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The complex sequential response of frustrated materials results from the interactions
between material bits called hysterons. Hence, a central challenge is to understand and
control these interactions, so that materials with targeted pathways and functionalities
can be realized. Here, we show that hysterons in serial configurations experience
geometrically controllable antiferromagnetic-like interactions. We create hysteron-
based metamaterials that leverage these interactions to realize targeted pathways,
including those that break the return point memory property, characteristic of
independent or weakly interacting hysterons. We uncover that the complex response
to sequential driving of such strongly interacting hysteron-based materials can be
described by finite state machines. We realize information processing operations
such as string parsing in materia, and outline a general framework to uncover and
characterize the FSMs for a given physical system. Our work provides a general strategy
to understand and control hysteron interactions, and opens a broad avenue toward
material-based information processing.

mechanical metamaterials | hysterons | pathways | memory

Frustrated media—crumpled sheets, disordered magnets, metamaterials, amorphous
media—are generally multistable (1-7). The multiplicity of metastable states can be
used to store information, and in many systems, each collective state can be encoded by
the binary phase of localized “material bits” called hysterons—bistable elements such as
rearranging particle clusters or snapping slender elements. Hence, information can be
stored in the geometric configurations of these elements, which has been explored for, e.g.,
Braille displays (8), information storage (6, 9, 10) or shape changing objects (11). Here,
we focus on the intermittent response to global driving of such complex media, which
features pathways where the system hops between metastable states (1-4, 12—19). These
pathways can be captured by a transition graph (t-graph), which fully characterizes the
materials’ response to any driving protocol, and whose structure encodes, e.g., memory
effects (1, 2, 5, 20-25). It has been recently shown that material pathways, where the
system evolves between states, can be encoded and studied via the equivalent pathways of
collections of interacting hysterons (20-24, 26). Surprisingly, t-graphs are reminiscent
of the directed graphs that describe finite state machines (FSMs) (24), which are the
essential models that describe sequential computation (27, 28). This similarity suggests
that the ability to control and design targeted pathways would open a route toward
advanced programmable matter (29, 30) and information processing in materia (31).

Hysteron interactions, which physically are mediated by the passive background in
which the hysterons are embedded (Fig. 14), are crucial to realize a vast diversity of
complex pathways and t-graphs (5, 24, 25). Without interactions, the pathways are very
limited in diversity and scope, and in particular are constrained by Return Point Memory
(RPM) (20, 23, 24), where the system returns to a previous state when a previous extremal
driving is revisited; this leads to a specific “loop-within-loop” structure of the t-graphs
(3, 20, 21). In the presence of (antiferromagnetic) interactions, a much wider variety of
pathways and t-graphs have been observed, including pathways where the system evolves
over multiple driving cycles and thus violates RPM (1, 5, 24, 25, 32, 33). However, we
do not understand what sets the hysteron interactions and thus cannot control these.
Experiments (1, 3, 34) and simulations (5, 24, 25, 35) have been mostly exploratory,
without any strategy to realize targeted pathways or t-graphs. Controlling and fully
exploiting the sequential response of complex materials thus requires to understand the
physics of hysteron interactions and to leverage these insights to develop rational design
of hysteron-based materials.

Here, we realize hysteron-based mechanical metamaterials with precisely controlled
interactions and targeted pathways. We employ snapping beams as hysterons, mediate
interactions via the elastic background through which the hysterons are coupled, and use
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the geometric beam parameters to control the hysteron parame-
ters and interactions. We focus on serially coupled hysterons,
and show that, as a direct consequence of the (mechanical)
equilibrium conditions, these experience a specific form of
global, antiferromagnetic interactions where the switching of
one hysteron can trigger the switching of another element
toward the opposite phase (24). For this class of interactions, we
categorize all possible pathways and reveal that the corresponding
t-graphs can be organized in a hierarchy, which simplifies their
understanding and design. In particular, we find a wide variety
of nontrivial pathways, not accessible in systems of independent
hysterons, including those that break RPM and encode advanced
functionalities.

Using our theoretical insights, we design and realize mechan-
ical metamaterials that act as sequential pattern generators and
which exhibit designable transient behavior in response to purely
cyclical driving. We then show that the response of our metama-
terials to more complex driving protocols, such as sequences of
driving pulses with different amplitudes, encodes FSMs, and we
leverage this insight to realize in-material sequential information
processing. By controlling interactions and pathways, our work
brings functional materials that execute precise sequences of
configurational changes within reach, impacting, e.g., robotics
and prosthetics. Furthermore, by encoding information in
complex driving sequences, our “finite state materials” open a
route toward computing in materia.

1. Models and Phenomenology

1.1. Mechanical Hysterons. We consider #» mechanical hysterons
arranged along a chain. Each hysteron is based on the snapping
instability (36, 37) of a flexible, precurved beam, encased in
a rigid 3D-printed clamp. We connect the beam via a spring,
consisting of one or more flexible elliptical elements, to an
externally controlled actuator that sets the global deformation
U (Fig. 1B; Materials and Methods). Measuring the extensional
force F as function of U, we observe sharp, discontinuous, and
hysteretic transitions between the “s = 0” phase (beam curved
leftward) and “s = 1” phase (beam extended rightward) (Fig. 1
B and C). We note that at zero deformation, only the rest-
state “0” is stable. The transitions are associated with sharp
drops (0 — 1) or increases (I — 0) of F, as well as nearly
instantaneous changes in the beam configuration—this makes the
experimental detection of transitions unambiguous. We define
the upper and lower switching fields of hysteron j, u]+ and u],
to correspond to the transitions s; : 0 — lands; : 1 — 0
respectively. To simplify the theoretical analysis, we model the
force—displacement relation of such mechanical hysterons by a
bilinear relation between force f; and deformation #;:

5= — dis;) , 1]

where d] > 0 characterize the magnitude of the force disconti-

nuities (Fig. 1D). We note that u]-_ < u]Jr so that the beam is

bistable for # in between these values. By varying the thickness
and curvature of the beams we can control the values of the

switching fields and force drops (S Appendix).

1.2. Avalanches and Antiferromagnetic Interactions. We now
show that, due to the mechanical equilibrium conditions, serially
coupled hysterons interact in an antiferromagnetic manner: The
switching of one hysteron from phase 0 to 1 favors the switching
of other elements from 1 to 0 (24). First, we experimentally
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Fig. 1. Hysterons and avalanches. (A) Bistable regions embedded in a
material acting as interacting hysterons. (B) Experimental realization of a
single hysteron, consisting of an encased, curved beam coupled in series
with a spring (ellipses). Left and Right panels show the hysteron in phase
s = 0 and s = 1 respectively. (Scale bar, 1cm.) (C) Experimental force-

displacement curve. (D) Force-displacement curve of a bilinear hysteron,

indicating the force drop d; and switching fields uji. (E) Experiment showing

three serially coupled mechanical hysterons which undergo an avalanche
{011} — {110} when the total extensional deformation is increased (Scale
bar, 1cm.) (F) Serially coupled mechanical hysterons satisfy force balance
and a geometrical length constraint. Here, we illustrate the mechanism of
the antiferromagnetic avalanche shown in panel (E): (i): Hysteron 1 becomes
unstable (striped pattern); (ii): Hysteron 1 has switched s; : 0 — 1 which
causes it to extend, and which makes hysteron 3 unstable; (iii): Hysteron 3
has switched s3 : 1— 0, after which the system equilibrates and all hysterons
are stable.

demonstrate the existence of interactions by showing that three
serially coupled hysterons can exhibit an avalanche, in which
the phase change of one hysteron triggers the phase change
in another (Fig. 1 £ and F). We focus on a sample which
initially is in state S = {s1,5,53} = {011} (Fig. 1 E—i).
Increasing the global extension U, we observe that the leftmost
(first) hysteron becomes unstable (Fig. 1 £—ii) and transitions
to its “1” phase; this immediately triggers hysteron three to
switch from 1 to 0 (Fig. 1 E—iii). We note that frames (ii)
and (iii) are taken in quick succession, so that we associate the
near-simultaneous switching of both hysterons with a single
critical value of U where the collective state switches from
{011} to {110}. We stress that hysteron three switches from
phase 1 to 0, even though U is increased: this shows that the
simultaneous switching of both hysterons cannot be due to a
degeneracy of their respective switching fields, but is caused
by antiferromagnetic interactions, where the switching of the
first hysteron triggers a change in the conditions of the third
hysteron that produces the avalanche. Hence, the observation
of this avalanche unambiguously demonstrates the presence of
antiferromagnetic hysteron interactions (24).

1.3. Mechanical Balance. We now show that the hysteron
interactions occur due to the mechanical balance conditions,
and express these interactions in a recent model for interacting
hysterons (5, 24, 25, 33). To intuitively understand how force
balance and length constraints produce antiferromagnetic inter-
actions in serially coupled hysterons, we consider the avalanche
{011} — {110} again. When hysteron 1 transitions from 0 — 1,
uy increases (Fig. 1 B-D), and since the total displacement
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U = u1 + uy + u3 remains constant during the avalanche—the
driving is quasistatic—the sum #;+u3 has to decrease. Consistent
with this, the shape of the ellipse reveals that the force sharply
drops (Fig. 1E). Hence, the switching of hysteron 1 lowers the
force and extension of the other hysterons—this is what causes
interactions—and in this particular case triggers the transition of
hysteron 3 (Fig. 1F).

We make this notion precise by using our bilinear model for the
hysteron mechanics (Eq. 1). We assume quasistatic, overdamped
dynamics, so that sweeping the global deformation U yields
smooth episodes interspersed with discontinuous transitions
(24). In each smooth episode, {s;} is constant, the hysterons are in
mechanical equilibrium, and the local and global deformations
and forces are related by a geometric length constraint and force

balance (Fig. 1F):
U=>u. 2]
J

F:ﬁ:ﬁforalli,j. [3]

Now consider the system being in state {011}, with the extension
just reaching the critical value U° for hysteron 1 to become
unstable (Fig. 1 F—i). In our model, this forces the collective
state to transition from § = {011} to an intermediate state
S’ = {111} (Fig. 1 F—ii). The deformations #; and force f
in this intermediate state can be calculated using the geometric
length constraint and force balance as #] = u; + 2d1/3, 1) =
uy —di /3,45 = u3 — dy/3, and f' = f — dy /3, where primed
and unprimed variables refer to the state just after and before the
transition (S Appendix). Therefore, when hysteron 1 switches
state the deformations of hysterons 2 and 3 suddenly drop—the
amount of change depends on the value of the force drop and the
number of hysterons—and their new values have to be compared
to the lower switching fields of the two hysterons (since hysterons
2 and 3 are both in state 1). § is unstable if the displacement of
hysteron 2 or 3 becomes lower than their lower switching fields.
For our specific example, #; falls below 5 ; hence, state §' is
unstable and hysteron 3 transitions 1 — 0 (Fig. 1 F—iii). After
this additional transition we recalculate the deformations and
force, compare each deformation to the corresponding switching
fields, and if all hysterons are stable (as is the case here), we have
obtained the full transition occurring at U = U° (8] Appendix).

1.4. Mapping to General Model. To understand the interactions
of serially coupled hysterons, we map their behavior to a
recent, explicit, and general model of interacting hysterons
(5, 24, 25, 33). In this general model, interactions are imple-
mented by an explicit linear dependence of the global switching
fields Vl.i(S) on the collective state S (5, 24, 25, 33):

VIE(S) = =) ey - [4]
j
Here, positive and negative ¢;; encode, respectively, ferromagnetic
and antiferromagnetic interactions, the self-couplings ¢; equal
zero, and 1/?E are the “bare” switching fields (24).
For serially coupled hysterons, using Eqs. 1-3, we obtain the
global state-dependent switching fields Uii (S) in terms of the
hysteron parameters as:

UE(S) = n(uf — disi) + st], [5]

which is equivalent to the general model using the mapping:
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VE=U/n, [6]

vl-+ = u+ (71
= (u; —d;) +di/n, (8]

cj = —di/nfori #j [9]
¢ii = 0. [10]

For details, see S/ Appendix.

This mapping clarifies the nature of the interactions of serially
coupled hysterons and simplifies the study of transitions and
avalanches. First, the coupling is mean-field-like and the interac-
tions are global—the switching of hysteron ; influences all other
hysterons equally. Second, interactions are antiferromagnetic
since ¢;; < 0. Third, the strength of the interactions is set by the
force drops 4; so that for small 4, serially coupled hysterons map
to nearly independent hysterons. Fourth, the interaction strength
¢;; diminishes as 1/n—clearly the switching of one hysteron
has only a minor effect in long chains. Hence, serially coupled
hysterons experience a specific form of global, antiferromagnetic
interactions due to the balance equations.

2. Pathways and Experimental Realizations

2.1. Simple sc-Graphs. We have explored the space of attainable
t-graphs for 7 serially coupled hysterons, using our mapping
and a previously established numerical sampling algorithm (24)
(Materials and Methods). To avoid complex situations featuring
race conditions, we require that each elementary transition has
only one unstable hysteron. We refer to the t-graphs for serially
coupled hysterons with this additional requirement as simple
sc-graphs, and find that they encompass both the Preisach graphs
(P-graphs) that can also be found in the absence of interactions,
as well as graphs that feature avalanches and which only can
occur in the presence of interactions (Fig. 2). For example,
there are five » = 2 simple sc-graphs, two P-graphs, and three
graphs containing avalanches; for 7 = 3 we observe 44 distinct
simple sc-graphs, six of which are P-graphs; for n = 4, there
are 550 simple sc-graphs of which 24 are P-graphs. For larger 7,
exhaustive sampling of the design space is challenging, but our
data show more than 6,400 simple sc-graphs for » = 5. Hence,
sc-graphs are more numerous and varied than P-graphs.

For general interactions, the t-graphs can feature a wide
variety of avalanches, and moreover, each state may have a
different ordering of the switching fields, a phenomenon termed
“scrambling” (1, 24) (SI Appendix). Even for three hysterons
with general linear interactions, the full design space contains
more than 15,000 t-graphs, and its organization is not well
understood, hindering its exploitation and potential applications
(24). In contrast, we find that simple sc-graphs have specific
properties and can be organized in a simple hierarchical manner
(Fig. 2). First, all avalanches in simple sc-graphs are of length
two, and hence only have one intermediate state, and connect
states with the same magnetization 7 := X;5;,—we refer to these
as “horizontal avalanches.” Furthermore, simple sc-graphs do
not allow scrambling, so that all sc-graphs without avalanches
are P-graphs. Finally, simple sc-graphs do not feature orbits
where two up or two down avalanches occur subsequently. For a
rigorous derivation of these properties, see S/ Appendix.

As a consequence, all nontrivial simple sc-graphs are obtained
by modifying P-graphs by merging pairs of up and down
transitions to form avalanches (Fig. 2). This leads to a hierarchical
organization of the simple sc-graphs, where the parent graphs are
the 7! P-graphs which we label as 74, #B, ..., and daughter
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3B, 3C, ...

<ﬁ\

Fig. 2. Diversity and hierarchical organization of simple sc-graphs. (4) Two
hysterons produce two parent graphs, 2A and 2B. Graph 24 admits avalanches
labeled 1 and 2, leading to the daughter graphs 2A1, 242, 2A12 [gray curves
represent connections inherited from the P-graph while colored curves
represent avalanches; for example, the avalanche {01} — {10} in 2A1 occurs
by merging the transitions {01} — {11} and {11} — {10} from 2A (S/ Appendix)].
The colors of the boxes correspond to those used in Fig. 3. (B) Three serially
coupled hysterons feature six parent graphs 34,35, ..., and 38 daughters.
Shown here are graph 34, all its first-generation daughters 3A1-3A4, and
three additional daughters—for the complete hierarchy, see S/ Appendiix.

graphs can be labeled by the presence of horizontal avalanches.
For example, the five z = 2 simple sc-graphs contain the parent
graphs 24 and 2B and daughter graphs which contain one
(241, 2A2) or two (2A12) avalanches (Fig. 24). For n = 3
there are n! = 6 parent graphs (34,38, ...), with their 38
daughter graphs featuring between one and six avalanches—a few
examples of these are shown in Fig. 2B (see SI Appendix for full
hierarchy and details). Hence, serially coupled hysterons feature
specific interactions that allow to fully understand and classify
their corresponding t-graphs, and this facilitates the systematic
exploration of all accessible pathways.

Crucially, serially coupled hysterons can violate RPM, which
is essential for allowing a complex response, such as transients.
RPM is the widespread ability of complex systems to “remember
their extremal driving,” i.e., to return to a previously visited state
when the driving revisits an extremum value (12, 32, 38, 39).
A subtle breaking of RPM is possible for any simple sc-graph,
depending on the precise values of its switching fields (1). In
addition, several simple sc-graphs have a topology that strongly
breaks RPM, regardless of the values of the switching fields.
Strong RPM breaking can be tested via so-called loop-RPM
(I-RPM)—informally, I-RPM requires that any sequence of
state transitions forming a loop is escaped by going through
either the top or bottom state of this loop, and cannot be
escaped via an intermediate state (For a formal definition see
SI Appendix) (1, 20, 21). Seven of the » = 3 simple sc-graphs
break I-RPM, including the graphs 341, 342 and 3412 shown
in Fig. 2B. For larger 7, we find that the fraction of simple
sc-graphs that break I-RPM are ~ 0.34 for » = 4 and =~ 0.42
for n = 5. Hence, serial interactions open a broad avenue
toward realizing interacting hysteron systems with complex
pathways.

2.2. Realization and Design Space. We now aim to realize
hysteron-based metamaterials with controlled interactions and
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pathways, starting with two-hysteron systems (Fig. 3). Since
the mapping between design parameters (4, #;), respectively
the normalized amplitude of the profile and thickness of the
precurved beam (Fig. 3 and Materials and Methods), and hysteron
parameters is complex, we first perform a systematic scan of the
design space by finite element simulations with the commercially
available FEM software ABAQUS. We fix the design parameters
of hysteron 1, scan the design parameters 7, and 4, of hysteron 2,
and obtain the corresponding t-graphs via extension-compression
sweeps of U. Within this two-dimensional design space, all
five n = 2 simple sc-graphs can be realized (Fig. 3B). We
target the nontrivial simple sc-graphs 241, 242, and 2412,
select design parameters based on our simulations, and fabricate
three experimental two-hysteron systems that we find to realize
the pathways corresponding to these nontrivial simple sc-graphs
(Materials and Methods).

Cyclic driving of these samples illustrates their pattern-
generating properties (Fig. 3 C—E). Specifically, while nonin-
teracting hysterons only flip phase once during a monotonous
driving ramp, in our samples hysteron 2 changes phase twice
(eg, 0 > 1 — 0 — 1) during either the up ramp (241),
down ramp (242), or both ramps (2412), as a result from the
avalanches that connect states {01} and {10}. As a consequence,
these samples visit all four states while driven monotonically,
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Fig. 3. Two serially coupled mechanical hysterons. (A) Geometry with
two encased curved beams with dimensionless thickness t; = T;/H and
dimensionless amplitude of the profile of the precurved beam a; := A;j/H,
coupled to a spring [elliptical units (Materials and Methods)]. (B) Design
space. We fix the parameters of hysteron 1 at a; = 0.4, t; = 0.1, and of
the spring (Materials and Methods), and numerically investigate the t-graph
type as function of the design parameters of hysteron 2. We find all five
types of sc-graphs (color corresponding to Fig. 24). While we focus on the

parameter range where {00} 2, {01}, for large a, and t; we also find cases

where {00} i {10} - such t-graphs are related to our target graphs by
relabeling symmetry of the hysterons (gray region). For small a, and large
ty, the transitions lose their sharp and hysteretic nature (brown region).
Stars indicate the design parameters used in C-E. (C-E) Top: Main loops of
experimental realizations of two serially coupled hysterons that materialize
t-graphs 2A1, 242, and 2A12 (Materials and Methods). Middle: Corresponding
force-displacement curves with states labeled. Bottom: The phase of hysteron
2, 55, during up (blue) and down (red) ramps illustrates pattern generation.
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and act as two-bit binary counters. Hence, these metamaterials
act as pattern generators that translate continuous ramps into
sequential patterns, which may feature distinct patterns on the
up and down sweep, and which could be used to generate, e.g.,
the stride patterns of the legs of a soft robot (16, 40, 41).

2.3. Complex Pathways. To obtain a metamaterial with orbits
that break RPM, we require at least three hysterons, and out of
all » = 3 simple sc-graphs that break I-RPM, we target simple
sc-graph 3412—which breaks [-RPM in two different manners—
and investigate the nature of the ensuing complex pathways. The
probability to obtain this simple sc-graph in random sampling of
the coupled hysteron model is small, of the order 1.2 x 1073, To
rationally design an experimental sample, we note that “freezing”
one of the hysteron phases produces » = 2 subgraphs, e.g., fixing
the first hysteron produces subgraphs for hysteron two and three
of type 2A. Our numerical design rules (Fig. 3B) suggest ratios
for pairs of the design parameters «1-#3 from which we obtain
a range of suitable design parameters. We realize four samples
A-D within this design space, experimentally determine their
full transition graphs, and find that all four materialize the target
simple sc-graph 3412 (S Appendix). In the remainder, we focus
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Fig. 4. Nontrivial pathways (Movies S1-S4). Subjecting sample A which is
described by simple sc-graph 3412 to cyclic driving, we observe two pathways
that break I-RPM, and two pathways that constitute a = = 2 transient. Left:
Sweeping U(t) as indicated produces F(t) whose discontinuities indicate
transitions. Each state (indicated above the graph) is obtained by inspecting
the real-space configuration of the system. Right: relevant part of the simple
sc-graph. (A and B) The loop between {001} and {110} (dashed boxes) is
escaped by reversing the sweep direction during the up ramp (A) or down
ramp (B), demonstrating (I-)RPM violations. (C) Starting from U = 0 mm and
S = {000}, and repeatedly cycling U to 30 mm, state {110} (dashed) is reached
at the first maximum, and {101} (box) at subsequent maxima. (D) Starting
from U = 25mm and § = {110}, and then repeatedly cycling U down to
11 mm, state {001} (dashed) is reached at the first minimum, and {010} (box)
at subsequent minima.

PNAS 2024 Vol. 121 No. 22 e2308414121

on the behavior of sample A (for design parameters, see Materials
and Methods and SI Appendix).

We now demonstrate that our sample breaks I-RPM in
two different manners. We first cycle U between appropriate

extremal values U,, and Uy to reach the loop {001} z {011} A

down down

{110} — {100} — {001}. We then reverse the driving
direction at an intermediate value of U (Fig. 4 A and B). Systems
that satisfy I-RPM would revisit one of the extremal states {001}
or {110} before escaping the loop, but our experiments show
that our sample escapes this loop, either in the up or the down
direction, without revisiting the extremal states (Fig. 4 A and B).
These orbits directly demonstrate violations of I-RPM, and thus
RPM (1, 21).

Systems that violate -RPM can exhibit nontrivial transients
(1, 25). We find that the response of our sample to cyclical
driving, for appropriate values of U,, and Uy, indeed produces
such a transient response: the system reaches its minimal or
maximal state not in the first but only in the second (and sub-
sequent) driving cycles which we call an accumulator behavior.
(Fig. 4 C and D). Our three-hysteron experimental system thus
implements an accumulator, or counter (1).

3. Sequential Information Processing and
Finite State Materials

We now uncover a powerful connection between the sequential
response of our metamaterials and FSMs (1, 24, 27, 28). While
t-graphs conveniently describe the orbit, i.e., sequence of states,
for a given driving protocol and initial state, they are not
well-suited for addressing “inverse” questions such as: Which
driving protocols lead to a specific orbit? What are the possible
transients under cyclic driving, and what are their statistics?
For which values of U, and Ups can the longest transients be
observed? What is the response to sequences of driving pulses?
As we show below, mapping the combination of a t-graph and
a protocol—encoded in an alphabet—to an FSM, allows to
answer such questions. In particular, such FSMs allow to map
a continuous search in the multidimensional space of driving
protocols to a discrete search in the space of driving characters and
strings.

First, we introduce our approach by three concrete examples
that exemplify how the sequential response of our metamaterials
can be described by an FSM. Second, we introduce a general
framework for systematically constructing driving alphabets,
based on the key observation that, for finite systems, driving
protocols can be discretized. Third, we use FSMs to effectively
characterize transient responses under cyclic driving. Finally,
we systematically explore the response to sequences of pulses,
and use the corresponding FSMs to characterize the computa-
tional complexity and memory capability of systems described
by t-graphs. Together, our approach establishes a systematic
framework to capture and explore the sequential response of
any system described by a t-graph.

3.1. Sequential Computations with Sample A.We start by
illustrating the connection between sequential response and
computations for sample A. We define a complex driving
protocol, consisting of sequences of pulses, that serves as the input
to the metamaterial. We then show that its response and final
state are complex functions of the pulse sequence, and interpret
these functions in the language of FSMs (1, 24, 27, 28). FSMs
are the paradigmatic model of sequential information processing
with memory (27, 28). In essence, an FSM is defined by finite set
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of states, a finite set of input characters called the alphabet, and
a transition table which lists how the state changes in response
to input. Furthermore, it is customary to define an initial state,
one or more final or “accepting” state, and characterize the FSM
by the collection of input sequences that take the system from
the initial to an accepting state (27, 28). Despite their simple
definition, their computational power is qualitatively and vastly
larger than that of combinational logic (42-44), and in fact
describes computing in any finite machine (27, 28). Realizing
FSMs in materia is hence a crucial step toward material-based
computation.

To illustrate that multiple FSMs are embedded in physical
systems described by t-graphs, we introduce driving pulses where
we quasistatically sweep the driving U as Uy — U,y — Up
for given choices of Uy, Uy, U, ... —each such pulse is then
associated with a character 4, 4, . . .. For this protocol, the states
of the FSM are given by the states S; = {So, S1, ...} that are
stable at U = Ujp. Since the t-graph completely determines the
response of the system to any driving, it yields a transition table
that maps any state in S; and character to a product state in §; —
thus defining an FSM.

We now illustrate the experimental realization of FSMs in
our samples for three choices of our alphabet, i.e., choices of
driving pulses. For the first FSM, we take Up = 26.5 mm, U, =
21 mm and U, = 30 mm. Therefore, S; consists of the three
states {011}, {101}, and {110}, and we define {011} and {101} as
starting and accepting states. The state transitions in FSM1 follow
from the response to the pulses 2 and & predicted by the t-graph:

S0 Sor S1 5§ 55 83 S0 L 51, 81 81 and $, S S,
(Fig. 5A4). The corresponding FSM 1 reaches the accepting state
for driving sequences which first contain an arbitrary number of
4, then at least one 4, and then at least one «, such as ba, abba,
and aaabbabbab (Fig. 5B). We probe the response of sample A
to sequential input, and find that it fatefully executes all FSM
transitions, demonstrating the experimental realization of FSM 1
(Fig. 5C, SI Appendix, and Movie S5). We stress that while all
accepted input sequences contain at least one 2 and one b, FSM1
is distinct from an Abelian memory, i.e., sequence-independent
memory of inputs 2 and &: FSM 1 does accept ba but not ab.
Second, to demonstrate that the same sample encodes a range
of FSMs, we define U, = 35 mm and consider the alphabet {, ¢}
which yields FSM 2 (Fig. 5 D and E). Crucially, the accepting

state {101} is not absorbing, as {101} 5 {110}. Therefore,
FSM 2 accepts input strings that start with an arbitrary number
of @, then contain at least one ¢, and then a sequence of # and
¢ ending on 2; FSM 2 accepts “acaa” but not “acac” (Fig. 5F,
Movies S6, and SI Appendix).

Third, we consider a more complex FSM 3 where four states
({011}, {110}, {100} and {101}) are stable for Uy = 24.4 mm.
We define three characters 7, 4 and e with U, = 10 mm, Uy =
30 mm, and U, = 20 mm; 7 acts as a reset that brings the system
to the starting state {011} (Fig. 5G). To reach the accepting state
{101}, the input string, after an arbitrary number of 7 and e,
should contain no 7, at least one , then at least one ¢, and then
an arbitrary combination of & and ¢ ending on &; FSM3 accepts
“ded,” “derded,” “deded,” but not “dede,” “dedr,” or “dredee”—
in other words, reaching state {101} encodes a complex memory
of the driving protocol, requiring at least the three pulse sequence
(ded) (Fig. 5 G and H, Movies S7, and SI Appendix).

Together, these three examples illustrate how the sequential
response of a physical system of interacting hysterons can be
described by FSMs and that even relatively simple systems and
driving protocols can reveal significant memory effects.
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Fig. 5. Sequential input and FSMs (Movies S5-S7). All data is for Sample A;
for precise definitions of all peaks, see text. (A) The driving pulses a and b map
states (Left) to product states (Right). (B) State transition diagram. (C) Global
force F as function of U shows all possible state transitions; binary states are
determined from real space images. (D and E) Transition table and diagram
for driving pulses a and c. (F) Force F and states for a and c pulses. (G) State
diagram for the three pulsed d, e, and r, and (H) corresponding forces and
states.

3.2. Driving Protocols, Characters, and Alphabets. Appropriate
driving protocols allow to access specific properties, e.g., cyclic
driving is useful to characterize transients, whereas pulse driving
can be useful to probe memory and computations. The choice
of driving protocol translates to a choice of the alphabet, and
is crucial to translate a physical system or t-graph to a specific
FSM: different alphabets yield different FSMs. This difference
reflects that a full understanding of the response under one
protocol (e.g., cyclic driving) does not trivially translate to the
response under another (e.g., sequences of driving pulses). Here,
we introduce a general framework for systematically constructing
driving characters and alphabets.

First, we note that driving protocols can be broken up in
discrete, elementary operations. In the quasistatic limit, any
driving protocol consists of a sequence of up and down sweeps
of U and is specified by a sequence of extrema (minimal and
maximal driving amplitudes) [U,(0), U (1),...]. Crucially,
small modifications of U,y(7) do not modify the response when
they do not cross any of the switching fields. As the number
of switching fields is finite (for finite systems), the driving
amplitudes and corresponding elementary up and down sweeps
can be discretized. We illustrate this discretization for the example
of sample A. We order the 2N — 2 values of the switching
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Fig. 6. Discretization, computational power, and memory. (A) lllustration of the construction of the representative values UP for sample A, which has 14
switching fields leading to 15 representative values U9 — U4, (B) Transition table xp for sample A—note that this table is distinct from the transition tables of
the t-graph. (C) Measure of the transient duration i; for sample A, as function of initial state and driving amplitude labels p and q. (D) The 27 irreducible FSMs
found for n = 3 serially coupled hysterons. These include the eight FSMs for noninteracting hysterons (blue box); the 17 FSMs for sample A (red box); and three
FSMs with maximal shortest path /m = 3 (black box). The initial states are indicated in gray—when there is no gray node, all states can serve as initial states.
(E and F) Driving protocol based on a two character alphabet of ramps, and corresponding FSM for sample A.

fields U*(S) and define 2N — 1 representative values U? for
each interval between subsequent switching fields (Fig. 6A4).
This allows to map any driving protocol to a countable set
of discretized protocols [U?°, UPL, .. .], where p; are integers.
To capture the response, we define a discrete set of elementary
operations x, as the response when U is quasistatically swept
to UP. We relax the tacit condition, used for FSM 1-FSM 3
(Fig. 5), that driving protocols start within the range of stability
of state S. Instead, when U? is outside this range, we add an initial
quasistatic ramp of U from the stable range to U?. This allows to
determine the transition table §" = x,(S) for any combination
of p and § (Fig. 6B).

Second, any set of distinct characters, i.e., any alphabet, can
be composed from these elementary operations. Here, we give
two examples that we will use below to study, respectively,
transients and computations. First, we define the trivial alphabet
Xy := {xp}. While all driving protocols can be encoded in X,
the corresponding FSMs are limited, since x, 0 x,(S) = x,(S)
for any character x, (here o denotes functional composition).
Strikingly, while protocols based on cyclic driving or sequences
of driving pulses restrict the possible sequence [U??, U?1, .. .],
such alphabets can lead to more complex FSMs. A prime example

is the alphabets composed of driving pulses 2}17 = {ﬂZ}, where
U is sweptas UP — U?— UP. These pulses ag are compounds
of the elementary operations: ﬂZ(S) i= X 0 x4 0 x,(S)—note
that the alphabets of FSMs 1-3 are subsets of 211) . (Subsets of)
these alphabets lead to more complex FSMs, and in particular, we

find FSMs where ‘ZZ o ag(S) #* ag(S) (see below). We stress that

PNAS 2024 Vol. 121 No. 22 e2308414121

uppercase quantities like U always refer to actual values of the

driving field, while lowercase quantities like LZZ refer to symbolic
operators.

3.3. Transient Behavior. As a first example of the utility of the
ESM framework, we characterize the transient behavior under
cyclic driving, where U is cycled between U, and Up. We

X,
) . . »
study orbits starting from S;,;; under cyclic driving S;,;; —

So e S1 WA 82, ..., where x,,x, € Zo. As the number of
states is finite and the system is deterministic, the orbit becomes
periodic, and we denote the first and second index of the first
repeating state as 7] and 7, respectively: for the example shown
in Fig. 4C, where S;,;; = {000}, the orbit [Sp, §1, 82, ...] =
(001, 110, 100, 101, 100, 101] yields (i1, i2) = (2, 4).

To determine the range and statistics of transients, one could in
principle sample U,,, Ups and the initial state (3, 5, 25). However,
this method, based on random sampling lacks efficiency. The
FSM framework offers a more effective tool as it uses a finite
number of calculations, and we straightforwardly determine
i1(p> ¢ Sinir) and i2(p, g, Siniz) (Fig. 6C). The FSM framework
captures all possible orbits, transients, and periods, including
rare behaviors that occur in narrow intervals between specific
switching fields and facilitates the straightforward calculation
of statistical measures such as the average transient time, by
translating the pertinent ranges of p» and ¢ to volumes in
Uy, Upy space using the intervals corresponding to U? and U?
(Fig. 6A). Hence, the finite alphabets allow to turn explo-
rations of the multidimensional continuous space of driving
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protocols into discrete, combinatorial explorations. For details,

see SI Appendix.

3.4. Computational Power and Memory Capacity. To gain in-
sight into the computational capabilities of serially coupled
hysterons, we systematically extract their FSMs under driving
alphabets consisting of two pulses, and introduce measures of
their memory capacity and computational capability. We com-
pare the FSMs of sample A to those of noninteracting hysterons,
serially coupled hysterons, and generally interacting hysterons.

To determine all two pulse FSMs for a given t-graph, we
scan over the three-parameter family of two-character alphabets
{a[,q,l, 4P}, and for each initial state, stable at U?, determine
candidate FSMs. Many of these are equivalent under permu-
tations of the characters 7' <> 4% or the (noninitial) states.
Focusing on the irreducible FSMs which remain distinct under
such permutations, and labeling the states of the FSM as 0, 1, . . .,
thus ignoring the hysteron phases, we find that sample A allows
for 17 distinct FSMs (Fig. 6D). For details, see ST Appendix.

To characterize these FSMs, we note here a similarity between
these FSMs and notions of memory in complex materials (22).
In material memory, one prepares a physical system in a certain
(ensemble of) state(s); then drives the system; and then asks what
information the final states encode about the driving (22). For
finite, deterministic, quasistatic systems described by t-graphs,
this question is tantamount to asking which strings of characters
bring a system from an initial state to a final state.

This notion suggests two simple characterizations of the FSMs.
First, the size (number of nodes) of the FSM can serve as a simple
measure of storage capacity, and for sample A, varies between
one and four (Fig. 6D). Second, if the system is prepared in state
S;» and after driving reaches state S;, we can infer that S; encodes
a memory of at least /(S;, S;) pulses, where /(S;, S;) denotes the
shortest path lengths from S; to §;. We use the maximal shortest
path, f,, 1= maxs,s;) (£(S» S;)) to capture this memory capacity.
For sample A, appropriate choices of the input pulses can produce
a capacity /,, = 3—note that one of the corresponding FSMs
is equivalent to FSM3 restricted to inputs 4 and e (Figs. 5G
and 6D).

We now briefly discuss the multiplicity, size, and capacity /,
of FSMs for ensembles of hysterons. For » = 3 noninteracting
hysterons i.e., the » = 3 Preisach model, we only find eight
FSMs, with maximal size four and /,, < 2; strikingly, for larger
ensembles of noninteracting hysterons, we find the same eight
FSMs. We can understand the occurrence of these eight FSMs
by considering the action of sequences of positive and negative
pulses on collections of independent hysterons (S7 Appendix).

Ensembles of # = 3 SC hysterons produce 27 distinct FSMs
with maximal size five and /,, up to three (Fig. 6D). These
FSMs and their characteristics precisely specify the computational
applications of three serially coupled hysterons. Explorations of
ensembles of # = 3 hysterons with general interactions (Eq. 4)
produce many more FSMs with sizes up to seven and /,, up to six;
for n > 3, serially coupled hysterons also produce more FSMs of
larger sizes and memory capacity.

These explorations do not exhaust the possible FSMs that
can be realized, even for a given system: different alphabets of
more or different components can yield an even wider variety.

Zfl) is restricted to pulse sequences which always return to
driving amplitude U?. We have therefore explored the alphabet
X = {r;,] }, where the characters VZ denote quasistatic driving
ramps—if need be preceded by a quasistatic ramp of U from

8of 10 https://doi.org/10.1073/pnas.2308414121

the stable range of S to U”—and where VZ(S) = x4 0 %(S).
We illustrate the use of ramp characters by combining sample A

with an alphabet of two ramps x := r% and y = ré, where

(U, U2, U3, U*) = {10.2,20.9,29.6,32.2}mm. Any input
string combining the characters x and y, such as “yxxxyyxy”
can be translated to a specific driving protocol (Fig. 6F). The
combination of the alphabet {x, y} and the t-graph of sample A
produces FSM 4 (Fig. 6F; see S Appendix for experimental data).
We stress that FSM 4 is distinct from any of the FSMs shown
in Fig. 6D, indicating the utility of specific alphabets to realize
complex FSMs.

We finally show that for any FSM a corresponding t-graph and
alphabet that realizes this FSM can be constructed. We consider
a FSM with N states and L characters, and a transition table
zi(S;) = Sp. To find a physical implementation, we encode the
abstract characters z; as driving pulses, starting and ending at
U = UY, and with increasing peak amplitudes U7, i.e., using the
alphabet =9 := {4}}. Then we construct a t-graph by defining
N x L states: N “ground states” S]Q, and N x (L — 1) “excited

states” S7. The states SO are the only states stable at U = 0 and

can be directly mapped to the nodes of the FSM. To implement
the transition table 2;(S;) = S, we construct the t-graph such

that the upsweep of a driving pulse @) drives the ground state
S]Q to the excited states S and that the down sweep drives the

excited state S]’ to the appropriate ground state z;(S;). This general

construction shows that t-graphs encode the same computational
power as ESMs. For details, see ST Appendix.

4. Conclusion and Outlook

Our work reveals that (mechanical) equilibrium produces global,
antiferromagnetic interactions in serially coupled hysterons. We
have determined all simple sc-graphs for small groups of hysterons
and derived general constraints on their type of avalanches
and topology. We obtained design guidelines to materialize
specific t-graphs, and use these to realize metamaterials that
generate sequential patterns, act as 2-bit binary counters, and
perform input string parsing. We showed more generally that the
sequential response of (hysteronic) materials can be described by
FSMs. This opens a route to effective calculations of statistical
properties of the sequential response of complex materials, as
well as providing insight into their memory and computational
capabilities—such FSMs are a rich avenue for future research.
Our work has the potential to impact a broad range of
hysteron-based systems. First, we stress that interactions governed
by balance equations are not restricted to mechanics—e.g.,
similar interactions may arise in hysterons describing antibiotic
resistance evolution (45), and electronic hysterons switching in
response to an external voltage and coupled in series so that
all currents must match would feature the same interactions
(46). While mechanical implementations so far are large, slow,
and energetically costly, the universality of hysterons and the
particular interaction mechanism uncovered here may allow the
development of hysteron-based computation that is ultrafast,
miniaturized, and energy effective (46). Second, we note that
the interactions studied here arise because we control the global
deformations; if we control the global force of serially coupled
hysterons, there are no interactions, which suggests that mixed
boundary conditions allow to tune the interaction strength.
Third, other embedding geometries can be used to tune the in-
teractions. For example, we expect that for a linear configuration
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of hysterons embedded in a two-dimensional background, the
interactions become localized, with the interaction distance
tunable by geometry; parallel configurations may give rise to
ferromagnetic interactions. Our work brings an understanding
of the nature of interactions, as well as their rational design,
within reach (1, 3, 5).

Important future questions include to understand the growth
of the computational complexity with, e.g., the number of
hysterons, type of interactions, and driving protocols, to link these
FSMs to physically relevant properties such as RPM, 1-RPM,
transients, and subharmonic behavior, where under cyclic driving
the system revisits eatlier states only after more than one driving
cycle, and more widely to understand the organization, limits,
and design of these FSMs. In particular, increasing the number
of hysterons pairs an explosion in possible FSMs to an increased
sensitivity to noise and (plastic) aging effects that practical designs
need to balance. We suggest that exploring designs with a finite
range of interactions allows to create hierarchical structures where
multiple small functional units robustly operate in parallel.

We end with two challenges that are key for realizing
complex hysterons-based materials for in materia computing.
First, although we have shown that any FSM can be embedded
in a t-graph, the problem of designing a set of interacting
hysterons for a given FSM is at present open. We have an explicit
implementation of this construction for an arbitrary number
of states and L = 1; although we expect this construction
to generalize to arbitrary L, this is left for future work (S7
Appendix). Second, there is yet no precise design procedure to
realize (meta)materials with hysterons with arbitrary interactions,
although we expect that generalizations from a linear geometry to
more complex 2D geometries may be sufficient. Both challenges
seem surmountable, thus suggesting a concrete strategy to embed
sequential computations in materia.

5. Materials and Methods

5.1. Geometry. Our hysteron-hased metamaterials consist of precurved beams
encased in rigid 3D printed clamps (size H) and serially coupled to a spring which
consists of a vertical beam of thickness Ts and one (for a three-hysteron system)
ortwo (for a two-hysteron system) elliptic rings in series with major axis £;, minor

axis ej, and thickness Te. At rest, each beam j has a profile w; = %cos (2zx/H),
thickness T;, and depth b; we use the dimensionless thickness t; = T;/H and
amplitude a; = A;/H. By varying t;, a;, and the spring stiffness, we control the
mechanical response (S/ Appendix, Fig. S2).

5.2. Fabrication and protocol. The flexible parts of the samples are two
component polyvinyl siloxane rubber (Elite Double 22, Zhermarck) fabricated
by standard molding techniques, whereas the rigid parts consist of 3D printed
PLA frames (Ultimaker S5; white parts in, e.g., Fig. 1 B and E). The mechanical
response of our samples is probed in a uniaxial testing machine (Instron 5965)
which controls the axial displacement U better than 4 pm; we use a 100 N
sensor, which accurately measures the force down to 0.5 mN. The experiments
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are performed at 0.05 mm/s. We image the sample at a frame rate of 0.41 fps,
using a CMOS camera (Basler asA2040-25gm/gc).

5.3. Specific Designs. All data (experimental and numerical) presented in the
main text are obtained with H = 20mm, b = 10mm, t; = 0.1,a4 = 0.4,
Te=2mm,Ts = 1.5mm, Ey = E2 = 7mmande; = ) = 4.5mm. The
two-hysterons samples shown in Fig. 3 have the following parameters: Fig. 3C
ay = 0.21,tp = 0.13; Fig. 3D:ap = 0.2, t) = 0.1; Fig. 3E:ap) = 0.2,
tp = 0.11. Additionally the three-hysterons sample presented in the main text
has the following geometrical parameters: a, = 0.24,t) = 0.11;a3 = 0.2,
t3 = 0.12, £ = 7mm,eq = 4.5mm.

5.4. Numerical Simulations. We perform numerical simulation with the
commercial software package ABAQUS/EXPLICIT 6.19. In accordance with the
experiments, we use Neo-Hookean hyperelasticity with Young's modulus of
789.49 kPa and Poisson’s ratio of 0.49. We mesh the simulation models with
four-node plane stress (CPS4R) elements, use a loading speed of 0.05 mm/s,
and introduce damping to dissipate vibrations caused by snap-through events

5.5. T-Graph Construction and Sampling. We sample the design space by
randomly selecting values for uii and d; between zero and one, using the
mapping ¢; = —d;, and requiring u;” < ul.+ and u1+ > u; > ...
which takes care of trivial permutations of the hysterons (20, 21, 24). We use a
previously described recursivealgorithmto determinethe correspondingt-graph
(24). In essence, starting from the saturated state {00, . .. }, we determine its
up transition and landing state. We then iteratively determine the up and
down transitions from all fresh landing states, until no new fresh states can be
found. The resulting t-graph contains all N nodes that are reachable from the
saturated states and 2N — 2 directed edges which represent the up and down
transitions. Graphically, we order the nodes from bottom to top as function
of their magnetization m = Xs;, and from left to right lexicographically. Up
and down transitions are colored blue and red. We distinguish between one-
step transitions, where a single hysteron flips its phase, and avalanches, which
feature multiple hysteron flips, and which are composed by merging several
elementary transitions (1, 5, 24, 25). We represent the length of an avalanche,
i.e., the number of elementary transitions, by the thickness of the edgefor a
one-step transition, the length equals one (see S/ Appendix for more details).

Data, Materials, and Software Availability. All study data are included
in the article and/or supporting information. Additional Excel files, Python
codes, and raw images that support the findings of this study are openly
available in Figshare: https://figshare.com/projects/Data_for_Controlled_
pathways_and_sequential_information_processing_in_serially_coupled_me
chanical_hysterons_/203070 (47).

ACKNOWLEDGMENTS. We gratefully acknowledge discussions with C. Coulais,
M. Mungan, N. Keim, J. Paulsen, and D. Shohat. H.B., M.v.H, and M.T.
acknowledge funding from European Research Council Grant ERC-101019474.
H.B. acknowledges funding from the European Union's Horizon 2020 research
and innovation programme underthe Marie Sklodowska-Curie grantagreement
no 101102728 and from ULB incentives measures, available thanks to the FWB,
to foster participation to EU projects. J.L. acknowledges support from the China
Scholarship Council-201906280214.

8. J.Y.Chung, A. Vaziri, L. Mahadevan, Reprogrammable braille on an elastic shell. Proc. Natl. Acad.
Sci. U.S.A.115,7509-7514(2018).

9. A Abbasi, T. Chen, B. F. Aymon, P. M. Reis, Leveraging the snap buckling of bistable magnetic
shells to design a refreshable braille dot. Adv. Mater. Technol. 9, 2301344 (2024).

10. L.J. Kwakernaak, M. van Hecke, Counting and sequential information processing in mechanical
metamaterials. Phys. Rev. Lett. 130, 268204 (2023).

11. A Meeussen, M. van Hecke, Multistable sheets with rewritable patterns for switchable shape-
morphing. Nature 621, 516-520 (2023).

12. J. A Barker, D. E. Schreiber, B. G. Huth, D. H. Everett, Magnetic hysteresis and minor loops: Models
and experiments. Proc. R. Soc. London. A, Math. Phys. Sci. 386, 251-261(1983).

13. K. Matan, R. B. Williams, T. A. Witten, S. R. Nagel, Crumpling a thin sheet. Phys. Rev. Lett. 88,
076101 (2002).

14. J.D.Paulsen, N. C. Keim, S. R. Nagel, Multiple transient memories in experiments on sheared
non-Brownian suspensions. Phys. Rev. Lett. 113, 068301 (2014).

https://doi.org/10.1073/pnas.2308414121

9 of 10


https://www.pnas.org/lookup/doi/10.1073/pnas.2308414121#supplementary-materials
https://www.pnas.org/lookup/doi/10.1073/pnas.2308414121#supplementary-materials
https://www.pnas.org/lookup/doi/10.1073/pnas.2308414121#supplementary-materials
https://www.pnas.org/lookup/doi/10.1073/pnas.2308414121#supplementary-materials
https://www.pnas.org/lookup/doi/10.1073/pnas.2308414121#supplementary-materials
https://figshare.com/projects/Data_for_Controlled_pathways_and_sequential_information_processing_in_serially_coupled_mechanical_hysterons_/203070
https://figshare.com/projects/Data_for_Controlled_pathways_and_sequential_information_processing_in_serially_coupled_mechanical_hysterons_/203070
https://figshare.com/projects/Data_for_Controlled_pathways_and_sequential_information_processing_in_serially_coupled_mechanical_hysterons_/203070

Downloaded from https://www.pnas.org by AMOLF LIBRARY SERVICES on June 10, 2024 from |P address 194.171.111.64.

20.
21.
22.
23.
24,
25.
26.
28' M. Sipser, Introduction to the theory of computation. ACM Sigact News 27, 27-29 (1996).
29.
30.

31.

. B.Florijn, C. Coulais, M. van Hecke, Programmable mechanical metamaterials. Phys. Rev. Lett. 113,

175503 (2014).

. J.T.B. Overvelde, T. Kloek, J. J. A. D'haen, K. Bertoldi, Amplifying the response of soft actuators by

harnessing snap-through instabilities. Proc. Natl. Acad. Sci. U.S.A. 112, 10863-10868 (2015).

. M. Adhikari, S. Sastry, Memory formation in cyclically deformed amorphous solids and sphere

assemblies. Eur. Phys. J. £ 41,105(2018).

. M. Mungan, S. Sastry, K. Dahmen, I. Regev, Networks and hierarchies: How amorphous materials

learn to remember. Phys. Rev. Lett. 123, 178002 (2019).

. 1. Regev, I Attia, K. Dahmen, S. Sastry, M. Mungan, Topology of the energy landscape of sheared

amorphous solids and the irreversibility transition. Phys. Rev. £ 103, 062614 (2021).

M. M. Terzi, M. Mungan, State transition graph of the Preisach model and the role of return-point
memory. Phys. Rev. £ 102, 012122 (2020).

M. Mungan, M. M. Terzi, The structure of state transition graphs in systems with return point
memory: |. General theory. Ann. Henri Poincaré 20, 2819-2872 (2019).

N. C. Keim, J. D. Paulsen, Z. Zeravcic, S. Sastry, S. R. Nagel, Memory formation in matter. Rev. Mod.
Phys. 91,035002 (2019).

J.D. Paulsen, N. C. Keim, Minimal descriptions of cyclic memories. Proc. R. Soc. A: Math. Phys. Eng.
Sci. 475, 20180874 (2019).

M. van Hecke, Profusion of transition pathways for interacting hysterons. Phys. Rev. £ 104, 054608
(2021).

C.W. Lindeman, S. R. Nagel, Multiple memory formation in glassy landscapes. Sci. Adv. 7,
eabg7133(2021).

F. Preisach, Uber die magnetische nachwirkung. Z Phys. 94, 277-302 (1935).

J. E. Hopcroft, R. Motwani, J. D. Ullman, Introduction to automata theory, languages, and
computation. ACM Sigact News 32, 60-65 (2001).

A. K. Behera, M. Rao, S. Sastry, S. Vaikuntanathan, Enhanced associative memory, classification, and
learning with active dynamics. Phys. Rev. X 13, 041043 (2023).

M. Serra-Garcia, Turing-complete mechanical processor via automated nonlinear system design.
Phys. Rev. £ 100, 042202 (2019).

C. Kaspar, B. J. Ravoo, W. G. van der Wiel, S. V. Wegner, W. H. P. Pernice, The rise of intelligent
matter. Nature 594, 345-355(2021).

10 of 10 https://doi.org/10.1073/pnas.2308414121

32.
33
34.
35.
36.
37.
38.
39.

40.
. M. Wehner et al., An integrated design and fabrication strategy for entirely soft, autonomous

42.
43.

44,
45,
46.

47.

0. Hovorka, G. Friedman, Onset of reptations and critical hysteretic behavior in disordered systems.
J. Magn. Magn. Mater. 290-291, 449-455 (2005).

J. P. Sethna et al., Hysteresis and hierarchies: Dynamics of disorder-driven first-order phase
transformations. Phys. Rev. Lett. 70, 3347-3350 (1993).

J. Ding, M. van Hecke, Sequential snapping and pathways in a mechanical metamaterial. J. Chem.
Phys. 156, 204902 (2022).

T. Jules, L. Michel, A. Douin, F. Lechenault, When the dynamical writing of coupled memories with
reinforcement leaming meets physical bounds. Commun. Phys. 6, 25(2023).

A. Rafsanjani, A. Akbarzadeh, D. Pasini, Snapping mechanical metamaterials under tension. Adv.
Mater. 27, 5931-5935 (2015).

K. Bertoldi, V. Vitelli, J. Christensen, M. van Hecke, Flexible mechanical metamaterials. Nat. Rev.
Mater. 2, 17066 (2017).

D. H. Everett, W. I. Whitton, A general approach to hysteresis. Trans. Faraday Soc. 48, 749-757
(1952).

J. M. Deutsch, A. Dhar, 0. Narayan, Return to return point memory. Phys. Rev. Lett. 92, 227203
(2004).

R.F. Shepherd et al., Multigait soft robot. Proc. Natl. Acad. Sci. U.S.A. 108, 20400-20403 (2011).

robots. Nature 536, 451-455 (2016).

H. Yasuda et al., Mechanical computing. Nature 598, 39-48 (2021).

C. El Helou, B. Grossmann, C. E. Tabor, P. R. Buskohl, R. L. Harne, Mechanical integrated circuit
materials. Nature 608, 699-703 (2022).

T. Chen et al., Classification with a disordered dopant-atom network in silicon. Nature 577,
341-345(2020).

S. G. Das, J. Krug, M. Mungan, Driven disordered systems approach to biological evolution in
changing environments. Phys. Rev. X 12, 031040 (2022).

X. Gao, C. M. Rosdrio, H. Hilgenkamp, Multi-level operation in VO,-based resistive switching
devices. AIP Adv. 12,015218(2022).

J. Liu etal., Data for “Controlled pathways and sequential information processing in serially
coupled mechanical hysterons". Figshare. https:/figshare.com/projects/Data_for_Controlled_
pathways_and_sequential_information_processing_in_serially_coupled_mechanical_hysterons
1203070. Deposited 29 April 2024.

pnas.org


https://figshare.com/projects/Data_for_Controlled_pathways_and_sequential_information_processing_in_serially_coupled_mechanical_hysterons_/203070
https://figshare.com/projects/Data_for_Controlled_pathways_and_sequential_information_processing_in_serially_coupled_mechanical_hysterons_/203070
https://figshare.com/projects/Data_for_Controlled_pathways_and_sequential_information_processing_in_serially_coupled_mechanical_hysterons_/203070

	Models and Phenomenology
	Pathways and Experimental Realizations
	Sequential Information Processing and Finite State Materials
	Conclusion and Outlook
	Materials and Methods

