorithms
purposes, reducing their improvement to mere numerical exercises. This led to the
creation of algorithms with tens, if not more, parameters specific to a particular
application, favouring fragmentation between fields. Differently, in order to be
able to focus rapidly on the growing number of challenges, we need to develop
simpler algorithms, even if this comes at the cost of efficiency and precision. In
a way, a similar trend is observed in the field of soft robotics, where high speed
and precise limited degree of freedom robots are being challenged by soft robots
with lower accuracy, but higher adaptivity. This simplifications will nourish
collaborations, help maintain a comprehensive view on the matter, and allow for
a steady coordinated scientific development. Furthermore, in an effort to find
generic approaches, great inspiration can be found by crossing boundaries with
other fields such as physics and biology, where extensively studied phenomena
can provide the fundamental twist in finding solutions to novel challenges.
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Materials with robotic behaviour

We believe that progressively, all materials will become ’smarter’, by assuming
e.g. shapes which grants them novel features. Sharing the same drive for improve-
ment, some metamaterials will eventually turn to robotic metamaterials, where
the optimal behaviour is adapted to the dynamic circumstances. Materials will be
designed to continuously improve themselves. But how will these materials look?
In this thesis we developed a macroscopic platform to study the potential learning
algorithms. Future steps will look into down scaling these systems, e.g. by making
dedicated electronic circuits that directly integrate the algorithms without the
need for code. That brings up the question whether the learning behaviour can
be encoded via other means such as chemical processes that sense and activate
materials (e.g. liquid crystal elastomers). We envision robotic metamaterial sys-
tems consisting of hundreds of independent building blocks, which due to their
reduced size, can have a perception of the environment at a higher resolution. This
will result in enhanced system’s adaptivity and increased embodied intelligence.
The ’only’ question to answer is: how to incorporate objectives at these scales, and
in a decentralised approach?
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Definitions

In this section we define few of the recurrently used terminology.

Optimal behaviour

Within the work on robotic metamaterials, and under the assumption that informa-
tion on the working condition is partially available to the individual units, optimal
behaviour is intended in a heuristic term, where "good enough" performance is
optimal. Such that the task is executed, even if not with the best performance.

Adaptivity and Robust behaviour

Considering the general operational settings of the robotic metamataterial, where
circumstances are dynamic, optimal behaviours change over time. Then, adaptiv-
ity describes the ability of the learning strategy to adapt to mutable circumstances,
and maintain the ability to learn and improve the performance of the system. If a
learning strategy is adaptive with respect to e.g. variable friction or damage, it
exhibits a robust behaviour with respect these factors.

Scalability

Scalability can refer to the robotic platform and to the learning strategy. A robotic
platform can be said scalable if it can physically move when more units are
connected together. The learning strategy can be scalable, if it maintains the
ability to learn optimal behaviours when multiple agents contribute to the overall
behaviour.
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Summary

Humankind has been morphing materials to their needs since its first appearance,
and the adoption of different types of material became a reference measure of our
evolution. While the importance of shape in materials has been vastly harnessed –
e.g. a metal wheel as opposed to a metal knife – the idea that geometry alone could
help surpass the limits of known laws in physics is relatively new. Metamaterials
in fact, exhibit properties which were thought not to be achievable beforehand,
where examples range from negative refraction index to bandgap materials. In the
field of mechanics, this idea has led to metamaterials that show auxetic behaviour,
tuneable mechanical responses and tailored acoustic properties. While these
materials show complex behaviours, their geometry is especially simple, often
composed of repeating identical unit cells, and usually designed through a trial-
and-error process.

With the aim of being able to reprogram the behaviour of such materials,
by carefully designing the arrangements of different types of building blocks,
researchers were able to obtain materials capable of performing elemental com-
putations, transforming a specific input actuation into a desired output response,
creating materials capable of performing tasks. Furthermore, motivated by the
idea that materials could be made of responsive building blocks whose features
go beyond the mere geometrical mass distribution, the concept of robotic metama-
terials emerged, broadening the definition of what is traditionally thought of as a
material. For example, one could imagine a robotic material constantly adapting
its shape to a varying surface, or robotic fabric changing its thermal properties
based on local temperature measurements. Despite the recent developments in
both mechanical and robotic metamaterials, defining what the geometrical and
behavioural features of the unit cell should look like in order to get a desired
function remain a difficult problem to solve. This is especially challenging in the
latter case, where these features need to continuously adapt during operation.

In this thesis we focus on exploring different pathways to achieve metamate-
rials with specific and optimal properties. We do so by exploring reinforcement
learning strategies to design shape and behaviour in elemental building blocks.
In the first part of the thesis, we focus on the inverse design of mechanical meta-
materials. The leveraging of instabilities, which is the key ingredient in many
mechanical metamaterials, has shown to be a constraining factor in the automated
design of such metamaterials. In this part of the thesis we use a Monte Carlo-based
strategy to design metamaterials with targeted buckling properties, by modifying
the unit cell topology. By complementing simulations with experiments, we show
that we can inversely design and manufacture metamaterials with predefined
buckling loads, that can be tuned within a wide range of values. We furthermore
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show that by controlling the critical load of higher buckling modes, we can tune
their interaction to avoid unstable and unpredictable metamaterial behaviours.

In the second part of the thesis we look at robotic metamaterials made of active
unit cells, each containing sensing, actuation and decision-making capabilities. We
are interested in exploring certain emerging properties in a dynamic environment,
and define what the minimal requirements are, such that a robotic metamaterial
can adapt to its surrounding. In this chapter, besides developing a 1D experimental
robotic platform, we introduce two decentralized algorithms that are executed
in parallel at the unit level, such that the complete robotic material is able to
reach and maintain global locomotion in a predefined direction. Complementing
these experiments with simulations, we show that while both algorithms are able
to operate in static environments with no noise, the representation of memory
becomes especially important to allow learning of optimal locomotion strategies
under uncertainty, e.g. when dealing with sensor noise, damages, and changes in
the environment.

To better understand the workings of the proposed algorithms and probe
their limits with respect to various circumstances, we continue this study by
removing the complexities arising from the system’s physical interaction with the
environment. To achieve this, we developed a simulation framework in which
we specifically look at the performances of the strategies in terms of scalability,
learning rate, permanence time around optima, and adaptability to changing
environments. In an effort to emulate experimental settings, we also investigate
and quantify the amount of noise the system can experience without effecting its
learning capabilities.

Finally, we extend the application of the decentralized learning strategies into
bi-dimensional robotic metamaterials. Here, we reintroduce the system’s physical
interaction with the environment, and with further experimental validation in
mind, developed a simulation framework to study the emergence of locomotion
in larger and arbitrary-shaped systems. Despite the increase in complexity arising
from bridging to 2D, we show that the proposed learning strategy is capable of
learning locomotion in a predefined direction, is able to circumvent obstacles and
it is scalable to arbitrary shapes.

In conclusion, in this thesis we investigate how the features of elemental build-
ing blocks affect the properties and behaviour of metamaterials. We developed
numerical models and experimental platforms to help blur the boundaries be-
tween materials and robots, in an effort to create reactive and autonomous systems
that behave optimal in applications encountered in everyday life.
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