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Abstract. The motion of a mechanical resonator is intrinsically decomposed over a collection
of normal modes of vibration. When the resonator is used as a sensor, its multimode nature often
deteriorates or limits its performance and sensitivity. This challenge is frequently encountered
in state-of-the-art optomechanical sensing platforms. We present a mechanical design strategy
that ensures that optomechanical measurements can retrieve information on a single mechanical
degree of freedom, and implement it in a sliced photonic crystal nanobeam resonator. A spectral
design approach is used to make mechanical symmetries robust against practical disorder. The
effectiveness of the method is evaluated by deriving a relevant figure of merit for continuous and
pulsed measurement application scenarios. The method can be employed in any mechanical design
that presents unwanted spurious mechanical modes. In the nanobeam platform, we experimentally
show an increase of the signal to noise ratio of the mode of interest over the first spurious mode
by four orders of magnitudes.
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1. Introduction

In optomechanical systems, co-localizing light and
mechanical oscillations enables ultraprecise sensing
and optical control over mechanical motion |[1,
2]. A variety of experiments explore mechanical
resonators of different masses and sizes. The
properties of these systems and their ability to
interact with external systems allow conceptually
different applications ranging from gravitational wave
sensing [3], compact sensors of various external
stimuli [4-8], and stochastic heat engines [9-12],
to quantum mechanical entanglement [13-15] or
photon-phonon transducers in quantum networks [16—
18]. Besides applications, optomechanics allows
fundamental studies into the quantum nature of
macroscopic mechanical objects [19, 20| using pulsed
[21-23] or continuous [24-28] measurements, and
investigation of possible decoherence mechanisms [29,
30]. The class of nano- and micro-mechanical
systems is particularly relevant in this field of study,
thanks to the tremendous efforts towards ultracoherent
resonators [31-33].

For many optomechanical applications, one
typically wishes to work with a single mechanical mode,
or at least isolated from others. In a quantum control
perspective, other modes affecting the measured signal
cause noise on that estimation, and thus limit
control. However, a typical mechanical system will
intrinsically display a collection of modes of vibration,
rather than just a single one.  The vibrational
modes supported by a structure can be complex,
depending on the structure’s geometry, and can be
fundamentally understood in the context of the theory
of elasticity to form a collection of normal modes. This
multimodeness can be a limitation in feedback cooling
experiments where the signal of an optical mode whose
phase is sensitive to mechanical motion is used to
produce a negative feedback on the oscillator to damp
its motion [8, 20, 34-37]. Likewise, besides specific
advantageous situations where the ratio of mechanical
modes’ frequencies is integer [23], it limits the ability
of a pulsed position measurement to estimate one
quadrature of a single mechanical resonator while
evading backaction, as any instantaneous measurement,
probes all modes at once [21,22].

Optomechanical design can be used to isolate the
optical sensitivity to a single favorable mechanical
mode. In particular, the use of structural symmetries
can decrease the sensitivity to spurious modes in
various cases such as nanobeam cavities [38-42].
There, unwanted mechanical modes do not couple to
the optical cavity mode as their displacement does
not affect the effective cavity length by symmetry
reasons. Then, any fabrication imperfection that
breaks symmetry limits the effectiveness of this method
in practice, as it can induce symmetry breaking in
the mechanical modes of interest, such that unwanted
mechanical modes couple to the cavity. Here, we
present and experimentally implement a strategy to
mitigate the effect of such unwanted mechanical modes,
‘purifying’ the optomechanical spectral response of a
structure around a single mechanical degree of freedom.
In section 2, we examine in detail the importance of
noise contributions due to the presence of spurious
modes, quantifying these by defining a suitable figure
of merit in a continuous measurement. We then argue
how ‘spectral design’ of the system can optimize this
figure of merit even in the presence of perturbations
due to random fabrication imperfections in section 4.
We implement in section 5 and 6 this design strategy
in the specific example of a sliced photonic crystal
nanobeam cavity, and show a reduction of the noise
induced by other mechanical modes by four (one)
orders of magnitudes in a practical continuous (pulsed)
measurement. Finally, in section 7, we discuss how the
strategy can be interpreted in a model of two coupled
modes, and demonstrate how it can be implemented
also with the assistance of the optical spring effect.

2. Noise in optomechanical measurements
induced by spurious modes

We first examine the scenario in which a continuous

reflectance measurement is performed on an optomechanical

system having a pair of mechanical modes with
resonance frequencies {2; and () that are nearly
degenerate, and that both couples weakly to the same
meter. We treat the presence of the spurious mode as
extra noise sources. We characterize the contribution
of the excess imprecision noise due to the presence
of the mode at ); in a measurement of that at
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Figure 1. Illustration of typical frequency fluctuation spectra
due to two mechanical resonances at frequencies 21 and Q.
The noise spectral density originating from the mode of interest
2 (spurious mode 1) is filled in green (red). The wing of the
Lorentzian of mode 1 is directly linked to the added imprecision
noise at the resonance frequency of mode 2. To characterize
the imprecision added to a measurement of mode 2 due to the
presence of mode 1, we look at the value of the fluctuations of
mode 1 at the frequency Q2.

Qs (the mode of interest) in the case of continuous
measurement (See section 6 for the case of pulsed
measurement). In the presence of two independent
mechanical modes, the cavity frequency w. can be
written as

We :@c‘i“Glxl +G2$2; (1)

where @, is the optical mode frequency at rest
position of the resonators, x; the displacement and
G; = Ow./Ox; the optical frequency shift per unit of
displacement of mode i with mass m;. Displacement
of each mode can be expressed in unit of its zero-
point motion amplitude z,pr; = +/B/2m;§;, with
corresponding detuning g; = Gjx,pr,; the vacuum
optomechanical coupling rate.

In a continuous measurement, an optomechanical
device is probed by a light field with constant intensity
over a time span that is much longer than a single
mechanical period 27 /€. The mechanical fluctuations
that act as a parametric modulation of the optical
resonance frequency (equation 1) can be studied in the
frequency domain as fluctuation spectra (figure1). As
we derived in Appendix A, one can quantify the added
imprecision incurred by the presence of the unwanted
mechanical mode detuned by AQ = Qy — Q) < Q4 9,
by the figure of merit
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where, on the left hand side, S':! is the frequency
power spectral density of the detrimental mode,
quantifying the impact of position fluctuations of mode
1 at the frequency of mode 2. This noise amount is

normalized to

202
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that describes the spectral density of the zero point
motion of the mode of interest. On the right hand
side of equation2, kgT is the thermal energy and T;
the damping rate of mechanical mode i [43]. We see
that the imprecision due to the unwanted mode scales
with temperature, as the spurious mode population
increases with it. It also scales with the ratio between
the photon-phonon coupling rates g1/g2, and with the
linewidths of both modes, as it scales effectively with
the overlap of the two modes’ response spectra.

A key feature of equation 2 is the inverse
dependence in the spectral proximity of the modes’
frequencies A2, leading to dramatic detrimental noises
when nearly degenerate mechanical modes both couple
to the optical cavity. Indeed, in various systems, such
as pairs of vibrating beams or membranes, modes of
opposite symmetry are close to degeneracy by nature.
Even if symmetry can ensure that, in principle, g¢;
is designed to be zero such that it does not affect
the measurement of mode 2, imperfections can break
symmetry, leading to an unwanted finite g;. In the
next section we show how it is possible to define a
strategy for the design of a more robust solution that
relies on releasing the degeneracy of the normal modes,
in order to enforce mode symmetry also in the presence
of disorder.

3. Robust mode symmetries in optomechanical
systems

Understanding the influence of disorder to symmetry
breaking can be gained through perturbation theory.
Here we will consider how a pair of orthogonal modes
(i.e.  mnormal modes) wgo) and ¢§0) that are near
in energy but not exactly degenerate are affected by
disorder. We follow the formalism of Cotrufo et al. [44].
The disorder can be described by a potential V(r, t),
which modifies the eigenvalues of the system. In
nondegenerate perturbation theory, one can calculate
the new energy eigenvalues by

By =B + (v V]9, (4)
Ey = B + (V] ), (5)

where Efo) are the eigenvalues for the bare system, in
the absence of perturbation. The disorder potential
couples the modes and adds the extra term with
respect to the initial bare eigenvalues E;O) and Eéo)
in equation 5.

In that case, the potential has off-diagonal
elements and modify the eigenfunctions as well, giving
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rise to a different spatial configuration of the modes.
This can be written as
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Equations 5 and 7 show that in the presence of
a disorder potential both the energy -eigenvalues
(i.e.  the frequencies) and the eigenvectors (i.e.
the spatial shape) are modified. In particular,
equation 7 shows that the correction in the spatial
configuration is such that it has the symmetry of the

orthogonal mode. Indeed, if modes ’¢§O)> and ’w§0)>

are anti-symmetric and symmetric, respectively, any
asymmetrically distributed disorder V' will make the

numerators < §02) éol)
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consequence of this perturbation is to progressively
mix the shape of the two modes as its importance
increases, destroying the initial symmetries of the
individual eigenmodes. For example, an initially
perfectly symmetric mode may lose that quality as
an asymmetric disorder mixes it with a mode of
orthogonal symmetry. In the next section we will
show a practical observation of this effect in a specific
geometry of interest.

In practical experiments, one cannot fully
eliminate perturbation incurred in the fabrication
process. By inspecting equation7, we recognize a
strategy to reduce the impact of disorder, as the
magnitude of the symmetry breaking is inversely

> in equation 7 nonzero. The

proportional to the energy difference E§O) — Eéo) of
the modes of the unperturbed system. Thus, if one
intentionally shifts the frequency of the unwanted
mode further away from that of the mode of interest,
each corrected eigenvector keeps the shape of the
unperturbed system solution. Such a design principle
thus forces the system to retain the symmetries also in
presence of disorder. Controlling mode spectra through
geometry is in other words a practical way to render
symmetries robust against disorder.

4. Implementation of mechanical design
strategy

The sliced photonic crystal nanobeam that we study
consists of two beams that are free to oscillate and
share common clamps (figure 2.a) [45]. Each beam
exhibits flexural modes of vibration whose frequency
and amplitude are determined by the length and mass
density of the beam. In a perfect structure the
two beams would be the exact copy of each other,
oscillating with the same frequency and amplitude.
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Figure 2. Schematics of the sliced silicon nanobeam structure.
(a) An optical mode is hosted in a defect in the middle of the
structure. (b) When the two halves of the nanobeam are perfect,
they both halves have equal amplitude in the symmetric mode
(displayed, top). The two halves may however have different
mechanical eigenmodes frequency because of slight fabrication
disorder. As a result, the two normal modes are neither
symmetric nor anti-symmetric, instead predominantly localized
in the individual beams (one example shown at the bottom).
Here df denotes the frequency difference between the individual
beams caused by disorder.

This kind of structure would present perfect normal
modes of vibration: a common mode in which the
beams move in plane exactly in phase and a differential
mode in which the beams move in anti-phase (figure
2.b).

From the perspective of optomechanics this
idealized case is optimal since only the differential
mode couples to the light field. In actual devices,
fabrication imperfections result in a different mass or
strain profile of the two beams. In turn this leads to
different oscillation frequency (within 3% in practice)
and amplitude for each beam [38]. The intrinsic
coupling between the two beams through strain in
the clamping supports is weak, i.e. the magnitude
|E£O) — Eéo)\ of the denominators in equations 6 and
7 is small, such that the breaking of this symmetry
forces the hybridization of the modes of vibration of
the individual beams to nearly vanish. The result
is that each beam oscillates independently from the
other (figure 2.c) and the eigenmodes are neither
symmetric nor anti-symmetric. This implies that the
sliced nanobeam typically presents two modes that
strongly couple to the cavity field and that are nearly
degenerate. Our aim is to find a nanobeam geometry
that has a differential mode that is immune to disorder.

We quantify the asymmetry of this mode as

2
xr
A=1-|—"2
(xdown> ’ (8)

where zy, and Tgown are the amplitudes of oscillation
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Figure 3. (a) Types of geometries that were used in the

simulations. (b) Simulated differential and common modes for
the notched geometry. Large frequency splitting is induced in
the long and notched geometries, because of their motional mass
difference. (c¢) Mechanical frequencies, showing the frequency
splitting for different designs. The lower frequency in the long
and notched geometry corresponds to the common mode. (d)
Asymmetry is much more resilient to disorder in the notched
geometry.

of the individual beams in the center of each beam. We
choose xqown to be always the larger so that 0 < A < 1.
The case of A = 0 corresponds to a perfect symmetric
differential mode.

We quantify the strength of the symmetry-
breaking perturbation (i.e., the strength of the
disorder), by a parameter df with units of frequency.
In the finite-element simulation, the perturbation is
introduced by varying the mass density of one beam
half, leading to a frequency splitting df of the two
halves’ fundamental flexural modes. In figure3, we
investigate numerically how the asymmetry varies with
disorder, for structures in which we increase the length
of the nanobeam outside of the photonic crystal region
and the case in which we create a notched extension
also outside the photonic crystal. Increasing the length
of the beam extension, at fixed length of the sliced
beam, lowers the frequency of the common mode, while
keeping that of the differential hardly changed. The
notched design decreases the in-plane flexural stiffness
of the beam, thus further lowering the frequency of the
common mode away from that of the differential mode.

Figure 3.d shows that the notched geometry
gives additional protection of the differential mode
against disorder by pushing the common mode to lower
frequencies while maintaining the differential mode
frequency close to the original. The original structure
is seen to quickly become fully asymmetric for small

Figure 4. Fabricated devices that share the same photonic
crystal in the middle (top). From left to right the length of the
extension on both sides of the photonic crystal is of 0,1,3 and 10
pm. The bottom picture is a zoom in on one of the devices.

values of frequency asymmetry df/f = 0.001. In
contrast, the notched structure shows good stability
against disorder even at a disorder strength df/f ~
0.04. From experiments we know the disorder level of
the original structure is about df/f = 0.03, leading to
complete lifting of mode degeneracy. The alternative
designs, in particular the notched structure, feature a
much greater resilience to disorder as the frequencies of
the differential and common modes in the unperturbed
structure are pushed much further apart. It should
be noted that the notched structure becomes floppy
for any higher frequency common flexural modes, and
lowering its frequency bring it closer to that of the
fundamental differential mode. This puts a practical
constraint on how far the fundamental common mode
can be pushed away.

5. Experimental Results

We fabricate sliced photonic crystal nanobeams in
silicon that have in common the same photonic crystal
design in the middle, but vary in their connection
to the outside, as per the design strategy of figure
3. The structures are fabricated in the 220 nm thick
silicon layer of a silicon-on-insulator substrate using
electron beam lithography and reactive ion etching
with HBr/O2 plasma [38]. The devices are released
by etching the 3 pm thick buried oxide layer with
hydrofluoric acid followed by critical point drying.
Figure 4 reports scanning electron micrographs of the
structures, fabricated on a single chip. We vary the
length of the notched extension that is symmetrically
placed on both sides of the photonic crystal region.
The optomechanical coupling rate of those structures
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is typically about gg ~ 27 x 30 MHz [45].

In order to characterize the mechanical performance
we perform optical reflection measurements on the
devices (see Supp. Mat. of [22] for more details on the
experimental characterization setup). A focused laser
beam that is tuned to resonance with the optical mode
is used to excite the cavity and the reflected signal from
the cavity is collected by a homodyne interferometer.
The signal carries a modulation that is due to the
mechanical thermal fluctuations at room temperature.
The Fourier transform of the voltage signal generated
by the balanced photodetector of the interferometer
displays the mechanical fluctuation spectrum, and is
measured with an electronic spectrum analyzer. The
signal Pgrsa is then directly proportional to the spectral
density S,.. A typical spectrum is shown in figure
H5.a. We can recognize a multitude of fluctuation
peaks. Only three of those correspond to distinct
mechanical mode frequencies, namely the first-order
in-plane flexural modes (differential and common),
and the third-order in-plane flexural differential mode.
respectively labeled "a", "b", and "c" in Fig.5a. The
other peaks are a signature of the large optomechanical
coupling that gives rise to nonlinear transduction [45]
and hence to the generation of higher harmonics in
the spectrum that occur at sums of integer number of
bare mode frequencies. Figure 5.b shows spectra with a
span limited around modes "a" and "b", for devices of
the kind shown in figure4. By studying the spectra
in figure 5.a, it is then possible to characterize the
mechanical response around the frequency of interest.
The differential flexural mode (figure 5.b) of the sliced
nanobeam is the higher frequency mode. Its frequency
slightly lowers when the nanobeam notch length
becomes longer. This is potentially related to the
change of the precise clamping point geometry or of the
remaining compressive stress in the silicon device layer
[38]. At the same time, as the notch extension becomes
longer, the lower frequency mode shifts significantly
towards lower frequencies. This shift reflects the
increase in the overall length of the device. We note
that the two side-peaks in the leftmost spectrum of
figure 5.b are again due to the mixing of the two
modes related to nonlinear transduction [45]. In figure
5.c an overview of the relative mechanical frequencies
for different notch lengths is shown, together with
results obtained by calculations of the mechanical
eigenfrequencies obtained for the same geometries
simulated with finite-element software COMSOL. The
experimental results we show are averaged over three
realizations but statistical variations in disorder can
still lead to deviations from trends predicted for fixed
disorder.

In order to verify the efficiency of our design we
now evaluate the figure of merit (2). We use the
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Figure 5. (a) Measured fluctuation spectrum for a structure

with 10 um notch extension. The spectrum has a bandwidth
of 10 MHz and shows multiple mechanical peaks. Three distinct
mechanical modes are detected within this range (a = 2.56 MHz,
b = 1.94 MHz and ¢ = 8.66 MHz). Other peaks correspond to
mixing of these three by nonlinear transduction. (b) Spectra of
four structures with notch length of 0,1,3 and 10 pm, illustrating
the typically reduced magnitude of the spurious mode of longer
notch length. (c) Relative frequency difference comparison
between numerical simulations and experiment.

Wiener-Kinchin theorem to relate the ’band power’
BP; (the integral of fluctuations of mode ) directly to
the thermal fluctuations that populate the mechanical
modes

BP; = / SuwwdQ = (5w?)
Q; =95

=G (27),, = 2nen,ig; (9)
where for the last step we have used the expression

for the variance of the mechanical displacement
induced by thermal fluctuations (%) = 2x3pfnth =

th,i

2x§pkaT/hQ. The frequency integral is taken over
a spectral window of width 2§ that is chosen to
ensure AQ) > 20 > T, after first subtracting the
flat background imprecision. Using equation9, we
then evaluate the ratio of the vacuum optomechanical
coupling rates g; of the two modes. In figure 6.b we
plot the ratio g1/g2 of the optomechanical coupling
rates of the two modes. It clearly shows a reduction of
the ratio for longer notch lengths, indicating that the
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Figure 6. Optomechanical purification, according to the figure of merit of equation 2. (a) Frequency factor present in the figure of
merit for continuous measurements. We rescale the frequencies in order to take into account the absolute value mismatch between
simulated and measured mechanical resonance frequencies. (b) Ratio between the coupling strength of mode 1 and 2 versus extension
length. Two simulation curves are shown: for disorder equal to df/f = 0.002 (empty red squares, dashed line), and for disorder
equal to df/f = 0.02 (empty green triangles, dashed line). (¢) The added imprecision noise from mode 1 in a measurement of mode

2 as a function of the beam extension.

coupling rates become more dissimilar as the modes
are better hybridized. We compare the experimental
data to simulations where we mimic different amounts
of disorder, by varying the relative material density
of one of the nanobeam slices with respect to the
other half. The simulated optomechanical coupling
rates are evaluated by extracting the optical cavity
resonance shift induced by a known displacement of
each eigenmode. A disorder of 2% is found to be a
typical value for fabricated devices. For comparison
we also show a best case scenario of 0.2%. The
experimental data fall within the two curves, indicating
that structures of intermediate notch lengths exhibit
smaller disorder. The reason for the seeming deviation
from the trend at notch length of 10 pm is not fully
clear: it could be of statistical origin, but we also
note that a strong alteration of dissipation observed
in this design may point to other mechanisms that
could be at play. Moreover, long notches design may
be more susceptible to other types of phenomena that
have not been taken into account such as deformations,
buckling, and coupling to other mechanical modes.

To construct the figure of merit for CW
measurements we also measure the frequency term
ratio of equation 2, depicted in figure 6.a. To compare
this result to a simulated prediction, we take into
account the discrepancy between simulated absolute
frequencies and the experimentally measured values.
We therefore rescale the predicted frequencies by a
global factor such that the predicted and measured
frequencies match for 0 pm notch length.. Note that for
zero extension, the separation between the two modes
is very small (~ 5 kHz ) making the denominator
of the factor blow up to a singularly high value,
making numerical predictions meaningless. Again, the
experimental observations follow the trend predicted
by the simulations.

Finally we plot the figure of merit for CW
measurements in figure 6.c. Increasing the length

of the notch has the effect to dramatically decrease
the value of the spectral density of mode 1 at the
frequency of mode 2. The method therefore shows
to be successful in reducing the spurious mode noise
contribution. We note that the noise suppression
with the longest notch geometry (10 pm) is less
successful because of the amount of disorder of that
specific device. The stochastic nature of the occurrence
of disorder means that potentially more data points
would be needed to draw definitive conclusions on the
distribution of occurrences of a given disorder amount
and dependencies that arises from the geometry.
Structures with intermediate notch lengths suffer less
from disorder. Moreover, we note that they are easier
to fabricate than longer notches, whose length could
play a role for other types of phenomena that have
not been taken into account such as deformations,
buckling, and coupling to other mechanical modes.

6. Noise in optomechanical pulsed
measurements induced by spurious modes

In this section, we evaluate the usefulness of the design
approach towards a different type of optomechanical
experiments, i.e. pulsed measurement. In
pulsed optomechanical measurements, the mechanical
resonator is probed by light pulses that are shorter
than the mechanical oscillation period [21]. The
essence of those backaction-evading measurements is
the ability to predict the outcome of a measurement
of a single mechanical mode quadrature, given
a previous measurement of the same quadrature.
This is an example of (pure) state preparation
through measurement [21]. The prediction accuracy
(i.e., the purity of the prepared quadrature) Az
is given by the difference between the outcome of
a verification position measurement z(t) compared
with a conditioning position measurement 2(0) done
beforehand, Az z(t) — x(0).  For a single
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mechanical mode, best prediction accuracy is achieved
whenever the delay between the conditioning and
the verification measurement is a multiple of 7/wa,
without fundamental precision limit [21]. However,
the difference between the two mode frequencies
implies a mechanical beating that in turn implies an
extra inaccuracy, except at rare timings that are a
common multiple of 7/wy and 7/wy. We quantify the
mechanical decoherence added by a second mechanical
mode by considering the expected variance of Ax for
two mechanical modes at any delay which is extracted
through measurement of the cavity frequency w. =
We + Y dw;(x;), where dw; is the cavity frequency shift
due to the mode i and w. the cavity frequency for all
x; = 0. We write the displacement-induced shifts dw
in terms of the mechanical quadratures X,, ;, Yy, ; of
the two modes (i = 1, 2):

dw = Z G; (Xm,i cos ;t + Pmﬂ' sin Qit), (10)
1

Ideally, if only mode 2 couples to the cavity, its
quadratures can be determined from measurement of
the cavity frequency through dw/Gs . The thermal
fluctuations of other modes evolving at different
frequencies adds uncertainty to such estimations.
For thermal motion, the variance of the individual
quadratures is given by <X3M> ~ xfpfk‘BT/hQi =
xfpfnth’i, in the limit where n¢, > 1. Consequently
the variance due to two contributions is the sum of
their variances. At a generic time 7, the position of
mode 7 relative to its position at ¢ = 0 can be written
as

Az, ; = xi(1) — 2;(0) (11)
= \/i.Tpr,i [Xom,i(cos QT — 1) + Py, ;sin Q7] .
By definition X, ;, Y, ; are independent variables,

which means that their cross-correlations vanish. Then
the variance of the total position difference writes

(AxZ ;) =2(X2 i(cos QT — 1) + Y2 (sinQ;7)?)(12)
(13)
The second line is valid for thermal states, where
(X2 ;) = (Y2,) due to the equipartition theorem.
This means that the variance on the difference Aw,

between two measurements of the cavity frequency
taken at time 7 apart reads

(Aw?) = Zélgiznth,i (1 — cos(§;7))

2
= dx; ¢ ;neni(1 — cos 7).

(14)

in absence of decoherence during 7. From equation 14
we see that if the mechanical modes have comparable
frequency and optomechanical coupling, they have
nearly identical contributions to the variance when
T =T;/4 or 7 = T;/2, since for delays around those
values, 1 —cos ;7 = 1 or 1 — cos ;7 = 2, respectively.
Importantly, for 7 = T}, where for a single mode the
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Figure 7. (a) Beating factor appearing in equation 16. (b)
Figure of merit of spectral purification of a pulsed measurement
scenario. Two simulations curves are shown: for disorder equal
to f/f = 0.2% empty red squares dashed line, and for disorder
equal to df/f = 2% empty green triangles dashed line. Blue
squares is experimental data.

difference vanishes, the other mode j still contributes
to the variance of the difference

27T;
<Aw%> = 49]27%}17]' (1 — cos T ) .
J

(15)

In the case of only two modes, we have the figure of
merit

Ax? Aw? 2 2mQ)

< T2’1> = (Act,) 24%7%}1,1 <1 — cos 7;2 1> ,(16)

p) p)
Topt,2 92 92 2

where we again compare the uncertainty added by
the spurious mode to the cavity frequency shift g
of a quantum-level displacement of the mode of
interest. Equation 16 scales again with the ratio of
vacuum coupling rates of both modes, with the mean

occupation number of the unwanted mode, and with

(1 — cos %) that measures the

relative dephasing of the two modes, i.e. it is equal to
zero when the two modes are exactly degenerate.

We report the dephasing factor of 16 for
pulsed measurements in figure7.a. Compared to
the simulation, the monotonic increasing trend is
reproduced, even though in absolute value the
experimental points are smaller since the spread in
frequencies increases slower in the experiment than in
the simulation. In figure 7b we show the full expression
of the figure of merit. Our method is modestly
successful in reducing the spurious mode contribution
for relatively small values of the length of the notch
extension. For longer beams, we pay the penalty

the beating factor
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that the occupation number of the common mode
new,1 = kpT /K& increases since now the frequency
of the common mode is much smaller. Due to the
larger frequency difference the rate at which the two
modes dephase also increases the degree to which
the first mode adds uncertainty to the prediction
of a quadrature of the second mode after one full
period. We remark that after some longer time,
close to 2m/Af, the mechanical modes regain the
phase difference that they exhibited at ¢ = 0. The
increased frequency difference A in the notched
design will reduce the time at which this occurs,
potentially to within thermal decoherence times at
practical temperature. This could, in some cases,
make the design approach more effective also for pulsed
measurement.

7. Light-mediated mechanical coupling

We introduced so far the general design principle
that reduces symmetry breaking due to imperfections
from perturbation theory. A different but related
perspective on this approach is gained from the
viewpoint of coupled mode theory. We can view
the mechanical system depicted in figure 2 as hosting
two mechanical modes, i.e. the lowest-order flexural
vibration of each individual string, which are weakly
coupled through the clamping support. The modes
hybridize only if the coupling strength overcomes the
intrinsic frequency detuning of the two strings, which
is related to fabrication imperfection. The frequency
splitting for degenerate strings A2 is equal to twice
the rate J at which the two strings are coupled. Thus,
if one increases the mechanical coupling rate, the
hybridization into even and odd modes becomes more
resilient to disorder.

The mechanical designs we presented thus far
can only be described to a limited extent from this
specific viewpoint, as for larger notch lengths the new
eigenmodes can no longer be described as even and
odd superpositions of the individual string modes of
the structure without a notch. However, we can
imagine a different coupling mechanisms, in which
we can describe them in this way. In this section,
we explore the use of mechanical coupling of the
individual strings through radiation pressure, which
can lead to normal mode splitting and associated
hybridization as demonstrated by Shkarin et al. [46].
Due to the orthogonality of the hybrid modes and
the spatial dependence of the optomechanical coupling,
such induced coupling can render one of the two new
modes optomechanically dark. We demonstrate that
principle below for our structures, and evaluate the
merits of this optically-induced coupling for single-
mode measurement.

In figure8b, we show a generic prediction of
strong coupling for two normal modes at frequencies
w12, characterized by the Rabi frequency splitting for
w1 ~ wsg, that quantifies the coupling rate between
the modes. In the presence of strong coupling,
coupled modes are generated, which converge to
the original modes when the frequency difference
wy — wi is large, far away from the strong coupling
region which is larger the larger the Rabi splitting
between the coupled modes. The coupled modes
represent another set of orthogonal modes in which
phase relations between the individual bare modes are
established. For the nanobeams, the two uncoupled
modes, characterized by the independent vibration of
the individual nanobeam slices, are transformed by the
coupling into an even and an odd normal mode.

To understand the mechanism, let us consider
the interaction of this system of two mechanical
modes with the optical field in an optomechanical
system. When the laser frequency is within the
optical cavity linewidth the radiation pressure force
exerted by the driving light causes an optical spring
shift that causes the mechanical frequency to decrease
(increase) for red (blue) detuning. We note that
since we are in the regime of nonlinear transduction,
we typically observe an associated broadening of the
mechanical resonances which become asymmetric at
room temperature because of the thermal fluctuation
of the spring shift magnitude [45]. For cavities in this
regime, the optical spring effect cannot be estimated
with a model based on linearized equations of motion
as the magnitude of the spring shift varies with the
particular amplitude of oscillation at a given time.
The behaviour in this case can be accounted for by
considering the thermal distribution of the mechanical
oscillation amplitude. This is done by calculating
an effective spring constant from the distribution of
results obtained by modeling the spring shift using
the first Fourier coefficient of the radiation pressure
force [45]. The light field that is modulated by the
motion of one of the two mechanical modes will in
turn drive the other mechanical mode. If the spring
shift is such that it tunes the modes to spectrally
overlap, the two modes can become degenerate. The
resulting optically mediated coupling can give rise to
the creation of mechanical hybrid modes with opposite
symmetry. The magnitude of the induced coupling rate
is

Jopt = 29192”0/"{’ (17)

where n. is the number of intracavity photons. The
effect is closely connected to the spring effect for a
single mechanical resonator [1] .

In figure 8.c we show optomechanical spectra
as we scan the laser wavelength across the cavity
resonance. The spectra depict the behaviour for two
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Figure 8. a) Illustration of two coupled oscillator. Each oscillators is represented by as a mass attached to a spring. In turn, the
two oscillators share a spring that couples them to each other. b) In the presence of coupling, independent resonant modes w1 2
(dashed lines) are hybridized into coupled modes (blue solid lines) with frequencies wj, which is plotted here as one of the bare
frequencies wo is varied. In the left and in the right side of the plot the hybrid modes resemble the bare modes, while in the center
of the plot the hybrid modes clearly show a distinct behaviour. The shape of the normal modes in these regimes are shown for the
sliced nanobeams. (c) Optical spring effect. Spectra of mechanical motion expressed in dBm (color scale), as a function of laser
wavelength with incident power P, = 34.5uW. (c) Ratio between single photon-phonon coupling efficiencies versus laser wavelength.

different regimes of power for a structure for which the
separation between the frequencies of oscillation of the
individual beam slices is only AQ = Qy — Q; ~ 2.19
kHz. The individual, uncoupled, behaviour of the two
modes is evident far from optical resonance. Around
optical resonance, in the region where the optical
spring shift 0€2 is larger than the frequency separation
0Q > AQ, we observe strong coupling between the
two modes. The coupling is mediated by the light
since the spring shift is caused in the first place by
the optomechanical interaction. In particular, for each
value of the detuning we observe that only one of the
modes is bright, i.e. strongly coupled to the cavity,
while the other is relatively suppressed. Two main
observations support this conclusion: on the one hand
we observe a strong spring shift for only one of the two
modes (the bright one), on the other hand, we observe
an asymmetric broadening of the linewidth for the
same mode [46]. To address how the optically induced
coupling modifies the response of the system we look at
the single photon-phonon coupling efficiencies for the
two modes as a function of laser wavelength (figure 8.c).
In order to evaluate the g ratio we use equation9 and
the data of figure 8.b

9; BP;Q;’

For the band power BP; we take the area underneath
the mechanical peak of mode 7 at a specific laser
wavelength, and for the frequency €2; we take the
frequency corresponding to the maximum value for
the Pgsa From figure8, we observe that the
coupling of the two mechanical modes to the light field
becomes strongly asymmetric as the light mediated
coupling forces one of the coupled modes to become
optomechanically dark.

In order to compare this scenario to the results for
the design presented previously we evaluate the figures

(18)

of merit. The ratio go/g1 is less than or equal to 6. For
continuous measurements this corresponds to having a
noise contribution from mode 1 of St /5252 /T Ty >
3 x 102°Hz 2 which is better by a factor of ~ 10%
with respect to the off resonance A # 0 or low power
cases. Here we disregard enhancement of the apparent
mode linewidths, as this effect would be absent at
low temperatures where the thermal fluctuations are
reduced [45]. For pulsed measurements the noise
contribution is (Aw?, ) /g3 > 3.8 x 10% which is a factor
of ~ 2.5 better than for off-resonance and low power
configurations. We remark that the results presented
in this section correspond to a device for which the
disorder induced by the fabrication is exceptionally
low. In this circumstance, there is a clear benefit for
pulsing experiments since the figure of merit goes to
zero for degenerate modes.

We conclude that by using a second laser that
serves as a coupling laser, the noise contribution for
pulsed measurements can be in principle brought to
a value that is lower than for the notched structures.
We do note that for quantum-limited operation, the
influence of that coupling laser in terms of radiation
pressure shot noise fluctuations and heating through
absorption should be considered carefully.

8. Conclusion

We reported a mechanical design strategy that
produces mechanical mode symmetries robust against
imperfections. Our method is inspired by perturbation
theory, which suggests that mechanical spectral control
can be used to minimize the symmetry breaking that
is due to fabrication disorder. The goal of this
strategy is to minimize the detrimental effects due to
the presence of a spurious mode in optomechanical
measurements. ~ We defined figures of merit for
continuous and pulsed measurement schemes, that take
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into account both the values of the optomechanical
coupling strength of the different modes and their
frequencies. We implemented the reported strategy
in practical realizations of sliced nanobeam cavities,
through mechanical notched design and through
coupling via radiation pressure. By experimentally
evaluating the figures of merit, we conclude that the
strategy is expected to greatly mitigate spurious mode
noise in continuous measurement, and moderately for
pulsed ones. This design strategy can be adapted to
generic optomechanical systems.
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Appendix A. Noise in continuous
measurements induced by a spurious mode

The spectral density of optical frequency fluctuations
Sww () is related to the displacement spectral densities
Sz, () of one or more mechanical degrees of freedom
labeled by index 7. In the case of two uncorrelated
mechanical modes (i = 1,2)

Sww(Q) = G%Sazlan (Q) + Ggsmzmz (Q) (A-l)

The response of resonator ¢ to a driving force
F; is described by the susceptibility x;(£2), such that
x; () = x: (Q)F;(Q) where

Q) — 1

XZ( ) B ml(QZQ - QQ) — zm1FZQ7
with m; the mass of the mechanical oscillator and I';
the linewidth. This means that the power spectral
densities of force and displacement are related through
See. () = |xi(Q)[> Sp,p,. This allows prediction of
the displacement spectral density due to an external
fluctuating force described by Sg,r,. The resulting
optical frequency spectral density is thus

Suw() = G5 1 () S ry + G3 [x2()) Sk, (AL3)

where numbers in subscripts refer again to the
two mechanical modes whose contributions can be
described independently.

We consider here the frequency noise due to the
thermally driven mechanical mode ¢ = 1, caused by
the thermal Langevin force with fluctuations Sp p, =
2I'ym kT, where kg is the Boltzmann constant and

(A.2)

T the bath temperature. The cavity frequency noise it
induces has spectral density

Sgi}l<Q) = G% |X1 (S-Z)‘2 SF1F1
_ Al1kpTgt 0
T h (203241302

where we used (A.2) and ¢? = G2h/(2m1$1).

To define a figure of merit, we consider the noise
S1(Qy) due to the spurious mode as a background
to the measurement of the mode of interest (i = 2) at
frequency €25. We quantify this background in units
of the spectral density S?P'2 = 2¢2 /Ty of the cavity
fluctuations related to the zero-point fluctuations of
mode 2. Normalizing the spurious noise to the level of
mechanical quantum fluctuations has broad relevance
to quantum measurement, e.g. if the goal is to
characterize the quantum state of resonator 2 or if one
wants to cool it to the ground state through feeding
back a measurement record. The figure of merit thus
reads

(A.4)

Sth,l k/’BT 92 Ql
“@ Q) = 2T To 7% . (A5
s @) =25 Dl ey ()
Defining AQ2 = Qs — Q; and assuming that

the mechanical modes are spaced by more than their
linewidths (T'; < {21, AQ}), the figure of merit can
be approximated by

Sth’l kBT g% Ql

9@ =2 I'Iy= . A6
G7PE.2 o2 AQZ(AQ 420 )2 (A4.6)
References

[1] Aspelmeyer M, Kippenberg T J and Marquardt F 2014 Rev.
Mod. Phys. 86 1391-1452

[2] Degen C L, Reinhard F and Cappellaro P 2017 Rev. Mod.
Phys. 89 1-39 (Preprint 1611.02427)

[3] Abbott B P, Abbott R, Abbott T D and Others A 2016
Phys. Rev. Lett. 116 061102

[4] Krause A G, Winger M, Blasius T D, Lin Q and Painter O
2012 Nat. Phot. 6 T68-772

[5] Simonsen A, Saarinen S A, Sanchez J D, Ardenkjeer-Larsen
J H, Schliesser A and Polzik E S 2019 Opt. Exp. 27 18561

[6] Ghosh S, Carney D, Shawhan P and Taylor J M 2020 Phys.
Rev. A 102 23525 (Preprint 1910.11892)

[7] Westerveld W J, Mahmud-Ul-Hasan M, Shnaiderman R,
Ntziachristos V, Rottenberg X, Severi S and Rochus V
2021 Nat. Phot.

[8] Bemani F, Cernotik O, Ruppert L, Vitali D and Filip R
2021 1-12 (Preprint 2106.11199)

[9] Maslennikov G, Ding S, Habliitzel R, Gan J, Roulet A,
Nimmrichter S, Dai J, Scarani V and Matsukevich D 2019
Nat. Comm. 10 (Preprint 1702.08672)

[10] Serra-Garcia M, Foehr A, Molerén M, Lydon J, Chong C
and Daraio C 2016 Phys. Rev. Lett. 117 1-6

[11] Mari A, Farace A and Giovannetti V 2015 Journal of
Physics B: Atomic, Molecular and Optical Physics 48
1-10 (Preprint 1407 .8364)

[12] Fernandez-Alcazar L J, Kononchuk R and Kottos T 2021
Communications Physics 4 1-9

[13] Riedinger R, Wallucks A, Marinkovi¢ I, Loschnauer C,
Aspelmeyer M, Hong S and Groblacher S 2018 Nature
556 473-477 (Preprint 1710.11147)



Nanomechanical Design Strategy for Single-Mode Optomechanical Measurement 12

[14]

[15]

[16]
[17]

(18]

[19]
[20]

21]

[22]
23]

[24]

25]

[26]

27]

28]

[29]
[30]
31]

32]

133]
[34]
[35]
[36]
[37]

[38]
[39]

[40]

[41]

[42]

Kotler S, Peterson G A, Shojaee E, Lecocq F, Cicak K,
Kwiatkowski A, Geller S, Glancy S, Knill E, Simmonds
R W, Aumentado J and Teufel J D 2021 Science 372
622-625

Mercier de Lépinay L, Ockeloen-Korppi C F, Woolley M J
and Sillanpad M A 2021 Science (New York, N.Y.) 372
625-629 (Preprint 2009.12902)

Zhang J, Peng K and Braunstein S L. 2003 Phys. Rev. A 68
013808

Hill J T, Safavi-Naeini A H, Chan J and Painter O 2012
Nat. Comm. 8 (Preprint 1206.0704)

Riedinger R, Hong S, Norte R A, Slater J A, Shang J,
Krause A G, Anant V, Aspelmeyer M and Groblacher
S 2016 Nature 530 313-316 (Preprint 1512.05360)

Aspelmeyer M, Kippenberg T J and Marquardt F 2014 Rewv.
Mod. Phys.

Ananyeva A, Austin C, Barsotti L, Betzwieser J, Blair C D,
Brooks A F and Brown D D 2021 Science 372 1333-1336

Vanner M R, Pikovski I, Cole G D, Kim M S, Brukner
C, Hammerer K, Milburn G J and Aspelmeyer M 2011
PNAS 108 16182-7

Muhonen J T, La Gala G R, Leijssen R and Verhagen E
2019 Phys. Rev. Lett. 123 113601

Neveu P, Clarke J, Vanner M R and Verhagen E 2021 New
J. Phys. 23 (Preprint 2011.10289)

Wieczorek W, Hofer S G, Hoelscher-Obermaier J, Riedinger
R, Hammerer K and Aspelmeyer M 2015 Phys. Rev. Lett.
114 (Preprint 1505.01060)

Rodrigues C C, Kersul C M, Primo A G, Lipson M,
Alegre T P M and Wiederhecker G S 2021 Nature
Communications 1-9

Meng C, Brawley G A, Bennett J S, Vanner M R and
Bowen W P 2020 Phys. Rev. Lett. 125 43604 (Preprint
1911.06412)

Magrini L, Rosenzweig P, Bach C, Deutschmann-Olek A,
Hofer S G, Hong S, Kiesel N, Kugi A and Aspelmeyer M
2021 Nature 595 373-377

Tebbenjohanns F, Mattana M L, Rossi M, Frimmer M
and Novotny L 2021 Nature 595 378-382 (Preprint
2103.03853)

Pino H, Prat-Camps J, Sinha K, Venkatesh B P and
Romero-Isart O 2018 QST 3 025001

Chen Y 2013 J. Phys. B 46 104001

Beccari A, Visani D A, Fedorov S A, Bereyhi M J, Boureau
V, Engelsen N J and Kippenberg T J 2021 1-15 (Preprint
2107.02124)

Serra E, Borrielli A, Marin F, Marino F, Malossi N, Morana
B, Piergentili P, Prodi G A, Sarro P M, Vezio P, Vitali
D and Bonaldi M 2021 Journal of Applied Physics 130
064503

Hgj D, Wang F, Gao W, Hoff U B, Sigmund O and Andersen
U L 2021 1-8 (Preprint 2103.15601)

Wilson D J, Sudhir V, Piro N, Schilling R, Ghadimi A and
Kippenberg T J 2015 Nature 524 325-329

Rossi M, Mason D, Chen J, Tsaturyan Y and Schliesser A
2018 Nature 563 53—-58

Guo J, Norte R and Groblacher S 2019 Phys. Rev. Lett.
123 223602

Lai D G, Huang J, Hou B P, Nori F and Liao J Q 2021
Phys. Rev. A 103(6) 063509

Leijssen R and Verhagen E 2015 Sci. Rep. 5 15974

Safavi-Naeini A H, Groblacher S, Hill J T, Chan J,
Aspelmeyer M and Painter O 2013 Nature 500 185-189

Eichenfield M, Camacho R, Chan J, Vahala K J and Painter
O 2009 Nature 459 550-555

Piergentili P, Catalini L, Bawaj M, Zippilli S, Malossi N,
Natali R, Vitali D and Di Giuseppe G 2018 New J. Phys.
20 083024

Géartner C, Moura J P, Haaxman W, Norte R A and
Groblacher S 2018 Nano Lett. 18 7171-7175 (Preprint

1809.06372)

[43] One notes that the figure of merit derived assumes that
w2 > wi. a slightly different figure of merit should
be used for the other regime because of the fact that
the mechanical susceptibility is not symmetric around
resonance for large |dw|. such a fom could be defined
in a similar fashion following the calculation derived in
appendix.

[44] Cotrufo M, Verhagen E and Fiore A 2017 Control of
the electromagnetic field in a cavity by an external
perturbation Quantum Sensing and Nano Electronics
and Photonics XIV vol 10111 (International Society for
Optics and Photonics) p 1011128

[45] Leijssen R, La Gala G R, Freisem L, Muhonen J T and
Verhagen E 2017 Nat. Comm. 8 ncomms16024

[46] Shkarin A B, Flowers-Jacobs N E, Hoch S W, Kashkanova
A D, Deutsch C, Reichel J and Harris J G 2014 Phys.
Rev. Lett. 112 013602



