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Physical networks can develop tuned responses, or functions, by design, by evolution, or by learning via
local rules. In all of these cases, tunable degrees of freedom characterizing internal interactions are
modified to lower a cost penalizing deviations from desired outputs. An important class of such networks
follows dynamics that minimize a global physical quantity, or Lyapunov function, with respect to physical
degrees of freedom. In such networks, learning is a “double optimization” process in which two quantities,
one defined by the task and the other prescribed by physics, are minimized with respect to different but
coupled sets of variables. Here, we show how this learning process couples the high-dimensional “cost
landscape” to the “physical landscape,” linking the physical and cost Hessian matrices. Physical responses
of trained networks to random perturbations thus reveal the functions to which they were tuned. Our results,
illustrated using electrical networks with adaptable resistors, are generic to networks that perform tasks in
the linear response regime.

DOI: 10.1103/PhysRevLett.134.147402

Many physical networks have reciprocal edges, so that the
interactions of nodes iwith j and jwith i are the same. Such
networks can reach equilibrium or steady state by minimiz-
ing a global scalar function, or Lyapunov function, of the
physical degrees of freedom. For example, mechanical
networks minimize their (free) energy to achieve force
balance on every node. Likewise, electrical resistor net-
works minimize dissipated power subject to current or
voltage boundary conditions [1], or, equivalently, satisfy
Kirchhoff’s laws. This minimization produces specific
voltages at network nodes, and can be understood as a form
of physical computation [2–4]. Such physical networks can
develop desired linear responses to perturbations by simul-
taneously minimizing a cost function specifying the desired
response. For example, electrical networks that use local
rules that approximate gradient descent to learn desired
computations [5–12] can be made in the laboratory [13–17],
and are arguably the simplest systems in which collective
learning emerges from local dynamical processes.
Systems that optimize both a cost function and a physical

Lyapunov function have physical imprints of the double
optimization process in their linear response: soft modes
aligned with learned tasks [18–20] appear in the dynamics.
Here, we elucidate the precise connection between the
physical linear response of the network and its cost
function.
We show that in electrical networks that satisfy constraints

on their responses to weak perturbations, the Hessian in the
“physical landscape,” characterizing curvatures around the

minimized dissipated power in the space of node voltages, is
directly related to the Hessian in the “cost landscape,”
characterizing curvatures around the minimized cost func-
tion in the space of adaptable degrees of freedom, or network
parameters, namely the edge conductances.As in deep neural
networks [21–24], the highest eigenmodes of the cost
Hessian (directions of high curvature in the cost landscape)
correspond to parameter changes that maximally impair
performance of learned tasks. We derive an equation relating
these stiff eigenmodes, after a transform determined by the
network topology, to soft modes of the physical Hessian
(directions of low curvature in the physical landscape).
Calculating the cost Hessian requires knowing the task.

By contrast, the physical Hessian is a network property that
can be measured via responses to random perturbations
[25]. Our results imply that the physical Hessian gives
insight into an adaptable network’s function without
knowing the task. This provides a new tool for under-
standing adaptable systems. While our exposition is
focused on electrical resistor networks, our results are
general to all physical networks that achieve desired linear
responses via a double optimization process.
For networks that learn tasks via a contrastive learning

procedure using local rules (such as electrical contrastive
local learning networks that have been realized in the lab
[13,16]), we derive a relation between the cost and physical
Hessians during the learning process.
Physical and cost Hessians—Consider a linear electrical

resistor network, with N nodes indexed by a, carrying
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voltages Va collected into a voltage vector V. Nodes are
connected by Ne edges indexed by i, of conductance κi. We
use bold font for dynamical physical degrees of freedom
(physical d.o.f.; node voltages), and Greek font for adaptive
degrees of freedom (adaptive d.o.f.; edge conductances).
Electrical resistor networks minimize total power dissipa-
tion. Because our networks are linear, the dissipated power is

P ¼ 1

2
VTHV; ð1Þ

with a symmetric physical N × N Hessian matrix,

Hab ¼ ∂
2P

∂Va∂Vb
≡ 2½ΔTκΔ�ab; ð2Þ

where a;b index N nodes; i, j index Ne edges connecting
pairs of nodes; κ is a diagonal matrix of edge conductances
with κij ¼ κiδij; and ½� � ��ab indicates a component of the
matrix in the parentheses.H is also the graph Laplacian, but
we refer to it generically as the Hessian. Δ is an “incidence
matrix” specifying the network geometry, with Δja ¼ 1;
0;−1 depending on whether edge j is incoming, discon-
nected, or outgoing to node a, with arbitrarily assigned edge
directions. Thus, the physical Hessian H depends on the
adaptive conductances κi.
When external currents Ia, collected into a vector I, are

applied to network nodes, the network minimizes the “free
state” power dissipation [1], i.e., total power subject to
inputs PF ¼ VTð1

2
HV − IÞ. The minimum of the free state

power is achieved by the free state voltage values,

VFðκ; IÞ ¼ H−1ðκÞI: ð3Þ

For electrical networks, the Hessian in (2) is not strictly
invertible because it has a zero mode—shifting all voltages
by a constant leaves dissipated power unchanged. In
practice we include an additional ground node with con-
strained voltage V ¼ 0 [see Supplemental Material (SM)
[26] Note 1]; this removes the zero mode and renders the
Hessian invertible.
In this context, learning a target response amounts to

adapting conductances to satisfy a constraint on the free
state response cðVFÞ ¼ 0 [28]. We quantify this objective
by a scalar cost function C, the square of the constraint

C≡ 1

2
c2: ð4Þ

Multiple learning constraints (distinct input-output pairs in
the machine learning literature) specified by ci are codified
by a joint cost C ¼ 1

2

P
i c

2
i . For simplicity we consider

tasks with a single constraint and show in SM Note 2 that
our results on general relations between the physical and
cost Hessian extend to multiple constraints, exemplified in

a linear regression task. The process of modifying the
adaptable conductances to minimize the cost function C is
called supervised learning when training examples with
labels are provided. The cost measures how well the
network reproduces labels, or, more generally, the desired
response.
Learning terminates when the system reaches a mini-

mum of the cost function, so that both the cost function and
its gradient with respect to κi vanish. The cost landscape is
then locally described to lowest nonvanishing order by the
“cost Hessian,” an Ne × Ne matrix,

Hij ≡ d2C
dκidκj

; ð5Þ

where Ne counts adaptable parameters. The cost Hessian is
studied in machine learning approaches [29]. For a network
well-trained for nT independent constraints, the cost
Hessian has nT finite eigenvalues [21–23].
Relation between physical and cost Hessians—The

physical and cost Hessians have different dimensions
and units, but we will see that they are nevertheless related.
We can rewrite the cost Hessian as

Hij ¼
dc
dκi

dc
dκj

þ c
d2c

dκidκj
≡Hsat

ij þHdyn
ij ; ð6Þ

a sum of the “satisfied” termHsat
ij ≡ ðdc=dκiÞðdc=dκjÞ and

the “dynamic” term Hdyn
ij ≡ cðd2c=dκidκjÞ. Hdyn

ij vanishes
if the network achieves learning since c ¼ 0.
From (6) we see that for one constraint,Hsat

ij is rank-1, as
it is an outer product of a vector gi ≡ ðdc=dκiÞ with itself.
gi is proportional to an eigenmode of Hsat

ij .
To relate the physical and cost Hessians, recall that the

constraint cðVFÞ is an explicit function of the free state
response, so that

gi ¼
∂c
∂VF ·

dVF

dκi
¼ −

∂c
∂VF ·H−1 dH

dκi
H−1I; ð7Þ

where we used (3) along with the formula for the derivative
of the inverse of a matrix. Finally, applying the κi derivative
to the physical Hessian in Eq. (2) we arrive at

gi ¼ −2
�

∂c
∂VF ·H−1ΔT

i

�
ðΔiH−1IÞ; ð8Þ

where by Δi we mean the ith row of Δ. So Δi is a vector of
length N whose entries are 1 for the node that edge i enters,
−1 for the node it leaves, and 0 for the other nodes. We
find that

Hsat
ij ¼ gigj; ð9Þ
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where Hsat
ij contains four inverse powers of H. The addi-

tional factors of Δ from (8) implement a transform
determined by the network topology, transporting the
inverse physical Hessian into network parameter space.
Equations (8) and (9) encode our main result, a remark-

able connection between the physical and cost landscapes
when the constraint is satisfied, thus minimizing cost: the
curvature around the solution in the cost landscape is
directly related to the curvature around the minimum of the
physical landscape. This connection arises in electrical
networks because power must be minimized to satisfy
Kirchhoff’s law at every node while cost is decreased; this
couples the two landscapes in their respective spaces.
The satisfied cost Hessian in (9) is an outer product of gi

(the gradient constraint c with respect to κi) with itself.
Thus, for one constraint, we can think of a reduced cost
Hessian of rank-1, with one nonzero eigenvalue and
corresponding eigenmode gi associated with the learned
task. Moreover, from the definition of the cost function (4),

dC
dκi

¼ cgi: ð10Þ

As the cost vanishes, its gradient is proportional to the
nontrivial cost Hessian eigenmode.
Our analysis generalizes to physical systems that min-

imize a scalar physical global quantity, including mechani-
cal networks that minimize energy or free energy (SM Note
4), or not only linear but also nonlinear flow and electrical
networks that minimize dissipated power or, in the non-
linear case, a “cocontent” [6,30]. The reason is that, for
weak inputs, the dynamics are controlled by a quadratic
energy functional with a fixed Hessian, and hence linear
responses, leading to equations of the same form as those
we have solved.
To relate the physical and cost Hessian eigenmodes, we

rotate to natural coordinates of the physical Hessian,

H ¼ vTΛv; i≡ vI; o≡ v
dc
dVF : ð11Þ

Here, the rows of matrix v are eigenmodes of the
physical Hessian, Λ is a diagonal matrix of associated
eigenvalues λ > 0, and i, o are the input current and
constraint gradient rotated to the physical Hessian reference
frame.
In this coordinate system,

gi ¼ −2
X

μν

�
i
λ

�

μ

�
o
λ

�

ν
ðΔiv

T
μ ÞðΔiv

T
ν Þ: ð12Þ

The vector ði=λÞμ is the input current projected onto the
direction of eigenmode vμ, divided by the associated
eigenvalue λμ; similarly for ðo=λÞμ. Δiv

T
μ is the voltage

difference across the ith edge for the μth eigenvector.

Intuitively, a relation arises between the cost and
physical Hessians’ eigenmodes in trained systems because
the highest eigenmodes of the cost Hessian define a desired
physical response. This physical linear response VF ¼
H−1I ¼ P

μði=λÞμvT
μ is controlled by the inverse physical

Hessian and dominated by its lowest eigenmodes. Thus, the
lowest physical modes that project onto the desired
response, having large ðo=λÞμ, are related to the highest
eigenmodes of the cost Hessian.
We previously showed that in systems learning linear

responses, the physical Hessian develops soft modes with a
small eigenvalue and large projections onto the desired
responses [20]. Note that soft modes that are not learned
could exist if a network has certain symmetries or structural
features. However, such unlearned modes are independent
of the adaptive degrees of freedom, and generally do not
project much onto the desired system response, and thus do
not couple to gi or the cost Hessian. In simple cases where
only one output constraint is learned, one low eigenmode
arises with a large projection on the constraint. If its
eigenvalue is much smaller than the rest, we can approxi-
mate (12) by one term, as discussed above for the cost
Hessian of networks trained to achieve one constraint,

gApproxi ¼ −2
i1o1
λ21

ðΔiv
T
1 Þ2: ð13Þ

In this case we find that the stiff mode of the cost HessianH
has components proportional to the squared differences of
node voltages belonging to the soft mode of the physical
Hessian H. Note that H can be estimated from physical
responses alone [25], with no knowledge about the con-
straints the system was required to satisfy. This implies that
without knowing i, o we can obtain a good approximation
of the stiff mode of Hsat. One does not need to specify the
task—to know the constraint or cost function—in order to
learn which edges most strongly affect the error in a trained
network. It is more complicated to relate individual
physical eigenmodes to constraints when multiple soft
modes of H are relevant. We leave these cases to future
work.
Figure 1 shows a network trained so that a voltage drop

applied between the two white input nodes yields an equal
voltage drop between the two black output nodes. Here,
inputs are applied voltages rather than applied currents as
discussed above. In our analysis, inputs could be set as
currents or voltages (relative to ground) supplied to nodes,
or as fixed voltages across edges. Also, we consider output
constraints that do not explicitly depend on the adaptive
conductances κi (SM Notes 1 and 5). If the output
constraints depend explicitly on κi (e.g., for power con-
straints), or if they do not have a leading linear term in the
response VF, our results are modified as discussed in SM
Note 3. In Fig. 1, training partitions the network into high
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voltage and low voltage sectors [Fig. 1(a)], separated by a
crack of low conductance [Fig. 1(b)].
Figure 1(c) shows that the stiff mode of the cost Hessian

is spatially localized to the low-conductance crack; if these
conductances are varied, the cost increases strongly.
Likewise Fig. 1(d) shows that the soft mode of the physical
Hessian reflects the voltage response in Fig. 1(a) and
complements the stiff mode of the cost Hessian. This is
the soft response mode reached by learning. Note that many
other solutions, each with its own physical Hessian,
are also possible [31] but following [20,32,33], systems
trained for such linear responses typically find solutions
with stiff cost eigenmodes and soft physical eigenmodes.
Significantly, the lowest nontrivial eigenmode of the
physical Hessian [Fig. 1(d)], captures the network response
to the input, without knowledge of the expected input or
output. Applying the difference operator Δi to this soft
mode, we find that ðΔiv1Þ2 is spatially localized to the
crack; the soft mode reflects key edges associated with the
stiff cost Hessian mode. The latter demarcates the boundary
between sectors separated by the physical Hessian, which
can also be revealed through persistent homology analysis
of the trained network [33,34].

Once the constraint is satisfied, we can approximate the
cost Hessian as (9)

HApprox
ij ≈ 4

ði1o1Þ2
λ41

ðΔiv
T
1 Þ2ðΔjv

T
1 Þ2: ð14Þ

This has rank-1 as the outer product of a vector. The trace
equals the nonzero eigenvalue: λL1 ¼ TrðHApproxÞ, relating
the stiff cost to the soft physical eigenvalue,

λL1 ¼ 4
X

i

g2i ≈
ði1o1Þ2
λ41

X

i

ðΔiv
T
1 Þ4 ∝ λ−41 : ð15Þ

These results are illustrated in SM Note 6 and Fig. S3 with
resistor networks trained on tasks similar to Fig. 1.
Dynamical Hessian relations—We now examine how

the two Hessians are related during learning, not just when
the constraints have been satisfied. From (6),

Hij ¼ gigj þ 4cLiMijRj þ 4cLjMjiRi

þ 4cRiRj

X

ab

ðΔiH−1Þa
∂
2c

∂VF
a ∂VF

b
ðH−1ΔT

j Þb; ð16Þ

where we defined Li ≡ ð∂c=∂vFÞ ·H−1ΔT
i , Ri ≡ ΔiH−1I,

and Mij ≡ ΔiH−1ΔT
j (details in SM Note 7). The last

three terms arise from Hdyn
ij . Recall that Hsat

ij ∼H−4. The

first two terms in HDyn
ij scale as cH−3 ∼

ffiffiffiffi
C

p
H−3, while the

last term scales as cH−4 ∼
ffiffiffiffi
C

p
H−4. For systems trained

with linear constraints, the last term vanishes because
ð∂2c=∂VF

a ∂VF
b Þ ¼ 0. Then Hsat dominates, Tr½ðHsatÞ2� ≫

Tr½ðHdynÞ2� once the error is less than a scale set by the
lowest physical Hessian eigenvalue, C ≪ λ−21 . For non-
linear constraints, Hsat still dominates, at least for small
enough error, C ≪ 1. The change of the physical Hessian
H during learning is proportional to the cost function
gradient. Thus, the physical Hessian H becomes nearly
constant when C is low enough.
Figure 2 shows results for 300 networks trained with a

linear constraint to produce specified voltage drops to
applied input currents, and calculated Hsat and Hdyn. The
cost Hessian H is well described by Hsat [Fig. 2(a)]—the
normalized double dot product Hsat∶ H≡ fTr½HsatH�=ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Tr½ðHsatÞ2�

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Tr½H2�

p
g approaches 1 (black) when the

cost is below a threshold λ−21 set by the lowest physical
Hessian eigenvalue, λ1. Similarly, the physical approxima-
tion of gi (8) approaches the stiffest cost eigenvector fHg1,
generating its rank-1 reduced form. Figure 2(a) also shows
that the ratio of the dynamic and satisfied terms scales withffiffiffiffi
C

p
(blue), as predicted. Figure 2(b) shows the cost Hessian

for a network before and after training. Initially Hsat

approximates the cost Hessian poorly, but afterward cap-
tures it well, with the same sparse, low-rank features.

(a) (b)

(c) (d)

FIG. 1. Linear electric resistor networks have correlated modes
in the physical and cost spaces. Here, the task requires the voltage
drop between two output nodes (black) to equal the voltage drop
between two input nodes (white). (a) The response of the
network. Color interpolates between node voltages. The response
is partitioned into two sectors, with high uniform voltage and low
uniform voltage, respectively. (b) The edge conductances; the
network develops a crack of low conductance. (c) The stiff mode
of the cost Hessian picks out the edges in the crack. (d) The soft
mode of the physical Hessian reflects the voltage response and
complements the stiff mode of the learning cost Hessian.
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Discussion—We derived relations between the physical
and cost Hessians for networks responding to weak forces
near equilibrium as they adapt to perform tasks. For
simplicity, in the main text we focused on networks
satisfying a single constraint, and thus have a rank-1
reduced cost Hessian. In SMNote 2 we show how networks
that satisfy nT constraints have reduced cost Hessians with
rank up to nT . We also showed how, after learning, the high
eigenmodes of the cost Hessian are related to low eigenm-
odes of the physical Hessian, and used examples to
illustrate how these high modes are supported primarily
on network edges that adjust to satisfy the constraints. For a
physical system that satisfies a single constraint, our results
show that we should expect a single low physical eigen-
mode, separated by a gap from the higher modes, and
directly related to a single high cost Hessian eigenmode.
Then, the satisfied constraint can be discovered by exam-
ining the physical responses of the network around equi-
librium without any prior knowledge of the task. Even
when the low physical eigenmodes are not separated by a
gap, the connection between the Hessians suggests strat-
egies for learning about stiff cost Hessian eigenmodes from
physical information only [35]. While we treated the case
of linear electric resistor networks, our results hold gen-
erally for steady-state physical networks that minimize a
scalar cost specifying a linear response (SM Note 4). In
other words, we find that, in a sense, physical networks
become what they learn.
Our approach applies to adaptable mechanical systems

[36–40], including proteins, where correlations between
physical structure and function [41–46] appear in regions
highly conserved over evolutionary times, suggesting their

functional importance [42,47]. Conserved regions in
proteins were associated with slow collective modes—
corresponding to low eigenmodes of the physical Hessian
[48]. Because our approach links the physical and cost
Hessians for each system, it can give insight into individual
systems as well as for an ensemble of solutions, e.g., a
protein family, shedding light on idiosyncratic features that
play functional roles [49].
More broadly, circuits in the brain display structures

conserved between individuals and species [50]. In many
cases these conserved structures are evolved or learned
adaptations to the environment or to tasks, for example, in
circuits supporting vision [51–53], audition [54,55], olfac-
tion [56,57], and spatial cognition [58]. However, individ-
ual differences are also functionally important, e.g., for
encoding memories [59,60]. Our findings linking structure
and function in individual networks may help to explain
how conserved network adaptations can be accompanied
by substantial individual variations [61,62]. Finally, the
connections we have uncovered between the cost Hessian
and physically measurable quantities suggest that we can
apply the rich machine learning literature exploiting the
cost Hessian to develop more efficient physical learning
rules [29].
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