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1
Introduction

The butterflies in Rosei’s dream would be origami.

Ihara Saikaku, 1680

Based on: McClintock*, H.D., Doshi*, N., Iniguez-Rabago*, A., Weaver, J.C., Jayaram, K., Wood, R.J., Overvelde,
J.T.B., A fabrication strategy for re-configurable materials at the millimeter-scale. Adv. Funct. Mater. (* con-
tributed equally) (In Press)
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2 1. Introduction

1.1. From rigid to elastic origami

The word origami comes from the Japanese ori (folding) and kami (paper) and is a tech-
nique that is used to transform a flat sheet of paper into any shape by folding it repeat-
edly. In Japan, origami was originally used in religious ceremonies as decoration [1]. In
Germany, the inventor of kindergartens used origami to develop consciousness of forms
and figures in children [2]. Recently, it has gained popularity in many fields. For example,
in architecture [3, 4], origami is used as a way to fold gigantic umbrellas [5] or in respon-
sive facades to control the temperature of buildings [6]. In engineering [7–9], it is used
as inspiration to create unfolding mechanism for robots [10] or even as a microsurgery
system [11]. In biology [12, 13], origami is used to understand the folding mechanisms
of wings [14, 15] or as a structure to sense DNA [16].

Traditionally, scientists have described origami using a rigid model. In this model,
origami deforms only at the folds (hinges), whereas the flat areas of paper (faces) are
completely rigid. Due to its simplicity this model has been widely used by scientists,
for example, to understand how to fold a map [17] or a paper bag [18]. Nonethe-
less, this model has some limitations, for example, while it describes most origami at
the centimeter-scale very well, it fails to describe accurately the behavior of smaller
origami [19]. This is because the model assumes that deformations take place only at
the hinges, which is not always met in real life.

Currently, scientists increasingly study origami using an elastic model [20–23]. Elas-
tic origami allows for the deformation of not only the hinges but also the faces, as a re-
sult, it allows new behaviors that are not possible with the rigid model, including folding
origami with different curvatures [24] and multistability [14, 25]. In fact, elastic origami
can reach additional deformations through new folding pathways [26–29]. These new
behaviors are important since they can be used in new generations of origami-inspired
structures and devices.

Nevertheless, the flexibility of elastic origami comes at a cost. Since origami behav-
ior cannot longer be described by just the hinges, but also by the deformation of the
faces, it is nearly impossible to describe it analytically. This results in three problems
that I will address in this thesis. First, the additional deformation of the faces adds many
parameters to the origami model that complicates the full scan of the origami behav-
ior. Is it possible to simplify the model in order to study complex origami designs based
on real life experiments? Second, the folding behavior of elastic origami is highly non-
linear, making it difficult to map all the possible folding behaviors. Can we find a way
to systematically characterize the deformation space in the elastic origami model? Third,
any force gets dissipated by the elasticity preventing global uniform deformation. How
can we obtain well-defined folding behavior in the elastic origami model? I use origami-
inspired metamaterials as case studies to resolve these questions, nevertheless the same
approach can be used for any other origami pattern. These solutions shed light on the
complex behavior of origami and gives specific guidelines to control it.
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1.2. Overview of origami studies

In this section, I introduce some basic concepts and the research that has been done
on and around origami. First, I introduce concepts used to describe origami behavior
from the mathematical point of view, such as the way the hinges are described, interact
and move together. Then, I show specific origami designs which have some interesting
behavior, and show how elastic origami opens the door to describe undiscovered folding
behaviors of origami. This builds the foundation to the search of new folding behaviors
in the elastic origami model. Last, I move away from traditional origami patterns to
introduce origami-inspired metamaterials. I describe some properties of these origami-
inspired metamaterials, and how they are affected by elasticity. This helps us to better
understand the effect of forces on elastic origami and how it affects its global folding
behavior.

1.2.1. Basic concepts of origami behavior

First I introduce the concept of a vertex which provides the basis for origami patterns. I
invite the reader to undertake the following steps with me to understand this and other
origami concepts. Let us start with a flat sheet of paper in which we create a hinge by
folding it (Fig. 1.1a). We then unfold it and lay it flat again. The hinge can now be in two
positions: folded towards the back (mountain) or the front (valley) as seen in Fig. 1.1b.
Notice that by flipping the paper we can convert the mountain into a valley and vice
versa. We then fold the paper along the first fold (Fig. 1.1a), and fold it again, in order to
have two folds (Fig. 1.1c). We then unfold the paper. The point where the hinges cross
is called a vertex and divides the hinges into two, so we are left with 4 hinges (Fig. 1.1d).
This particular vertex is called a 4-vertex since four hinges converge to it. Any origami
pattern is composed of multiple vertices which are the points where the interaction be-
tween faces and hinges takes place [30].

Next, I show some general properties of the vertex folding behavior. The 4-vertex
that we just created is a flat-foldable origami pattern, meaning that the pattern can be
folded to a flat configuration as seen in Fig. 1.1c where all the faces are flat. It is also rigid-
foldable which means that it can be folded following the rigid origami model. Flat- and
rigid-foldability are just some examples of origami pattern properties. Flat-foldability is
easy to obtain since it follows a couple of theorems [31, 32], however determining the
rigid-foldability of a general pattern is an NP-hard problem [33] that can be only solved
for simple patterns [34, 35]. As a result, most origami studies are on specific origami
patterns, nevertheless the methods used and developed for a particular pattern can be
extended and used for many other patterns.

The last concept to introduce involves the action of origami folding. Let us again use
this flat-foldable 4-vertex that we just folded. It has 4 hinges, each defined by the angle
θ between the adjacent faces (Fig. 1.1e). Each of these angles is a variable that describes
the deformation of the vertex. The four angles interact at the vertex. This interaction
can be described by a set of equations, which specify the constraints on the movement
of the hinges derived from their interconnection through the rigid faces. There are, how-
ever, more angles than constraints in this particular case, allowing this 4-vertex to de-
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µ1

µ2

µ3
µ4

a) b) c)

d) e)

mountain

valley

Figure 1.1 | a) Folding a sheet of paper to create one hinge. b) Hinges can be of two types, mountain or valley.
c) Folding the sheet of paper again to create a vertex. d) The created vertex has 4 hinges, shown in different
colors. e) The deformation of the vertex can be described with the 4 angles that represent each hinge.

form. This movement involves more than just one hinge and is called a branch. This
flat-foldable 4-vertex has two branches with the assigned mountain-valley pattern. The
first one folds two opposite hinges at the same time and describes the folding behavior of
the first fold we made (Fig. 1.1a). The second branch also folds two hinges and describes
the second fold we did (Fig. 1.1c). In this particular case, the branches are the folds we
made to obtain the vertex, but in more complex origami patterns this does not have to
be the case. Usually, branches involve hinges across multiple vertices [30] and describe
the kinematics of origami patterns in the rigid origami model.

1.2.2. Folding behavior of origami patterns

Typically, origami is used to create 3D shapes from flat sheets of paper, but is it possible
to create any 3D shape? In order to do this, we need to create curvature, like a dome or
a saddle. This is impossible in the rigid origami model since the sheet of paper needs
to stretch or bend [36], following Gauss’s Theorema Egregium [37]. This theorem states
that the Gaussian curvature of a surface is invariant under local isometry, and folding
the surfaces is an isometric deformation. Nonetheless, this problem can be solved by
approximating the curvature with flat triangles or squares. So, by applying a computa-
tional algorithm [38], we can obtain any shape from a flat sheet of paper [39, 40] such as
a rabbit in Fig. 1.2a.

Currently, the origami models have been used as a tool to study mechanism behavior.
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d)c)

b)a)

© 2010 IEEE

Figure 1.2 | a) Folding pattern and 3D shape of a origami structure that folds into a rabbit [40]. b) Folding be-
havior and geometry of Miura-ori pattern [41]. c) Pluripotent origami pattern folding into two shapes, α and
ω. Reprinted by permission from Springer Nature Customer Service Centre GmbH: Springer Nature, Nature
Physics [42], Copyright (2019). d) Stable states of a square twist pattern that are connected through face defro-
mation in the elastic origami model. Reprinted by permission from Springer Nature Customer Service Centre
GmbH: Springer Nature, Nature Materials [26], Copyright (2015).

For example, scientists have used origami concepts such as rigid- and flat-foldability to
understand how to fold a map [17], a paper bag [18] or a strip of stamps [43]. Moreover,
specific folding patterns have gained popularity due to their properties and applications.
Some of the most well-known patterns are the Miura-ori pattern (Fig. 1.2b) [41, 44] first
described as a deployable mechanism for solar panel in space [45], the waterbomb pat-
tern [23] which snaps in one of two possible shapes [25], or the square twist [26], that de-
pending on the mountain-valley allocation of the hinges can be rigid-foldable or not [35].
Importantly, the folding behavior of these patterns derives from their specific design.

By optimizing the design we can obtain complex behavior of origami. For example,
most of the origami patterns have many branches crossing at the flat state [46]. Even,
a generic 4-vertex has two branches. Since origami patterns are a collection of vertices
in a sheet of paper, the branches of these vertices can accumulate, making it extremely
difficult to fold patterns consisting of a large number of vertices [30]. However, by opti-
mizing the designs of the origami pattern, the number of branches can be reduced to a



1

6 1. Introduction

single one. This optimization is done by considering the interaction from vertices that
form loops [47]. This type of origami is called self-folding origami [48, 49]. Another ex-
ample of complex behavior comes from origami patterns that have not one, but many
configurations after folding. This design has the potential to be folded in many ways and
is therefore called pluripotent (Fig. 1.2c) [42].

The rigid origami model succeeds to describe the behavior of some origami patterns,
however, the elastic origami model opens new behaviors where the rigid origami fails.
The deformation of origami patterns in the elastic origami model cannot only be de-
scribed by the fold angle of the hinges, but by additionally knowing the stretch and bend
of the faces. This description adds many degrees of freedom that allow the structure to
reach deformations previously not possible [27]. These new folding pathways open the
possibility to reach also other stable states such as in Fig. 1.2d where the square twist
can move between two stable states [26]. This multistability of origami has been stud-
ied particularly for origami patterns such as the hypar [29], the square twist [50], the
4-vertex [51] and the prismatic structures [52].

1.2.3. Origami-inspired metamaterials

Recently, origami patterns have moved away from flat sheets of paper [9, 53]. For exam-
ple, we can create origami structures from 3D shapes [54]. These structures cannot be
folded from a single sheet of paper, but they are still considered origami since their be-
havior remains the same, i.e., they fold along branches. Since the behavior is the same
as traditional origami, some structures have the same properties such as flat- [55] or self-
foldability [56, 57].

These origami-inspired structures can often be assembled into arrays since they have
many symmetries. One structure is considered as a building block to create an array
which is called a metamaterial. This assembly process allows the metamaterial to behave
like a mechanism, e.g., by controlling only one hinge of a single building block we can ob-
tain a global deformation where the entire array folds in the same way. Origami-inspired
metamaterial are based on a variety of designs such as the Miura-ori pattern [27, 50, 58–
60], the Sarrus linkage [61, 62] and prismatic structures [52, 54, 63] (Fig. 1.3a-c, respec-
tively), among others [64–66].

Metamaterials exhibit behaviors that are rarely found in nature. They are not neces-
sarily based on origami, but similar to origami, mechanical metamaterials are formed
from assembling unit cells together in order to behave as a mechanism. Because of the
mechanism-like behavior, they get their properties from their internal structure rather
than from their chemistry [68, 69]. Some examples of their unusual properties are cloak-
ing of stress by changing the arrangements of the unit cells [70], having a material re-
spond differently depending on the place of deformation [67] or multistability [71] as
with origami patterns.

Metamaterials base their unusual properties on the mechanism behavior. Following
the behavior of the unit cell along the array, by applying a local force, the material de-
forms globally. This global deformation from local forces gives metamaterial a special
characteristic that allows scientists to see them as mechanisms. This characteristic can
also be seen in origami-inspired metamaterials since they move along branches. How-
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Figure 1.3 | Origami-inspired metamaterials based on a) the Miura-ori pattern (Reprinted from [59] Copyright
(2019), with permission from Elsevier), b) a 2D Sarrus linkage (Reprinted from [61] Copyright (2018), with
permission from ASME), and c) prismatic structures (Reprinted by permission from Springer Nature Customer
Service Centre GmbH: Springer Nature, Nature [54], Copyright (2017)). d) Metamaterial based on rotating
squares showing the area of influence of a local force (Reprinted by permission from Springer Nature Customer
Service Centre GmbH: Springer Nature, Nature Physics [67], Copyright (2017)).

ever, this only applies when the behavior can be described by the rigid origami model. In
the elastic origami model, as well as for any other metamaterial based on elastic compo-
nents [72], the elasticity has a considerable influence on the global effect of a local force.
The deformation triggered by a local force decreases the further it is from the location
where the force is applied as seen in Fig. 1.3d. The consequence is that any local force
will influence only a small area and not result in a global deformation.

1.3. Example: Sarrus linkage metamaterial

The problems arising from the elastic origami model can be exemplified with the folding
behavior of a Sarrus linkage metamaterial. This example is based on a four-sided Sarrus
linkage shown in Fig. 1.4a. According to the rigid origami model, this linkage follows one
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a) top view side view

top view side view
2x2 unit cells 2 layers

µt

µb

b)

c)

5x5 unit cells3 layers
compression mode

bend mode

Figure 1.4 | Sarrus linkage metamaterial. a) Four-sided Sarrus linkage used as building block for a metamaterial.
b) Array of building blocks connected diagonally forming a 2x2 metamaterial with 2 layers. The hinge angles
from the top θt and the bottom θb layers can control the material. c) Fabricated metamaterial with a total size
of ∼ 4cm. This prototype can move along two modes, the compression mode and the bend mode.

specific degree of freedom, a compression mode in which the linkage gets compressed
on all the sides equally, acting like a mechanism. Any other deformation is constrained
due to the spatial arrangements of hinges. By controlling one hinge, we can control the
behavior of the rest of the structure. This mechanism characteristic is useful since it
transforms local input (closing one hinge) into global behavior (folding the entire struc-
ture). Furthermore, we can assemble multiple Sarrus linkages by joining them diagonally
(Fig. 1.4b), i.e., consider each linkage as a building block to build a metamaterial. This
metamaterial still allows the structure to behave like a mechanism according to the rigid
origami model. By controlling only one hinge of a single building block, we still observe
a global deformation where the entire array folds together.

However, the rigid description of the behavior does not match the behavior seen in
experiments. We performed these experiments on a prototype at the millimeter-scale
that we produced using a laminate manufacturing technique [73]. This prototype not
only moves along the compression mode, but it can also be relatively easily deformed
in one additional mode, the bend mode (Fig. 1.4c and Movie 1.1 in Appendix D). This
additional mode bends the material into a dome shape which is not predicted with the
rigid origami model. The curved shape of the mode indicates that faces are bending or
stretching [24], and points precisely to the weakness of the rigid origami model, namely
that the constraints do not allow face deformations.

Therefore, we need to turn to an elastic origami model that does describe the ob-
served behavior but adds many possible deformations. In the rigid origami model, a
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Figure 1.5 | Energy of the Sarrus metamaterial. a) Energy landscape of a metamaterial that shows how the
energy changes along the two modes. b) Scaling of the energy when changing the number of layers for different
material sizes.

single Sarrus linkage has 12 hinges and 10 faces, but its behavior can be described ana-
lytically with only one hinge. On the contrary, in the elastic origami model, the behavior
includes all possible deformation of the faces such as bending and stretching. These
deformations add many more possible modes that are nearly impossible to solve analyt-
ically. Therefore we use a numerical approach, further discussed in Chapter 2, in which
we scan possible folding pathways by calculating the energy of deformations.

The elastic energy of the Sarrus linkage shows its non-linear behavior. We can con-
trol the behavior of the Sarrus metamaterial along the two deformation modes by con-
trolling only two variables, the hinge angles from the top θt and the bottom θb layers
(Movie 1.2 in Appendix D). Note that in general the selection of these variables in elastic
origami is not trivial and in this case we were able to obtain them using a trail and error
approach. Fig. 1.5 shows the dependency of the energy on these variables as a land-
scape, i.e., a projection of the full deformation space. We see two behaviors, related to
the two deformation modes found in the prototypes: the energy does not increase along
the compression mode (θt = θb), but it increases by several orders of magnitude along
the bend mode (θt +θb = π/2). Despite that this energy landscape is just a projection
of the complex energy landscape, it already demonstrates the existence of non-linear
behavior. This non-linearity complicates to properly scan all possible deformations to
obtain the most likely folding behavior.
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Furthermore, the deformation is localized only where the forces are applied. This
can be seen from the deformation produced by the bend mode of Sarrus metamaterials
with different sizes. We apply a force to deform the hinges at the top and bottom layers
of the materials. We then extract the energy and normalize it by the number of build-
ing blocks the material has. In Fig. 1.5 we see that this normalized energy depends on
the number of layers. If the Sarrus metamaterial would act as a mechanism, the forces
would deform the entire material and the energy would remain constant for each Sarrus
linkage. Nonetheless, the energy decreases with the number of layers. This can be ex-
plained since the applied forces on the metamaterial remain equal but the number of
building blocks increases, thus lowering the normalized energy. This shows that the ap-
plied forces cannot produce a global behavior, removing the mechanism characteristic
of this metamaterial.

These problems are not particular to this specific example. Most of the metamate-
rial are fabricated at larger scales (>10 cm), nonetheless there is a tendency to produce
them at smaller scales [74, 75] (<1 mm). At small scales, for example, the elasticity of the
materials becomes more important [19, 76] as it becomes more difficult to build well ar-
ticulated hinges, and therefore the rigid origami model cannot be used. It is necessary to
have a better description of metamaterials that can predict their behavior accurately. In
this thesis we address these problems with specific case studies, however the methods
and descriptions can be applied to any origami pattern.

1.4. Objectives

As seen from the previous example, describing origami with a rigid model can result in
interesting reconfigurable properties, however an elastic model is essential to describe
new behaviors, such as the bending mode of the Sarrus metamaterial. Hence, in this
thesis I focus on describing origami and origami metamaterials with an elastic model.
However, applying this model comes at a cost. Elastic origami can be highly non-linear.
This non-linearity derives not only from the interaction between the hinges defined by
the pattern design, but also from the large number of degrees of freedom of the elastic
model which allows interactions between folding hinges and deforming faces. This non-
linearity makes it almost impossible to obtain an analytical description of the folding
behavior, resulting in three main problems which I address in this thesis.

First, the additional deformation of the faces adds many parameters to the origami
model that complicates the full scan of the origami behavior. In the rigid origami model,
the deformation takes place only at the hinges which are modeled as rotational springs
with a specific stiffness. However, in the elastic origami model, faces can deform. Each
type of face deformation, i.e., bending or stretching, has an associated stiffness. These
stiffnesses increase the parameter space of the model. Matching these stiffnesses to real
life origami metamaterials is not straightforward. Consequently, the first objective of
this thesis is:

Is it possible to simplify the model in order to study complex origami designs
based on real life experiments?

Second, it is almost impossible to search for new folding behaviors through all the
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deformation space of origami structures with complex designs. The deformation space
is defined as all possible deformations that a particular origami pattern has, which in-
cludes folding the hinges and deforming the faces. Characterizing the folding behavior
in the deformation space can be compared to finding a needle in a haystack due to the
large quantity of degrees of freedom. To do this, we need to create an algorithm that sys-
tematically deforms the origami structure in order to characterize its behavior. There-
fore, the second objective of this thesis is:

Can we find a way to systematically characterize the deformation space in the
elastic origami model?

Third, local deformation of origami patterns does not imply global deformation.
Rigid origami behaves like a mechanism, meaning that a local deformation can trigger
a global response. This mechanism-like behavior is also used in metamaterials that can
reconfigure following the deformation of its unit cell. Nevertheless, elasticity adds not
only many degrees of freedom along which the origami structure can deform, but also
a characteristic length that defines how far a local force deforms the material [67]. This
prevents global uniform deformation of the origami structure. This problem leads to the
third objective of this thesis:

How can we obtain well-defined folding behavior in the elastic origami model?

Solving these main problems gives a deeper understanding of the folding behavior
of elastic origami. Consequently the answers of these questions describe specific defor-
mations that characterize the folding behavior of elastic origami as a result of external
loading. This gives a guideline of possible actuation in real life origami-inspired meta-
materials for a wide variety of applications.

1.5. In this thesis

In this section I describe briefly the different chapters of this thesis. In general, this thesis
has the following structure. In Chapter 2 I present the elastic origami model that we use
throughout the thesis. In Chapter 3 and 4 I propose two methods to scan systematically
the deformation space to characterize the folding behavior of origami-inspired meta-
materials using the elastic origami model. Last, in Chapter 5 I give a guideline for the
arrangement of forces in an elastic origami metamaterial in order to obtain well-defined
folding behavior depending on the material’s stiffness.

In Chapter 2, I introduce the elastic origami model in detail. This model is based
on a previous model, the bars-and-hinges model [20, 54]. It considers three basic types
of origami deformations: hinge folding, face stretching and face bending. These defor-
mations are defined as springs with certain stiffness. The energy of these springs can
be calculated together with its derivative to obtain an energy landscape. Alongside, con-
straints are set to implement, for example, a maximum face strain, and adjacent self-
contact, that ensures a behavior as close as possible to real life. We use this model in
two different algorithms. In the first algorithm we solve the Euler Lagrange equations to
obtain the normal modes of origami structures in an infinitesimal framework, and the
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second algorithm helps to obtain the minimum energy deformation of the material in
response of a stepwise increase of a force in a static framework.

In Chapter 3, I use the normal modes of elastic origami as a tool to classify the initial
folding behaviors. For this, I, together with my collaborators, study the influence of elas-
ticity on the origami behavior. Based on an eigenvalue problem [54, 56], we are able to
obtain and separate the normal modes of the metamaterial in an infinitesimal deforma-
tion framework. Analysis of these modes allows us to define pseudo soft modes for ma-
terials that are rigid under the rigid origami model. These modes behave similar to the
branches since their energy is mainly composed by folding hinges with minimal face de-
formation. Furthermore, we observe that this normal mode description depends highly
on the stiffnesses of the different elastic origami deformations. Therefore, we obtain two
reduced origami models that describe origami for any stiffness by constraining the face
stretching and face bending. We observe that the first model relates to the rigid origami
model and it is too restrictive to capture the pseudo soft modes of rigid structures, while
the latter is comparable to the elastic model by deforming the structure through many
normal modes, including the pseudo soft modes.

In Chapter 4, we systematically scan the highly non-linear energy landscape to find
new origami behavior by closing hinges. We apply an energy minimization method to
analyze origami metamaterials [54] in a fully non-linear framework. For this we use a
static analysis for which we ignore any dynamic contribution. We exploit the symmetries
of these origami metamaterials to obtain unique hinge combinations. We apply then a
force to these hinge combinations as local actuation to deform the metamaterial. With
this method we explore and visualize their complex energy landscape. This scanning
method shows the existence of multiple stable states. Surprisingly, we find that some
origami-inspired metamaterials have over 400 mechanically stable configurations.

Last, in Chapter 5, we use non-linear origami to observe the influence of elastic
deformation in its folding behavior and propose an actuation pattern to obtain well-
defined global behavior. Origami non-linearity usually is derived from the geometry of
the pattern, but in this case we study non-linearity by embedding it to a simple 2D de-
sign [51, 77]. This design is used as a model in which we implement bistable hinges with
non-linear behavior. These bistable hinges act as local forces that bend the hinges to
specific angles. By performing energy minimization algorithms from a static framework
with different metamaterial stiffness, we observe that the multistable behavior transi-
tions from rigid origami to elastic origami. Whereas the rigid origami behavior is char-
acterized by a deformation that spans throughout the material, the elastic origami be-
havior is separated by domain walls. Furthermore, by drawing a similitude to atomic
crystals, we find an additional transition from elastic origami to amorphous material, in
which the behavior changes between unit cells. This fundamentally changes the way in
which the structure behaves and sheds light on a characteristic length that affects the
area of influence of a given force. By knowing the stiffness of the material, we can obtain
its folding behavior, and thus optimize the actuation pattern in order to obtain global
deformations.
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An energy description of

elastic origami

Abstract

Typically, to study the folding behavior of origami, a rigid model is used, in which the
only allowed deformation is the folding of the hinges while the faces remain rigid. How-
ever, interesting folding behavior can be achieved by allowing the deformation of the faces.
This model is called the elastic origami model. Here, we describe a numerical model that
represents the elastic origami. We base this numerical model on a bar-and-hinge model
previously used to obtain the folding behavior of origami with imperfections and curva-
ture. The numerical model consists of three elements: rotational springs that describe the
folding of the hinges, and linear and rotational springs that describe the stretch and bend
of the faces, respectively. Additionally, we describe linear and non-linear constraints to
mimic the real-life behavior of the structures. This model is used throughout this thesis
in two different algorithms: (i) we obtain the normal modes of the structure solving the
Euler-Lagrange equation using the elastic and kinetic energy of the structure, and (ii) we
obtain the elastic energy of the origami structure in order to search through the energy
landscape for local minima, i.e., stable states. For these algorithms different sets of equa-
tions are used but the model can be applied to any origami pattern to obtain its folding
behavior.

Based on: Iniguez-Rabago, A., Li, Y. and Overvelde, J.T.B., Exploring multistability in prismatic metamaterials
through local actuation. Nat. Commun. 10, 5577 (2019) under the following license:
http://creativecommons.org/licenses/by/4.0/
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In the elastic origami model, origami patterns are allowed not only to fold the hinges,
but also to deform the faces, i.e., faces can stretch and bend. To simulate the defor-
mation behavior of origami-inspired metamaterials, we implement a numerical model
based on previous models that describe an elastic origami behavior such as the bar-and-
hinge model [20, 54, 78]. The bar-and-hinge model has been used to describe accurately
origami deformation, such as curved origami patterns [22] or origami with imperfec-
tions [79], and was derived from an hyperelastic framework. Here we use an intuitive
model based on springs that qualitatively describes the behavior of origami using fewer
parameters than previous models.

The numerical model consist of three elements: rotational springs that model the
folding of the hinges, linear springs that model the stretching of the faces, and rotational
springs that model the bending of the faces. Each spring in the model has an associated
elastic energy that contributes to the energy landscape of the origami structure. We use
additional springs to model forces that we can apply to deform the origami.

We use this elastic origami model for two types of analysis. First, in Chapter 3, we
solve the Euler-Lagrange equations in an infinitesimal deformation framework to obtain
the normal modes of the structures by calculating also the kinetic energy in a dynamic
framework. Second, in Chapter 4 and 5, by minimizing the elastic energy of the defor-
mation, we traverse the landscape to find local minima, i.e., stable states. This is done in
a static framework in which any dynamic contribution is ignored. We use the gradient
of the elastic energy to provide a direction of search, reducing the calculation time. For
both analysis we use constraints to prohibit deformations that are not allowed in real life
prototypes such as face crossing and a maximum face strain.

While the model accounts for the three most probable deformations in origami, there
are other deformations that are not considered. The bending and stretching of the faces
is modeled uniformly throughout the face, nonetheless these deformations are not nec-
essarily uniform for large faces, they can be localized at specific regions. Additionally,
hinges can have deformations such as stretching and twisting that are not implemented
in our numerical model.

In this chapter, we first define geometrically the origami structure. We then derive
the elastic energy associated with hinge folding, face stretching and face bending, the
work applied to deform the structure, and the kinetic energy of the metamaterial. Next,
we derive the required face bending, angle, edge stretch, and face stretch constraints to
obtain behaviors closer to real metamaterials and reduce the numerical complications,
and the periodic boundary conditions to simulate infinite large materials. Finally, we
describe the implementation of this energy in the elastic energy minimization algorithm
in Matlab and the general usage of the model for each chapter.

2.1. Geometrical structure of origami

For this model, origami patterns are composed by F faces, each one surrounded by SE

edges and divided by SD diagonals. Diagonals are defined only for faces with more than
three edges. At the corner of the faces we define V vertices. Edges that connect two
faces are defined as hinges (H). We describe the complete shape of the origami structure
by the coordinates of its vertices x = [x1,1, x2,1, x3,1, x1,2, . . . , x3,V ]. The coordinate of the
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initial position of the origami structure is define by X .

2.2. Elastic energy

Three types of elastic energies are assigned to the origami pattern: the hinge folding
energy Ehinge modeled as torsional springs placed at the hinges, the face stretch energy
Estretch modeled as linear springs placed at the edges and the diagonals of each face, and
the face bending energy Ebend modeled as torsional spring along one of the diagonals of
each face. The total elastic energy of the structure is given by

Eelastic = Ehinge +Estretch +Ebend. (2.1)

The gradient of Eelastic with respect to the displacement of the vertices u = x − X is then
equal to

dEelastic = dEhinge +dEstretch +dEbend = ∂Ehinge

∂u
du + ∂Estretch

∂u
du + ∂Ebend

∂u
du. (2.2)

2.2.1. Hinge folding energy

To model the hinges we consider two different types of behaviors, a linear hinge for Chap-
ter 3 and 4, and a bistable hinge for Chapter 5. Linear hinges are modeled as torsional
springs with an angle Ω in the initial state, θ in the deformed state and stiffness kh. The
linear hinge energy Ehinge is defined as

Ehinge(θ) =
H∑

i=1

1

2
kh(θi −Ωi )2 = 1

2
kh(θ−Ω) · (θ−Ω), (2.3)

where θ = [θ1,θ2, ...,θH ] and Ω= [Ω1,Ω2, ...,ΩH ]. Each fold angle can be found from the
coordinates of the vertices according to

θ = tan−1
(

ah · (na ×nb)

na ·nb

)
, (2.4)

in which na and nb are the normal vectors of the two faces connected by the hinge, and
the vector ah lies along the hinge axis (Fig. 2.1a). Note that we use the function tan−1 (in-
stead of using θ = cos−1(na ·nb)) since its domain is defined for (−∞,∞) and the angle
ranges between [−π,π] using a four-quadrant inverse tangent. Since we use this model
for infinitesimal deformation or with face bending constraint, the normal vectors are
always uniquely defined. Partial derivatives of the fold angles with respect to vertex dis-
placement can then be found according to

∂Ehinge

∂u
= ∂Ehinge

∂(θ−Ω)

∂(θ−Ω)

∂u
= kh(θ−Ω)Jhinge, (2.5)

in which Jhinge is a Jacobian matrix with entries

Jhinge[i ,3(v−1)+ j ] =
∂θi

∂x j ,v
, (2.6)
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Hinge folding Edge stretching Face bendingb) c)a)

Figure 2.1 | Schematic of the extruded unit cell [54] showing the vectors used to calculate the respective energy.

for i = 1, . . . , H , j = 1,2,3 and v = 1, . . . ,V . For a more detailed explanation and descrip-
tion of the Jacobian see ref. [54].

Bistable hinges are modeled as a symmetric double-well potential energy Ebi-hinge.
Note that despite this hinge is defined as bistable, it does not define the stability of the
origami metamaterial which is determined by the interaction of these hinges through the
design pattern. We define the energy of the bistable hinge to be zero at the rest angles Θ
and −Θ, with an energy barrier of kh thus following

Ebi-hinge(θ) =
H∑

i=1
kh

(θ2
i −Θ2

i )2

Θ4
i

= kh
(θ ·θ−Θ ·Θ)2

(Θ ·Θ)2 , (2.7)

where Θ= [Θ1, . . . ,ΘH ]. Note that the hinge is at an energy maximum when placed in its
flat state θ = 0, and has equal probability to fold either way. The fold angle θ is defined
by Eq. 2.4. Using this equation we can define the partial derivative as

∂Ebi-hinge

∂u
= ∂Ebi-hinge

∂θ

∂θ

∂u
= 4kh

(θ ·θ−Θ ·Θ)θ

(Θ ·Θ)2 Jhinge, (2.8)

where the Jacobian Jhinge is defined by Eq. 2.6.

2.2.2. Face stretching energy

Stretching of each face is modeled using linear springs placed along the edges and diago-
nals. While Filipov et al. [56] derived specific expressions for the stiffness of each spring,
we simplify our model by assuming that all springs have stiffness ks . The face stretching
energy Estretch can be found according to

Estretch =
SE+SD∑

i=1

1

2
ks(li −Li )2 = 1

2
ks(l −L) · (l −L), (2.9)

in which Li and li correspond to the initial and deformed length of the i-th edge, respec-
tively, L = [L1, . . . ,LSE+SD ] and l = [l1, . . . , lSE+SD ]. Furthermore, the change in length of
each edge can be found from the displacement of the two corresponding vertex displace-
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ments (Fig. 2.1b)

l −L =
√√√√ 3∑

i=1
(ui ,a −ui ,b)2. (2.10)

The partial derivative of the face stretching energy then equals

∂Estretch

∂u
= ∂Estretch

∂(l −L)

∂(l −L)

∂u
= ks(l −L)Jstretch, (2.11)

where Jstretch is a Jacobian with entries

Jstretch[i ,3(v−1)+ j ] =
∂li

∂x j ,v
, (2.12)

for i = 1, . . . ,SE +SD , j = 1,2,3 and v = 1, . . . ,V .

2.2.3. Face bending energy

Bending of the faces is modeled as a torsional spring on the diagonal of each face. When
faces have more than 4 sides, the number of diagonals increases. In order to minimize
the calculation time of all these torsional springs, we consider only the out-of-plane dis-
placement of each vertex on a face. This out-of-plane displacement can be related to
the angle in which the face bends. A stiffness kb is related to the face bending energy
according to

Ebend =
VF∑

i=1

1

2
kb(zi )2 = 1

2
kbz · z , (2.13)

in which zi is the out-of-plane displacement (z = [z1, . . . , zVF ]), VF = ∑F (V f −3) are the
nodes that can be misaligned to the rest of face, and V f is the total number of vertices of
the f-th face.

To determine the out-of-plane deformation we use two vectors w2 and w3 on a face
to get its normal and project the remaining edge vectors (wi for i = 4, . . . ,V f ) onto the
face. For each face, we then have (Fig. 2.1c)

zi = wi · (w2 ×w3), (2.14)

for i = 4, . . . ,V f .
The partial derivative of the face bending energy is then given by

∂Ebend

∂u
= ∂Estretch

∂z

∂z

∂u
= kbzJbend, (2.15)

where Jbend is a Jacobian with entries

Jbend[i ,3(v−1)+ j ] =
∂zi

∂x j ,v
, (2.16)

for i = 1, . . . ,VF, j = 1,2,3 and v = 1, . . . ,V .
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2.3. Applied work

In order to deform the metamaterial, we specify a target angle for A hinges, and apply a
penalty method to increase the energy by Eload, seen as work energy, in case the target
angles are not satisfied. The total energy of the system E that includes both the elastic
deformation and the loads is then equal to

E = Eelastic +Eload, (2.17)

in which

Eload =
A∑

i=1

1

2
kp(θi − Ω̂i )2, (2.18)

kp sets the stiffness of the applied penalty and Ω̂i is the target angle of the i-th hinge to
which a load has been applied. Note that for kp À kh we are practically constraining the
angles to the target angles of the loaded hinges, while for smaller values of kp the target
angles might not be reached.

2.4. Kinetic energy

We calculate the kinetic energy in order to obtain the normal modes of the origami pat-
tern in Chapter 3 only. To determine the kinetic energy of the metamaterial we need to
know the mass of the metamaterial. For this we assume a planar density of 1 thus we give
each face a mass depending on their area. This mass is then distributed equally among
the vertices that form the face. Since we obtain the normal modes from an infinitesimal
deformation framework, we assume that the mass distribution is constant. The kinetic
energy follows

Ekinetic =
V∑

i=1

1

2
Mi

(
d x1,i

d t
+ d x2,i

d t
+ d x3,i

d t

)2

= 1

2
u̇T Mu̇, (2.19)

where u̇ = ∂u/∂t , Mi is the mass assigned for each vertex, and M is the corresponding
mass matrix of size 3V ×3V .

2.5. Constraints

While with the derivation of Eelastic we have specified the energy landscape of our
origami metamaterials, certain deformations are not admissible or need to be con-
strained for the different chapters. In contrast with the bar-and-hinge model [20] where
these deformations are prohibited from the constituent elements, here we need to spec-
ify them to prevent singularities. In this section, we present six different constraints that
we implemented to limit the deformation. Specifically, we discuss how to fix vertices to
remove rigid body translations and rotation, prevent face bending, limit the fold angle
to implement contact, limit the edge stretching and face stretching to prevent numerical
convergence problems, and simulate infinite periodic tilings of a building block using
periodic boundary conditions.
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2.5.1. Vertex displacement constraint

To prevent rigid body translations we select one vertex from a face of the origami meta-
material X1 and fix the displacement to u1 = (0,0,0). Moreover, to avoid rigid body rota-
tions we fix two other vertices on the same face X2 and X3 according to

u2 · (X2 −X1)× (X3 −X1) = 0, (2.20)

u3 · (X2 −X1)× (X3 −X1) = 0, (2.21)

u2 · (X3 −X1) = 0. (2.22)

2.5.2. Face bending constraint

To ensure that no face bending can occur, we impose that the out-of-plane displacement
(Eq. 2.14) of each vertex on a face remains zero. For each face, we then have

zi = 0. (2.23)

Note that the gradient of this constraint is given by Eq. 2.16.

2.5.3. Fold angle constraint

We need to limit rotation of the hinge since each hinge connects two faces which come
into contact when θ =−π or π, representing a fully closed hinge. Because we use a four-
quadrant inverse tangent to determine the angles of the hinges between two adjacent
faces (Eq. 2.4), the angle can vary between −π ≤ θ ≤ π. However, when the two faces
cross each other, the fold angle will have a real value that lies outside the range of the
inverse tangent. To avoid this problem, we ensure that the faces never cross by applying
a tighter constraint to the fold angles

−0.985π< θi < 0.985π, (2.24)

where the limits have been determined by visually analysing several simulations to deter-
mine the value for which the faces have crossed. Note that the gradient for this constraint
is given by Eq. 2.6.

Additionally, we also implemented other precautionary measurements to avoid ad-
jacent face crossing. We keep track of the angles of previous iteration step such that a
sudden change in angle larger than π indicates the crossing of the two faces. If this oc-
curs, depending on the sign of the step, we add or subtract 2π to have the real value
outside the range −π ≤ θ ≤ π. When using a minimization algorithm we limit the step-
size of the function so that the difference in angles between steps cannot become greater
than π if no adjacent face crossing occurs.

2.5.4. Edge stretch constraint

While stretching is permitted in both simulations and experiments, our simulations
shows convergence problems when higher stretches occur. For example, when the edges
of a flat face form a concave polygon, the normal of the initially rectangular face becomes
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ill-defined. This could occur when the maximum strain of an edges of the faces become
larger than 0.17. Nevertheless, we found this constraint too tight as it was prohibiting
large deformations on the metamaterial and the search for stable states. Therefore, we
loosen this constraint in our simulations to a maximum strain of edges according to

−0.30 ≤ li −Li

Li
≤ 0.30, (2.25)

where li and Li are the deformed and original length of an edge or diagonal, respectively.
For all simulations, this value did not produce ill-defined normals. The gradient for this
constraint is given by the normalized Jacobian of Eq. 2.12, and equals

Ce-stretch[i ,3(v−1)+ j ] =
1

Li

∂li

∂x j ,v
, (2.26)

for i = 1, . . . ,SE +SD , j = 1,2,3 and v = 1, . . . ,V .
Additionally, we can also have a stricter constraint, for example for Chapter 3 we

constraint any stretching of the edges following

li −Li = 0. (2.27)

2.5.5. Face area constraint

Furthermore, we notice that for some origami metamaterials the faces can become ill-
defined when minimizing the energy. For example, when the face is a triangle, the edges
can stretch within the edge stretching limit to become co-linear, reducing the face area
to zero and turning the normal vector of the face ill-defined. This results in problems
when calculating the fold angle. Therefore, we apply a constrain on the area of the faces
(Ai for i = 1, . . . ,F ) following

0.1 ≤ Ai = 1

2

p
ni ·ni . (2.28)

where ni is the normal vector of the face. This constraint ensures that all areas are well
defined. The partial derivative of this constraint is given by

Cf-stretch[i ,3(v−1)+ j ] =
1

2

nip
ni ·ni

∂ni

∂x j ,v
, (2.29)

for i = 1, . . . ,F , j = 1,2,3 and v = 1, . . . ,V .

2.5.6. Periodic Boundary conditions

To create infinite large metamaterial of the origami building block, instead of copy the
structure and tessellate it, we apply periodic boundary conditions. These boundary con-
ditions are implemented along the lattice vectors Pi for i = 1, ...,ndim which define the
repetition pattern in the infinite metamaterial. Depending on the number of lattice vec-
tors (ndim ∈ [1,2,3]), they can span the material in one, two or three dimensions. For the
undeformed building block, two vertices are periodically located when

Xb −Xa =
ndim∑
i=1

αi Pi , (2.30)
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where Xa and Xb are the initial positions of the vertices, and αi ∈ [−1,0,1] represents the
possible linear combination of the lattice vectors for tiling the unit cell in space. Then,
periodic boundary conditions can be applied to these periodically located vertex pairs
according to

ub −ua =
ndim∑
i=1

αi pi , (2.31)

in which pi represents the deformation of the lattice vector.

2.6. Implementation

This model description gives an overview of the equations used for the different chap-
ters, however, not all equations were used at the same time. Depending on the studied
structure and the analysis of each chapter, we use a different set of equations.

For Chapter 3 we obtain the normal modes by solving the Euler-Lagrange equation.
This is done only around an initial state on an infinitesimal deformation framework. For
this we employ the elastic energy (Eq. 2.1) and the kinetic energy (Eq. 2.19). We then con-
straint the face bending following Eq. 2.23 or the face stretching with Eq. 2.27 to obtain
two reduced models.

For Chapter 4 the elastic energy will be composed only by the linear hinge folding
energy (Eq. 2.3) and the face stretching energy (Eq. 2.9). We then minimize the total
energy (Eq. 2.17) with linear and non-linear constraints in order to find stable states.
This is done in a static analysis in which any dynamic contribution is ignored. The
linear constraints prevent rigid body translations (Eqs. 2.20–22) and enforce boundary
conditions (Eq. 2.31), while the non-linear constraints restrict the out-of-plane deforma-
tion (Eq. 2.23), avoid adjacent face crossing (Eq. 2.24), and set a maximum edge stretch
(Eq. 2.25).

For Chapter 5 we use the bistable hinges (Eq. 2.7) together with the face stretching en-
ergy (Eq. 2.9) to define the total energy of the structure. In this chapter we also minimize
the energy to find the stable configurations of large arrays of origami-inspired metamate-
rials in a static analysis. To minimize the energy after deformation, we use a set of linear
constraints that avoids rigid body translations (Eqs. 2.20–22) and non-linear constraints
that besides restricting the out-of-plane deformation (Eq. 2.23), and avoiding adjacent
face crossing (Eq. 2.24), set a minimum area for the compressing of the faces (Eq. 2.28).

We implement the aforementioned set of equations in Matlab. For the normal mode
algorithm of Chapter 3, we solve the Euler Lagrange equations through an eigenvalue
problem. For the energy minimization analysis of Chapter 4 and 5, we use the build-in
constrained non-linear multivariable function called fmincon that optimizes a function
in steps. In each step the function, i.e., the energy, and its derivative, i.e., its Jacobian, is
computed. From this function we use the optimization algorithm, Sequential Quadratic
Programming (SQP). In this algorithm the step size is not limited and therefore con-
verges faster than other algorithms to the energy minimum. Nevertheless, we fold the
structures in optimization steps to ensure optimal deformation. For a more precise min-
imization of the energy, we use another optimization algorithm, Active-set in which a
maximum step size can be defined making the deformation of all the fold angles more
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reliable with the cost of simulation time. We choose the Active-set algorithm only for
the simulations of the energy landscape (Figs. 4.3, B.3 and B.4) and the compression test
simulation (Figs. 4.2 and B.1) in Chapter 4.
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Elastic folding behavior of

prismatic structures

Abstract

Origami is usually studied as rigid faces connected by hinges that can fold. This descrip-
tion localizes the deformation at the hinges, facilitating the description of the kinematics
of origami patterns through branches. Nevertheless, this model ignores deformations that
could occur at the faces which could significantly alter the pattern kinematics. To account
for these deformations, we use an elastic origami model. This model adds many degrees
of freedom, making the origami kinematics difficult to describe. Here, we obtain the kine-
matics of a type of origami patterns called prismatic structures by obtaining the normal
modes of the structures in an infinitesimal deformation framework. We show the exis-
tence of soft modes that behave like the branches in the rigid origami model, and pseudo
soft modes that are closely related since their deformation takes place mostly at the hinges
with minimal face deformation but are not captured by the rigid origami model. Further-
more, we notice mode interactions that complicates the classification of the normal modes
across different stiffness regimes. Therefore, we test two constrained models to obtain such
classification, and we show that the model that allows for face stretching but constrains
the face bending rises as a simpler model to describe elastic origami. We present this re-
duced model as a tool to search for new folding behaviors of origami-inspired metamate-
rials for a wide range of applications.

Based on: Iniguez-Rabago, A., and Overvelde, J.T.B., Elastic folding behavior of prismatic structures. (In prepa-
ration)
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Origami has recently been used as inspiration to create mechanisms with multiple
functionalities [80]. These mechanisms can be used to create metamaterials which
derive their properties from their specifically designed mesoscopic architecture [69].
Origami-inspired metamaterials have been widely used across several fields for exam-
ple in architecture [3, 4] as responsive facades [6], biology [12, 13] as a structure to sense
DNA [16], and engineering [7–9] as crawling mechanisms [81]. To understand the fold-
ing behavior and to design metamaterials with new properties, origami metamaterials
are often modeled as a set of rigid faces connected by hinges, i.e., a rigid origami model.
In this model, origami structures can only deform by folding a set of hinges through a
limited number of pathways, i.e., branches, that are defined by the arrangements of the
faces and hinges. By carefully designing the origami structures scientist have obtained
metamaterials with rare properties such as self-folding origami [46, 49, 82] that deform
along only one branch, pluripotent metasheets [42] in which multiple 3D deformations
can be designed from 2D sheets, or reconfigurable structures based on extruded poly-
hedra [54]. The rigid origami model describes the behavior of these structures under
the assumption that all deformations are localized at the hinges, nevertheless, this as-
sumption is not always met, for example in small-scale origami metamaterials [19], or in
origami with imperfections [79, 83–85].

To account for additional deformation, scientist have extended the rigid origami
model to an elastic origami model. This model considers deformations not only at the
hinges, but also at the faces that are allowed to stretch or bend. As a result, the branches
become soft modes, and deformations outside of these soft modes become possible
due to the increased degrees of freedom of the structure. As such, the elastic origami
model allows new origami behaviors, such as folding pathways [26, 27] that are impos-
sible assuming the rigid origami model, and stable states that could not be reached be-
fore [21, 29, 50, 52, 71]. However, these new folding pathways are not well-defined, since
it is almost impossible to solve the kinematics of these structures analytically due to the
increased number of degrees of freedom. This is the case even for simple designs, such
as single vertices [51]. Therefore, we are interested to determine if can we identify soft
modes in elastic origami that are close to rigid origami, but are not captured by the rigid
origami model. And if so, determine how these modes depend on geometry and material
stiffnesses.

Here, we obtain the kinematics of a type of origami-inspired metamaterials based
on extruded polyhedra [54] by solving an eigenvalue problem [56] in an infinitesimal de-
formation framework. The solution of this problem results in the normal modes of the
structure, which describe the degrees of freedom of the structure as possible deforma-
tion pathways. First, we describe in detail the numerical model used to obtain the nor-
mal modes. We apply this model to two structures that behave differently according to
the rigid origami model to understand the deformation of such modes. While we obtain
the expected soft modes of origami structures that have branches in the rigid origami
model, we also obtain pseudo soft modes for structures that are rigid under the rigid
origami model. These pseudo soft modes behave similarly to the branches since most
of the deformation is localized at the hinges with minimum face deformation. Then,
we study the dependency of the normal modes on the stiffnesses of the model and en-
counter mode interactions. These interactions make a general description of the normal
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modes across different stiffness relations impossible to have. Therefore, we simplify the
elastic origami model into two different reduced models to obtain such general descrip-
tion. We show that the behavior described by these two models differs fundamentally,
one being closer to the rigid origami model and the other to the elastic origami model.
We propose to use the reduced model that resembles the elastic origami model to obtain
the folding pathways of origami structures, as a general approach in the search for new
origami behaviors.

3.1. Kinematic model

In order to exemplify the kinematics of origami structures, we focus on a library of
origami-inspired metamaterials based on convex polyhedra, i.e., prismatic structures.
Each polyhedra can be used as a template for a thin walled structure that is built by ex-
truding its edges in the normal direction of each face (Fig. 3.1a). We assume that the de-
formation of these structures can be described only through the displacements of their
vertices which are located at the corners of each face. We chose these structures be-
cause they illustrate a range of possible behaviors observed in the rigid origami model,
e.g., some of them can deform along branches while others are completely rigid [54]. In
fact, by analyzing them with the elastic origami model in a full geometrically non-linear
framework, all of these structures can deform into multiple stable states [52]. Neverthe-
less, our method can be applied to a variety of origami structures.

Typically, in the elastic origami model, the folding of the hinges is modeled as rota-
tional springs, and the stretching and bending of the faces is modeled as rotational and
linear springs, respectively. The assumption that faces can deform adds many degrees of
freedom when compared to the rigid origami model. For example, a structure based on
a cube in the rigid origami model has 3 degrees of freedom, i.e., branches [55], while in
the elastic origami model each vertex of the extrusions can move independently from its
neighbours. Note that this displacement requires elastic energy, but it is not constrained,
such that, each vertex has 3 translational degrees of freedom adding up to 96 degrees of
freedom for this structure. These degrees of freedom define the kinematics of the struc-
tures, however, they do not give any information about the preferred deformation of the
structure.

To better describe the elastic behavior of origami structures, we employ a dynamic
eigenvalue problem that represent the deformation of the structure according to a set
of normal modes. This numerical model, previously described for the rigid origami
model [54], and in the elastic origami model for different structures [86], solves the Euler-
Lagrange equation of motion by solving the eigenvalue problem K −1M v = λv [56] (Ap-
pendix A). Here, M and K are defined as the mass and stiffness matrix, respectively, and
v is the eigenmode with its corresponding eigenvalue λ. We determine the mass matrix
M assuming a homogeneous mass density. Note that, since we are only consider normal
modes at a specific deformation, i.e., the initial states, due to the infinitesimal deforma-
tion framework, the mass matrix is constant. Importantly, the stiffness matrix K is the
result of the addition of three different matrices corresponding to the three different al-
lowed deformations that can occur in the elastic origami model: hinge folding (Khinge),
face stretching (Kstretch), and face bending (Kbend). At the same time, each of these ma-
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trices is associated to the stiffness of the springs in the model, kh, ks and kb, respectively.
Importantly, the eigenmode (v ) corresponds to the normal mode of the structure,

and represents the deformation of the structure along this mode. This deformation is an
infinitesimal approximation of the motion from the initial state, therefore, any small de-
formation from this state can be described as a linear composition of the normal modes.
The corresponding eigenvalue λ relates to the excitation frequency of the normal mode
and to the energy of the system with the corresponding normal mode deformation. The
lower the eigenvalue is, the lower the elastic energy is required to deform the structure
along the corresponding normal mode. Note that there are as many normal modes as
degrees of freedom of the structure since we are not adding any additional constraint.
These normal modes represent a new basis that gives more information about the pre-
ferred deformation of the structures than the translational degrees of freedom of the ver-
tices. Note that there are 6 normal modes which represent the rigid body motion in 3D
space, thus having zero frequency and zero energy. We omit these modes in this study.

In order to study the origin of the deformation of the normal modes, first we obtain
the energy of these modes. Since we define the Lagrange equation in a closed system, i.e.,
no energy is explicitly dependent on time, the total energy Etot of each mode is constant.
From this constant energy we can obtain the elastic energy by considering the deforma-
tion at a specific time when the kinetic energy is zero (Appendix A). Note that we use
a dynamic model only to obtain the normal modes, however we do not use the kinetic
energy for this study. The elastic energy is then decomposed into its three components
(hinge folding, face stretching and face bending energy). Then, each component is nor-
malized with their respective stiffness obtaining Ẽhinge, Ẽstretch, and Ẽbend, respectively.
All normalized components are added together to obtain a normalized total energy. Fi-
nally, we divide each normalized component by the total normalized energy to obtain
the energy distribution for each normal mode.

3.2. Normal modes of prismatic structures

We obtain the normal modes and their corresponding energy distribution for two spe-
cific structures based on a cube and a truncated tetrahedron (Fig. 3.1a). We specifically
select these structures since in the rigid origami model they have two distinct behaviors.
The structure based on a cube can deform along 3 branches, while the structure based on
a truncated tetrahedron cannot deform. Note that we approximate the elastic origami
model to a thin wall origami behavior. For this we assume a stiffness regime, i.e., the
relation of the spring stiffnesses in the model, that follows kh ¿ kb ¿ ks.

In Fig. 3.1b we show a scatter plot of the normal modes on a ternary graph show-
ing their energy distribution of the three types of allowed deformation for the selected
structures. If a normal mode is localized at one of the corners of the plot, the energy of
that mode has only one component. Note that some modes are degenerate, meaning
they have the same energy distribution and value, and their deformation is symmetric.
Importantly, the bottom left corner in Fig. 3.1b, i.e., the hinge corner, corresponds to
normal modes that depend only on folding of the hinges. For example, the structure
based on a cube has three modes at this corner (i in Fig. 3.1c and Movie 3.1). These nor-
mal modes are soft modes and have the same deformation as the branches in the rigid
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Figure 3.1 | a) Design of the prismatic structures based on polyhedra by extruding the faces (top: cube, bottom:
truncated tetrahedron). b) Energy distribution of the normal modes these prismatic structures according to
the elastic origami model in the stiffness regime where kh = 10−4, kb = 10−2, and ks = 100. The colored area
represents the hinge corner. c) Deformation of the soft (i) and pseudo soft (ii and iii) modes for the structures
based on a cube and a truncated tetrahedron. The location of these modes is indicated in b) by an arrow.

origami model. Note that there is an additional normal mode close to this corner (ii in
Fig. 3.1c and Movie 3.1), however this mode requires some face stretching and bending,
thus is not considered a soft mode according to our definition.

Additionally, we observe modes that lie almost at the hinge corner of the plot. The en-
ergy of these modes is defined mostly (> 80%) by just folding of the hinges. Note that the
use of 80% is arbitrary and can be adjusted to experiments. We call these modes, pseudo
soft modes. The mode ii of the structure based on a cube is a pseudo soft mode, however
the soft modes i have much lower energy since their deformation only has hinge folding.
The structure based on a truncated tetrahedron has pseudo soft modes (iii in Fig. 3.1c
and Movie 3.1). Moreover, we obtain the normal modes and their energy distribution
for all other prismatic structures that are rigid under the rigid origami model (Fig. A.1).
Interestingly, we notice that all of them have pseudo soft modes. Note that these pseudo
soft modes are important since they describe the deformation of these rigid structures
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with minimum face deformation, similar to branches in the rigid origami model. The
soft and pseudo soft modes are likely to influence the folding behavior in experiments,
since the hinge folding stiffness kh has the lowest value for origami by definition, and
therefore, they have always the lowest energy.

3.3. Stiffness dependency

The total energy of the modes depends highly on the selected stiffness regime. For
the thin wall origami approximation, the closer a mode is to the lower right corner
in Fig. 3.1b, the higher its total energy is since the edge stretching stiffness ks is the
highest. However, this approximation does not always hold and the stiffness regime
might change depending on the experimental realization. For example, when produc-
ing origami at small scales [19], the thickness of the faces increases due to the fabrica-
tion limitations and thus the bending stiffness kb might become similar or higher than
the stretching stiffness ks.

To illustrate how the stiffness regime can affect the total energy of the normal modes,
we use a simpler structure based on a square (Fig. 3.2a). This structure is a building
block of the prismatic structures, and has only 18 normal modes. Fig. 3.2b and c show
the energy distribution of the normal modes with a stiffness regime kh ¿ kb ¿ ks and
kh ¿ ks ¿ kb, respectively. As expected, most of the normal modes change their total
energy following the highest stiffness and without changing their energy distribution,
i.e., their location in the graph. However, by comparing both plots, we observe that the
energy distribution of two normal modes depends on the stiffness regime, thus changing
their location between graphs. The two modes (i and ii) appear at a specific location
in the first stiffness regime (Fig. 3.2b), while they appear in a different location (iii and
iv) in the second regime (Fig. 3.2c). These modes behave differently between stiffness
regimes since they show a different energy distribution and thus a different deformation
(Fig. 3.2d and Movie 3.2). We also see these types of modes for other prismatic structures
(Fig. A.2). This hints to a possible mode interaction that complicates the classification
of the normal modes, e.g., pseudo soft modes might exist only for a specific stiffness
regime.

3.4. Normal modes interactions

To understand what happens with these modes, we trace the normal modes between
the two stiffness regimes. For this, we vary the face bending stiffness kb in small steps
while keeping the other stiffnesses constant (kh = 10−4 and ks = 100). For each step we
obtain the normal modes and compare their deformation to the previous step by deter-
mining their correlation coefficient [87]. This coefficient is a normalized covariance of
the deformation, and measures the strength of the linear relationship between the two
deformations. We use a build-in function in NumPy called corrcoef to calculate this co-
efficient. We identify the normal modes by matching each mode of a specific step with
the mode with the highest correlation coefficient from the previous step. This matching
allows us to keep track of the normal modes. Fig. 3.2e shows the dependency of the total
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Figure 3.2 | a) Structure based on a square that is used as a building block for the prismatic structures. Energy
distribution of the normal modes according to the elastic origami model in the stiffnesses regime kh = 10−4,
kb = 10−2, ks = 100 (b), and kh = 10−4, ks = 10−2, kb = 100 (c). d) Deformation of special modes whose energy
distribution depends on the stiffness regime (i and ii are indicated in b), iii and iv in c)). e) Total energy of the
normal modes depending on the bend stiffness kbend. Background colors represent three different stiffness
regions. Dashed and dotted lines show the location of the normal modes of b) and c), respectively. Dots show
the location of the corresponding mode. f) Total energy of the normal modes depending on the bend stiffness
kbend for a structure based on a cube.

energy of these normal modes on kb. Note that we do not show the soft modes, since
their energy is lower than 10−1 and they do not interact with any other mode. To explain
the behavior of the normal modes, we define 3 regions in this graph, (I) kb ¿ ks, (II)
kb ≈ ks, and (III) kb À ks.

To clarify the change of the normal modes deformation between stiffness regime, we
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track the modes i and ii from region I to region III in Fig. 3.2e. We notice that these modes
are the modes iii and iv, respectively, meaning that they lie on the same line in the graph.
These two modes have different deformation and energy distribution from region I to
III since they interact in region II. This interaction derives from the coupling of these
modes [88, 89], due to the spatial configuration of the structure. This coupling induces a
mixture of the modes, meaning that the deformation of mode iii and iv can be seen as a
linear composition of the deformation of mode i and ii. This explains the change of their
energy distribution between stiffness regimes since their deformation changes.

For this simple case, we only have one interaction of two modes, making it easy to
track the normal modes between stiffness regimes. However, for complex structures with
many modes, these interactions are more prominent. For example, for a structure based
on a cube (Fig. 3.2f), we are not able to track the modes between regimes, since small
changes on the stiffness regime in region II trigger larger changes on the deformation
of the modes deriving in low correlation coefficients in this region. Note that this figure
shows a scatter plot of the normal modes, where these are sorted in each step from low-
est to highest energy. This means that the colors do not imply the same normal mode.
Since the tracking of the modes is impossible, the description of the normal modes de-
pends on the stiffness regime, and therefore we are obliged to adapt this description for
each stiffness regime. This is especially difficult in region II, where the deformation of
the modes highly depends on the stiffnesses. However, we want to have a general de-
scription of the normal modes that can be applied across different stiffness regimes, i.e,
a description that is independent of the stiffness regime.

3.5. Deformation constraints

To have a description of the normal modes spanning through different stiffness regimes,
we need to remove the mode interactions. To do this we constrain certain deformations,
so the modes cannot interact. Typically, scientist constrain the face stretching since the
face bending can be modeled as additional hinges on the diagonal of the faces [47]. With
this constraint, some structures have enough degrees of freedom to find new folding
pathways, such as the waterbomb and square twist origami pattern [25, 35]. Neverthe-
less, scientist have also constrained the face bending and only allowed face stretching,
finding also new stable states [14, 52]. In this study, we constrain both deformations
separately to see the effect they have on the behavior of the prismatic structures and
compare them to the normal modes of the rigid and elastic models.

To constrain these deformations separately, we define two reduced models, the bend
constraint model and the stretch constraint model. We use a set of equations that defines
these constraints, and are incorporated in the Lagrangian by changing to generalized co-
ordinates (Appendix A). These generalized coordinates transforms the eigenvalue prob-
lem to K ′−1M ′w = λw , where the eigenmode w , the stiffness matrix K ′ and the mass
matrix M ′ are defined in the generalized coordinates. We can transform them back to
Cartesian coordinates with a transformation matrix T , e.g., v = T −1w , K = T −1K ′, and
M = T −1M ′. This is useful since the transformed eigenmode v defines the mode defor-
mation of the structure. Importantly, the components of the stiffness matrix K change.
By constraining the stretching or bending of the structure, we remove the stiffness contri-
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bution of such deformation, thus K will only depend on (kh,kb) or (kh,ks), respectively.
This is particularly advantageous since we can reduce the parameters of our models to
a single one, the ratio of the stiffnesses. So the bend constraint model depends only on
κs = kh/ks, and the stretch constraint model on κb = kh/kb. Note that, this parameter
becomes a tool for tuning the behavior of origami structures, but the total energy still
depends on the absolute value of the stiffnesses.

3.6. Normal modes with constrained models

To see the effect of the constraints on the folding behavior of origami, we use the same
structures as before, that are based on a cube and a truncated tetrahedron. For each
structure we obtain the normal modes and their energy distribution with the two differ-
ent reduced models. For each model we define κb = 10−3 and κs = 10−3, respectively
with kh = 10−3, keeping a thin wall origami approximation. Note that the absolute value
of the stiffnesses does not affect the energy distribution of the normal modes.

Fig. 3.3a and b shows a histogram of the energy distributions for the structures based
on a cube and a truncated tetrahedron, respectively. Two aspects come forth in these
graphs. First, the number of normal modes changes significantly depending on the re-
duced model. In the stretch constraint model, the number of normal modes, and there-
fore the number of degrees of freedom gets largely reduced. Note that, for other struc-
tures, like one based on a tetrahedron or a octahedron (Fig. A.3), the reduction of normal
modes is such that they become rigid. For these structures, face bending does not add
any degrees of freedom that allow the structure to deform.

On the contrary, in the bend constraint model, the number of degrees of freedom
does not get largely reduced having still many possible deformations. For example, the
structure based on a truncated tetrahedron has 138 normal modes in the elastic origami
model, and 102 in the bend constraint model. This hints that the bend constraint model
is closer to the elastic origami model, allowing deformation of the structures along many
degrees of freedom, while the stretch constraint model is closer to the rigid origami
model by having just a few degrees of freedom.

Second, while for a structure based on a cube the soft modes are not affected by the
constraints of both reduced models (Fig. 3.3c and Movie 3.3), as expected, these con-
straints do affect the pseudo soft modes. With the stretch constraint model the structure
based on a truncated tetrahedron has no pseudo soft modes. This also happens with
the other structures which are also rigid under the rigid origami model (Fig. A.3). Nev-
ertheless, with the bend constraint model for these structures, not only the pseudo soft
modes exist, but the number of pseudo soft modes increases compared to elastic origami
model (Fig. 3.3d, Movie 3.3, and Fig. A.3). To explain this we need to look at the modes
that disappear from the elastic origami model to the bend constraint model. Some of
these modes have hinge folding deformation that is still allowed in the reduced model.
To integrate this deformation in the reduced model, some normal modes allow more
hinge folding, becoming pseudo soft modes. Therefore, to maintain the pseudo soft
modes with no mode interactions, it is sufficient to have the bend constraint model. The
stretch constrain model becomes too restrictive for the structures that are rigid under
the rigid origami model since it cannot capture the possible deformation of the pseudo
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Figure 3.3 | Energy distribution of the normal modes assuming the reduced models, bend constraint model
and stretch constraint model, for structures based on a) a cube and b) a truncated tetrahedron. The colored
area shows where the pseud-hinge modes are located. c) Deformation of the soft modes of a structure based
on a cube for the two different reduced models. d) Deformation of the pseudo soft modes of a structure based
on a truncated tetrahedron in the bend constraint model. Modes that have the same energy are underlined.

soft modes.

3.7. Normal modes with imperfections

Until now, we have been studying perfect structures. However, when creating origami
structures in real life, imperfections are impossible to avoid due to the fabrication proce-
dures. For the rigid origami model small imperfections have large effects on these struc-
tures, such as hindering their foldability [79], increasing the structure’s stiffness [83] or
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Figure 3.4 | a) Perturbation of the nodes in structures based on a cube and a truncated tetrahedron. Note that
this perturbation is 5× magnified to be able to see it. b) and c) Energy distribution according to the reduced
models of structures with imperfections based on a cube and a truncated tetrahedron, respectively. Note that
the energy distributions of the modes without imperfections are shown in Fig. 3.3

modifying its folding pattern [84, 85]. On the contrary, in the elastic origami model the
structure can typically compensate such imperfections with small deformation. To study
the effect of small imperfections in the reduced origami models, i.e., bend constraint
model and stretch constraint model, we apply random perturbations to the nodes of the
structure. The perturbation is taken from a normal distribution with standard deviation
of 0.01L, where L is the length of an edge of the structure. This perturbation cannot be
seen by the naked eye, but in Fig. 3.4a we show an example with a 5x magnified pertur-
bation, i.e., normal distribution with standard deviation of 0.05L. We then calculate the
normal modes of the perturbed structure and their energy distribution. We repeat this
simulation 100 times in order to obtain an average energy distribution of the normal
modes.

Fig. 3.4b and c show the normalized histogram of the average energy distribution
for a structure based on a cube and a truncated tetrahedron, respectively. Note that,
the stretch constraint model does not result in any normal modes for these or any other
structure (Fig. A.4), even if they have branches in the rigid origami model. In this reduced
model, small imperfections of the structure lead to the complete loss of folding behavior,
turning the structure rigid, despite that we allow for face deformation. On the contrary,
in the bend constraint model, small imperfections do not affect considerably the fold-
ing behavior of the structures. The number of normal modes remains equal compared
to a structure without imperfections, and the energy distribution qualitatively does not
change. Moreover, the pseudo soft modes are not affected, since they already entail a
small proportion of face deformation that can accommodate the imperfections. Note
that the soft modes become pseudo soft modes since they rely on extreme symmetry of
the structures that disappears with imperfections. Therefore, the bend constraint model
describes the normal modes of a origami structure from a general perspective, without
any effects from the imperfections, while the stretch constraint model fails to describe
any deformation in structures with imperfections.
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3.8. Discussion

In this work we obtain the kinematics of prismatic building blocks under the elastic
origami model through the calculation of the normal modes. By decomposing the en-
ergy of these modes into its components, we show the appearance of soft and pseudo
soft modes that resemble branches of the rigid origami model. We then test two con-
strained models to obtain a classification of normal modes across different stiffness
regimes. We show that the model that constrains the face bending rises as a simpler
model to describe elastic origami since it holds the many degrees of freedom from the
elastic origami model, and imperfections do not affect the folding behavior character-
ized by this model.

We used a set of prismatic structures to illustrate the folding behavior with the re-
duced model, however we are confident that this model can be used with other origami-
inspired metamaterials showing the same folding behavior along normal modes. We
present this reduced model as a broad applicable tool to search for new folding behav-
iors. For example, since the soft and pseudo soft modes describe the most possible defor-
mation of the structures, they give specific directions to scan the multi dimensional en-
ergy landscape in order to find new stable states. Furthermore, by obtaining the normal
modes not only from an initial position, but from different states along these directions,
we can obtain deformation pathways that require minimum energy. This can be used
to create the new generation of reconfigurable metamaterials for a wide variety of ap-
plications such as reconfigurable acoustic wave guides [90], microelectronic mechanical
systems [8] and energy storage devices [91].
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Exploring multistability in

prismatic metamaterials
through local actuation

Abstract

Metamaterials are artificial materials that derive their unusual properties from their pe-
riodic architecture. Some metamaterials can deform their internal structure to switch be-
tween different properties. However, the precise actuation of these deformations remains a
challenge, as these structures often exhibit non-linear mechanical behavior. We introduce
a computational and experimental strategy to explore the folding energy of a range of 3D
prismatic building blocks that exhibit adjustable multifunctionality. By applying local ac-
tuation patterns, we are able to explore and visualize their complex mechanical behavior.
We find a vast and discrete set of mechanically stable configurations, that arise from local
minima in their elastic energy. Additionally these building blocks can be assembled into
metamaterials that exhibit similar multistability. The mechanical principles on which
the multistable energy is based are scale-independent, making our designs candidates for,
e.g., reconfigurable acoustic wave guides, microelectronic mechanical systems and energy
storage systems.

Based on: Iniguez-Rabago, A., Li, Y. and Overvelde, J.T.B., Exploring multistability in prismatic metamaterials
through local actuation. Nat. Commun. 10, 5577 (2019) under the following license:
http://creativecommons.org/licenses/by/4.0/
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In the search for materials with exotic properties, researchers have recently started
to explore the design of their mesoscopic architecture [69]. These so-called metamateri-
als have properties that arise not only from their chemical composition, but rather from
the interplay between stimuli and the material’s periodic structure. Examples include
auxetic behavior [92, 93], mechanical cloaking [70] and non-reciprocal response [67]. A
challenging problem has been to design multifunctional materials, i.e., materials that
can vary their properties. So far, this has been achieved by, e.g., taking inspiration from
origami to create internal structures that can be reconfigured along a few degrees of free-
dom [50, 54, 94]. Finding the structure of such reconfigurable materials is not trivial since
the number of degrees of freedom for a general origami design grows exponentially [30],
and typically a general design approach [47] is needed to satisfy required conditions [48].
Once created, these materials exhibit highly anisotropic behavior, enabling the change
of their properties by applying locally a range of stimuli including air pressure [55, 95],
pre-stresses [94] and swelling [96]. However, the deformed state of these materials be-
comes dependent on these stimuli, and once they are removed the material will relax to
the initial configuration.

A way to overcome this dependency is to use multistability [14, 25, 26, 28, 51, 97],
i.e., two or more stable states that differ in configuration and are separated by significant
energy barriers. Multistability has already been used to create auxetic [92, 98] and en-
ergy trapping metamaterials [99–101] as well as deployable [14, 102], morphing [103] or
crawling [81] structures, however, most of these materials are assembled from 2D build-
ing blocks that can switch between only two stable states. A natural question to ask is
whether 3D building blocks with more than two stable configurations exist and if they
can be used to form multifunctional metamaterials.

As such, here we study a class of prismatic multistable 3D building blocks, that are
based on polyhedra templates. These building blocks have previously been studied from
an infinitesimal deformation and rigid origami model [54], however here we assume that
these structures can undergo large rotations and deformations of the faces, making the
energy of these structures highly non-linear and thus significantly more difficult to ex-
plore. To do so, we use the numerical method introduced in Chapter 2 to search for min-
ima in the elastic energy that correspond to the stable states of the prismatic structures.
In this model, we ignore any dynamic contribution since we stay in a static framework.
While a complete description of all possible deformations and stable states is not possi-
ble due to the large number of degrees of freedom arising from the elastic description,
our method was designed to closely mimic possible experimental implementations of lo-
cally actuated metamaterials previously studied for only one prismatic structure [55]. As
a result, we are able to shine light on the highly multistable behavior that most of these
building blocks exhibit. We start by introducing the design of the 3D building blocks and
the details of our numerical model to simulate the structure’s energy. We next validate
our numerical approach with centimeter-scale prototypes. In order to gain insight in the
problem, we then visualize the non-linear energy landscape of multiple prismatic build-
ing blocks by applying local actuation to two hinges. Based on these results, we develop
a method to extract all possible unique actuation patterns, allowing us to efficiently scan
through the energy landscape and find additional stable configurations. Finally, we show
for a few multistable building blocks that they can be assembled to create multistable
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metamaterials.

4.1. Design

The structures investigated here are constructed based on templates of space-filling ar-
rays of polyhedra [104]. Each polyhedron in the array is used as a basis for a thin-walled
building block, that is constructed by extruding the edges of the polyhedron in the di-
rection normal to the corresponding face (Fig. 4.1). In the rigid origami model [105],
i.e., the structure can only fold along predefined hinges, some of the building blocks
cannot change shape (Fig. 4.1a-b), while others can be reconfigured along specific de-
grees of freedom (Fig. 4.1c). Interestingly, for all of these examples we found additional
stable configurations that are spatially admissible, but that cannot be reached without
temporarily deforming the rigid faces (Fig. 4.1). Under the assumption of rigid origami,
these states correspond to minima in elastic energy that are separated by infinite high
barriers, i.e., they are topologically isolated [27]. By allowing the faces to stretch and/or
bend, i.e., elastic origami [26], we lower the energy barrier such that moving between
local minima becomes kinetically admissible. Note that in the elastic origami model
the structure has many degrees of freedom, however, some deformations require signif-
icantly less energy than others corresponding to the degrees of freedom obtained in the
rigid origami model. We refer to these deformations as soft modes instead of degrees
of freedom. While for some simple origami patterns the energy of the system can be
computed analytically [23, 25, 97], already a generic 4-vertex pattern becomes nearly
impossible to decipher [51]. The 3D prismatic structures considered in this study are
constructed from non-flat 6-vertex, 8-vertex, and 10-vertex, and therefore an efficient
numerical technique is needed to explore the energy landscape and discover new stable
states.

To model the thin-walled prismatic structures as shown in Fig. 4.1, we define the elas-
tic energy of the prismatic structures using linear springs similar to previous work [25,
26, 56] (Section 2.2). This energy has zero value at the extruded position. Each hinge is
modeled as a torsional spring with stiffness kh, in which contact is taken into account
by constraining the fold angle between −π ≤ θ ≤ π. We account for in-plane stretching
of the faces by applying springs with stiffness ks along the edges and the diagonals [56].
Bending of the faces is prevented using a set of constraints (Section 2.5). As such, the
relation between face deformation and hinge bending is specified by the ratio κ= kh/ks.
Note that typically, when simulating origami, deformation of the faces is modeled using
bending instead of stretching [25]. However, to reduce the computational requirement,
the observed deformation in our prototypes can be approximated using only in-plane
stretching that is the result of the stretchability and flexibility of the hinges as observed
in experiments [14]. Additionally, this simplifies the problem by reducing the number of
parameters in the simulations, i.e., bending stiffness of the faces is not considered.
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Figure 4.1 | The prismatic structures can be designed by extruding the edges of a convex polyhedron perpendic-
ular to the faces. The multistable examples shown here are based on a) a truncated tetrahedron, b) a truncated
cube and c) a cuboctahedron. The additional stable states can only be reached by going over a finite energy
barrier resulting from deformation of the faces of the structure. The prototypes have square faces of 24 mm
made from cardboard (0.4 mm thick) and connected through hinges made from double-sided tape [54].

4.2. Compression experiments

We first verify the numerical model with compression experiments. We performed ex-
periments on a prismatic structure based on a cuboctahedron, as the shape of two of the
stable states (Fig. 4.1b) is compatible with the compression applied along a specific axis
(Movie 4.1 in Appendix D). Note that this compression does not undergo any deforma-
tion along the three soft modes that this structure exhibits, therefore implying deforma-
tion of the faces. To fabricate the prototype, we built each face from two 3D-printed (Ulti-
maker 3) lego-like building blocks (0.5 mm thick polylactide, PLA), between which a thin
lasercut sheet (50 ţm thick Mylar) was manually clamped to connect the faces and form
the flexible hinges. To compress the structure between two stable states we used a ma-
terial test machine (Instron 5965L9510), in which we applied a cyclic displacement with
a magnitude of umax = p

2L. Fig. 4.2a shows the average force-displacement response
of the last five compression cycles, in which the line thickness indicates the standard
deviation.

The results show an initial increase in force (F ) due to the elastic deformation of the
structure. At u/umax ≈ 0.6 the response reaches a plateau, after which instabilities of
the structure start to appear indicated by sudden drops in the reaction force. Impor-
tantly, the force reaches negative values after the instability at u/umax ≈ 0.75, implying
that the structure has passed an energy barrier reaching a different stable state. When
slowly releasing the compression, the structure follows a different path as can be seen
from the hysteresis. Simulations of the same loading conditions using our numerical
model are shown in Fig. 4.2b (Section B.2). While some differences exist between sim-
ulations and experiments, the similarity is striking. Both the experimental and numeri-
cal response are characterized by the same instabilities and deformation sequences (see



4.2. Compression experiments

4

39

0.0 0.2 0.4 0.6 0.8 1.0
u=umax

−10

0

10

~ F
=

h ¢
E

st
re

tc
h

¢
u

¢1 ~ k

i

i

ii
iii

ivv
vi

i ii iii iv v vi

b)

0.0 0.2 0.4 0.6 0.8 1.0
u=umax

−2

0

2
F

[N
]

i

ii

iv

v

vi

i ii iii iv v vi

iii

a)

Figure 4.2 | a) Average force-displacement response obtained by cyclic loading (five times) of an experimental
prototype of a prismatic structure based on a cuboctahedron made from 3D printed faces (2×0.5 mm thick
PLA) connected by flexible Mylar hinges (50 ţm thick). The standard deviation is indicated by the thickness of
the line. The force changes sign when an energy barrier is crossed, indicating that the structure deforms from
one stable state to another. b) Normalized force-displacement response obtained with our numerical method
for the same structure. The behavior of both the experiments and the simulations are strikingly similar, both
showing one instability when compressing the structure and two when returning to the initial configuration.
Note that a small hysteresis loop observed in simulations at the end of the compression is not captured in
experiments possibly due to a small misalignment when clamping the structure or small fabrication errors of
the prototype.

insets in Fig. 4.2). Moreover, additional simulations (Fig. B.1) reveal that the observed
response is mainly due to stretching of the faces and not bending of the hinges, since
the stiffness ratio κ can be increased by at least one order of magnitude (from κ = 10−4

to κ = 10−3) without seeing any major effect on the response. These experiments show
that the simulations can qualitatively predict the behavior of the structure. Therefore,
our numerical models can be used to find stable states for the prismatic geometries.
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4.3. Applying local actuation

To gain insight into the non-linear stability of these structures when applying local actu-
ation, we next visualize a 2D projection of the energy landscape that can be obtained by
actuating hinge-pairs. The actuation is achieved in our simulations by applying torques
to the specific hinges, forcing them towards a target angle. Fig. 4.3a shows the energy of
a prismatic structure based on a triangular prism, where we first deform the structure by
actuating hinge b to θb, after which we actuate hinge a to θa. The energy is normalized
by the maximum folding of the hinges and stretching of the faces (Section B.1). Interest-
ingly, for θa +θb < π deformation is dominated by folding of the hinges, indicating that
the structure is rigidly foldable, i.e., deforms along one of the two soft modes. However,
for θa+θb > π the faces of the structure start to deform, leading to a dramatic increase in
the elastic energy. For larger deformations the projection of the elastic energy becomes
discontinuous, indicated by sudden drops, such that the structure undergoes instabili-
ties during loading.

After deforming the structure, we release both torques and let the structure relax to
a local energy minimum (Movie 4.2 in Appendix D). If the configuration after relaxation
is different than the initial state, we have found a new stable state. The state diagram in
Fig. 4.3b shows that for the structure based on a triangular prism, all initially deformed
states converge to two stable states with (θa,θb) = (2/3π,2/3π) and (π,0) indicated by
the star symbols in Fig 4.3b. Repeating this analysis for all other hinge-pairs reveals the
existence of at least three stable configurations (Fig. B.3).

Similarly, we can apply this analysis to different prismatic structures, for example
one based on a truncated tetrahedron (Fig. 4.3c-d). This structure does not exhibit any
soft modes in its initial configuration, as expected from the initial experiments (Fig. 4.1)
and previous numerical studies [54]. Nevertheless, we find several stable states. Al-
ready when actuating one hinge-pair, the simulations reveal a highly complex energy
landscape with pathways that lead to 16 stable states. Some of these are related by rota-
tional or mirror symmetries. In order to consider these symmetries we create a cluster-
ing method based on the values of the fold angles of all the hinges in the stable state to
find the unique stable states (Section B.4). Following this method, we only obtain eight
unique stable states. It is interesting to note that (θa,θb) = (0,π) (Fig. 4.3d) describes three
different stable configurations. This is a clear indication that we are looking at a 2D pro-
jection of a higher dimensional energy landscape, meaning that by changing the order
of loading (Fig. B.4), the final deformed shape of the structures varies. It is important
to emphasize that the possible stables states that we can reach with the local actuation
depend on the initial state indicating a path-dependency behavior. Finally, by analyzing
all other hinge-pairs (Fig. B.4), we found a total of 12 unique stable states.

4.4. Reducing the search space

Selecting hinge-pairs to scan through the energy landscape is a successful method to
find energy minima, however precise local actuation applied to multiple hinges is dif-
ficult to achieve in experiments [55]. Therefore, we need a more realistic approach to
search for additional states that can be achieved in experiments. To do so, we limit the
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Figure 4.3 | These landscapes and states diagrams were obtained by running multiple simulations with differ-
ent loads applied to two hinges. The studied prismatic structures are based on a) a triangular prism and c) a
truncated tetrahedron. Here, we fold the structures in two steps: first we fold hinge θb, after which we fold
hinge θa while keeping θb fixed. We record the elastic energy of the final state, and repeat this process for all
possible combination of angles. The results are then presented as a 2D projection of the energy landscape.
The corresponding state diagrams that are shown in b) and d), which are obtained by relaxing the prismatic
structure from the folded configurations. The star symbols indicate the values of the fold angles θa and θb in
the final configuration.

actuation to either off (θ = 0) or on (θ = π). This enables us to explore a larger range
of hinge combinations to which local actuation is applied, and broadens our search for
other stable configurations. However, before doing so, we first describe a method to re-
duce the search space in order to significantly reduce the computational needs.

We start by deriving the number of hinge combinations that can be actuated. For
these combinations we consider all hinges of the structure, because by definition defor-
mation of the structure requires energy, e.g., actuation, regardless whether the structure
exhibits soft modes or not. Each prismatic structure is composed of two hinge types: in-
ternal and external. The internal hinges correspond to the edges of the polyhedron that
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are used as a template, while the external hinges arise from the extrusion process. For
example, a prismatic structure based on a tetrahedron has nint = 6 internal hinges and
next = 2nint = 12 external hinges. If we select one of these hinges for actuation, there are a
total of η1 = nint+next = ntot = 18 different possibilities. When selecting two hinges, there
are a total of η2 = ntot!/(2!(ntot−2)!) = 153 combinations that we can make. In general, we
can write for a selection of s actuated hinges ηs = (ntot)!/(s!(ntot − s)!), leading to a total
number of actuation combinations equal to ηtot = 2ntot . These combinations grow expo-
nentially with the number of edges of the prismatic structure (Fig. B.5). This makes it
nearly impossible to run all different actuations for prismatic structures based on larger
polyhedra, such as a cuboctahedron (nint = 24) that has more than 1021 combinations.

By focusing only on the internal hinges of the prismatic structures (nint), we reduce
the number of combinations ηint to 22nint . Note that, e.g., for a cuboctahedron template
this is approximately a reduction of 14 orders of magnitude (Fig. B.5). However, we still
need to reduce η further to be able to efficiently scan the energy landscape. We there-
fore exploit the symmetries of the prismatic structures to remove the combinations of
hinges that can be rotated or mirrored leading to exactly the same actuation patterns. To
find symmetric actuation patterns, we first convert the polyhedron into a directed graph,
mapping all the internal hinges to nodes on the graph. Depending on the two faces of
the original polyhedron that are connected by the hinge, we give each corresponding
node in the graph a specific type. For example, a hexagonal prism has the types triangle-
square and square-square, while a tetrahedron only has the type triangle-triangle. We
then construct the graph by connecting a directed line between two nodes if both hinges
share one vertex and the internal polyhedron can rotate clockwise to the normal of the
face that both hinges share. Next, we determine the minimum distance matrix between
nodes [106], in which we keep track of the node type encountered when traveling along
the shortest path. We extract all principal sub-matrices from the distance matrix and
compare their eigenvalues and vectors to identify and remove symmetric loading cases
(Section B.5). Using this method we can further reduce the number of hinge combina-
tions (ηsym) by approximately two orders of magnitude (Fig. B.5).

4.5. Applying actuation patterns to find stable
states

We next use these unique hinge combinations to apply discrete, i.e., on/off, actuation to
the prismatic structures in order to find their stable states. As before, for each load case
we first apply a torque to the corresponding hinges, after which we release the torque
and let the structure relax to equilibrium. We then follow a clustering method to find
the unique stable states (Section B.4). Additionally, we characterize the stability of these
unique stable states by stepwise increasing the stiffness of the hinges by changing κ in
our numerical model, pushing the structure back to its original undeformed state. We
record the last value (κmax) for which the prismatic structure remains in the stable con-
figuration.

In Fig. 4.4a we show the results for the prismatic geometry based on a truncated tetra-
hedron, in which we plot the maximum value of the hinge stiffness, κmax, against the
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Figure 4.4 | The normalized stretch energy (Ẽstretch) and maximum stiffness ratio (κmax) were obtained with
simulations for the unique stable states of a prismatic structure based on a) a truncated tetrahedron and c)
a cube. Blue dots indicate stable states found by actuation of up to 3 hinges simultaneously, while the yellow
dots indicate all other stable states found by actuating more than 3 hinges. The pink and purple colors indicate
regions with stable states that were achieved in experiments. b) A selection of the stable states of the structures
based on a truncated tetrahedron is compared to experiments using a prototype with 3D printed faces and
Mylar hinges. d) The stable states of the structures based on a cube cannot be obtained with prototypes made
with Mylar hinges. Instead, more stretchable silicon hinges are used to obtain the stable states. The arrows
indicate that the state is not stable in experiments, but relaxes to a different stable state. The single asterisk (*)
indicates that the stable state could not be achieved in experiments due to a limited maximum stretch, while
the double asterisk (**) indicates that the state cannot be achieved due to non-adjacent face crossing.

normalized stretch energy, Ẽstretch, for all the stable states that we found. While we previ-
ously found 12 stable states for this structure when actuating only hinge-pairs (Fig. 4.3c-
d), by running all the unique hinge combinations (ηsym) we find a total of 213 stable
states (where we already removed the duplicate and symmetric stable states). To verify
these results, we performed experiments on a prototype made with the same fabrica-
tion method discussed previously (Fig. 4.4b). We tried to obtain the 17 states that can
be reached by actuating up to 3 hinges simultaneously (η3

sym). While seven states can
be found directly, we observe two important differences between simulations and ex-
periments. First, the stable states (i-v) characterized by κmax < 10−3 cannot maintain
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Figure 4.4 | (continued) The normalized stretch energy (Ẽstretch) and maximum stiffness ratio (κmax) were
obtained with simulations for the unique stable states of a prismatic structure based on a) a truncated tetra-
hedron and c) a cube. Blue dots indicate stable states found by actuation of up to 3 hinges simultaneously,
while the yellow dots indicate all other stable states found by actuating more than 3 hinges. The pink and pur-
ple colors indicate regions with stable states that were achieved in experiments. b) A selection of the stable
states of the structures based on a truncated tetrahedron is compared to experiments using a prototype with
3D printed faces and Mylar hinges. d) The stable states of the structures based on a cube cannot be obtained
with prototypes made with Mylar hinges. Instead, more stretchable silicon hinges are used to obtain the stable
states. The arrows indicate that the state is not stable in experiments, but relaxes to a different stable state. The
single asterisk (*) indicates that the stable state could not be achieved in experiments due to a limited maxi-
mum stretch, while the double asterisk (**) indicates that the state cannot be achieved due to non-adjacent
face crossing.

their stable configuration after releasing the actuation, and instead relax to states vii and
xi (Movie 4.3 in Appendix D). We deduce from this observation that the value of κ in
our experiments is equal to κ ≈ 10−3 (dotted line in Fig. 4.4a). Second, the stable states
viii and xiv-xvii cannot be reached in experiments due to a limitation of the maximum
stretch that the hinges of the prototypes can undergo. This difference is expected, as
these constraints have not been taken into account in the simulations to maximize the
search space.

To highlight the influence of the maximum stretch that we observe in experiments,
we also performed experiments on a prismatic geometry based on a cube. While we
find a total of eight stable states in our simulations (Fig. 4.4c), we were not able to reach
any of these configurations with the current fabrication method. However, replacing
the Mylar hinges with stretchable elastomeric hinges (0.5 mm silicon rubber) enabled
us to overcome higher stretch energy barriers, such that we were able to find six of the
stable states in experiments. Note that we were still not able to reach two of the stable
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states. The stretch to obtain state ii is still larger than the capabilities of our prototype,
while state iii has non-adjacent faces crossing that are not accounted for in our numer-
ical model. Furthermore, we find that the elastomeric hinges result in a lower κ in the
prototype, such that we were able to achieve stable states with κmax < 10−3.

Finally, we applied the same analysis to the other 16 prismatic structures based on
regular polyhedra that either have up to nint = 30, or that can be used to construct uni-
form space-filling arrays [54]. Note that for polyhedra with nint > 18 we were still not
able to run all possible unique hinge combinations, and have limited ourselves to com-
binations of up to three hinges, i.e., η3

sym (Fig. B.5). The number of stable states for the
studied structures ranges from 2 to 418, as reported in Fig. B.6. Furthermore, we show
some of the possible stable states that we can get from two different structures based on
a truncated cube and a rhombicuboctahedron in Fig. B.7.

4.6. Multistable metamaterials

We have shown that by local actuation we are able to effectively explore the non-linear
energy landscape of prismatic structures and find additional minima. We next show that
our method can also be applied to find stable states in prismatic metamaterials assem-
bled from these building blocks, by using periodic boundary conditions (Section 2.5).
Note that periodic boundary conditions introduce additional constraints that consider-
able limit the stable states that can be achieved, and has a huge effect on the non-linear
response of the material. In fact, many of the asymmetric stable states that we found for
the unit cells can no longer be achieved in the materials. Therefore, the challenge here is
to design materials that are capable of being mechanically stable in additional states. To
perform a first exploration, we focus on cubic arrays that can be constructed from a sin-
gle prismatic structure. We only consider 11 of the polyhedra that were previously found
to be multistable, which results in a total of 15 materials (Fig. B.8). In order to search
for stable states and to limit the number of actuation patterns that have to be applied,
we apply the same actuation patterns to the material that previously resulted in stable
configuration for the prismatic structure used as a unit cell.

We find that most (11) of the materials show additional stable states (Fig. B.8). In
Fig. 4.5a-c and Movie 4.4 in Appendix D we show three of these multistable materials and
some of their stable states with unit cells based on a cuboctahedron, a rhombicuboctahe-
dron and a truncated cuboctahedron. Note that the energy of the metamaterial’s stable
states do not have to be equal to the prismatic building blocks. This can be seen for ex-
ample from the stretch energy of the stable state of the unit cell of a cuboctahedron in
Fig. 4.5d, which have shifted for the periodic arrangements.

To validate these findings, we fabricated a material assembly based on a cuboctahe-
dron, that contains 2×2×2 building blocks. As expected, we are only able to achieve one
of the stable states (Fig. 4.5e), since states ii and iii lie below the κmax ≈ 10−3 threshold
as previously predicted. To verify this, we also fabricated a second sample with thicker
Mylar sheets of 125 ţm, and we found that this metamaterial does not exhibit any stable
states (Movie 4.5 in Appendix D).

While here we have limited our analysis to periodic boundary conditions applied to
the unit cells, similar as in rigid origami [54], stable states can appear on the edges and



4

46 4. Multistability in prismatic metamaterials

d)

initial state

i

e)

b)

design

initial state

3 additional states

c)

design

initial state

16 additional states

a)

design

initial state

3 additional states
i iiiii

f) g)

10
-5

10
-3

10
-1

~Estretch

10
-3

10
-1

∙
m

ax

material
unit cell

i

iii
ii

edge state larger periodicity state

Figure 4.5 | The simulated metamaterials are based on cubic arrays of prismatic structures based on a) a
cuboctahedron, b) a rhombicuboctahedron and c) a truncated cuboctahedron. d) Normalized stretch energy
(Ẽstretch) and maximum stiffness ratio (κmax) for the unit cell and the metamaterial based on a cuboctahedron.
e) One of the stable states of the prismatic structure based on a cuboctahedron found in simulations can also
be achieved in a prototype of the metamaterial made with 50 ţm thick Mylar hinges. Additionally, we find f)
edge and corner states and g) stable states with periodicity larger than a single unit cell not covered by our
simulations.

corners of the materials. This is clearly demonstrated in Fig. 4.5f showing an edge state.
We are also able to observe additional stable states with wavelength longer than the unit
cells (Fig. 4.5g). In order to capture these in our model, larger unit cells would have to be
considered. Therefore, additional studies have to be performed to continue exploration
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of the rich energy landscape, including many other arrays that can be constructed.

4.7. Discussion

In summary, we have introduced a computational strategy to visualize and efficiently
explore the complex energy landscape of 3D prismatic structures. We revealed the vast
multistability of these structures, and despite that our numerical approach only explores
part of the configuration space, by basing our method on local actuation we were able to
find stable states that can be achieved experimentally. Additionally, by assembling these
prismatic structures, we find multistable metamaterials that can reconfigure their archi-
tecture and therefore tune their properties. Importantly, these materials do not require
energy to maintain their stable configurations, and will be robust to external variations
as significant energy barriers have to be overcome to alter their structure. Moreover,
by varying the relation between hinge and face stiffness, the stability of states can be
tuned [14, 99, 107]. We believe that our local actuation strategy can also be applied to
other origami-inspired metamaterials.

While we have only validated our experiments at the centimeter-scale using relatively
simple fabrication techniques, the mechanical stability of our systems is theoretically
scale-independent. However, fabricating such intricate structures at the micro/nano-
scale is not trivial. More advanced 3D fabrication techniques such as two-photon lithog-
raphy [108] or stereolithography [109] could lead this innovation. Additionally, scaling
of these structures will introduce environmental influences such as capillary effects. It is
not known how such forces influence the multistability of our structures, and additional
research is required to explore this direction. Moreover, instead of manually deforming
the structure, they can be made responsive by applying local actuation to the hinges.
For our prototypes, this can be achieved by applying pneumatic pouches to some of
the hinges [55]. As an example, already by discrete actuation of two pouches applied
to the prismatic structure based on a truncated tetrahedron, we were able to achieve
four of the stable states (Movie 4.6 in Appendix D). Similar strategies could be applied
to actuate our designs at smaller length-scales, using, e.g., localized swelling of hydro-
gels for actuation. However, individually addressable local actuation patterns become
difficult to apply at small scales and therefore a particular interesting future direction
is the application of global stimuli to trigger the multistable behavior, e.g., heat or pH
variations. Global stimuli can potentially lead to different folding behavior for a single
structure by incorporating multiple materials into the design that each respond differ-
ently to changes in their environment or to different loading rates. Therefore, we believe
that these prismatic multistable materials could lead to the next generation of multifunc-
tional metamaterials that can be applied as, for example, reconfigurable acoustic wave
guides [90], microelectronic mechanical systems [8] and energy storage devices [91].
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From rigid to amorphous

folding behavior in origami
with bistable hinges

Abstract

The folding behavior of origami-inspired metamaterials is often described by linear ro-
tational springs and rigid faces. However, other folding modes appear when assuming
elastic faces, specially in combination with more complex geometries, leading to the emer-
gence of multiple stable states. Here, we explore the use of non-linear material behavior
implemented by assuming bistable hinges instead. By drawing a similitude to atomic crys-
tals, we are able to classify the complex folding behavior that non-linear origami metama-
terials undergo, where we identify transitions from rigid to elastic to amorphous behavior
upon increasing strength of the bistability. As a result, our study gives a better understand-
ing and provides a tool to adapt the multistability to metamaterials for future applica-
tions.

Based on: Iniguez-Rabago, A., Overvelde, J.T.B., From rigid to amorphous folding behavior in origami-inspired
metamaterials with bistable hinges. PRL. (In review)
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The ancient art of origami is often used as inspiration for mechanisms that allow
a sheet to transform into complex 3D shapes [110]. These mechanisms are interesting
for the design of morphing structures with a wide range of applications [111, 112] span-
ning from heart stents [113] and intraocular implants [114] to airbags [115] and solar
panel arrays for satellites [45]. The underlying foldable origami patterns are typically
described by a set of rigid faces connected by linear or zero-stiffness rotational springs,
i.e., rigid origami model, and their folding behavior originates from the arrangement
of the hinges. In this model, deformations are only allowed by folding a group of hinges
through a limited number of pathways, i.e., branches. Following such approach, origami
structures can be designed to become flat foldable [116, 117], self-folding [46, 49, 82],
pluripotent [42] or reconfigurable [54]. Nonetheless, if the hinges are not assigned with
a mountain-valley configuration, folding an origami pattern from a flat state to a specific
3D shape is not straightforward as multiple branches meet at this state [17, 30].

When no longer assuming perfect rigidity of the faces, i.e., faces can stretch or bend,
additional degrees of freedom appear that could guide the folding behavior of the flat
structures. Such description, referred to as elastic origami model, creates soft modes
along the branches [52], while also supporting deformations outside of the soft modes.
Moreover, reducing the constraints on the deformations opens up more folding path-
ways, allowing the sheets to reach multiple energy minima, i.e., multistability, that were
hidden in the fully rigid origami model [26, 27]. Interestingly, these complex energy land-
scapes originate from geometrical features and have been studied for various origami
structures based on prismatic building blocks [52], the square twist pattern [26], the
Miura-ori pattern [50], and the hypar [71], among others [27–29]. Furthermore, springs
have been added to already known origami patterns to add non-linear behavior such as
bistability [118].

Here we introduce multistability in elastic origami by using bistable hinges. To study
the interactions between these non-linear hinges and their effect on the folding behavior
of initially flat sheets, we consider relatively simple double-symmetric 4-vertex origami.
This design has previously been described in the rigid origami model [51, 77] and can be
used as a first exploration to study how non-linearity can select certain stable pathways
and states over others. In particular, by varying the strength of the bistability we probe
the potential behavior of the sheets in a static framework, where we employ analysis
methods used for 2D atomic crystal lattices to identify several regimes in their behavior,
and the corresponding limitations.

5.1. Bistable origami hinges

Each origami array can be represented by a set of hinges. To achieve non-linear behavior,
each hinge is represented as a rotational spring characterized by a symmetric double-
well potential energy Eh following

Eh = kh
(θ2 −Θ2)2

(Θ)4 , (5.1)

in which θ is the fold angle. We define the energy to be zero at the rest angles Θ and −Θ,
with an energy barrier of kh (Fig. 5.1a), making the hinge bistable. Note that the hinge
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Figure 5.1 | a) Energy of the bistable hinge modeled as a symmetric double-well potential. b) Experimental
realization of a bistable hinge made by connecting two rigid faces (37×37×2.5 mm PLA) with an elastic hinge
(0.5 mm thick and 4 mm wide silicon) and a pre-stretched spring (tspr thick and lspr long silicon) showing the
stable states. c) Relation between the measured average torque T and hinge angle θ obtained by cyclic loading
(five times) of a hinge with tspr = 0.5mm and lspr/lflat = 0.82, fitted by our model. The standard deviation in
experiments is indicated by the thickness of the line.

is at the top of the energy barrier when placed in its flat state, and has equal probability
of folding either way. Here the bistability is embedded in the hinge, thus even a single
hinge presents it, in contrast to previous research where the bistability derives from the
interaction between hinges [71].

Experimentally, we achieved such bistability by connecting two rigid faces with an
elastic hinge [52] and a pre-stretched spring (Fig. 5.1b and Appendix C.1). We varied
the rest length lspr and thickness tspr of this spring to change the bistable behavior of
the hinge, and measured the relation between torque and fold angle using a rotational
test machine (Appendix C.1). Fig. 5.1c shows the average response of a hinge with tspr =
0.5mm and lspr/lflat = 0.82, where lflat = 34mm is the spring length when the fold angle
θ = 0. By fitting this response with our bistable model using T = dEh/dθ (Appendix C.1),
we obtain the rest angle Θ = 0.38π and the height of the energy barrier kh = 1.03×10−3.
We also apply this fit to a range of parameters (Fig. C.6).

5.2. Combining hinges into a single vertex

To start exploring interactions between multiple hinges, and the possible face deforma-
tions that might occur in elastic origami, we combine four of these non-linear hinges
into a double-symmetric 4-vertex [51] (Fig. 5.2a). Note that we assume that the faces can
only stretch and not bend [52], since bending can be modeled as an additional hinge [47],
which changes the design of our vertex. The stretching of the faces is modeled by placing
linear springs with stiffness ks along the edges (Fig. 5.2a), introducing stretch energy Es.
As a result, the vertex’ elastic energy (E = Eh +Es) depends on two stiffness parameters
ks and kh, and the rest angle Θ. Importantly, the stiffness parameters can be reduced to a
single parameter κ= kh/ks, which defines the strength of the bistable behavior, and can
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Figure 5.2 | a) Schematic of a double-symmetric 4-vertex with hinge angles θ1−4 and edges with linear spring
stiffness ks. b) Relative appearance of the four different stable states against the two parameters Θ and κ.
Examples of the deformed stable states and the corresponding hinge orientation (0, + or -) are shown for the
parameters indicated by the asterisk symbol. c) Branches (solid lines) and sub-branches (dashed lines) that
exists for the 4-vertex, obtained by assuming a rigid origami model. When assuming an elastic origami model,
the hinge angles tend to the circles (Θ= 0.25π) or inverted triangles (Θ= 0.75π). d) Experiments of two different
prototypes of the vertices characterized by rest angles Θ = 0.3π and Θ = 0.6π. Triangles show results from
experiments in which the vertex was flattened and released, while squares show experiments in which the
vertex was manually deformed towards the potential stable state prior to release.

be used to vary the behavior of the vertex between rigid and elastic.
To determine the folding behavior of the 4-vertex and the probability to find it in a

certain state, we use Monte Carlo simulations. Assuming an initial hinge length equal
to lflat, we randomly perturb the nodal positions around the flat state using a normal
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distribution with a standard deviation of 0.2lflat, which is approximately similar to an
imperfect flattening of the vertex in experiments. Note that we use the flat state, an un-
stable position for the hinges, to start the simulations since typically origami starts from
a flat configuration. Next, we release the hinges and let the vertex relax to its local energy
minimum using a Sequential Quadratic Programming algorithm (Section 2.6). We only
use the elastic energy derived from the possible deformation of the hinges and faces and
ignore any dynamic contribution. We repeat this method Nsim = 1000 times for a range
of combinations of κ and Θ, and use a two-step clustering algorithm to identify the sta-
ble states (Appendix C.2). We find that the vertex deforms into 16 different stable states
when starting from a nearly flat state. However, by considering symmetries we can re-
duce them to four unique stable states (Fig. 5.2b and Fig. C.7), which we refer to as the
Fold (F), the Dome (D), the Saddle (S) and the Miura-ori (M) state. Note that the names
of the stable states represent the 3D configuration and does not imply neither typical
origami patterns, i.e., the Miura-ori pattern, nor local shapes of the energy landscape,
i.e. a saddle points.

5.3. Rigid and elastic vertex behavior

We can divide these four stable states into two categories, depending on the origin of
the stability. In the first category, the stable states originate from a rigid origami model.
In this model, the double-symmetric 4-vertex has two main branches, and four sub-
branches that emerge when the angles are folded to their extremes (Fig. 5.2c) [51]. There-
fore, this category comprehends the Fold and the Miura-ori state corresponding to the
main branches (solid) and the sub-branches (dashed), respectively (Fig. 5.2c). One char-
acteristic of these states is that the elastic energy increases with an increase inκ (Fig. C.7),
since the faces do not deform and as such the stretch energy Es ≈ 0.

The second category comprises states that require face stretching. These states are
the result of the elastic origami model combined with the torque resulting from the bista-
bility. The elasticity transforms the branches and sub-branches of the vertex into soft
modes, such that deformation outside of the branches is allowed. Since the bistability
forces all the fold angles θ1−4 towards ±Θ (Eh ≈ 0), face stretching occurs. For exam-
ple, when Θ = 0.25π (or 0.75π) the fold angles of the vertex try to move to the circular
(or inverted triangular) markers in Fig. 5.2c, which lie outside of the branches originat-
ing from a rigid origami model. The stable states corresponding to this category are the
Dome, the Saddle and the Miura-ori states. They correspond to all possible sign com-
binations of the rest angles that do not require face crossing [21]. The energy of these
states is characterized by a dependency on Θ (and not on κ) since their elastic energy is
dominated by the stretch energy E ≈ Es (Fig. C.7). Note that the Miura-ori state belongs
to both categories making it dependent on both Θ and κ.

5.4. Experimental validation of vertex states

To demonstrate these results experimentally, we built two prototypes of the double-
symmetric 4-vertex (Fig. 5.2d), and used lspr = 30mm and lspr = 18mm to obtain Θ ≈



5

54 5. Non-linear origami

0.3π and Θ ≈ 0.6π, respectively. As a first experiment, we flattened both vertices on a
surface, and quickly released them (Movie 5.1 in Appendix D), reproducing the way the
simulations are performed. The results are presented in Fig. 5.2d and marked with a tri-
angle. We observed that the vertex with Θ ≈ 0.3π always relaxes to the Fold state, while
the vertex with Θ≈ 0.6π deforms into the Miura-ori state. Additionally, we performed a
second experiment to try to obtain all possible stable states of the vertices. For this, we
manually deformed the vertices into the remaining three states marked with a square in
Fig. 5.2d. We found that for Θ ≈ 0.3π the vertex is stable in all configurations. In con-
trast, for Θ ≈ 0.6π the vertex always snaps to the Miura-ori state, indicating that other
states are unstable and the Miura-ori state is the only stable state for this particular de-
sign. Based on these results, we can qualitatively match our prototypes with a vertex for
which κ ≈ 10−1.5 in our simulations, although some difference exist due to additional
deformation that can occur at the hinges (Fig. C.1).

5.5. Analysis of vertex metamaterials

Having characterized the stable states and their origin for a 4-vertex, the next step is to as-
semble this vertex in a square lattice, effectively creating a mechanical metamaterial [69].
By doing so, we can determine how the vertices interact with each other in such a ma-
terial and how this affects the overall folding behavior. We first focus on a square lattice
that consists of 4×4 vertices (Fig. 5.3a), where we set Θ= 0.25π and κ= 10−1.5 according
to approximated values based on the experiments of a single vertex. Starting from the
flat configuration, we perform the same Monte Carlo simulation as for the single vertex.

To characterize the stable states of the material and to determine whether the folding
behavior originates from a rigid or elastic framework, we first analyze the state of each
vertex in the deformed material. We use the second step of the clustering algorithm pre-
viously employed (Appendix C.1), from which we get a 4× 4 state matrix. Each entry
of this matrix represents one of the four potential stable states of the vertex (Fig. 5.2b).
Moreover, for each entry we also consider the orientation of the stable state. Here, the
Fold state has two directions (| and −), the Dome and Saddle state are symmetric in all
directions, and the Miura-ori state has four directions (>, <, ∧ and ∨) as illustrated in
Fig. 5.3b. Interestingly, we find that the stable states of the material follow two differ-
ent behaviors. Most of the simulations result in a stable state whose state matrix has a
periodicity smaller than the total size of the metamaterial, while the other simulations
present folding patterns with similar periodicities separated by boundaries (Fig. 5.3c).

To analyze and understand these results, we draw a similitude of our multistable
origami metamaterials to 2D atomic crystal lattices. We let each vertex of our metama-
terial correspond to an atom position and each stable vertex state to a different type
of atom (Fig. 5.3b). The combination of these stable states in the specific vertex position
can form periodic origami crystals with defined unit cells, just as a combination of atoms
can form periodic crystals. Furthermore, as with atoms [119], these origami crystals can
have defects. Specifically, only two kinds of defects can occur: crystal boundaries be-
tween the same type of crystals, and boundaries between dissimilar crystals. Other pos-
sible atomic defects involve the addition or subtraction of atoms, which for our metama-
terials implies the addition or subtraction of vertices and thus the change of the material.



5.5. Analysis of vertex metamaterials

5

55

Dome

a)

b)

c)

mcAM

Saddle

unit cell
d)

mcDS

mcAF

pcDS (DSt)

0.81n=N  sim=   0.19n=N  sim=   

MFinterAMt

e)

Miura-ori

Fold

£=0.3¼
£=0.6¼

mcAF

mcDS

DSt

AMtmcAM

MFinter

AMtmcAM

MFinter

AMs

AMr

f)

Figure 5.3 | a) Array of a vertex (dashed red square) in a 4× 4 lattice. Circles represent atom positions. b)
Possible stable states (atom types) and orientations of a single vertex. c) Results of Nsim = 1000 simulations of
a metamaterial with κ= 10−1.5 and Θ= 0.25π. d) Other observed monocrystalline materials found by varying
κ for two rest angles Θ= 0.25π and Θ= 0.75π. e) Example of a twin boundary (AMt) and an interface between
different crystal types (MFinter) observed in pcAM crystals. f) Experimental validation of two metamaterials
characterized by rest angles Θ = 0.3π and Θ = 0.6π. Triangles show results from experiments in which the
vertex was flattened and released, while squares show experiments in which the vertex was manually deformed
towards the stable state prior to release.

Following the terminology used in 2D atomic crystal lattices, if the metamaterial has only
one type of crystal with all unit cells oriented in the same direction we call it monocrys-
talline (mc), whereas if there is any type of defect we call the material polycrystalline (pc)
(Fig. 5.3c).
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5.6. Potential stable states in the metamaterial

When applying this classification to our simulated metamaterial, we obtain one type of
crystal with a unit cell of 2×2 vertices (Fig. 5.3c), characterized by a checkerboard pattern
of Dome and Saddle states that we call the Dome-Saddle (DS) crystal. In n/Nsim = 0.81
of the simulations (with Nsim = 1000 the number of performed simulations), we obtain a
monocrystalline DS (mcDS) material, while in the remaining simulations we obtain poly-
crystalline materials with only one type of boundary. This boundary is characterized by
two neighboring crystals that appear as mirrored images, thus we call it a twin boundary
(DSt).

We then perform more simulations using a range of parameters in the search for
other types of crystals. We select two rest angles Θ = 0.25π and Θ = 0.75π that corre-
spond approximately to the rest angles of the prototypes, while we vary κ. From these
simulations, we identify two additional types of crystals, which we refer to as the All-
Fold (AF), and the All-Miura-ori (AM) (Fig. 5.3d). These crystals have unit cell size equal
to 1× 1 and 2× 2, respectively. Note that for the AM crystal we observe three types of
crystal boundaries: rotational (AMr) with rotated crystals at the boundary, twin (AMt)
with mirrored crystals, and slip (AMs) with shifted crystals (Fig. 5.3e and Fig. C.8). These
correspond to the three different arrangements that neighboring unit cells can have. In-
terestingly, the AF crystal does not show any defects in our simulations, which we corre-
late to the fact that the fold state comes from the rigid origami model. Furthermore, we
find interfaces between AM and DS crystal (MDinter), and AM and AF crystals (MFinter),
but not between DS and AF crystals (Fig. 5.3e and Fig. C.8). These interfaces seem to
only occur between crystals originating from the same model, MDinter from the elastic
origami, and MFinter from the rigid origami model.

5.7. Experimental validation of metamaterial states

To demonstrate the existence of these crystals and crystal defects, we built a 4×4 mate-
rial with vertices having low Θ ≈ 0.3π and high Θ ≈ 0.6π. We first flattened the material
and quickly released it (Movie 5.1 in Appendix D), as done for the single vertex. We find
that the metamaterial with low Θ always relaxes to an mcAF material, while the meta-
material with high Θ relaxed to either a mcAM or a pcAM with all possible defects (AMr,
AMt, AMs, and MFinter) as marked with a triangle in Fig. 5.3f. We next performed the sec-
ond experiment where we deformed the material to specific states to obtain all possible
stable states. For the low Θ metamaterial, we additionally obtained DS and AM crystals,
both monocrystalline and polycrystalline with some defects (DSt, and AMt and MFinter,
respectively) as marked with a square in Fig. 5.3f. On the contrary, for the high Θ material
we did not obtain any other crystal or crystal defects. These results match qualitatively
our simulations.
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Figure 5.4 | a) Percentage of simulations (n/Nsim) for which the stable state is either monocrystaline or poly-
crystaline, indicated for each crystal type. Distribution of crystal size (vcrys) against κ for b) a 4× 4 and c) a
8×8 material. The black dots represent the mean of the distribution. Examples (asterisk) of stable state with
the lowest vcrys.

5.8. Rigid to elastic transition

Next, to determine how the strength of the bistable hinges affects the behavior of the
metamaterial, we identify all crystals and their defects of the previous parameter study
(Appendix C.3). In Fig. 5.4a we show the percentage of simulations of the material with
Θ= 0.25π (n/Nsim) that are either monocrystalline or polycrystalline, indicated for each
crystal type. For low values of κ we only observe mcAF crystals. However, when increas-
ing κ, a sudden transition occurs to a different crystalline metamaterial. We find that the
mcAF state transitions to a mcDS state atκ≈ 10−2.5. Interestingly, the transition happens
at the same κ as in Fig. 5.2b when the single vertex goes from the Fold state to the Dome
or Saddle state (for Θ = 0.25π). Note that we observe the same behavior for a material
with Θ= 0.75π (Fig. C.9). This is a clear indication of a transition from the rigid origami
behavior represented by the AF crystal to an elastic origami behavior represented by the
DS crystal.

5.9. Elastic to amorphous transition

Additionally, when increasing κ further, we notice that polycrystalline metamaterials
start to appear, and the amount of monocrystalline metamaterials decreases (Fig. 5.4a).
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We determine the average size of the crystal domains present in a single metamaterial
vcrys (Appendix C.3). This crystal size represents a characteristic length-scale for the in-
fluence that a vertex has on its neighbours [72]. In Fig. 5.4b we plot the distribution of
the average crystal size in a metamaterial against κ for all the DS crystals with Θ= 0.25π.
We see that the average crystal size decreases when κ increases, even reaching zero for
some cases at κ> 10−0.4. This means that the stable state of this metamaterial character-
ized by vcrys = 0 has no clearly defined crystal domains, and is only composed of defects
(Fig. 5.4b). Following the analogy of 2D atomic crystal lattices, we find that the deformed
state of the metamaterial is amorphous.

When repeating the same simulations for a larger metamaterial consisting of 8× 8
vertices (Fig. 5.4c), we still observe this decrease in the crystal size with κ. However, we
do not yet observe a metamaterial with vcrys = 0. The smallest crystal size we obtain is
vcrys = 2, where the metamaterial consists only of unit cells that are separated by defects
(Fig. 5.4c). Here it should be noted that the observed stable state in this example does not
appear to be completely random, and is characterized by 2 regions of the same 4×4 pe-
riodicity, separated by a line of defects. We thus observe the importance of the material
size, and more specifically, the effect that edges have on the stability and folding behav-
ior of the crystal domains. On the one hand, for smaller sizes of the metamaterial, the
edges dominate the behavior since they relax the face deformation of defects, and thus
allow for more possible stable states. On the other hand, for a larger metamaterial the
bulk behavior dominates and the face deformation is restricted by the neighbor vertices.
Note that the same observations can be made for metamaterials with higher Θ = 0.75π
(Fig. C.9).

Importantly, these results indicate a change in behavior upon an increase of κ, from
elastic origami with well defined crystals to an amorphous material with non-defined
deformations. In contrast to the sudden transition from rigid origami to elastic origami
observed for lower κ, the transition to an amorphous material appears to be continuous,
and depends on the material size (Fig. C.10).

5.10. Discussion

In this work we show the rich behavior that appears in origami-inspired metamaterials
when using bistable hinges. By applying methods that are often used to analyze defects
in atomic crystal lattices, we are able to determine the most important parameters that
affect the metamaterial’s behavior, and identify three main regimes. (i) For weak bistabil-
ity, hinge folding dominates over face stretching and the metamaterial behaves accord-
ing to a rigid model. (ii) Upon strengthening the bistability, a sudden transition occurs
to periodic stable states that depend on face deformations, and that are the result of the
elastic model. (iii) Strengthening the bistability further introduces defects, creating do-
main boundaries between several stable regions with decreasing crystal size, and leading
to the point where the metamaterial’s behavior becomes completely amorphous.

We expect these transitions to occur in most origami materials, thus the identifica-
tion of these three regions is important to determine how to obtain the desired folding
behavior. While in case of rigid origami, a global stimulus could guide the folding behav-
ior of the sheets, in case of elastic origami the stimulus needs to be distributed according
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to a length-scale governed by the characteristic crystal size. With these considerations
one can place constraints on multistable metamaterial designs and their engineering re-
alization at various length-scales.
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6.1. Conclusion

This thesis describes origami patterns and origami-inspired metamaterials with an elas-
tic origami model. This model incorporates deformations that the rigid origami model
fails to describe, opening the possibility of new folding behaviors. Nevertheless, apply-
ing this model comes at a cost. The elastic origami model introduces many additional
degrees of freedom. These degrees of freedom create non-linearities from the interac-
tion between hinges and deformation of the faces. This non-linearity causes three main
problems that this thesis addresses.

6.1.1. Simplification of the elastic origami model

The first problem of the elastic origami is apparent in Chapter 3 where the degrees of
freedom are presented as normal modes. The number of degrees of freedom due to the
addition of face deformation in the modeling of origami complicates the characteriza-
tion of the folding behavior. Furthermore, these modes depend on a set of parameters
that define the stiffnesses of the different deformations in the structure. Therefore, in or-
der to simulate real life origami, we need to know all the stiffness parameters. To obtain
a simpler description of the origami behavior we need to answer the following question:
is it possible to simplify the model in order to study complex origami designs based on real
life experiments?

In Chapter 3, we present a simplification of the elastic origami model that helps us
describe complex origami-inspired metamaterials in the other chapters. In contrast to
typical simplifications of the elastic model, here we constrain face bending but allow face
stretching. This can be seen unrealistic since for thin faces bending requires less energy
than stretching. However, our simplification still represents real origami behavior since
the stretching of the faces are seen as stretching or twisting of the hinges. In fact, our
simplifications has shown an accurate prediction of the deformation of origami in real
life.

Simplifying the model is important when simulating complex structures. First, be-
cause the computational time increases with the number of components, especially
when simulating more than just the building block, what usually is done [54, 55]. It is
known that there can be deformation patterns that span over several unit cells in meta-
materials [120]. Second, this simplification has helped us define a single parameter,
which we use to tune the elastic stiffnesses. Therefore, with a simpler model we can
simulate larger metamaterials with many unit cells to understand behaviors that span
through the entire material for different material stiffnesses.

6.1.2. Exploring the folding behavior

The second problem derives from the many degrees of freedom which make the char-
acterization of the folding behaviors of complex origami almost impossible. Character-
izing the folding behavior in the highly non-linear energy landscape of origami can be
compared to finding a needle in a haystack. For this we develop two different algorithms.
These algorithms help to answer the question: can we find a way to systematically char-



6.1. Conclusion

6

63

acterize the deformation space in the elastic origami model?.
The description of the deformation through normal modes used in Chapter 3 can be

used as a way to systematically navigate the folding behavior. Origami metamaterials
have many degrees of freedom according to the elastic origami model, however these
can be modeled as normal modes. These modes give a good description of the deforma-
tion, especially the soft and pseudo soft modes since they have a low elastic energy with
minimum face deformation, and therefore are the most probable to appear in real life
origami.

This description of the normal modes gives a folding direction of the structure de-
spite being only valid around a specific configuration due to the infinitesimal framework.
If we deform slightly the structure along a normal mode and then run a minimization al-
gorithm, such as the one described in Chapter 4, we can obtain a new deformation state
of the origami structure. From this state we can obtain again the normal modes in an
infinitesimal framework and start again the cycle. By following this cycle of the two algo-
rithms we can obtain accurately possible deformations of origami structures in order to
characterize the folding behavior.

In addition to the normal modes description, the energy landscape scan used in
Chapter 4 has proven to be a straightforward method to systematic search for new stable
states. Note that our method only shows an initial exploration of the energy landscape
and does not give all stable states. In this chapter, we used specific deformation patterns
to reach multiple stable states. These patterns resemble the closing or opening of hinges
in the origami metamaterial. By applying forces on these hinges in real life prototypes
we obtain the same deformation and stable states.

This local actuation description is useful when producing metamaterials. The ac-
tuation pattern describes the possible hinges needed to be folded in order to obtain a
specific stable state. By considering this actuation pattern when fabricating the meta-
material, we can embed it in the hinges of the origami structure. This can be done us-
ing, for example, pneumatic pouches [55, 121] or responsive materials such as hydro-
gels [122, 123].

6.1.3. Finding actuation patterns

The third problem of the elastic origami model comes from the elasticity of the faces that
cannot transform a local deformation into global behavior. In the rigid origami model,
the entire metamaterial can be deformed using local actuation due to a mechanism-like
behavior. On the contrary, in the elastic origami model, the mechanism-like behavior
is damped due to the many degrees of freedom of the system. This damping prevents
the global deformation and dictates how far local actuation can deform the structure,
defining a characteristic length [67]. So, how can we obtain well-defined folding behavior
in the elastic origami model?

To answer this question, in Chapter 5 we describe the folding behavior of non-linear
origami with bistable hinges. The bistability of the hinges acts like an actuation that
deforms the origami. This deformation is localized in areas whose size depends on the
stiffness regime of the metamaterial. This has been previously seen in other metamate-
rials [72] and we expect other origami patterns [42, 54] to have a similar behavior. These
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areas can be then actuated in order to have a well-defined behavior.
From Chapter 5 we obtain a guideline of the actuation pattern in a large metamate-

rial. By knowing the stiffness regime of the origami metamaterial in real life we can de-
duce how far an actuation influences its folding behavior. This gives a guideline on the
number of actuation locations we need to set on the material to obtain a well-defined
global behavior. This is specially useful when creating large metamaterials with many
unit cells.

6.1.4. Small scale origami metamaterials

Overall, this thesis helps to understand the behavior of origami for real life fabrication.
The elastic origami model has an advantage over the rigid model since it takes into con-
sideration real life deformations that sometimes are difficult to constrain. Therefore, by
knowing how elastic origami metamaterials deform we can have a clear guideline to fab-
ricate these materials and control them. Additionally, with the elastic origami model
described in Chapter 2, we can compare the real life behavior of origami patterns with
simulations. Since the algorithm is purely based on the elastic energy, we can apply it
to any origami patterns. By adjusting the stiffnesses of the springs, we can describe the
folding behavior of prototypes in a static framework. This numerical algorithm helps to
understand the behavior of not only the origami-inspired metamaterials in this thesis,
but origami in general, and thus allows to have a better description for future applica-
tions.

This elastic origami model is scale-independent, however small scaled origami meta-
material have yet not been studied in depth. Our model is specially useful when produc-
ing origami at small scales [19, 123–125] since the stiffness of the springs can vary [19, 76]
forming origami metamaterial with very elastic faces. I envision a future in which meta-
materials have unit cells so small that we would not be able to differentiate them from
common materials.

6.2. Future perspective for origami metamaterials

This thesis describes the behavior of elastic origami and proposes new methods to con-
trol its behavior, however it raises further questions. Here, I lay down some of these
questions and propose a way to answer them as future perspective on elastic origami.

6.2.1. Fabrication of small scale metamaterials

Origami metamaterials are typically studied at scales larger than 10 cm. While these
structures can be useful for applications in architecture or space engineering, their im-
plementation at small scales is not simple. How does the geometry need to change in order
to scale it down?

Origami metamaterials are formed from soft hinges and stiffer faces. At large scales
this is done by either weakening the material at the hinge (folding a piece of paper) or
using a softer material for the hinges. To scale down the origami metamaterial, we need
to do the same. By choosing, for example, a polymer to fabricate these structures at small
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scale, we can control the cross-linking of the polymer chains. If the polymer is highly
cross-linked, it will become harder, but by reducing the cross-linking, the polymer will
be softer. This can be used to produce faces and hinges, respectively.

In order to control the geometry of the metamaterials, we need to choose an ap-
propriate fabrication method. How can we fabricate origami-inspired metamaterials at
small scale?

To answer this question we need to look for new fabrication methods. Most of the
small scale fabrication methods produce 2D shapes on top of a rigid substrate. More-
over, these methods have a restricted material availability complicating the control of
the metamaterial stiffness. To create 3D origami patterns, we can use newer methods
like two-photon lithography [76] which has a broader availability of materials and can
create larger metamaterials. This method allows the fabrication of small scale unit cells
(less than 1 mm).

The forces that govern the behavior of origami structures at large scales differ much
from the ones that govern small scale structures. At the small scales, forces such as sur-
face tension, electrostatics and diffusion can control the folding behavior of origami. In
order to obtain a specific behavior for an application, we need to use these forces in our
favor. How can we control these metamaterials?

This thesis gives a guideline using local actuation to deform origami metamaterials
which can be use to control them at smaller scales. Our actuation approach could be em-
bedded during the fabrication process using active materials such as liquid crystals [126].
These material can be controlled by adjusting their environment such as heat or light ex-
posure. Metamaterials at small scales can lead future technologies since its behavior can
be designed for any application.

6.2.2. Navigating the deformation space

Our actuation guideline from Chapter 4 is based on folding a specific set of hinges. We
obtain these sets by analyzing the symmetries of the structure. However, obtaining these
sets of hinges is complex and difficult to apply to other structures. To be able to general-
ize, is there an approach to define the actuation hinges for any origami-inspired metama-
terials?

In Chapter 3 we use a dynamic model to obtain the kinematics of the building blocks
of a metamaterial in an infinitesimal deformation framework that could help answer this
question. By applying the same approach to arrays of building blocks we can decompose
the kinematics of the normal modes around a specific state into set of hinges. The set
with the most deformations could be the actuation set. This method can be used as a
general approach to define the actuation hinges for any origami-inspired metamaterial.

Furthermore, we use local actuation by assigning angles to a set of hinges in Chap-
ter 4. We see that actuating this set of hinges in a different sequence can lead to different
stable state. This means that the actuation defines the folding pathway of the metamate-
rial, but how can we obtain the best pathway for a specific application?

A way to obtain the best pathway to a specific behavior can be by introducing a dy-
namic term in our algorithm since this thesis focuses on static algorithms. In Chapter 5
we see that the dynamics of the experiment affects the stable state of the metamaterial.
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So, by introducing the kinetic energy that depends on the initial state and the previous
deformations, we can navigate the energy landscape in a more realistic way that would
mimic real life behavior. Moreover, this dynamic term can help us overcome energy bar-
riers with less actuation.

For Chapter 4 we use local actuation at the hinges to deform the structure. In our
experiments this means that we manually actuate the hinges. While this is possible in
large scale origami metamaterials, at smaller scales this is impossible. Are there other
actuation mechanisms that we can use to navigate the deformation space?

The actuation described in this thesis was generally defined as the closing of hinges,
however simpler actuation for metamaterials, specially at small scales, such as uni-axial
compression or swelling, can be easier to fabricate. A problem can be that these simpler
deformations can make the structure follow a different folding pathway in the energy
landscape which in turn leads to a different behavior due to the multi-dimension of the
energy landscape. It is important to investigate simpler actuation patterns and how to
control the navigation through the deformation space.

6.2.3. Local or global behavior

Origami-inspired metamaterials are typically studied to obtain the deformation of the
structure as a whole since this can be easily extrapolated from the behavior of the unit
cell. This thesis follows the same line by focusing on a global folding behavior of origami
metamaterials. Nevertheless, local deformations in a large metamaterial can be used for
different applications. Can a metamaterial switch between local and global behavior?

The switching between these two behavior can be achieved with a clever design. For
example, we can design a metamaterial in which specific local forces deform only indi-
vidual building blocks but by applying a force in a different way the metamaterial as a
whole can be deformed back to its initial state. This type of metamaterial can be used as
a energy storage device or reversible damping materials.

Finally, local deformation, specially at the edges of the material can be interesting.
As seen in Chapter 5, the building blocks at the edges of the bistable metamaterial relax
the stress induced by the elastic behavior. These building blocks at the edges require less
energy to be deformed than the building blocks at the bulk of the metamaterial. Can we
exploit the edge relaxation to create new folding behaviors?

Topological metamaterials constrain certain deformation to specific areas of the
metamaterial [27], specially on the edges. In this way, building blocks at the edges can
be designed to deform while the building blocks in the bulk remain undeformed. This
will create topological metamaterials whose behavior can be controlled by adjusting the
stiffness of the material.
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A.1. Euler-Lagrange equation of motion

The Euler-Lagrange equation is defined as

d

d t

(
∂L

∂u̇

)
− ∂L

∂u
= 0, (A.1)

where u and u̇ are the displacement and velocity of the vertices, respectively. The La-
grangian L = Ekinetic − Eelastic depends on the kinetic and elastic energy described by
Eqs. 2.1 and 2.19, respectively. Importantly, in our model we assume that the elastic en-
ergy is only dependent on the displacement and the kinetic energy on the velocity. This
simplifies the equation

d

d t

(
∂Ekinetic

∂u̇

)
− ∂Eelastic

∂u
= 0. (A.2)

We can obtain the derivatives of the kinetic energy following

d

d t

(
∂Ekinetic

∂u̇

)
= 1

2
Mü, (A.3)

where ü = ∂u̇/∂t and M is the mass matrix. The derivative of the elastic energy is defined
by Eq. 2.2 and can be written as

∂Eelastic

∂u
= 1

2
Jhingekh Jhingeu + 1

2
Jstretchks Jstretchu + 1

2
Jbendkb Jbendu, (A.4)

where Jhinge, Jstretch and Jbend are defined by Eqs. 2.6, 2.12 and 2.16, respectively. kh, ks

and kb are the stiffness of the springs in the model corresponding to the hinge folding
(Eq. 2.3), face stretching (Eq. 2.9) and face bending of the structure (Eq. 2.13), respectively.
This leaves the equation as

1

2
Mü − 1

2
K u = 0, (A.5)

where K = Jhingekh Jhinge + Jstretchks Jstretch + Jbendkb Jbend is the stiffness matrix and can
be rewritten as K = Khinge +Kstretch +Kbend.

A.2. Solution of the Euler-Lagrange equation

To solve the Euler Lagrange equation we assume a general solution in the form of

u = v sin(ωt +β). (A.6)

We then substitute this solution in Eq. A.5 and after rearranging the terms we obtain

K −1M v =λv , (A.7)

where λ = ω2. This equation defines now an eigenvalue problem, where v is the eigen-
vector and λ the corresponding eigenvalue. These eigenvectors represent the normal
modes of the structure with the corresponding frequency ω.
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A.3. Deformation and energy of the normal modes

By assuming an initial condition of u(t = 0) = 0, the solution (Eq. A.6) can be rewritten as

u = v sin(ωt ). (A.8)

Moreover, at tmax = π/(2ω) we obtain the largest deformation umax = v . Since v is an
eigenvector, it can be rescaled by any factor. Therefore, we normalize v with its magni-
tude to have a unitary eigenvector v̂ = v/|v |, so the maximum deformation of the normal
modes becomes umax = v̂ .

Interestingly, at tmax the kinetic energy is zero because the velocity u̇ = v̂ωcos(ωt )
is zero. Additionally, since the system is closed, the energy is constant. Thus, at tmax

the total energy of the structure is the elastic energy at the maximum deformation umax,
following

Etot = 1

2
uT

maxK umax. (A.9)

We then can calculate the three different components of the elastic energy, the hinge
folding energy, the face stretching energy, and the face bending energy with

Ehinge =
1

2
uT

maxKhingeumax

Estretch = 1

2
uT

maxKstretchumax

Ebend = 1

2
uT

maxKbendumax,

(A.10)

respectively.

A.4. Constraining deformation

There are two types of deformation that we constrain, face stretching and face bending.
The face bending constraint is defined by Eq. 2.23, while the face stretching constraint
follows Eq. 2.27. These set of equations can be rewritten in a matrix form so that

C u = 0, (A.11)

where each row of C represents one constraint equation. We then switch from the Carte-
sian coordinates u to the generalized coordinates q with a transformation matrix T fol-
lowing

q = T u. (A.12)

We use the generalize coordinates to define the Euler-Lagranege equation (Eq. A.5), its
solution (Eq. A.6) and the corresponding eigenvalue problem (Eq. A.7). After, it is straight-
forward to transform the generalized coordinates to the Cartesian coordinates in order
to obtain the deformation of the structure.

A.5. Additional Results
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Figure A.1 | Polyhedron and corresponding prismatic structure, energy distribution of the normal modes ac-
cording to the elastic origami model in the stiffness regime where kh = 10−4, kb = 10−2, and ks = 100, and
deformation of pseudo soft modes for the structures based on a) a tetrahedron, b) a octahedron, and c) a trun-
cated cube. The location of the modes is indicated in by an arrow, and the colored area represents the hinge
corner.
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Figure A.2 | Prismatic structure and energy distribution of the normal modes according to the elastic origami
model in the stiffness regime where kh = 10−4, ks = 10−2, and kb = 100 for the structures based on a) a cube,
b) a truncated tetrahedron, c) a tetrahedron, d) a octahedron, and e) a truncated cube.
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Figure A.3 | a) Energy distribution of the normal modes assuming the reduced models, bend constraint model
and stretch constraint model, for structures based on a tetrahedron, a octahedron and a truncated cube. The
colored area shows where the pseud-hinge modes are located. b), c) and d) Deformation of the pseudo soft
modes of these structures, respectively. Modes that have the same energy are underlined.
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Figure A.4 | Perturbation of the nodes and energy distribution according to the reduced models of structures
with imperfections based on a) a tetrahedron, b) octahedron and c) truncated cube. Note that the perturbation
is 5× magnified to be able to see it, and that the energy distributions of the modes without imperfections are
shown in Fig. A.3
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B.1. Normalization of Energy

To compare the results between prismatic structures based on different polyhedra, we
normalize the elastic energy. The elastic energy of any structure is given by Eq. 2.1. Note
that the constraints Eq. 2.24 and Eq. 2.25 limit the deformation of the fold angles θi and
the edge length li , respectively, and therefore we can define a total maximum energy
when all the fold angles and edge lengths are at their maximum, respectively θmax

i and
l max

i . The maximum hinge energy is then equal to

E max
hinge(θ) =

H∑
i=1

1

2
kh(θmax

i −Ωi )2 = 1

2
kh(θmax −Ω) · (θmax −Ω). (B.1)

Similarly, the maximum energy as a result of in-plane face deformation equals

E max
stretch =

SE+SD∑
i=1

1

2
ks(l max

i −Li )2 = 1

2
ks(l max −L) · (l max −L). (B.2)

We then define the total normalized elastic energy Ẽelastic according to

Ẽelastic =
Eelastic

E max
elastic

= Eelastic

E max
hinge +E max

stretch

, (B.3)

and the individual components of the elastic energy are given by

Ẽhinge =
Ehinge

E max
hinge

(B.4)

Ẽstretch = Estretch

E max
stretch

. (B.5)

B.2. Compression test

To verify the numerical model we performed an experimental compression test on a pris-
matic structure based on a cuboctahedron. Here, we describe the simulation of the com-
pression test that we used as a comparison. In our simulations, we use a stiffness ratio
of κ = 10−4. We select two opposite faces on the structure, and apply constraints to the
vertices that mimic the clamping in experiments. To do so, we only allow deformation
of the vertices along the compression axis. We then create two additional edges (Scomp)
parallel to the loading axis, and use them to connect both clamped faces. We use these
edges to compress the structure by stepwise reducing their length and penalizing the
energy according to

Eload =
Scomp∑

i=1

1

2
kp(li −Li )2, (B.6)

where kp is the stiffness of the edges used to compressed the structure. We assign a
stiffness that is much larger than the edge stretching stiffness and the hinge stiffness
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(kp À ks,kh), so that effectively we are performing a displacement controlled compres-
sion.

In the simulation, we compress the structure in 1000 steps (ncomp), after which we
stepwise remove the loading in the same number of steps. For each increment we allow
the structure to relax with the specified constraints, while using previously mentioned
optimization tool with the ‘Active-set’ algorithm.

To obtain the reaction force, F , during loading, we take the derivative of the elastic
energy with respect to the displacement along the loading axis (z-axis), and find

F = dE

d z
=

ncomp−1∑
i=1

Ei+1 −Ei

zi+1 − zi
, (B.7)

where we iterate through all the steps of the simulation to obtain the numerical gradient.
Furthermore, we normalize the force by the weighted average of the stiffness defined by

k̃ = ks(SE +SD )+khH

SE +SD +H
, (B.8)

where SE , SD and H are the total number of edges, diagonals and hinges, respectively.

B.3. Force-displacement with different stiffness

With the normalize force we can compare the behaviour when we change the stiffness of
the structure. In Fig B.1 we plot the same compression test with equal constraints, but
different hinge stiffness kh equivalent to different κ. As we can see we can increase κ at
least one order of magnitude and the behaviour of the structure remains the same. Only
by increasing it by two orders of magnitude the behaviour changes. This means that we
are on the limit where the hinge stiffness kh does not play a role on the energy of the
deformation and therefore stretched faces becomes the main deformation.

B.4. Stable States clustering

In order to obtain the stable states that are unique under rotational or mirror symmetry,
we consider the angles of all the hinges in the prismatic structure ntot in the final stable
configuration, and place them in a ntot-dimensional array, θstable. We then separate the
internal and external angles into two different groups. For each group we arrange the
angles in order of increasing value. By doing so, we remove the spacial position of the
hinges and obtain only the values of the angles in a specific order, thus considering all
rotational and mirror symmetries. Next, we compare the ordered θstable arrays of all the
stable state to cluster the ones that are similar to each other. For this we use a hierarchi-
cal clustering with centroid linkage [127] and a euclidean distance metric to shape the
clusters. The maximum distance inside a cluster is of 1.5 rad. Therefore, we consider con-
figurations with an average error of 1p

ntot
rad in every angle to be the same configuration.

This error is up to 13.5 deg for the smallest structure, the one based on a tetrahedron,
and 7.8 deg for the one based on a truncated tetrahedron.
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Figure B.1 | Normalized force-displacement response obtained from simulated compression tests for a pris-
matic structure based on a cuboctahedron, using different ratios between hinge stiffness and face stiffness.
The behavior of the simulations is qualitatively similar for κ= 10−3 and κ= 10−4, both showing two instabili-
ties when compressing the structure and three when returning to the initial configuration. Although not shown
here, similar results are obtained for κ < 10−4. However, when κ = 10−2, the response changes, and only two
instabilities occur during unloading. Furthermore, the minimum force increases, reducing the stability of the
stable state observed for F̃ < 0.

B.5. Hinge selection reduction

The prismatic structures studied here are highly symmetric, resulting from the underly-
ing uniform polyhedra used as templates. Therefore, we developed a method to exploit
these symmetries in order to reduce the search space to find stable states. Note that to
determine unique selections of actuated hinges we consider only the edges of the inter-
nal polyhedron. In this section we will start from the polyhedron, and create a directed
graph that represents the edges and their connectivity. Next, we determine the mini-
mum distance matrix from the graph, from which we extract all principal sub-matrices
that represent the hinge selections. In the remaining part of this section we explain our
method in more detail, and as an example, apply it to a prismatic structure based on a
triangular prism.

B.5.1. Directed graph

To determine symmetric hinge selections for the actuation of the prismatic structure, we
start by constructing a graph of the internal polyhedron. Fig. B.2a shows an example of
the graph belonging to a triangular prism, in which we have mapped the edges of the
polyhedron to nodes in the graph. We then designate a type to each node in the graph,
depending on the faces of the polyhedron that are connected to the corresponding edge,
e.g., for the triangular prism there are two types: a) triangle-square (denoted in red) and
b) square-square (denoted in purple).
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Figure B.2 | Reduction of the hinge selection by exploiting the symmetries of a prismatic structures considering
only the internal hinges. a) Starting from the triangular prism that forms the basis for a prismatic structure,we
number the edges and give them types depending on the connected faces. We assign a node to each edge with
the same type and connect these nodes depending on their common vertices in the polyhedron to construct
a graph. Additionally, to assign directions to the connections in the graph, we apply the right-hand rule to its
normal. b) We determine the minimum distance between nodes. Note that instead of using the distance, we
denote the path by the type of the nodes that are encountered when traveling along the path. c) We extract all
principal sub-matrices that represent the hinge selections. We replace the node type by a numerical number
in order to obtain the eigenvalues of the sub-matrices. In this step, symmetric hinge selections are removed by
removing those that have sub-matrices with the same eigenvalues as already selected hinge combinations.

Next, we create directed connections between nodes in the graph. For this, we con-
sider all the faces of the polyhedron, and define an outward-pointing normal such that
we can follow edges of each face using the right-hand-rule. For each pair of consecutive
edges a connection is created between nodes in the graph, where the direction points
from the first to the second node. For example, in Fig. B.2a, the edges numbered 8, 1,
7 and 4 form a face and are consecutive according to the described method, therefore
directional connections from 8 → 1, 1 → 7, 7 → 4 and 4 → 8 are created.
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B.5.2. Shortest distance matrix

Once the graph is created, we compute the shortest directed distance between the nodes.
We use this distance to compare all the node selections, regardless of their original loca-
tion on the prismatic structure. Symmetric node selections are characterized by similar
paths traveled on the graph. To compute the shortest distance matrix we first made a
depth search algorithm that enumerates all the possible paths between two nodes. Note
that instead of using the length of the path in the matrix, which is typically done in graph
theory, we use an array of the node types passed along that path (Fig. B.2c). In order to
differentiate between equal length paths, we assign a numerical value to each one de-
pending on the types of nodes and select the smallest number for consistency.

For example, for the triangular prism the function enumerates the paths between
node 1 and 3. A few of the possible paths are 1 → 7 → 3, 1 → 2 → 3 and 1 → 2 → 8 → 5 →
4 → 6 → 7 → 3, indicated by the node type array (aba), (aaa) and (aabaaaba), respectively.
We then assign the value 1 to the node type a and 2 to node type b. Two of the paths have
the same length, but the assigned number representing the paths is different. We select
path (aaa) that has the lowest value, 111. Therefore, the path on the shortest distance
matrix, at entry (1,3) in Fig. B.2c, is (aaa) representing the path from node 1 through
node 2 to node 3.

B.5.3. Hinge selection for actuation

From the shortest distance matrix we can compute the unique hinge selections after
assigning values to the paths, by considering the eigenvalues of all the principal sub-
matrices. We start by considering actuating one hinge, and after finding all unique hinge
selections, increase the number of actuated hinges by one until the total number of
hinges has been reached.

First, we select one node. Since the distance between a node and itself is given by
just the node type, we select one of each type. In case of the triangular prism we select
nodes 1 and 7 with types (a) and (b), respectively (Fig. B.2c). Next, we choose a second
node expanding the previous selection of one node. We go through all the remaining
nodes extracting the principal sub-matrices. These sub-matrices contain the informa-
tion of the node types and the distance between nodes, and therefore their eigenvalues
are unique to the node selection. Considering all the sub-matrices, we choose hinge
selections that have different eigenvalues and remove duplication.

We repeat this strategy until all unique hinge selections have been found (Fig. B.2c).
Note that we only need to consider hinge selections that contain up to half the number of
nodes, given that we can simply consider the hinge selections to be reversed, i.e., replac-
ing actuated hinges with non-actuated hinges and vice versa). For example, to choose
eight nodes for a triangular prism, we inverse the one-node thus selecting nodes 2-9 and
1-6,8,9 which are the inverse of node 1 and 7, respectively.

B.6. Additional Results
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Figure B.3 | Projected energy landscapes and state diagrams for a prismatic structures based on a triangular
prism. Here, we fold the structures in two steps by applying a torque to two hinges in sequence. Different
projections of the energy landscape are obtained by loading the structure along a) θb and θa , b) θd and θc , c)
θe and θc , d) θ f and θc , e) θa and θc , and f) θg and θc . We record the elastic energy of the final state, and
repeat this process for all possible combination of the fold angle values. The results are then presented as a 2D
projection of the energy landscape. To show the dependency of the loading path on the final configuration, we
also show the results obtained when changing the order of loading. Moreover, we relax the prismatic structure
from the folded configurations to reach the local minima and obtain a state diagram. The star symbols indicate
the values of the fold angles of these minima, where points in the plot relax to a star symbol with the same color.
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Figure B.3 | (continued) Projected energy landscapes and state diagrams for a prismatic structures based on
a triangular prism. Here, we fold the structures in two steps by applying a torque to two hinges in sequence.
Different projections of the energy landscape are obtained by loading the structure along a) θb and θa , b)
θd and θc , c) θe and θc , d) θ f and θc , e) θa and θc , and f) θg and θc . We record the elastic energy of the
final state, and repeat this process for all possible combination of the fold angle values. The results are then
presented as a 2D projection of the energy landscape. To show the dependency of the loading path on the
final configuration, we also show the results obtained when changing the order of loading. Moreover, we relax
the prismatic structure from the folded configurations to reach the local minima and obtain a state diagram.
The star symbols indicate the values of the fold angles of these minima, where points in the plot relax to a star
symbol with the same color.
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Figure B.4 | Projected energy landscapes and state diagrams for a prismatic structures based on a truncated
tetrahedron. Here, we fold the structures in two steps by applying a torque to two hinges in sequence. Different
projections of the energy landscape are obtained by loading the structure along a) θb and θa , b) θc and θa , c)
θd and θa , d) θe and θa , e) θ f and θa , f ) θg and θa , g) θh and θa , h) θi and θa , i) θ j and θa , j) θ f and θc , and k)
θk and θc . We record the elastic energy of the final state, and repeat this process for all possible combination
of the fold angle values. The results are then presented as a 2D projection of the energy landscape. To show the
dependency of the loading path on the final configuration, we also show the results obtained when changing
the order of loading. Moreover, we relax the prismatic structure from the folded configurations to reach the
local minima and obtain a state diagram. The star symbols indicate the values of the fold angles of these
minima, where points in the plot relax to a star symbol with the same color.
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Figure B.4 | (continued) Projected energy landscapes and state diagrams for a prismatic structures based on a
truncated tetrahedron. Here, we fold the structures in two steps by applying a torque to two hinges in sequence.
Different projections of the energy landscape are obtained by loading the structure along a) θb and θa , b) θc
and θa , c) θd and θa , d) θe and θa , e) θ f and θa , f ) θg and θa , g) θh and θa , h) θi and θa , i) θ j and θa , j)
θ f and θc , and k) θk and θc . We record the elastic energy of the final state, and repeat this process for all
possible combination of the fold angle values. The results are then presented as a 2D projection of the energy
landscape. To show the dependency of the loading path on the final configuration, we also show the results
obtained when changing the order of loading. Moreover, we relax the prismatic structure from the folded
configurations to reach the local minima and obtain a state diagram. The star symbols indicate the values of
the fold angles of these minima, where points in the plot relax to a star symbol with the same color.
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Figure B.4 | (continued) Projected energy landscapes and state diagrams for a prismatic structures based on a
truncated tetrahedron. Here, we fold the structures in two steps by applying a torque to two hinges in sequence.
Different projections of the energy landscape are obtained by loading the structure along a) θb and θa , b) θc
and θa , c) θd and θa , d) θe and θa , e) θ f and θa , f ) θg and θa , g) θh and θa , h) θi and θa , i) θ j and θa , j) θ f
and θc , and k) θk and θc . We record the elastic energy of the final state, and repeat this process for all possible
combination of the fold angle values. The results are then presented as a 2D projection of the energy landscape.
To show the dependency of the loading path on the final configuration, we also show the results obtained when
changing the order of loading.Moreover, we relax the prismatic structure from the folded configurations to
reach the local minima and obtain a state diagram. The star symbols indicate the values of the fold angles of
these minima, where points in the plot relax to a star symbol with the same color.
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Figure B.5 | Total number of possible hinge combinations for various prismatic structures. Starting from con-
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Figure B.6 | Normalized stretch energy (Ẽstretch) and maximum stiffness ratio (κmax) for the obtained unique
stable states found with our numerical algorithm for multiple prismatic structures. Additionally we mention
the amount of degrees of freedom (n) for each structure or if it is rigid, adapted from [54]. For prismatic struc-
tures based on a a) tetrahedron, b) triangular prism, c) octahedron, d) pentagonal prism, and e) hexagonal
prism, we considered all unique hinge combinations to find stable states, while for prismatic structures based
on a f) heptagonal prism g) octagonal prism, h) cuboctahedron, i) nonagonal prism, j) decagonal prism, k)
dodecahedron, l) dodecagonal prism, m) truncated cube, n) truncated octahedron, o) rhombicuboctahedron,
and p) truncated cuboctahedron, we considered combinations up to a maximum of three hinges.
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Figure B.6 | (continued) Normalized stretch energy (Ẽstretch) and maximum stiffness ratio (κmax) for the ob-
tained unique stable states found with our numerical algorithm for multiple prismatic structures. Additionally
we mention the amount of degrees of freedom (n) for each structure or if it is rigid, adapted from [54]. For
prismatic structures based on a a) tetrahedron, b) triangular prism, c) octahedron, d) pentagonal prism, and e)
hexagonal prism, we considered all unique hinge combinations to find stable states, while for prismatic struc-
tures based on a f) heptagonal prism g) octagonal prism, h) cuboctahedron, i) nonagonal prism, j) decagonal
prism, k) dodecahedron, l) dodecagonal prism, m) truncated cube, n) truncated octahedron, o) rhombicuboc-
tahedron, and p) truncated cuboctahedron, we considered combinations up to a maximum of three hinges.
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Figure B.7 | Comparison of selected stable states found with our numerical algorithm (Fig. B.6) and experi-
ments for two prismatic structures based on a) a truncated cube and b) a rhombicuboctahedron.
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Figure B.8 | Mechanical metamaterials based on cubic arrays of prismatic structures and their unique stable
states found with our numerical algorithm. These metamaterials are assembled from prismatic structures
based on a) and b) triangular prisms, c) cubes, d) hexagonal prisms, e) truncated tetrahedrons, f) octagonal
prisms, g) dodecagonal prisms, h) truncated cubes, i) truncated octahedrons, j) rhombicuboctahedrons, and
k) and l) truncated cuboctahedrons. For most of the metamaterials a selection of the obtained stable states are
shown.
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C.1. Experiments

C.1.1. Prototype fabrication

To fabricate bistable hinge prototypes, we assembled each face from two 3D-printed
(PLA, Ultimaker 3) lego-like building blocks of size 37 × 37 × 0.5mm (Fig. C.1a). Be-
tween these blocks, we clamped both flexible hinges and pre-tensioned springs, that
are laser cut from a silicon rubber sheet (Fig. C.1a). We fabricated the hinges using sili-
con sheets of 0.5 mm thickness, with width (defined as distance between faces) equal to
4 mm. Moreover, for the spring we varied the thickness tspr as well as the rest length lspr

to change the bistable behavior. Note that due to the combination between finite hinge
size and the compression applied by the pre-tensioned springs, the hinges can have ad-
ditional rotation that leads to an out-of-plane displacement (Fig. C.1b), that we do not
account for in our numerical model.

a)

b)

assembly
face spring hinge

out-of-plane displacement

design

Figure C.1 | a) Used components to build a bistable hinge (face, spring and hinge) and a schematic of the
assembly. b) Additional deformation arising from the interplay between the soft hinge and the spring. It can
favor certain deformations that are not accounted for in our numerical model.

C.1.2. Torque measurement

We used a torsional testing machine (Instron MT1-E1) to obtain the angle versus mo-
ment response of the hinges. We applied a cyclic rotation, starting from the flat state
(θ = 0) (Fig. C.2a) and moving to θmax ≈ 0.6π (Fig. C.2b). Then we rotated the hinge to
−θmax to obtain the torque response (Fig. C.2c), after which we moved it back to the flat
state to start the cycle again (Fig. C.2d). We repeated this cycle seven times for 14 hinges
with different spring parameters. The average of the last five cycles are shown in Fig. C.3
for all the tested hinge parameters, where the thickness of the curve represents the stan-
dard deviation.

C.1.3. Double-well energy fit

To fit our experimentally measured response of the bistable hinges to the model de-
scribed by Eq. 5.1, we first need to obtain a angle versus moment relation. For this we
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µ=0 pre-rotation loading post-rotation finish
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a) b) c) d)

Figure C.2 | Experimental setup to measure the behavior of our bistable hinges. a) The hinge was placed flat
on the torsional test machine (θ = 0). b) We then performed a pre-rotation to place the hinge with an angle
θ = 0.6π, before we c) started to load the hinge to obtain the torque angle relation. d) After reaching θ =−0.6π
we stopped and performed an additional post-rotation to go back to the initial position (θ = 0).

use

T = dEh

dθ
= 4kh

Θ4 θ(θ2 −Θ2)+ c, (C.1)

where T is the torque, Eh is the hinge energy. In this model the fitting parameters are
given by c (a momentum adjustment parameter), kh and Θ. The fitting is done using
a non-linear least squares regression on the average torque respond measured for each
angle, implemented in Python by the curv_fit function of the scipy package. Further-
more, the function returns the estimated covariance matrix of the parameters. By taking
the square root of the diagonals of this matrix, we obtain the standard deviation error of
each fitted parameter.

C.2. Clustering algorithm to identify stable states

In order to identify the stable states of a single vertex, we use the hinge angles of the
four hinges (converged results from the elastic energy minimization Fig. C.4a) as input
for a two step clustering process. First, the angles are pre-processed to avoid misiden-
tification of symmetric states by rotating or mirroring the vertex. The four angles are
then clustered using a Density-Based Spatial Clustering of Applications with Noise (DB-
SCAN) [128] algorithm that can identify non-uniform clusters. We use a maximum dis-
tance of 0.1 rad and a minimum number of five points to make a cluster. We do this
first step for all different parameters that we scan (κ and Θ). For each cluster we extract
the mean value of the angles (sub-states) and delete the non clustered points (outliers),
as these represent less than 1% of all simulations per parameter selection as shown in
Fig. C.4b.

All the identified stable states lie on 12 different axes in a 4D space spanned by the
hinge angles of the four hinges. These axes correspond to the value and sign of the hinge
angles and represent the different orientations that the stable state can have. We found
that (i) the Fold state lies on top of the main branches of the rigid origami model (x,0, x,0)
and (0, x,0, x) where the value of x depends on Θ. All the (ii) Dome and (iii) Saddle
stable states lie on (x, x, x, x) and (x,−x, x,−x), respectively. (iv) The Miura-ori stable
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Figure C.3 | Average torque T angle θ response obtained in experiments by cyclic loading (showing the average
of the last five out of seven cycles, with standard deviation as the thickness of the line) of a hinge with a)
tspr = 0.5mm and b) tspr = 1mm. The fitting of the model where we used T = dEh/dθ is indicated as the
dotted line.
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Figure C.4 | Convergence of simulations and occurrence of stable states for a 4-vertex. Number of simulations
(n/Nsim) from a total of Nsim = 1000 simulations for each parameter selection of κ and Θ that a) converge, b)
are outliers from the clustering algorithm and c) occur in less than n/Nsim < 0.05.

state can be found on six axes (π, x,π, x), (x,π, x,π), (x, x, x,−x), (x, x,−x, x), (x,−x, x, x)
and (−x, x, x, x), where the first two branches are the sub-branches of the rigid origami
model.

For the second step of the clustering algorithm, we exploit the classification of the
four different stable states. We determine the distance of each vertex (a 4D point whose
dimensions are the angles of its hinges) to each of the axes, and mark the stable state
with the closest axis. For the single vertex we show only the clusters with at least 5% of
the simulations (Fig. C.4c). This identifies the final stable state.

C.3. Crystal characterization

C.3.1. Identifying crystals and crystal defects

We use the four stable states of the 4-vertex found with the clustering algorithm to char-
acterize metamaterials, and to obtain their corresponding state matrix (n ×n) as shown
by the example in Fig. C.5a. In this matrix, each entry represents the stable state of the
corresponding vertex, where we also consider the orientation of this state in the mate-
rial. Here, the Dome state (represented by 0) and the Saddle state (1) have one possible
orientation, the Miura-ori has four possible orientations (2,3,4,5) and the Fold state has
two orientations (6,7).

Next, to identify the patterns and potential defects, we obtain every 2×2 submatrix
from the state matrix. We rotate and transpose these submatrices to order the entries. We
represent each template by a letter (a for mcDS, b for DSt, c for MDinter, d for mcAM, etc.)
to create a crystal matrix of size (n−1)×(n−1). From this crystal matrix we can determine
if defects exists in the material, in order to differentiate between monocrystalline and
polycrystalline materials.

C.3.2. Determining the crystal size

Finally, we want to determine the average crystal size. In order to do so, we remove all en-
tries that represent defects from the crystal matrix, marking crystals by T and defects by F.
To the resulting matrix we apply the same DBSCAN algorithm as before, with minimum
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Figure C.5 | Method of identifying defects and calculating crystal sizes, illustrated with an example. a) Steps
used to identifying the defects and crystal types applied to a 4× 4 material. b) Steps used to determine the
crystal size for the same 4×4 material.

cluster size equal to one and a maximum distance equal to one. This clustering algo-
rithm gives us the different grains that the material has with a grain identifier symbol,
where defects are indicated by χ and the other symbols represent unique crystal clusters.
As such, this step transforms the crystal matrix by changing the entry of the crystal type
to the corresponding grain identifier.

Next, we build a grain matrix of size n ×n from the transformed crystal matrix, by
assigning a 2×2 matrix to each entry, and overlapping these matrices to form the grain
matrix. Each entry of this matrix represents a vertex and its symbol a grain identifier. For
each two overlapping matrices we choose only entries that identify a grain (α,β,γ, . . .)
and since there is always a crystal defect (χ) between grains, the overlap only removes
defects. Finally, for each row and each column of the grain matrix we count the grain
identifiers using a intercept method [129]. We take the average number that an identifier
appears for each row and each column, and average this value for the rows and columns
separately. The average linear crystal size is then found by averaging the average crystal
size for the columns and rows. An example of the whole process is shown in Fig. C.5b.
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Figure C.6 | Fit of the a) rest angle Θ and the b) energy barrier kh for different lspr and tspr, where the errorbars
are determined from the diagonals of the covariance matrix. The line indicates a purely geometrical relation
between the hinge parameters and the spring length.
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Figure C.7 | a) Elastic energy of a single vertex for the four different stable states against the two control pa-
rameters Θ and κ. b) Additional deformed states of the vertices showing the four stable states for different
parameters marked in a).



C.4. Additional Results

C

99

Dome

Saddle

Miura-ori

Fold
AMs

AMr

MDinter

Figure C.8 | Additional metamaterials showing the different crystal defects with their state matrix representa-
tion, that we obtain from the simulations of a 4×4 material with parameters κ= 10−1.5 and Θ= 0.25π or 0.75π.
Note that the AMs defect results in non-adjacent face crossing, not accounted for in our model.
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In this appendix you can find the description of all the supplemental movies of this
thesis. To watch these movies you can access the following link bit.ly/SupMovies or scan
this QR-code that redirects to a folder containing all the movies.

Figure D.1 | QR-code that redirects the reader to a folder containing all the supplemental movies

Movie 1.1: Experimental demonstration of mode deformation of a Sarrus linkage
metamaterial. According to the rigid origami model, this metamaterial deforms only
along the compression mode, nevertheless in experiments we see that deformation
along a second mode, the bend mode, is also possible.

Movie 1.2: Numerical simulations of the mode deformation of a Sarrus linkage meta-
material. By controlling a set of angles we can deform this metamaterial along the com-
pression and bend mode.

Movie 3.1: Soft and pseudo soft modes of prismatic structures. Deformation of
the soft and pseudo soft modes for the structures based on a cube and a truncated
tetrahedron. These modes are obtained follow a thin sheet origami approximation, i.e.,
kh ¿ kb ¿ ks.

Movie 3.2: Interacting modes of a structure based on a square. Deformation of in-
teracting modes which energy distribution depends on the stiffness regime for regime I
(kh ¿ kb ¿ ks) and III (kh ¿ ks ¿ kb).

Movie 3.3: Soft and pseudo soft modes in reduced models. Deformation of the soft
modes for a structure based on a cube in both models, stretch constraint model and
bend constraint model. Deformation of the pseudo soft modes for a structure based on
a truncated tetrahedron in the bend constraint model.

Movie 4.1: Experimental and numerical compression test. We perform a compar-
ison between an experimental and numerical compression test applied to a prismatic
structure based on a cuboctahedron. The simplified model used in simulations shows
good qualitative agreement with experiments performed on a prototype made from 3D
printed faces (PLA) connected by flexible hinges (Mylar).

Movie 4.2: Projected energy landscape and state diagram. We select three folding
sequences and project them on the energy landscape of a prismatic structure based on
a triangular prism. To obtain each folding sequence we fold two hinges consecutively,
after which we let the structure relax to a stable state. By repeating this approach, we
find a state diagram of the stable states that can be achieved.

Movie 4.3: Stable States of prismatic structures. We verify the stable states found

http://bit.ly/SupMovies
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for the prismatic structures based on a truncated tetrahedron and a cube. While many
of the stable states of the prismatic structure based on a truncated tetrahedron can be
achieved using a prototype with Mylar hinges, some states are not stable and relax to
other configurations. Furthermore, for the prismatic structure based on a cube most
of the stable states can only be achieved when replacing the Mylar hinges with more
stretchable silicon hinges.

Movie 4.4: Multistable metamaterials. We show the results of our numerical method
applied to multistable metamaterials that are based on cubic tessellations of prismatic
structures based on a cuboctahedron and a rhombicuboctahedron. The simulation of
the metamaterials behavior was performed by applying periodic boundary conditions to
the individual building block in addition to the local actuation patterns that previously
resulted in stable configurations for the unit cell.

Movie 4.5: Varying the multistable behavior in a metamaterial. We control the mul-
tistability of a metamaterial based on a cuboctahedron by adjusting κ. In experiments,
this can be achieved by changing the hinge thickness. When we build our prototypes
with Mylar hinges with a thickness of 50 ţm, the metamaterial exhibits multiple stable
states. However, when building the material with 125 ţm thick Mylar hinges it is no longer
multistable.

Movie 4.6: Pneumatic actuation of a prismatic structure. We apply pneumatic ac-
tuation to a prismatic structure based on a truncated tetrahedron. We use pneumatic
pouches to actuate two hinges of the structure individually, and are able to deform the
structure into four stable states.

Movie 5.1: Experiments on a single vertex and a 4×4 metamaterial. We manually flat-
ten the structures by forcing it down on a surface, after which we quickly release them
to allow the structures to relax to their stable state. We performed these experiments on
vertices and metamaterials with low (Θ= 0.3π) and high (Θ= 0.6π) rest angle. The single
vertex relaxes to the Fold state and the Miura-ori state for low and high Θ, respectively.
The metamaterial with low Θ relaxes only to the mcAF crystal, while the metamaterial
with high Θ has a probability to fold in either one of the mcAM, AMt, AMr, AMs or MFin-
ter states.





Bibliography

[1] N. Robinson, The Origami Bible: A Practical Guide to the Art of Paper Folding.
Collins & Brown, 2004.

[2] M. Friedman, A history of folding in mathematics: mathematizing the margins,
vol. 59. Birkhäuser, 2018.

[3] A. Gönenç Sorguç, I. Hagiwara, and S. Arslan Selçuk, “Origamics in Architecture:
A Medium of Inquiry or Design in Architecture,” Metu Journal of the Faculty of
Architecture, vol. 26, no. 2, pp. 235–247, 2009.

[4] P. M. Reis, F. L. Jiménez, and J. Marthelot, “Transforming architectures inspired by
origami,” oct 2015.

[5] I. Meissner and E. Möller, Frei Otto: A Life of Research, Construction and Inspira-
tion. Edition Detail, 2015.

[6] N. Heidari Matin and A. Eydgahi, “Technologies used in responsive facade systems:
a comparative study,” Intelligent Buildings International, 2019.

[7] J. J. Park, P. Won, and S. H. Ko, “A Review on Hierarchical Origami and Kirigami
Structure for Engineering Applications,” jan 2019.

[8] J. Rogers, Y. Huang, O. G. Schmidt, and D. H. Gracias, “Origami MEMS and NEMS,”
MRS Bulletin, vol. 41, pp. 123–129, feb 2016.

[9] E. A. Peraza-Hernandez, D. J. Hartl, R. J. Malak, and D. C. Lagoudas, “Origami-
inspired active structures: A synthesis and review,” Smart Materials and Structures,
vol. 23, no. 9, 2014.

[10] S. Felton, M. Tolley, E. Demaine, D. Rus, and R. Wood, “A method for building self-
folding machines,” Science, vol. 345, pp. 644–646, aug 2014.

[11] H. Suzuki and R. J. Wood, “Origami-inspired miniature manipulator for teleoper-
ated microsurgery,” Nature Machine Intelligence, vol. 2, pp. 437–446, aug 2020.

[12] P. Wang, T. A. Meyer, V. Pan, P. K. Dutta, and Y. Ke, “The Beauty and Utility of DNA
Origami,” mar 2017.

[13] J. Sun, C. Liu, and B. Bhushan, “A review of beetle hindwings: Structure, mechani-
cal properties, mechanism and bioinspiration,” jun 2019.

[14] J. A. Faber, A. F. Arrieta, and A. R. Studart, “Bioinspired spring origami,” Science,
vol. 359, no. 6382, pp. 1386–1391, 2018.

105



106 Bibliography

[15] K. Saito, S. Nomura, S. Yamamoto, R. Niyama, and Y. Okabe, “Investigation of hind-
wing folding in ladybird beetles by artificial elytron transplantation and microcom-
puted tomography,” Proceedings of the National Academy of Sciences of the United
States of America, vol. 114, pp. 5624–5628, may 2017.

[16] S. Hernández-Ainsa, N. A. Bell, V. V. Thacker, K. Göpfrich, K. Misiunas, M. E.
Fuentes-Perez, F. Moreno-Herrero, and U. F. Keyser, “DNA origami nanopores for
controlling DNA translocation,” ACS Nano, vol. 7, pp. 6024–6030, jul 2013.

[17] E. M. Arkin, M. A. Bender, E. D. Demaine, M. L. Demaine, J. S. Mitchell, S. Sethia,
and S. S. Skiena, “When can you fold a map?,” Computational Geometry: Theory
and Applications, vol. 29, pp. 23–46, sep 2004.

[18] W. Wu and Z. You, “A solution for folding rigid tall shopping bags,” in Proceedings
of the Royal Society A: Mathematical, Physical and Engineering Sciences, vol. 467,
pp. 2561–2574, sep 2011.

[19] Z. Lin, L. S. Novelino, H. Wei, N. A. Alderete, G. H. Paulino, H. D. Espinosa, and S. Kr-
ishnaswamy, “Folding at the Microscale: Enabling Multifunctional 3D Origami-
Architected Metamaterials,” Small, vol. 16, p. 2002229, sep 2020.

[20] K. Liu and G. H. Paulino, “Nonlinear mechanics of non-rigid origami: An efficient
computational approach,” Proceedings of the Royal Society A: Mathematical, Phys-
ical and Engineering Sciences, vol. 473, oct 2017.

[21] S. Waitukaitis, P. Dieleman, and M. Van Hecke, “Non-Euclidean origami,” Physical
Review E, vol. 102, sep 2020.

[22] S. R. Woodruff and E. T. Filipov, “A bar and hinge model formulation for structural
analysis of curved-crease origami,” International Journal of Solids and Structures,
vol. 204-205, pp. 114–127, nov 2020.

[23] V. Brunck, F. Lechenault, A. Reid, and M. Adda-Bedia, “Elastic theory of origami-
based metamaterials,” Physical Review E, vol. 93, no. 3, 2016.

[24] L. H. Dudte, E. Vouga, T. Tachi, and L. Mahadevan, “Programming curvature using
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Summary

Origami is known as a technique that is used to transform a flat sheet of paper into any
shape by folding it repeatedly. Originally it was used in Japan as religious decorations,
and in Germany as a tool to develop consciousness of forms and figures in children. Re-
cently, it has gained popularity in many fields such as in architecture to build responsive
facades and in engineering as inspiration to create a microsurgery system.

Traditionally, scientists have described origami using a rigid model. In this model,
origami deforms only at the hinges, whereas the faces are completely rigid. Due to its
simplicity this model has been widely used by scientists. Nonetheless, this model has
some limitations, since it assumes that deformations take place only at the hinges, which
is not always met in real life. Currently, scientists study origami using an elastic model.
Elastic origami allows for the deformation of not only the hinges but also the faces. As
a result, it allows new behaviors that are not possible with the rigid model, since the
origami pattern can undergo additional deformations through new folding pathways.
These new behaviors are important since they can be used in new generations of origami-
inspired structures and devices.

However, the flexibility of elastic origami comes at a cost. Since origami behavior can-
not longer be described by just the hinges, but also by the deformation of the faces, it is
nearly impossible to describe it analytically. This results in three problems that I will ad-
dress in this thesis. First, the additional deformation of the faces adds many parameters
to the origami model that complicates the full scan of the origami behavior. Is it possible
to simplify the model in order to study complex origami designs based on real life exper-
iments? Second, the folding behavior of elastic origami is highly non-linear, making it
difficult to map all the possible folding behaviors. Can we find a way to systematically
characterize the deformation space in the elastic origami model? Third, any force gets
dissipated by the elasticity preventing global uniform deformation. How can we obtain
well-defined folding behavior in the elastic origami model?

I use origami-inspired metamaterials as case studies to resolve these questions. By
taking origami designs as building blocks, they can be tessellated to fill space in order to
build so-called mechanical metamaterials, i.e., materials that get their properties from
their internal structure rather than their chemistry. These metamaterials can be made
to exhibit internal mechanism that alter shape and with that functionality. Nevertheless,
the same approach can be used for any other origami pattern. These solutions shed light
on the complex behavior of origami and gives specific guidelines to control it.

In order to address the problems of elastic origami, in this thesis, together with my
collaborators, I first introduce an elastic origami model based on a bar-and-hinge model.
We use this model to explore the folding behavior of origami metamaterials. In chapter 2
we describe the elastic energy of the elastic origami model that derives from three types
of deformations, hinge bending, face stretching and face bending. We also present the
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constraints that ensure that the structure behaves as close as possible to real life, such as
maximum face strain and adjacent self-contact.

In chapter 3, we use 3D prismatic building blocks based on polyhedra to study the
kinematics of elastic origami in order to find new deformation pathways. Based on
the linearized elastic and kinetic energy, we are able to obtain and separate the nor-
mal modes of the structures that define the folding direction of the origami structure.
We notice the appearance of so-called soft and pseudo soft modes that resemble the
branches of the rigid origami model defined by a minimum face deformation. Then, we
constrain the elastic origami model to obtain a classification of the normal modes that
spans through all stiffness regimes and show that constraining face bending simplifies
the model still capturing the folding behavior of the origami structures. As a result, by
removing the face bending energy, we simplify the model and define a single parameter
that allows us to move between rigid and elastic origami.

In chapter 4, we apply an energy minimization method to search new deformation
states of the 3D prismatic origami metamaterials in a fully nonlinear framework. By us-
ing local actuation to deform the materials we are able to explore and visualize their
complex mechanical behavior showing the existence of multistability. This multistabil-
ity arises from the unit cell’s geometry. Surprisingly, we find that some of these materi-
als have over 400 mechanically stable configurations. These prismatic materials could
lead to the next generation of multifunctional metamaterials that can be applied as e.g.,
reconfigurable acoustic wave guides, microelectronic mechanical systems, and energy
storage devices.

Last, in chapter 5, we study the folding behavior of non-linear origami sheets to ob-
tain the limitations on the deformation of elastic origami. Typically, non-linearity arises
from the geometry of the origami pattern, but here we use a simple 2D design called a 4-
vertex, where we implement the non-linearity with bistable hinges. By performing small
perturbation on the structures and then minimizing their energy, we observe that these
metamaterials undergo a transition from rigid origami to elastic origami when varying
the non-linear stiffness. Furthermore, by drawing a similitude to atomic crystals, we
find an additional transition from elastic origami to amorphous material, fundamentally
changing the way the structure behaves. This shines light into a characteristic length that
affects the area of influence of a given force and helps to define actuation strategies to
ensure well-defined folding behavior of these origami materials.
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