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Nonreciprocity means that the transmission of a signal depends on its direction of propagation.
Despite vastly different platforms and underlying working principles, the realisations of nonreciprocal
transport in linear, time-independent systems rely on Aharonov-Bohm interference among several
pathways and require breaking time-reversal symmetry. Here we extend the notion of nonreciproc-
ity to unidirectional bosonic transport in systems with a time-reversal symmetric Hamiltonian by
exploiting interference between beamsplitter (excitation preserving) and two-mode-squeezing (ex-
citation non-preserving) interactions. In contrast to standard nonreciprocity, this unidirectional
transport manifests when the mode quadratures are resolved with respect to an external reference
phase. Hence we dub this phenomenon quadrature nonreciprocity. First, we experimentally demon-
strate it in the minimal system of two coupled nanomechanical modes orchestrated by optomechan-
ical interactions. Next, we develop a theoretical framework to characterise the class of networks
exhibiting quadrature nonreciprocity based on features of their particle-hole graphs. In addition to
unidirectionality, these networks can exhibit an even-odd pairing between collective quadratures,
which we confirm experimentally in a four-mode system, and an exponential end-to-end gain in the
case of arrays of cavities. Our work opens up new avenues for signal routing and quantum-limited
amplification in bosonic systems.

In nonreciprocal systems, e.g. isolators, the transmis-
sion varies when interchanging input and output, in an
ideal case from unity to zero [1–4]. Nonreciprocity is
a resource for many applications, including sensing [5],
constructing bosonic networks with general routing ca-5

pabilities [6], and realising topological phases [7]. Com-
plemented with gain, nonreciprocity amplifies weak sig-
nals while protecting the source against noise, making it
ideal for quantum information processing applications [8].
Magnetic-free isolators and directional amplifiers have10

been proposed based on parametric modulation [3, 9, 10],
interfering parametric processes [11, 12], and reservoir
engineering [13] and were experimentally demonstrated in
different platforms, e.g. superconducting circuits [14–16]
and optomechanical systems [17–24].15

In linear systems, achieving nonreciprocal response re-
lies on breaking time-reversal symmetry (TRS) in the
Hamiltonian by employing real or synthetic magnetic
fields and dissipation. The directionality in this stan-
dard kind of nonreciprocity (sNR) does not depend on20

the phase of the input signal. In this work we extend
the notion of nonreciprocity in linear bosonic systems
by identifying a class of systems that show a kind of
unidirectional signal transmission, positioned between re-
ciprocal and standard nonreciprocal transmission, whose25

(uni)directionality depends on the phase of the input
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signal. We dub the defining property of this class quadra-
ture nonreciprocity (qNR), as it can be revealed when
resolving the signal into its quadrature components. In
contrast to sNR, a qNR Hamiltonian does not break TRS,30

but achieves unidirectional transport by interfering beam-
splitter (excitation-preserving) and two-mode squeezing
(excitation non-preserving) interactions. It does not re-
quire strong Kerr nonlinearity [3, 25, 26] or spin-polarized
emitters [27, 28]. We report experimental realisations35

using an optomechanical network and construct a com-
prehensive theoretical framework exposing an entire class
of qNR systems with exciting properties, including an
even-odd pairing between collective quadratures and ex-
ponential end-to-end gain in resonator chains. Our work40

introduces systematic tools to treat unidirectional phase-
sensitive transport in bosonic lattice, which have recently
sparked interest in connection with bosonic analogues
of the Kitaev chain [29–31]. It further opens the door
to studying exotic phenomena in these models, such as45

multi-mode entanglement [29] and non-Hermitian topol-
ogy [32]. From the point of view of applications, the
concept of qNR opens up new avenues for signal routing
and amplification.

Defining quadrature nonreciprocity (qNR)50

We consider a network of N driven-dissipative bosonic
modes. Their steady-state response to a coherent probe
follows from the Heisenberg-Langevin equations of motion
q̇ = Mq − √

γqin for the field quadratures xj ≡ (aj +
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FIG. 1. Quadrature nonreciprocity (qNR) vs. standard nonreciprocity (sNR) vs. reciprocal transport. Coupled-
mode diagrams for three systems that feature distinct forms of transport, realized in an experiment with mechanical modes
a1,2 (equal decay rate γ = 2π × 3.7 kHz) subject to optomechanically-mediated beamsplitter (BS, strength J) and two-mode
squeezing (TMS, strength λ) interactions. Panel (a) includes a sketch of the spatial profiles for the mechanical modes coupled
to the experimental optical nanocavity. Coherent excitation along quadratures (red) rotated by ϕ from the reference gauge
(black) is sketched (first row). Corresponding measured susceptibility matrix amplitudes evolve differently with ϕ (middle row).
Nonreciprocity manifests in an asymmetric modulus of the susceptibility matrix |χ| ≠ |χ|T. The behaviour of the elements
within the green and blue boxes shows whether reciprocity can be tuned by the incoming quadrature angle (bottom row).
(a) Two modes interact through BS and TMS of equal strength (J = λ = γ/4), showing qNR. Nonreciprocity vanishes for
ϕ = π/4. Furthermore, setting ϕ = π/2 inverts the transmission direction. (b) An auxiliary mechanical mode a3 (decay rate
γ′ = 2π × 1.3 kHz) is coupled to a1,2 through BS interactions of strength J ′ =

√
γγ′/2, providing a coupling between a1 and a2

via a3 that can interfere with the direct coupling J = γ/2. SNR requires the breaking of TRS – realized by picking a non-trivial
phase θ = π/2 along both paths, akin to a synthetic flux – so that the susceptibility matrix is nonreciprocal for all ϕ. Regardless
of the hierarchy of loss rates γ ≶ γ′, perfect isolation can be attained (Supplementary Information Sec. IB). (c) Reciprocal
transport between two modes coupled only through BS (J = γ/2) is characterised by a symmetric susceptibility matrix for any
phase ϕ. Error bars are obtained by repeating the measurement sweep 10 times and represent the statistical ±2σ spread around
the average value.

a†j)/
√
2 and pj ≡ −i(aj − a†j)/

√
2, where aj denotes the55

annihilation operator for the bosonic mode j ∈ (1, · · · , N),
M the dynamical matrix and γ the damping rate. We
use the vector notation q ≡ (x1, p1, · · · , xN , pN )T for the
system’s quadratures and similarly qin for the quadrature
inputs. We assume that each mode dissipates only via60

coupling to the input-output port, although our analysis
extends to general temporal coupled-mode theory [19, 33].
The scattering matrix S(ω) connects input qin and output
quadratures qout with frequency ω, satisfying the input-
output boundary conditions qout = qin +

√
γq [34, 35].65

Namely,

S(ω) ≡ 1 + γ(iω1 +M)−1 ≡ 1 + γχ(ω), (1)

with the susceptibility matrix χ(ω) ≡ (iω1 +M)−1. We
will from now on consider resonant driving (ω = 0 in a
frame rotating at the mode frequencies) and write χ ≡
χ(0), S ≡ S(0) for brevity.70

Let us consider a rotation of each quadrature pair

{xj , pj} with respect to some external phase reference,
see Fig. 1 (a) inset, namely(
xj(ϕj)
pj(ϕj)

)
=

(
cosϕj sinϕj
− sinϕj cosϕj

)(
xj(0)
pj(0)

)
≡ R(ϕj)

(
xj(0)
pj(0)

)
.

(2)

Equation (2) can be understood as a U(1) gauge transfor-
mation in the mode basis {aj , a†j} [15, 20] (Supplementary75

Information Sec. IIA). The susceptibility matrix χ trans-
forms as

χϕ ≡ U(ϕj)χU
T(ϕj), (3)

where we introduced U(ϕj) ≡ ⊕N
j=1R(ϕj).

Nonreciprocity is typically defined by asymmetric trans-
mission amplitudes [1, 3]. We adopt this notion in a gener-80

alised sense, with signals split into their x, p quadratures,
meaning |S|T ̸= |S| for Eq. (1) or, equivalently, |χ|T ̸= |χ|
(|· · ·| denotes taking the element-wise modulus). We say a
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system exhibits quadrature nonreciprocity (qNR) if there
exist at least two different sets of local gauges ϕ(1,2)j corre-85

sponding to a nonreciprocal and reciprocal susceptibility
matrix, respectively. Mathematically, this implies a pair
of rotations U1,2 ≡ ⊕N

j=1R(ϕ
(1,2)
j ) such that

|U1χU
T
1 |T ̸= |U1χU

T
1 | and |U2χU

T
2 |T = |U2χU

T
2 |. (4)

qNR dimer: the simplest qNR system

We now introduce the minimal system displaying qNR:90

the parametrically-driven dimer shown in Fig. 1 (a). It
comprises two modes a1,2 coupled via beamsplitter (BS)
coupling of strength J and two-mode-squeezing (TMS)
coupling of strength λ. In a frame rotating at the mode
frequencies, the Hamiltonian reads95

H = Ja†1a2 + λa†1a
†
2 +H.c. (5)

corresponding to the most general bi-linear coupling.
As we explain below, we implement these couplings be-
tween mechanical resonators through a time-modulated
optical spring. For J = λ, we recover the well-known
position-position coupling, which has been extensively100

studied, e.g. for implementing quantum non-demolition
measurements [36, 37] or generating squeezing and entan-
glement [38]. Moreover, this Hamiltonian was also intro-
duced as bi-directional phase-sensitive amplifier in [39]
which was implemented in a superconducting circuit and105

used for qubit readout [40], and considered as starting
point for nonreciprocity with broken time-reversal sym-
metry in [13].

As we now show, this coupling has important impact in
the context of nonreciprocal signal transduction. Eq. (5)110

gives the following equations of motion for the quadratures

ẋ1 = −γ
2
x1 + (J − λ)p2 −

√
γx1,in,

ṗ1 = −γ
2
p1 − (J + λ)x2 −

√
γp1,in,

ẋ2 = −γ
2
x2 + (J − λ)p1 −

√
γx2,in,

ṗ2 = −γ
2
p2 − (J + λ)x1 −

√
γp2,in, (6)

from which we can see that the quadratures can decouple,
due to the fact that BS and TMS couplings enter with
opposite sign. In particular, setting J = λ in Eq. (6) leads
to perfect decoupling between ẋ1 (ẋ2) and p2 (p1), while115

ṗ2 (ṗ1) still couples to x1 (x2), in a way which is formally
equivalent to a cascaded quantum system [41, 42]. This
is also reflected in the susceptibility matrix

χ =


− 2

γ 0 0 0

0 − 2
γ

8J
γ2 0

0 0 − 2
γ 0

8J
γ2 0 0 − 2

γ

 . (7)

We interpret this property by saying that a signal encoded
in quadrature x1 can propagate from mode 1 to 2, emerg-120

ing as p2, while the reverse transduction, i.e., p2 → x1
does not take place. When J = λ > γ/4, we further have
Sx2→p1 = γχx2→p1 > 1, which signifies phase-sensitive
amplification.

To demonstrate this unidirectional transport between125

quadratures, we implement Hamiltonian (5) in a sliced
photonic crystal nanobeam – a nano-optomechanical net-
work where multiple non-degenerate, MHz-frequency flex-
ural mechanical modes are coupled to a single broad-band,
telecom-frequency optical mode via radiation pressure.130

Two mechanical modes with equal linewidth γ serve as res-
onators aj , with effective interactions enabled via the cav-
ity by temporally modulated optical driving of a detuned
laser. Specifically, BS (TMS) coupling is stimulated by
modulating the intensity of the drive laser at the mechan-135

ical frequency difference (sum) [43], allowing control over
both strength and phase of the interaction through depth
and phase of the modulation tone, respectively (Methods).
This particular protocol for parametric coupling between
mechanical modes operates in the bad-cavity limit κ≫ ωj140

and at large optical detuning ∆ = −κ/(2
√
3), with κ the

cavity linewidth. Under these conditions, mechanical dis-
placement modifies the intracavity photon number instan-
taneously on mechanical timescales. Through suitable
drive laser intensity modulation, additional sidebands145

are created in the optical force that are mutually reso-
nant between selected resonators (Methods). In effect,
this protocol can implement arbitrary quadratic bosonic
Hamiltonians for mechanical resonators [44].

In addition, the optomechanical interaction allows opti-150

cal read-out of the nanobeam displacement, as imprinted
on the intensity of a spectrally-resolved probe laser re-
flected from the cavity. The detected displacement signal
h(t) = k1z1(t) + k2z2(t) + . . . contains a superposition of
the resonator coordinates zj(t), transduced with strengths155

kj , which can be resolved in frequency as the resonators’
frequency separation greatly exceeds their linewidths.

In our measurements, we define (electronic) local oscil-
lators (LOs) at the resonator frequencies ωj that demod-
ulate – in parallel – the displacement signal, to obtain160

the amplitude envelope |aj(t)| and relative phase φj(t) of
each resonator’s harmonic motion zj(t) = |aj(t)| cos(ωjt+
φj(t)). In effect, the LOs define a rotating frame of ref-
erence in which the resonator dynamics can be tracked
by a complex amplitude ⟨aj⟩ = |aj |eiφj , or equivalently165

by the quadrature amplitudes ⟨xj⟩ =
√
2Re(⟨aj⟩) and

⟨pj⟩ =
√
2 Im(⟨aj⟩). Finally, signals to drive the resonator

quadratures coherently through radiation pressure are de-
rived from the same LOs, turning our experiment into a
lock-in measurement. A sketch of the set-up is shown in170

Extended Data Fig. 2.
To connect the unidirectional response of Eq. (7) to the

definition of qNR (4), we need to study how the dimer
transforms under a change of gauge. We measure the
dimer’s quadrature-resolved response, when performing175

the gauge transformation in Eq. (3) (see Fig. 1 (a) inset).
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This is experimentally achieved by referring both the
interaction tones and LOs to a common time origin and
subsequently adding a phase offset ϕ to the LOs, rotating
the quadratures they define. Note that even though the180

frequencies of LOs (ω1,2) and interaction tones (ω1 ± ω2)
are all distinct, the fact that the latter signals can be
derived from the former through mixing leads to a well-
defined relation between the LO and interaction phases
(Methods).185

For different phases ϕ, we independently reconstruct
the susceptibility matrix (3) for J = λ in Fig. 1 (a).
For the full expression of (3) we refer to Supplementary
Information Sec. I.A, here we focus on the matrix elements
shown in the bottom row of Fig. 1, namely190

χx1→p2
=

8J cos2(ϕ)

γ2
, (8)

χp2→x1 = −8J sin2(ϕ)

γ2
. (9)

It is clear that nonreciprocity only reveals itself in
particular rotated quadratures. While maximal nonre-
ciprocity is obtained for ϕ = 0, as in Eq. (7), a gauge
transformation reduces the ‘contrast’ of the nonreciprocity
until, at ϕ = π/4, the transport is completely reciprocal,195

i.e., χx1→p2 = χp2→x1 = 4J/γ2, and in fact |χ|T = |χ|.
This confirms that the dimer is indeed a qNR system, as
per our definition (4). Further increasing ϕ swaps the di-
rection of nonreciprocity, a1 ↔ a2, with complete reversal
at ϕ = π

2 , when χx1→p2 = 0, χp2→x1 = 8J/γ2.200

In the qNR dimer, the cancellation at ϕ = π/4 and
the reversal of directionality fundamentally stems from
TRS. We identify a system’s TRS from its Hamiltonian,
i.e. its dynamics in absence of local dissipation or gain.
This is motivated by the fact that dissipation or gain by205

themselves, while breaking TRS in a ‘trivial’ way, cannot
induce nonreciprocal behaviour. In Supplementary Infor-
mation Sec. IIB-D we demonstrate that TRS implies the
constraints |χxj→xℓ

| = |χpℓ→pj |, |χxj→pℓ
| = |χxℓ→pj | for

any gauges ϕj and reciprocity for at least one set of gauges.210

This is strikingly different from a system that breaks TRS,
such as the isolator of Ref. [13]. In Fig. 1 (b) we show
the measured susceptibility matrix for the ‘sNR isolator’,
which is implemented in our optomechanical system from
two equal-linewidth mechanical modes a1 and a2, coupled215

directly via a BS interaction of strength J while an auxil-
iary lower-order mechanical mode a3 is introduced and
coupled to both a1 and a2 with BS strength J ′. Contrary
to the qNR dimer, here isolation is enabled by a U(1)
gauge-invariant flux θ, the relative phase between the cou-220

plings J , J ′ as shown in Fig. 1 (b). Since nonreciprocity
is controlled by the TRS-breaking flux, it is independent
of local rotations in phase space by ϕ, as reflected by the
phase-independent susceptibility matrices in Fig. 1 (b)
(|χx1→x2

|2 = |χp1→p2
|2 = 1, |χx2→x1

|2 = |χp2→p1
|2 = 0).225

For reference, we also contrast both notions of non-
reciprocity against a reciprocal system. We display in
Fig. 1 (c) the susceptibility matrix measured for two
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FIG. 2. Time-reversal symmetry and qNR. The coupled-
mode diagrams (left column) of the systems studied in Fig. 1
are expanded using a general graph representation of quadratic
Hamiltonians (middle column). Operators aj , aℓ, a†j , a

†
ℓ , anni-

hilating ‘particles’ and ‘holes’ respectively, that are coupled in
the equations of motions are connected through a line. (a) If
the graph forms a double loop as is the case for the qNR
dimer, TRS is always preserved. (b) If the resulting graph
decomposes into two loops as for the sNR isolator, TRS can
be broken by a gauge invariant phase, enabling sNR. (c) When
the graph displays no loops as is the case for the trivial BS
dimer, TRS is always preserved. The spectral density of the
thermal fluctuations in mode a1 serves as an experimental
signature of TRS (right column). In a gauge where all other
interactions are real, we vary the phase ψ of the BS coupling
between a1 and a2. For (a) and (c), this does not affect the
system’s eigenfrequencies, given by the real part of the dynam-
ical matrix’ eigenvalues (white lines), while for (b) it signals
TRS breaking. Experimental parameters are identical to those
used in Fig. 1.

beamsplitter-coupled modes, which is completely recipro-
cal (|χ|T = |χ|) and gauge-invariant (χϕ = χ).230

Time-reversal symmetry and qNR

The results above point to the fact that preserving
TRS in the Hamiltonian is a key element, which sets qNR
apart from sNR. A time-reversal symmetric Hamiltonian
imposes certain symmetries on the dynamical matrix that235

underlie the unique transformation properties of a qNR
susceptibility matrix. This motivates us to provide a
general characterisation of TRS Hamiltonians in bosonic
networks. TRS means that there exists a U(1) transfor-
mation240

aj → eiϕjaj , (10)

that renders the coefficients in the Hamiltonian real [45].
In concrete experiments, that realise the Hamiltonian
terms through parametric driving, finding the phases ϕj
in Eq. (10) that lead to a real Hamiltonian is equivalent
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to making the time-dependent parametric drives sym-245

metric in time (t → −t). As we see here, even though
there is one gauge in which the drive is symmetric in
time, systems with phase-dependent transmission can
feature unidirectional transmission. While TRS is often
associated with reciprocity [3], TRS only requires |χ| to250

be symmetric for one set of phases ϕ(0)j in Eq. (10), see
Supplementary Information Sec. II.B. Indeed, in qNR
systems, reciprocity only occurs when ϕj = ϕ

(0)
j (in the

qNR dimer, ϕ(0)j = ϕ(0) = π/4, 3π/4) and nonreciprocity
occurs for all ϕj ̸= ϕ(0). This feature, which to the best of255

our knowledge has not been recognised before, positions
qNR precisely between reciprocity and gauge-independent
sNR.

We develop a criterion to identify TRS for arbitrary
quadratic bosonic Hamiltonians, based on the graph rep-260

resentation of the Hamiltonian matrix in the field basis,
inspired by Bogoliubov-de-Gennes theory [44], see Supple-
mentary Information II.B. We associate the Hamiltonian
matrix with a graph in which the ladder operators aj—
annihilating ‘particle’ excitations—and a†j—annihilating265

‘hole’ excitations—are represented as vertices and the
interactions as edges, i.e., connecting aj to aℓ (and a†j
to a†ℓ) for BS between sites j, ℓ and aj to a†ℓ (and a†j
to aℓ) for TMS. The graph representations of the three
systems of Fig. 1 display manifestly different structures270

(Fig. 2), leading to a general criterion for TRS (Supple-
mentary Information Sec. III). The graph of the qNR
dimer, Fig. 2 (a), connects all vertices in a double loop
visiting each site twice. Such double loops guarantee TRS
for arbitrary, complex, coupling constants. In contrast,275

the graph of the sNR isolator, Fig. 2 (b), decomposes
into two disjoint loops. This structure allows to break
TRS through a non-vanishing relative phase between the
coupling constants. The BS dimer, Fig. 2 (c), displays no
loops and trivially preserves TRS.280

The different graph structures, which embody the be-
haviour under time reversal, are catalogued in general by
a Z2 invariant, which we call loop product P. To define
such a quantity, we consider the particle-hole graph for
a general loop with BS and TMS interactions. Then by285

multiplying by (−1) for a line crossing (TMS coupling)
and (+1) for an uncrossed pair of lines (BS couplings), the
loop product P distinguishes between an even (disjoint
loops) and odd number (double loop) of line crossings

P ≡ (−1)nTMS(+1)nBS =

{
−1 : double loop (TRS)
+1 : disjoint loops

,

(11)

with nBS the number of BS couplings and nTMS the num-290

ber of TMS couplings. Eq. (11) indicates that the only
requirement for TRS in a general loop is an odd number of
TMS couplings, i.e. their position in the loop is irrelevant.

Complementing our graph-based theoretical criterion
above, the experimental response of a system to incoherent295

excitation serves as a signature of a TRS Hamiltonian [44]

as nontrivial fluxes manifest in the eigenfrequencies (Fig. 2
(right column)). We choose a gauge in which all interac-
tions are real, except for the BS coupling between modes
a1 and a2 present in all three systems studied so far, whose300

phase ψ we vary. Thermal fluctuations drive stochasti-
cally all mechanical quadratures homogeneously and lead
to a power spectrum insensitive to ψ if there is a gauge
transformation (10) that removes this BS phase. In our
experiment this indicates the TRS of the qNR (Fig. 2 (a))305

and BS Hamiltonians (Fig. 2 (c)). Conversely, if the
eigenfrequencies tune with ψ, such a gauge transforma-
tion cannot exist, marking the broken TRS of the sNR
isolator (Fig. 2 (b)).

Finally, we stress another consequence of TRS, already310

visible in the dimer (see Eq. (9)), i.e., that quadratures
travel in pairs in opposite directions. In fact, the trans-
duction xj → pℓ is accompanied by xℓ → pj with equal
transmission in the opposite direction, e.g., in Eq. (7),
|χxj→pℓ

|2 = |χxℓ→pj |2, see the Supplementary Informa-315

tion Sec. IIC-D for the proof. This requirement of counter-
propagating pairs of quadratures is reminiscent of other
TRS systems, such as quantum spin Hall systems [7, 46].

Constructing qNR ring networks

We now take inspiration from the particle-hole graphs320

and look for qNR in TRS-preserving N -mode ring net-
works (P = −1), dubbed ‘N -rings’ from now on. To
obtain a ring with qNR transmission, a TRS Hamil-
tonian is only necessary, not sufficient. We also have
to guarantee that BS and TMS couplings can interfere.325

The particle-hole representation allows a reinterpretation
of the quadrature decoupling condition discussed along
with Eq. (6) as constructive and destructive interference
between particle-conserving and particle non-conserving
processes. This condition brings us to the necessary and330

sufficient criterion for qNR. Besides the odd number of
TMS couplings (Eq. (11)), achieving qNR requires that
the ring consists of an even number of modes. To under-
stand why, we take a closer look at the 4-mode ring with
a single TMS interaction (Fig. 3 (a)). The corresponding335

equations of motion for equal couplings (J = λ) read

ẋ1 = −J(p2 − p4)−
γ

2
x1 −

√
γx1,in

ṗ2 − ṗ4 = −γ
2
(p2 − p4)−

√
γ(p2,in − p4,in). (12)

The coupling to x1 vanishes in the second equation
for the collective quadrature (p2 − p4) due to the inter-
ference of BS and TMS couplings. Equations (12) have
a similar structure as those for the qNR dimer (6), the340

main difference being that x1 couples nonreciprocally to
the collective quadrature (p2 − p4) instead of to a local
quadrature. Analogously, x2 couples to (p1 − p3) nonre-
ciprocally. As a consequence, the dominant elements of
the susceptibility matrix are coupling (p1 − p3) to −x2345

and x4, as well as (p2 − p4) to −x1 and x3. This peculiar
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FIG. 3. qNR transmission in ring networks. (a) Graph representation of a ring with N modes, featuring a single TMS
interaction. The ring is closed by N − 1 BS interactions between the remaining modes. For arbitrary N the loop product
P = −1, indicating preservation of TRS. To obtain qNR transmission, N must be even. (b) A feature of qNR that only becomes
apparent for N > 2 is the pairing between collective quadratures of even and odd sites in the susceptibility matrix χ, shown
here in theory for J = λ = 2N · γ and ϕ = 0. (c) Susceptibility matrices |χ| for the N = 4 ring realized in experiment. We
equalize all resonator dampings to γ = 2π × 10 kHz using feedback (Methods) and set J = λ = 2π × 5 kHz, the largest λ that
permits a linear response to thermal noise in the experiment. For ϕ = 0, we obtain a nonreciprocal χ that shows collective
pairing, albeit with reduced contrast compared to (b). For ϕ = π/4, χ is reciprocal, showing the qNR of transmission of the
ring. (d) Susceptibility matrices in the basis of even and odd collective quadratures show their pairing for ϕ = 0, when χ is
block-diagonal. Similarly, reciprocal susceptibility is obtained for ϕ = π/4. (e,f) The values of selected susceptibility matrix
elements (e: resonator basis; dashed boxes in c, f: collective basis; dashed boxes in d) show continuous tuning as function
of quadrature angle ϕ, in theory (solid line) and experiment (circles). Even in theory, the isolation for ϕ = 0, π/2, π in the
resonator basis (e) is not perfect, whereas in the collective basis (f) it is. Error bars are obtained by repeating the measurement
sweep 10 times and represent the statistical ±2σ spread around the average value.

non-local pairing between even and odd quadratures is
shown in Fig. 3 (b) for a 4-ring and carries over to larger
N -rings with even N , independent of system size. The
pairing is only possible if N is even, since it requires an350

equal number of quadratures on even and odd sites, re-
spectively. We rigorously derive this condition using the
particle-hole graphs and a reduction technique detailed
in Supplementary Information Sec. IV.

We implement the 4-ring shown in Fig. 3 (a) experimen-355

tally. The measured susceptibility matrix in the resonator
quadrature basis, (Fig. 3 (c)) illustrates its nonreciprocal
response for ϕ = 0, while the nonreciprocity vanishes com-
pletely for ϕ = π/4, establishing qNR in this system. For
maximum nonreciprocity (ϕ = 0), the largest magnitude360

entries of the susceptibility matrix instantiates the non-
local coupling structure between quadratures of even and
odd sites. This susceptibility matrix structure is trans-
parent in the basis of collective quadratures (Fig. 3 (d)),
where χ is, in fact, block-diagonal for ϕ = 0. We note365

that in this basis the nonreciprocal isolation is perfect
in theory (Fig. 3f), whereas in the local basis it is not
(Fig. 3e).

Towards qNR lattices

Going one step further, we use qNR rings as building370

blocks for constructing qNR lattices. It follows from
Supplementary Information Sec. IIC and IV that if a
lattice overall preserves TRS and contains at least one
qNR ring, it is itself qNR.

Of particular interest are translational-invariant chains375

of qNR N -rings, which can combine qNR transmission
with non-Hermitian topology [32]. One such example
is given by the bosonic Kitaev chain of Ref. [29], which
corresponds to a 2-ring chain with a specific choice of
inter-ring coupling phases and is indeed a qNR system.380

Thanks to our particle-hole graph framework, we can now
consider more complex scenarios. As an example, we take
a chain of qNR 4-rings connected through BS interactions.
In Figs. 4 (a) and (b), we show the simulated steady-state
field quadratures for this qNR lattice for ϕ = 0, given a385

quadrature-resolved input at different sites. Nonreciprocal
transmission is clearly visible, while changing the gauge
to ϕ = π/4 (not shown), leads to complete reciprocity,
i.e., we recover the characteristic feature of qNR, Eq. (4).
The pairing we characterised in the previous sections also390

manifests: an input at the p1,1 quadrature (in which the
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FIG. 4. Steady-state response of a qNR chain. Stagger-
ing qNR rings with BS links to form a chain, we obtain a qNR
system for which the largest steady-state response is at the
opposite end. We show the numerically calculated steady-state
field quadratures ⟨xj,l⟩/(2

√
γ⟨xss;j,l⟩), ⟨pj,l⟩/(2

√
γ⟨pss;j,l⟩) (of

the site in row j, column ℓ) for (a)-(b) a 4-ring qNR chain
driven at the (a) first and (b) last site; and (c) a 12-ring qNR
chain. The pairing is clearly visible in the steady state response.
(d) End-to-end gain for 4-ring (blue), 8-ring (red) and 12-ring
(green) chains and J = λ = 4γ. The gain grows exponentially
across the system and with system size. (e) Suggested non-
Hermitian topological invariant exploiting the Block-diagonal
form of the Fourier-transformed dynamical matrix with blocks
M1,2(k) (Methods).

indices stand for row and column in the array), Fig. 4 (a),
procures the largest steady-state response at two sites at
the opposite end of the chain. The pairing is evidenced in
larger qNR ring sizes, in which the steady-state response395

of an 8-ring chain is most prominent in every second site
of the last plaquette shaping a zig-zag line (Fig. 4 (c)).

In this system, qNR is accompanied by amplification
with the end-to-end gain growing exponentially with the
chain length, see Fig. 4 (d). This generalises the phase-400

dependent directional amplification predicted in a bosonic
Kitaev chain [29]. Directional amplification with expo-
nential end-to-end gain has been identified as proxy of
non-trivial topology [32, 47]. Based on previous results
for 2-ring chains, we conjecture a connection with a non-405

trivial non-Hermitian winding number, calculated from

the determinant of the non-Hermitian matrix [48], the
dynamical matrix in our case (Methods). In Fig. 4 (e),
we plot the determinant of each of the diagonal blocks of
the Bloch-matrix (each of the blocks accounts for a set of410

collective quadratures, see Fig. 4 (e)) for the 4-ring qNR
chain of Fig. 4 (a) under periodic boundary conditions.
We find that the determinant of each of these blocks can
be assigned a non-trivial winding number which equals
in magnitude and differs in sign corresponding to the two415

directions of directional end-to-end gain. The opposite
winding sense of these two matrix blocks is an expression
of the TRS Hamiltonian.

Outlook

In conclusion, we introduced the novel phenomenon of420

quadrature nonreciprocity (qNR). In contrast to standard
nonreciprocity, qNR does not break time-reversal symme-
try in the Hamiltonian and presents a characteristic gauge
dependence. We identified the set of bosonic networks
that display qNR and reported the first experimental425

realisations.

Our results point to a close connection of qNR with the
existence of QND variables and with back-action evading
(BAE) measurements [36, 37]. Indeed, our characterisa-
tion of qNR simultaneously provides a powerful recipe430

to design systems with collective QND variables. In this
context, exploring the noise properties of the qNR net-
works we introduced will also be interesting. As they rely
on interference between coherent interactions, without
necessity of dissipation, we can expect quantum-limited435

performance on suitable platforms [49]. Future qNR de-
vices may play a part in quantum applications, such as
efficient, noiseless sensors, quantum information routers
and the generation and measurement of non-classical
states, including entangled states [29, 35, 50, 51]. In-440

deed, while we demonstrated the concept in the domain
of nanomechanics, it could find application in e.g. classi-
cal electrical circuits [52], acoustics [53], superconducting
circuits [14–16], and spin ensembles [54].

Going forward, we envision the construction of lattices445

from qNR rings which inherit the qNR properties similar
to those of Fig. 4 demonstrating the generality of our
framework and relevance for other domains such as non-
Hermitian topology. In the optomechanical realm, real
and synthetic dimensions offer scaling potential, e.g. by450

assembling multiple nanobeams [43] or by addressing
higher-order overtones. Moreover, it will be interesting
to explore qNR Hamiltonians with other platforms that
already demonstrated larger lattice sizes, such as Ref. [55].
Our research opens new avenues for exploring qNR lattices455

and networks in which new topological phenomena may
emerge similar to the quantum spin Hall effect [7, 46].
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METHODS

Linear response and interference of beamsplitter and
squeezing interactions

A general quadratic, bosonic Hamiltonian can be writ-475

ten in the field basis of creation and annihilation modes,
namely {ai, a†i}, as

H =
∑
i,j

(
a†iAijaj +

1

2
(a†iBija

†
j + aiB∗

ijaj)

)
, (13)

where overall constant shifts have been removed. Here, the
matrix elements Aij = Jije

−iφij , Aji = A∗
ij of the Hermi-

tian hopping matrix A encode beamsplitter interactions480

that conserve the total number of excitations. Similarly,
we define the symmetric squeezing matrix B that encodes
the particle-non-conserving squeezing interactions in its
elements Bij = λije

iθij , Bji = Bij .
In the quadrature basis xj = (aj + a†j)/

√
2 and pj =485

i(a†j − aj)/
√
2, Eq. (13) reads

H =
∑
i,j

(
Tijpipj + Vijxixj + Uijxipj + UT

ijpixj
)
, (14)

where we define the effective potential matrices U =
Im(B − A), V = Re(A + B) and kinetic energy T =
Re(A−B) [56]. The corresponding Heisenberg equations
of motion read490 (

ẋj
ṗj

)
=

N∑
k=1

(
Ukjxk + Tjkpk
−Vjkxk − Ujkpk

)
−
(
γjxj
γjpj

)
. (15)

In our platform, quadratic Hamiltonians of the
form Eq. (13) are effectively conceived in a rotating frame
of reference that oscillates at the natural frequencies of
the resonators. As such, free energy terms ∝ a†iai are
absent, and the matrix elements for U, V, T read495

Vij , Tij =Jij cos(φij)± λij cos(θij),

Uij =λij sin(θij) + Jij sin(φij). (16)

These expressions show that matching interaction ampli-
tudes and complex interaction phases can lead to a can-
cellation of different contributions in Eq. (14), decoupling
quadratures from different resonators in the dynamics gov-
erned by Eq. (15), see Ref. [29, 30]. This is the case for500

λij = Jij and θij = φij = nπ/2, n ∈ Z, where T = V = 0.
This can be interpreted as destructive interference in the
particle-hole space, see Ref. [44] and main text.

From the coefficients in Eq. (15), we define the dy-
namical matrix M for the quadrature vector q =505

(x1, p1, . . . , xN , pN )T , as the matrix that fulfills q̇ =

Mq− f (q). Here f (q) is a column vector grouping driving
amplitudes for each quadrature. The quadrature response
to excitation is determined by the matrices U, V and T
through the susceptibility matrix510

χ(ω) = (iω1 +M)−1. (17)

On resonance (in the rotating frame, this is equivalent to
ω = 0), this matrix will present asymmetries if and only
if M is a nonzero asymmetric matrix. A more exhaus-
tive discussion is provided in Supplementary Information,
Sec. IIB.515

Device

The device, a suspended sliced photonic crystal
nanobeam hosting a telecom-frequency optical mode cou-
pled simultaneously to multiple non-degenerate flexural
mechanical modes, was used in a previous study [44],520

where details can be found on its design and fabrication.
For completeness, a micrograph along with the thermo-
mechanical spectrum of the device is shown in Extended
Data Fig. 1. The optical mode has a free-space wavelength
λ0 ≈ 1533.5 nm and linewidth κ ≈ 2π×320 GHz. The four525

mechanical modes (‘resonators’) we use have frequencies
ωj = 2π× 3–17 MHz, dissipation rates γj = 2π× 1–4 kHz
and photon-phonon coupling rates g0,j = 2π × 3–6 MHz.

Optically mediated mechanical interactions

The non-degenerate flexural nanobeam modes do not530

interact mechanically. However, by suitable modulation
of radiation pressure backaction, cavity light can mediate
controllable effective mechanical interactions [44, 57].

Our cavity operates in the unresolved sideband regime
or bad-cavity limit (ωj ≪ κ), such that external drives of535

the cavity field modulate the photon population nc instan-
taneously on mechanical timescales. Moreover, for the
optimal detuning ∆ = −κ/(2

√
3), mechanical displace-

ments maximally modulate nc and, in turn, the radiation
pressure force that acts back on the displacement. For540

a single resonator, such instantaneous optomechanical
backaction leads to the well-known optical spring effect
[58], namely an effective shift δωj = 2g2j∆/(∆

2 + κ2) in
the resonator’s frequency ωj 7→ ω̃j + δωj , where ω̃j is the
intrinsic mechanical frequency.545



9

5 µm

a b

1 2 3 4

EXTENDED DATA FIG. 1. Optomechanical device. (a) Scanning electron micrograph of a device as used in our experiments.
Three suspended beams are defined in the top silicon device layer (thickness 220 nm). The flexural motion of each pair of
adjacent beams is coupled to an optical resonance, hosted by a point defect in the sliced photonic crystal defined by the teeth.
In the presented experiments, we address only one of the cavities from free-space, at normal incidence, to drive and read out
the mechanical motion of a single beam pair. The inset shows a top view, revealing the narrow slit separating the beam pair.
More details can be found in [44]. (b) Spectrum of thermal fluctuations imprinted on the intensity of a read-out laser reflected
off the optical cavity. In this frequency range, four mechanical resonances can be identified, with the corresponding simulated
displacement profiles shown above. These mechanical modes serve as the resonators in the presented experiments.

In multimode systems, the cavity nc contains contribu-
tions for each resonator’s motion. For fixed drive laser
intensity, contributions from different resonators are mutu-
ally off-resonant and only each resonator’s self-backaction
(i.e. optical spring) is relevant. However, a modulation550

of the drive laser intensity can cause the motion of one
resonator to influence that of another one, by dynamically
modulating the ‘cross-resonator’ optical spring. In prac-
tice, a harmonic modulation of the drive laser intensity
with frequency ωm, depth cm and phase offset ϕm mixes555

with the displacement contributions in nc to create addi-
tional sidebands in the optical force. By setting ωm equal
to a mechanical difference (sum) frequency ωm = ωk − ωj

(ωm = ωk + ωj), these sidebands are mutually resonant
between resonators j and k. Consequently, by stimulating560

the resonant frequency conversion process selected by ωm,
these sidebands induce a light-mediated effective mechan-
ical beamsplitter (squeezing) interaction after adiabatic
elimination of the cavity field.

The effective beamsplitter and squeezing interaction565

rates Jjk and λjk, respectively, are tuned by the depth
cm of the corresponding modulation tone and given by
[43, 44]

{Jjk, λjk} = cm
gjgk∆

∆2 + κ2/4
= cm

√
δωjδωk

2
, (18)

where gj =
√
n̄cg0,j is the optomechanical coupling rate

enhanced by the laser-driven average cavity population570

n̄c. The last expression relates the interaction rates to
the (easily measured) optical spring shifts δωj , avoiding
the need to know g0,j and the cavity in-coupling efficiency
precisely. We note that δωi and δωj always have the same
sign. Moreover, the modulation phase ϕm is imprinted on575

the effective interactions in the appropriate rotating frame
(see section ‘Phase coherent interaction tones’) and con-

trols time-reversal symmetry. Finally, as all mechanical
frequencies are distinct and incommensurate, modulation
tones can be applied simultaneously to induce multiple580

interactions.

Experimental set-up and procedures

In this study, we employed the same set-up as in [44], in-
cluding the same procedures to characterise the system, to
calibrate the experiments, and to attain phase coherence585

between driven and detected signals. For completeness,
here we recapitulate those methods as presented in [44].

A schematic of the experimental setup is displayed
in Extended Data Fig. 2. The nanobeam sample is
placed in a vacuum chamber at room temperature and590

pressure ∼ 2 × 10−6 mbar, aligned at 45◦ relative to
the vertical polarisation light focused from free space at
normal incidence. A detection laser (Toptica CTL 1550)
far detuned from the cavity resonance (ωdet−ωc ≈ −2.5κ)
at incident power Pdet = 2 − 4 mW serves to detect595

the mechanical resonators’ displacement. The detection
laser light reflected from the cavity was filtered using a
cross-polarised detection scheme, fibre coupled, separated
from the other laser light using a tunable bandpass filter
(DiCon), and detected on a fast photodetector (New Focus600

1811, AC-coupled). Intensity modulations of the detection
laser encoding resonator displacements were analysed
using a Zurich Instruments UHFLI lock-in amplifier.

The intrinsic resonator frequencies ω̃j and linewidths γ̃j
were obtained from thermomechanical spectra, and vac-605

uum optomechanical coupling rates g0,j/(2π) = {5.30±
0.14, 5.86 ± 0.17, 3.29 ± 0.30, 3.12 ± 0.89} MHz were es-
timated from nonlinear transduction [59] for the four
resonators, respectively. The cavity linewidth was esti-
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EXTENDED DATA FIG. 2. Schematic of the experimen-
tal set-up. A sample holding the sliced nanobeam device
is placed in a room-temperature vacuum chamber rotated by
45◦ relative to the vertical polarization of the incoming light.
Spectrally resolved drive and detection lasers are combined
in-fibre, launched into free-space, and focused onto the sample,
coupling into the nanocavity from normal incidence. In a
cross-polarized detection scheme, the horizontal component
of the light radiated out from the cavity is transmitted by
a polarizing beamsplitter (PBS). Subsequently, a fibre-based
tunable bandpass filter (BPF) rejects light at the drive laser
frequency and transmits detection laser light onto a fast pho-
todetector (PD2). A high-frequency lock-in amplifier (LIA)
serves to analyze (In) the intensity modulations of the drive
laser (for calibration) and detection laser, while also driving
(Out) the drive laser intensity modulator (IM) through an
amplification stage (not shown). In addition, the electronic
displacement signal is routed through a digital signal processor
(DSP) that optionally generates a feedback signal to modify
resonator damping rates. LP, linear polarizer.

mated from the detuning dependence of the spring shift.610

A drive laser (Toptica CTL 1500) was launched through
the same fibre and collimator into the setup after modu-
lation by a Thorlabs LN81S-FC intensity modulator (IM)
at incident power Pdrive = 1.0 mW. A small part of the
modulated drive laser light was split off to be monitored615

by a fibre-coupled fast photodetector (New Focus 1811,
DC-coupled).

Control signals, including sum- and difference-frequency
tones to generate interactions as well as resonant exci-
tation signals, were generated by the lock-in amplifier,620

amplified (Mini-Circuits ZHL-32A+ with 9 dB attenua-
tion), and connected to the RF port of the IM to modulate
the drive laser’s radiation pressure.

Measurement-based feedback

Additionally, driving signals that regulate mechanical625

damping rates through measurement-based feedback were
generated through filtering the electronic displacement
signal using a digital signal processor (DSP, RedPitaya
STEMlab 125-14) that implemented a configurable elec-
tronic bandpass filter with tunable gain and phase shift630

(using the PyRPL suite). The DSP output was combined
with the control signals before the RF amplifier. Choos-

ing a proper phase shift allows the effective feedback of a
signal proportional to the mechanical velocity of a given
resonator as a radiation pressure force to dampen the635

resonator, in an approach similar to [60, 61]. The desired
damping rates are realised by adjusting the electronic
feedback gain coefficients for each individual resonator.
Further details on the procedure to calibrate the required
electronic phase shifts and gains can be found in [44].640

Characterisation and preparation of resonators

A standard procedure was performed immediately be-
fore every experiment to compensate for variations in
in-coupling and out-coupling efficiency associated with
drifts of the optical sample alignment: The spring-shifted645

resonator frequencies ωj , linewidths γj , and root-mean-
square (rms) displacement voltage levels zrms,j were
obtained from thermomechanical spectra with modula-
tions off. The displacement voltage corresponding to a
single phonon amplitude was calculated using z2ph,j =650

z2rms,j/ (n̄j γ̃j/γj). Here, n̄j = kBT/ℏωj is the thermal
occupancy of the resonator’s bath at T = 295 K and
γ̃j/γj compensates for thermo-optically induced dynami-
cal backaction [62].

This dynamical backaction is also actively controlled in655

the qNR dimer experiments to equalise the two resonators’
loss rates, as an alternative to the measurement-based
feedback described above: Fine-tuning the laser intensity
allowed matching the linewidths of modes 3 and 4, as those
exhibited different scaling with mean photon number.660

Calibration of control signals

To induce effective interactions with desired rates λjk,
Jjk, the required modulation depths cm were determined
from (18). For every individual tone, the DC-coupled mod-
ulation monitor detector was used to calibrate the relation665

between cm and the electronic control signal amplitude
Vm, compensating the frequency-dependent transmission
of the RF chain.

The control tones are synthesized digitally by the lock-
in amplifier. This allows to reference their phase offsets670

to an effective internal time origin, which then defines a
deterministic gauge in which the modulation phases are
set and the response is analysed.

Analysis of the displacement signal

As described in [44], the electronic displacement signal675

was demodulated in parallel at each resonator’s frequency
ωi using electronic local oscillators internal to the lock-in
amplifier that are referenced to the same clock as the
control tones. For each resonator, the demodulated in-
phase (Ii) and quadrature (Qi) components were filtered680

(third-order low-pass filter, 3 dB bandwidth 50 kHz) and
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combined into a complex amplitude zi(t) = Ii(t) + iQi(t)
that is formally equivalent to the resonator amplitude in
the rotating frame.

The total signal delay through the setup, from the685

LIA control outputs via the sample to the LIA input,
was determined by driving each of the resonators and
measuring the coherent response. The phase offset αj

between drive tone and coherent response of resonator
j was extracted and fitted linearly against the resonator690

frequencies ωj . The fitted delay (on the order of 100 ns)
was used to relate the quadratures of the demodulated
amplitudes zj(t) to those defined by the control tones.

Phase-coherent interaction tones

Even though the frequencies of LOs (ωj,ℓ) and inter-695

action tones (ωj ± ωℓ) are all distinct, a phase relation
between them can nevertheless be established. To do
so, we absorb the explicit time dependence of each tone
cos(ωkt + φk) = cosβk(t) into the instantaneous phase
βk(t) = ωkt + φk. Phase coherence is now attained be-700

tween an interaction tone j ± ℓ (at ωj ± ωℓ) and the
combination of both LOs j,ℓ (ωj,ℓ), since the phase differ-
ence

∆φj±ℓ = βj±ℓ(t)−
(
βj(t)± βℓ(t)

)
= φj±ℓ − (φj ± φℓ) (19)

is stable (time-independent). Physically, this phase differ-
ence may be evaluated by generating a tone with the com-705

bined instantaneous phase βj(t)± βℓ(t) through mixing
of the LOs and subsequent high-pass (low-pass) filtering,
and comparing that to the interaction tone.

Experimental settings

For the experiments shown in Figs.1 and 2, the me-710

chanical resonances labeled 3 and 4 (frequencies 2π× 12.8
and 2π × 17.6 MHz) were used, with their decay rates
matched thermo-optically to γ = 2π × 3.7 kHz by ap-
propriately adjusting the average drive laser intensity.
For the three-mode experiments shown in Fig. 1b and715

Fig. 2b, the mechanical resonance labeled 2 (frequency
2π × 5.3 MHz, thermo-optically tuned dissipation rate
γ′ = 2π × 1.3 kHz) is utilized as the auxiliary mode.

The four-mode experiments shown in Fig. 3 were per-
formed using the mechanical resonances labelled 1 (fre-720

quency 2π × 3.7 MHz) through 4 at maximum drive
laser power (thermo-optically tuned dissipation rates
2π× {1.9, 0.9, 4.2, 3.5} kHz, respectively). In this case, si-
multaneous feedback cooling on all mechanical resonance
was employed to increase and equalize their decay rates to725

γ = 2π×10 kHz. In addition to homogenizing the system,
the feedback cooling reduces the amplitude of thermal
fluctuations, thereby ensuring that the cavity photon
population responds linearly to mechanical displacement

and rendering non-linear transduction [59] and non-linear730

reduction of the optical spring shift unimportant.

Reconstructing the susceptibility matrices

The central relation used to analyse the results of our
experiments is the steady-state response qss of a system of
N resonators described by Hamiltionan (13) to resonant735

forces driving its quadratures with amplitudes f (q) =

(f
(q)
x1 , f

(q)
p1 , . . . , f

(q)
xN , f

(q)
pN )T . This response is measured in

units of the zero-point fluctuations xzpf,j and given by

qss = χϕ(0)f
(q). (20)

Harmonic driving forces are generated by modulation
of the drive laser intensity I(t) = I0(1+ cd cos(ωdt+ϕd)),740

where I0 is the average drive laser intensity, cd the depth
of the modulation, ωd its frequency, matched to the me-
chanical resonance of interest, and ϕd its phase. Due to
the short photon lifetime (κ−1 ≪ ω−1

j , ω−1
d ), the cavity

population nc(t) ∝ I(t) responds instantaneously to the745

drive laser intensity on the mechanical timescale, as do the
resulting optical forces Fj(t) = ℏg0,jnc(t)/xzpf,j on each
resonator j. Although all mechanical resonators are cou-
pled to the same cavity and thus experience similar optical
forces, their large frequency separation (|ωj−ωℓ| ≪ γj , γℓ)750

ensures that only a single mode is resonantly driven, al-
lowing to neglect the driving on the other resonators.

The drive forces the evolution ȧ = M(a)a− f (a)(t) of
the mode vector a = (a1, a

†
1, . . . , aN , a

†
N )T (expressed in

the frame rotating along with the resonators) through755

the driving vector f (a)(t), with dynamical matrix M(a)

as defined in Supplementary Information Sec. IIB. The
odd-index elements f (a)2j−1(t) = ieiωjtFj(t)/(2mωjxzpf,j)

encode the force Fj(t) driving operator aj , whereas the

even-index elements f (q)2j (t) =
(
f
(q)
2j−1(t)

)∗
are related760

by conjugation and drive the adjoint operator a†j . For
a driving force Fj(t) = hj cos(ωjt + ϕj) resonant with
resonator j, with phase ϕj , the rotating factor eiωjt selects
the positive frequency sideband of Fj(t). We neglect the
non-resonant negative frequency sideband in a similar765

spirit to the rotating-wave approximation. This results
in time-independent driving terms

f
(a)
2j−1 = i

hje
−iϕj

4mωjxzpf,j
. (21)

Before each experiment we perform a driven reference
measurement for each resonator to quantify how the modu-
lation depth cd is transduced into the driving term f

(a)
2j−1.770

We disable all interaction modulations, such that the
dynamical matrix is diagonal and only contains damp-
ing terms (M(a) 7→ −Γ/2). We then apply a modula-
tion of depth between cd = 1–5 · 10−3 and sweep its
frequency ωd across the resonance frequency ωj of res-775

onator j. We normalise the response to the zero-point
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fluctuation amplitude, fit it with resonator susceptibil-
ity to obtain the driven amplitude amax on resonance
(ωd = ωj) and determine the force transduction coeffi-
cient Kj = |f (a)2j−1|/cd = amaxγj/(2cd).780

To reconstruct the on-resonance susceptibility matrix
χϕ(0) for a given quadrature angle ϕ, we first refer all
(electronic) interaction and LO tones to a common time
origin at which their phases are zero. Then, we shift
the LO tone phases by ϕ to rotate the quadratures they785

define. We turn on the modulations that generate the
desired interactions, and perform a series of 2N experi-
ments where we drive the quadratures one by one, with
arg(f

(a)
2j−1) = 0 to drive xj and arg(f

(a)
2j−1) = π/2 to drive

pj for each resonator j while the terms driving the other790

resonators are zero. For each of these driving conditions
f
(a)
k , we record the steady state response amplitudes ass,k

after averaging with a low-pass filter (third-order filter,
3 dB bandwidth 2π × 10 Hz).

We collect the driving vectors in the matrix F (a) =795 [
f
(a)
1 · · · f (a)2N

]
and the steady-state responses in A(a) =

[ass,1 · · ·ass,2N ]. Next we transform to the quadrature
basis via a matrix W , and obtain the real driving matrix
F (q) =WF (a) =

[
f
(q)
1 · · · f (q)2N

]
that contains the quadra-

ture driving amplitudes for each setting. Similarly, the800

real matrix A(q) =WA(a) =
[
qss,1 · · ·qss,2N

]
contains the

steady-state responses in the quadrature basis. Noting
that the columns of F (q) span the entire driving space
(and are in fact diagonal), equation (20) can be used to
obtain the susceptibility matrix χϕ(0) = A(q)(F (q))−1.805

To estimate experimental errors, the full ϕ sweep from
0 to 2π was repeated 10 times. The matrix colour plots in
Figs. 1 and 3 show average values over all sweeps, whereas
the plots of single matrix elements feature error bars
that represent the statistical ±2σ (i.e. a 95% confidence810

interval) spread around the average value.

Non-Hermitian topological invariant

To analyse the topological properties of the chain shown
in the main text Fig. 4, we write the dynamical equations
for the quadratures under periodic boundary conditions,815

J = λ, and obtain the dynamical matrix in the plane-
wave basis. We label the sites of each unit cell Aj for odd
columns with j ∈ {1, 2} the row index, and Bj for even
columns. The resulting dynamical equations decouple
into two respectively closed sets of equations for the sets820

of quadratures {xA1
j , xB2

j , pB1
j , pA2

j }, namely,

ẋA1
j =− γ

2
xA1
j + JpA2

j − JpB1
j + JpB1

j−1 −
√
γxA1

j,in,

ẋB2
j =− γ

2
xB2
j + JpA2

j − JpB1
j −√

γxB2

j,in,

ṗB1
j =− γ

2
pB1
j − JxA1

j − JxB2
j − JxA1

j+1 −
√
γpB1

j,in,

ṗA2
j =− γ

2
pA2
j − JxB2

j − JxA1
j −√

γpA2

j,in, (22)

and {xA2
j , xB1

j , xA1
j , xB2

j }, reading

ẋA2
j =− γ

2
xA2
j + JpA1

j + JpB2
j −√

γxA2

j,in,

ẋB1
j =− γ

2
xB1
j − JpA1

j + JpB2
j + JpA1

j+1 −
√
γxB1

j,in,

ṗA1
j =− γ

2
pA1
j − JxA2

j − JxB1
j − JxB1

j−1 −
√
γpA1

j,in,

ṗB2
j =− γ

2
pB2
j − JxA2

j − JxB1
j −√

γpB2

j,in. (23)

The fact that these two sets decouple is a consequence
of the pairing we found for qNR rings. We now switch
to reciprocal space, |j⟩ ≡ 1√

N

∑
k e

−ika|k⟩, in which we825

used Dirac notation to denote the basis vectors {|j⟩} and
{|k⟩} and a mimics a lattice spacing (we set a = 1). We
obtain two dynamical matrices for each of these sets

M1(k) =


−γ

2 0 J(−1 + e−ik) J
0 −γ

2 J J
−J(1 + eik) −J −γ

2 0
−J −J 0 −γ

2

 ,

M2(k) =


−γ

2 0 J J
0 −γ

2 J(−1 + eik) J
−J −J(1 + e−ik) −γ

2 0
−J −J 0 −γ

2

 .

(24)

We calculate a topological invariant from each matrix,
namely the winding number of their determinant830

ν1,2 =
1

2πi

∫ 2π

0

dk detM1,2(k). (25)

We find

detM1,2(k) =− 2J4 cos(k) +
1

16

(
γ4 + 16J4 + 12γ2J2

)
± i

(
2J4 +

γ2J2

2

)
sin(k), (26)

in which we choose the (−) sign for detM1(k) and the (+)
sign for detM2(k). These two curves wind in opposite
directions in the complex plane, as k evolves from 0 to 2π,
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inducing the opposite sign for ν1 and ν2 (see Fig. 4 (e) in835

the main text).
Above, we used the plane-wave basis to identify the

non-trivial topology of each block M1(k), M2(k). The
eigenvalues of M1(k) are also the eigenvalues of M2(k),
albeit for a different k. Together they form a degener-840

ate sub-space. To obtain the physical (and real) eigen-
vectors, i.e. pairs of canonically conjugated, real valued
quadratures, we need to superpose eigenvectors from these
sub-spaces.
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