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The goal of thermodynamic optimal control theory is to find protocols to change the state of a
system from an initial to a desired final distribution, within a finite time, with the least possible
expenditure of work. The optimal protocol is closely linked to the intrinsic dynamics of the system
at hand. The fact that these dynamics can vary widely from system to system has made a general
solution elusive. Recent years have seen great progress by recasting the question in terms of a
quantity called total activity, i.e. the average number of jumps between states of the system over
the course of the operation, rather than the time that the operation is allowed to take. This
perspective has allowed for general expressions for the minimal work as a function of the total
activity, and the minimal total activity required for a given work. The expression for minimal
total activity can be recast as an apparent minimal operation time or speed limit, determined by
the average activity rate and work done. A maximal activity rate can be justified by appealing to
physical restrictions on the underlying transition rates, but it is unclear whether protocols optimized
under a constrained activity actually require the lowest work input for a given operation time under
these restrictions. In the context of bit reset, we show that directly minimizing work for a given
operation time under constraints on the rates leads to protocols that require significantly less work
to perform the operation than the activity-constrained protocol of the same duration. We show how
the resulting protocols for both optimization schemes differ. One reason for the difference between
both optimization schemes is the fact that the activity rate is not constant over the course of the
protocol: it depends on both the transition rates and the distribution of the bit, both of which
change over the course of the copy operation. In the limit of long protocol duration, we find an
expression for the difference between the resulting minimal work for both optimization schemes,
for a general class of dynamics. The time-constrained approach always outperforms the activity-
constrained approach for a given constrained duration, and the difference in work can be arbitrarily

large, depending on the boundary conditions and dynamics of the system under consideration.

I. INTRODUCTION

Thermodynamics is a powerful framework to describe
systems as widely varying as steam engines, computers
and enzymes. State functions like entropy and free en-
ergy can be used to determine lower bounds on the work
required to change the system from one distribution to
another. When such a transformation is performed in
a finite time, extra work is required. The sophisticated
framework of thermodynamic optimal control theory was
developed to quantify the minimal required work in the
finite-time case [IH6]. In general, the shorter the dura-
tion allowed for the transformation, the higher the extra
work, since the system will be forced further out of equi-
librium. The result is a trade-off between accuracy, cost
and speed that has proven to be relevant in both digital
systems [(H9], as well as in biology [T0HIZ2].

A prime example of this trade-off arises in finite-time
bit reset, see Fig. a) [13]. Apart from important prac-
tical considerations like computing efficiency [14], bit re-
set is of interest since it shows the intimate connection
between thermodynamics and information theory [I5-
19]. If the operation is performed quasistatically, i.e.
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infinitely slowly, the minimal required work for an unbi-
ased bit is given by the Landauer bound of kg7 In(2), in
agreement with experiment [20} 21]. For higher speeds,
the costs increase [22]. Optimal minimal work protocols
and minimal finite-time costs have been studied using
different techniques like continuous Langevin equations
[23] or discrete Markov chains [§]. In these optimal pro-
tocols, the energy difference between the two states of
the bit has a discrete jump at the start of the protocol,
and increases gradually after [g].

When the bit is modeled by a two-state Markov model,
the energy difference between the two states of the bit
sets the ratio of the rates. While the relative magnitude
of the rates is thus fixed, there is a remaining degree
of freedom in their absolute magnitude. This degree of
freedom can be quantified by different measures like the
product of the forward and backward rate of the transi-
tion, called the transition width in [24], or by the sum of
the two rates, which we call the relaxation rate. Further-
more, this absolute magnitude can vary as a function of
the energy difference.

The relation between energy and absolute magnitude
of the rates varies from system to system, and must be
modeled correctly to determine the optimal protocol for
the system at hand. Typical examples of such relations
include fixing the relaxation rate itself [8, [19], either of
the two individual rates [25] 20], or by fixing the tran-
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Figure 1. Thermodynamics of bit reset. (a) A bit system
with corresponding rates ko1 and k19. The energy difference
determines the ratio of the rates through the detailed balance
condition. (b) Different relations between the relaxation rate
(the sum ko1 + k10) and energy difference are possible, de-
spite the ratio being fixed by the detailed balance condition,
e.g. fixing ko1 (pink) or kip (green), a combination of both
which keeps the sum of the two rates equal (black), or their
product (ko1 ~ eAE/2kBT and kg ~ (fAE/m“BT7 orange). All
relations are normalized such that ko1 = k1o =1 if AE =0
(¢) The minimal work to perform a bit reset of an initially
symmetric bit with accuracy s = 0.99 for a given value of Ar
equals W™ given by Eq. (3), plotted as a red line. This
minimal work leads to a forbidden region under the plot. In
the limit Ar — oo, the work reduces to the quasistatic work
(horizontal grid line). The minimal total activity Ar at which
the work diverges equals (s — 1/2) (vertical grid line).

sition width, so that the forward and backward rate in-
crease respectively decrease by the same factor as the
energy difference increases [27] 28], see Fig. b). For a
given constraint on the rates, one might use a Lagrangian
approach to calculate the optimal path of the control pa-
rameter, and the corresponding minimal work, for a given
duration of the protocol.

There are a few downsides to the Lagrangian optimiza-
tion scheme that determines the optimal path. First of
all, the procedure only works for simple systems with few
control parameters, making it hard to extend beyond a
two-state system [28] 29]. Secondly, even for those sim-
ple systems, the procedure does not lead to analytical
solutions. Most importantly, the obtained solution is not
general, since it depends on the specific relation between
energy difference and relaxation time that is imposed.

Recently, a subtly different approach has led to re-
sults for bit reset that are both general and analytical

[26, 27, [30]. Here, the minimal work is expressed in terms
of the average total number of jumps that take place be-
tween the states of the system over the course of the pro-
tocol, called the total activity Ap [31]. For a given value
of the total activity, the minimal work can be derived and
analytically expressed as a function of the initial distri-
bution, final distribution and total activity. Interestingly,
this result does not depend on the relation between en-
ergy and the absolute magnitude of the rates. The more
jumps are allowed, the closer the system can remain to a
quasistatic process, and the lower the minimal work. If
only a small number of jumps is allowed, more work is
required to ensure these jumps take place in the correct
direction. In this sense, the effect of the total activity
on the work appears to be similar to that of the proto-
col duration. Indeed, for a given relaxation rate-energy
relation and optimal protocol, one can express the total
activity in terms of duration and vice versa [26] [32].

The activity-constrained optimization scheme has been
applied to study bit reset in finite time [26]30], and to de-
rive apparent speed limits. Speed limits are expressions
that relate the duration 7 to a minimal required work.
These expressions can be derived by inverting the expres-
sion for the minimal work in terms of the total activity,
leading to an expression for a minimal required total ac-
tivity to perform the operation for a given work. The
7-dependence in the speed limit enters through the def-
inition of the average activity per unit amount of time,
defined by (a) = Ar/7r. For a given work, this defini-
tion leads to a bound on 7 that depends on the aver-
age activity rate (a). However, it should be noted that
these activity-constrained protocols are not optimized for
a given value of protocol duration 7, but rather for a given
value of total activity Ar.

In this paper, we will show that the optimal proto-
col that minimizes the work for a given total number of
jumps A, the optimal activity-constrained protocol, is
not the same as that optimized for a given duration T,
the optimal time-constrained protocol. For a given pro-
tocol duration 7, we will show the existence of a time-
constrained protocol (blue point in Fig. [[(c)) that has
a lower work than the activity-constrained protocol (red
point), yet is suboptimal in terms of the total activity.
Under the constraint that seems experimentally most rel-
evant, i.e. time rather than total activity, such a protocol
is superior.

The activity and time constrained optimization
schemes lead to different optimal paths, as can be seen by
studying quantities like the energy difference, the fluxes
and irreversible entropy production rate over the course
of the protocol. We will study in which regime this dif-
ference is the most significant. How well does an activity
constraint serve as a proxy for a time constraint? We find
that the difference between the two optimization schemes
increases for operations that have a larger change in ac-
tivity rate over the course of the protocol. We find an
expression to quantify this difference in the long-7 limit,
for a class of dynamics of the two-state model.



The paper is structured as follows. We first introduce
the two-state Markov model for bit reset, and the results
of [26] 27], where the minimal work for a given total
activity A7 is derived, as well as the optimal protocol.
We will then compare these results to the minimal work
and optimal path for a system optimized for a given du-
ration 7, where one of the rates is fixed [25]. Detailed
derivations are provided in the The two opti-
mization schemes lead to different optimal paths for the
same system: the 7-constrained scheme is optimal for a
given duration 7, but suboptimal in terms of A7, and vice
versa. By studying different quantities over the course of
the protocol, we show how the 7-constrained protocol
manages to outperform the Ap-constrained protocol for
the same 7. We show that in the long-time limit, the ra-
tio of the work for both protocols can be expressed as a
function of the ratio of the activity rates over the course
of the protocol and validate this result by comparing it
to exact solutions.

II. THEORY
A. Bit reset and activity-constrained optimization

We model our system as a two-state Markov model,
where the two states are labeled 0 and 1, with transition
rates k;;(t) to go from state j to i. The master equation
of its probability distribution Py; = {po,p1} is

Po = —p1 = ko1 (t)p1(t) — k1o (t)po(t). (1)

The energy levels and the ratio of the rate constants
obey AE(t) = E1(t) — Eo(t) = kT In(ko1/k10), so that
the equilibrium state obeys the Boltzmann distribution.
The energy level serves as the control parameter. In the
following, we assume T = kg = kg1 = 1. The absolute
magnitude of the rates, which we quantify by the relax-
ation rate ko1 + k19, can depend on AF as well, but this
relation is not a priori fixed and can vary from system to
system, see Fig. b). The goal of bit reset is to change
the system from a symmetric equilibrium distribution
(po(0) = p1(0) = 1/2, AE = 0) to state 0 with accuracy
s > 1/2, within time 7 so that po(7) = s,p1(7) =1 —s.
In order to reach this desired final distribution, AFE needs
to be increased over the course of the operation. The re-
quired power can be written as W = . p; F;. Integrated
from 0 to 7, the power yields the required work W. After
the operation, the energy levels are set to their original
values. This way, the reset is consistent with a frame-
work where the manipulation of a bit happens through
an interaction Hamiltonian acting on the system during
the interval [0, 7] [33].

The work W can be separated into a quasistatic part
and an irreversible part. The quasistatic, reversible part
only depends on the initial and final distribution and
equals AF = AU — TAS, where U = ), p;E; is the

internal energy, and S = —kp ), p; log(p;) is the entropy.
In the case of an initially symmetric bit, AU = 0 since
U(0) = U(7) = 0 as the energy levels are initially equal
and are set to the initial value after the operation. Next
to the quasistatic part there will also be an irreversible
part Wi, due to the fact that the system needs to be
brought out of equilibrium to achieve the reset in a finite
time. Contrary to the quasistatic costs, these depend on
the path that AE(t) takes over the interval [0, 7] in order
to bring the system to the final distribution.

The central result of [26] 27] is to find an analytical
result for the minimal work for a given total activity Ar,
defined as the average total number of jumps that hap-
pens over the course of the operation,

Ap = /T dt ko1 (t)p1(t) + k1o(t)po(t). (2)
0

The integrand, called traffic in [34], will be referred to
as the activity rate a(t). Given a total activity Ar, the
minimal work required to reset an initially symmetrically
distributed bit with accuracy s, so that the bit is in state
0 with probability s after the reset, equals

. 1+ 232
Wi, = AS+ (s —1/2)In (11“5/2) NG))
Ar
where the first term is the quasistatic, reversible cost due
to the Landauer bound. The change in Shannon entropy,
AS =In(2)+ slns+ (1 —s)In(1 —s), equals In(2) when
s = 1. The second term is the irreversible cost Win| 4 .
We show the minimal work W™, in Fig. [Ifc) for
a reset with accuracy s = 0.99. The irreversible work
decreases to 0 with increasing A7, so that only the qua-
sistatic cost remains in the high Ap-limit. Surprisingly,
the minimal required work only depends on the initial
and final distribution of the system and the total activ-
ity Ar, regardless of the relation between energy and
relaxation rate that the system obeys.
For a given value of Ar, the optimal protocol is
achieved by varying the energy difference so that

_ ko (t)p1(t)
k10(t)po ()

is a constant of motion. Both the constant of motion and
the corresponding minimal work are derived in [26], see
also Appendix[VA] This constant of motion implies that
the generalized force In(K) is constant over the course
of the operation. The work is then given by Eq. .
It follows from Eq. that the minimal required total
activity is Ar min = (s —1/2). This is the scenario where
no jumps from 0 to 1 are allowed, so all jumps increase
po. Then, only (s —1/2) jumps are needed on average to
make the transformation from po(0) = 1/2 to po(7) = s.
In this limit, the ratio ko1 /k10 and hence the generalized
force and work diverge.

(4)



Crucially, we need to fix the relationship between the
energy difference AF and the relaxation rate, set by the
magnitudes of the rates, in order to obtain a unique
activity-constrained optimal protocol for a given total ac-
tivity. While any protocol that obeys Eq. is optimal,
in the sense that it minimizes the work for a given Ar,
this protocol is not unique in the absence of another con-
straint on the magnitudes of the rates. There exists an
ensemble of protocols that all minimize the work for a
given A, obeying Eq. , and any pair of protocols in
this ensemble can be mapped onto one another by multi-
plying both the forward and backward rate by the same
time-dependent prefactor «(t). For example, an optimal
protocol that minimizes the work for a given Ar can be
mapped onto another protocol with the same work, Ar
and, indeed, the same duration 7, if both the forward
and backward rate are increased by a certain factor in
the first part of the protocol and decreased by another
factor in the second part. This change corresponds to
speeding up the movie of the physical process in the first
half and slowing it down in the second half. In general,
however, the relaxation rate of the system is bounded
by the physics of the system, which, in our framework,
manifests itself as a relationship between the rates and
AF (see Fig. [I{b)). With this other constraint, there is
a unique activity-constrained optimal protocol that min-
imizes the work for a given Ap. This protocol has a
specific duration 7; the larger Ar, the larger 7, and vice
versa.

The theoretical framework presented in [26] 27, [30] is
more general than the specific implementation presented
here. For example, Eq. is the solution for the work
in the case of a reset of a bit, starting from a symmetric
initial distribution. The general solution for the asym-
metric case can be found in [26], see also Appendix
When the system has a more complex topology than a
two-state system, the distance measure (s — 1/2) that
occurs in Eq. needs to be replaced by a more gen-
eral Wasserstein distance [27, 0], which connects opti-
mal transport theory with thermodynamics in the case
of both discrete [35] and continuous state space [36] B7].
It should be noted that in [30], the results are not pre-
sented for the total activity but rather a quantity called
kinetic cost My = [ m(t)dt, where m(t) is the so-called
dynamical state mobility m(t), defined as

mit) = ko1 (i)m((Mt))po(t) ' )

E1o(t)po(t)

The minimal irreversible work for a given value of My
takes on an especially simple form, with Wmin|,, =
(s—1/2)%/Mr7. Despite the difference in appearance com-
pared to the irreversible work for the activity constrained
protocol (see Eq. ), both optimization schemes lead to
the same optimal protocol, which has a constant gener-
alized force like Eq. , so that all conclusions regarding
activity-constrained protocols carry over to dynamical-
state-mobility constrained protocols, as well as the gen-

eralized activity metrics considered in [38].
The equation for the minimal work (Eq. (3)) can also
be cast in the form of a speed limit as

(s —3)

o (fz(W—)) ©)

where W;,, is the irreversible part of the work and {a) =
Ar /7 is the activity rate, averaged over the course of the
protocol. The optimal activity-constrained protocol sat-
urates the inequality. No protocol can perform a reset
of accuracy s with a lower 7, unless either Wi, or (a) is
increased. The average activity rate (a) can be increased
by performing the bit reset using a different system with
higher rates, but for a given system with a specified re-
lation between AFE and the rates, then, for a given 7,
the bound is only saturated for one protocol, the optimal
protocol, which has a specific value of {(a). However, for
that system and that 7, other protocols do exist, which
will, in general, have a different (a). These protocols will
not saturate the bound of Eq. [6] But could they have a
lower work? To be more precise: can, for a given system
with a specific relation between the rates and AFE, the
reset be performed with the same accuracy and within
the same time 7, but with a lower work because (a) and
hence Ar = (a)7 is higher? This hypothetical protocol
would correspond to the blue point in Fig. c). Note
that the blue point is not at the bound, since, for the
same relaxation rate-energy relation, different points at
the bound correspond to different values of 7, whereas
the blue and red point have the same value of 7.

We compare the activity-constrained optimization
scheme to optimal protocols that optimize the work di-
rectly for a certain value of 7 (7-constrained optimization
scheme). Crucially, optimizing for a certain value of 7 re-
quires that a relation between relaxation rate and energy
difference is specified. In this case, we fix kg; = 1: the
rate of going to the desired 0 state stays constant over
the course of the protocol. Using a 7-constrained opti-
mization scheme, we will find a protocol that, for a given
value of 7, has a higher value of Ar and a lower work
than the activity-constrained protocol, corresponding to
the blue point in Fig. (1| (¢). This protocol will have a
different constant of motion than that of Eq. . Hence,
it is not on the optimal line for a given value of Ar, and
does not saturate the speed limit of Eq. @ However,
it does outperform the activity-constrained protocol for
the given value of 7.

T>

B. Optimization for a given duration

Our goal is to minimize the work for a given duration
of the protocol 7. For a given value of the initial and final
distribution and energy levels, the quasistatic, reversible
part of the work cannot be optimized since it is fixed
by the boundary conditions. Instead, we focus on the
irreversible work, defined as [5]



T k T
Wiy = / dt;boln( Olpl) - / dtg (AE—ln (pl))
0 klopo 0 Po

All quantities under the integral sign are time-dependent.
Before minimizing Eq. , we note that in the limit of di-
verging energy difference AFE, the ratio between the rates
diverges, so that k1o &~ 0. Since ko1 = 1, Eq. reduces to
p1 = —p1(t), implying p1(t) decays exponentially. This
is the fastest pg can increase. In order to reach the de-
sired accuracy, a minimal value Ty, = — log(2(1 — s)) is
required. For this value of 7, Wi, diverges.

The optimal path of AE(t) on the interval [0, 7] can be
found by interpreting Wi, as an action, so that the inte-
grand is a Lagrangian £ = pg ln(ko1p1/k10p0) [7]. Using
the fact that p; = 1 — pg, as well as the master equation
Eq. and the fact that k19 = 1, the Lagrangian can be
written solely in terms of pg, pg and constants, as

. p1 . 1—po
L =poln =poln | ———— . 8
bo (klopo) Po <1—p0—p0> ®

See Appendix [VD] for details. For such a Lagrangian,
with no explicit time dependence, the action is minimized
for a path with the constant of motion k = p'og—lfé - L,
which leads to

. 2
Po

K= ———. 9

1—po—po ©)

Comparing & (Eq. @[)) for the time-constrained opti-
mization scheme with K = (1 — pg)/(1 — pg — po) for
the activity-constrained protocol (see Eq. ), using
the fact that kg; = 1 and using Eq. to substitute
k10po = 1 — po — po), shows that K and k can only both
be constant if 1 — py o pp>. However, this relation does
not hold for the optimal solution of the Ap-constrained
protocol, as derived in Appendix [VB] giving a first hint
that the two protocols are different.

The minimal irreversible work for the 7-constrained
optimization scheme can be expressed in terms of x,
p0(0), po(7), see [§] and Appendix The constant
of motion & is related to the boundary conditions pg(0)
and po(7), and 7 via a transcendental equation, which
can be numerically solved to calculate the minimal irre-
versible work for a given value of 7, denoted Wnin| . The
corresponding activity can be calculated by numerically
performing the integral in Eq. (2). Like in the case of
the activity-constrained optimization scheme, A7 and 7
are related through a monotonic relation.

III. RESULTS
A. Comparing the two optimization schemes

The optimal protocol that minimizes the work for a
given total activity differs from the protocol that mini-
mizes the work for a given duration. This fact can be seen
in Fig. which shows the minimal work as a function
of the total activity Ar (panel (a)), and as a function of
the protocol duration 7 (panel (b)), for both the activity-
constrained (red lines) and 7-constrained protocol (blue
lines). The bit reset has an accuracy of s = 0.99. For
both optimization schemes, each value of the total activ-
ity Ar corresponds to a certain value of 7 and vice versa.
These relations are shown in the same panels as those of
the work, beneath the x-axis.

For a given activity Ay, W2in| 4 is always lower than
Wmin| - However, the Ap-optimal protocol takes longer
than the 7-optimal protocol. Comparing for the same
value of 7 shows that Wi%|_is lower than W2in|,
as can be seen explicitly in panel (b), where the same
quantities are plotted as a function of 7. To elucidate the
difference, we marked point 1 in panel (a) and (b), which
is optimized for duration 7 = 6 (in units of 1/k1p = 1),
with three protocols optimized for Ar: point 2, which has
the same duration 7 as point 1, a lower activity A and
a higher work Wj,,; point 3, which has the same work,
a smaller activity and a longer duration (7 ~ 6.9); and
point 4 (7 & 7.6), which has the same total activity, a
longer duration and a lower work. The results show that
the activity-constrained optimization scheme can indeed
be outperformed for a given duration 7, by a protocol
directly optimized for duration.

The two optimization schemes never lead to the same
protocol, except in the limit of diverging work, where
both Ar and 7 take their minimal value. In all other
cases, including the limit of long duration 7 and large
activity Ar, the optimization schemes lead to differ-
ent values of the irreversible work. In the insets of
Fig. au7b)7 we plot the ratio of the irreversible work
for both optimization schemes, dividing the the largest
of the two values by the smallest, i.e. in panel (a)
the ratio is Wmin| /Wmin|, = and in (b) the ratio is
Wmin| ,/Wmin| - This ratio is an increasing function
which starts at 1 for Ap = Armin and 7 = Ty, but
quickly increases and then approaches a maximal value.
Notably, the difference can be more than 20%. Before
determining which quantities influence the size of this
difference in the next section, we compare the optimal
protocols in detail.

How do the two optimal protocols differ, in terms of
the path of the energy difference AE(t) over the course
of the protocol, as well as the resulting fluxes and irre-
versible entropy production? To answer this question,
we show the energy difference AE(t), the activity rate
a(t) (the integrand of Eq. (2))), the flux po(¢) (see Eq.
(1)), the generalized force In(K(t)) isee Eq. () and the

i

entropy production Wi, (¢) in Fig. |2} panels (c)-(g). We
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Figure 2. The protocol that minimizes the work for a given duration 7 does not lead to the minimal work for the corresponding
value of Ar, and vice versa: the activity-constrained protocol is not optimal for a given duration 7. The two optimization
schemes lead to markedly different optimal protocols. We study a reset that takes the bit from a symmetric initial state to
state 0 with accuracy s = 0.99, and dynamics with a fixed forward rate ko1 = 1. Panel (a) shows, as a function of the total
activty Ar, the minimal irreversible work for that Ap, Wi"| 4. (in red), as well as the irreversible work for a protocol that
minimizes the work for a given, yet different duration 7, Wii"|, (in blue), yet with the same total activity. Below the x-axis,
we plot the corresponding value of 7 for both protocols. The protocol optimized for a given value of 7 has a higher work than
the one optimized for Ar. However, for the same value of Ar, it performs the operation in a shorter time 7. The inset shows
the ratio between the two required amounts of work, WiZ®|, /W| . Conversely, in (b), we show Wi%i®| 4, (again in red)
and Wm"|, (again in blue) as a function of 7, with the corresponding value of Az plotted below the z-axis. Note that this
is essentially the same plot as (a), but with the axes for 7 and Ar switched. For a given value of 7, the protocol optimized
for a given value of Ar has a higher work than the one optimized for 7, but performs the operation with a lower total activity
Ar. The ratio Win™| 4. /Wimin| is shown as an inset. The points 1-4 correspond to the same protocols in panels (a) and
(b), respectively. Panels (c)-(g) show different performance-related quantities as a function of time ¢, over the course of the
protocol. We compare the 7-constrained protocol corresponding to point 1 in panel (a) and (b) (7 = 6, plotted in blue) with
Ar-constrained protocols that have the same duration 7 (point 2 in panel (a) and (b), dashed red lines), the same work (point
3, dot-dashed red lines) and the same total activity (point 4, dotted red lines). The endpoints of the protocols are marked
with grey vertical lines. The behaviour of the protocols is discussed in the main text. (c) Energy difference AE. (d) Activity
rate a(t) on a logarithmic scale. The black line gives the equilibrium activity rate (defined in Eq. (10)) for the 7-constrained
protocol. (e) Flux po(t) on a logarithmic scale. (f) Generalized force In(K), with K given as in Eq. (4). (g) Irreversible entropy
production Wir;. The area under the blue line and dot-dashed red line is the same since both have the same work.

compare the protocol that corresponds to point 1 in pan-
els (a) and (b), with the three protocols optimized for Ar
corresponding to point 2 (same duration, dashed lines),
point 3 (same work, dot-dashed lines) and point 4 (same
total activity, dotted lines). Analytical expressions for
the quantities shown in the case of Ap-constrained opti-
mization can be found in Appendix [VB]

There are a few similarities between the protocols re-
sulting from the two optimization schemes. The energy
difference between the two states AE(t) (panel (c) of Fig.
has to increase over time in order to perform the re-
set operation. Furthermore, due to the constraint on the
rates where the forward rate kg; = 1 is kept constant,
an increasing value of AF(t) implies that the backward
rate k1o(t) decreases over time. The decrease of the rate
leads to a decrease in a(t) over time as well, regardless of
whether the protocol is optimized for 7 or Ar, as shown
in panel (d). Similarly, we see that the flux po(t) and

the irreversible entropy production Wi decrease (panel
(e) and panel (g)) over the course of the protocol. For
the activity-constrained protocols, the activity rate a(t),
flux po(t) and irreversible entropy production Wiee decay
exponentially, leading to straight lines on the logarithmic
plots of panel (d) and (e).

Despite their similarities, the protocols optimized for
A7 have very different properties from the protocols op-
timized for 7. The Ap-constrained protocols have a
larger energy difference AFE at the start of the proto-
col, but a weaker increase of AFE over time, so that the
final value of AE is smaller (Fig. [2c)) We explain the
difference between the two optimization schemes in the
next section. We can, however, explain the difference
in the other quantities from the difference in the path
of AE(t). At the start of the protocol, using the fact
that po(t) =~ p1(t) =~ 1/2, and ko1 = 1, the activity
rate can be approximated as a(t) =~ 1/2(1 + k1p). Since



an increased AF implies a decreased backward rate kg,
the Ap-constrained protocols have a lower activity at the
start. Over the course of the protocol, the activity rate of
the 7-based protocol decreases more strongly, so its final
activity is lower than the Ap-based protocols.

The flux po(t) can be approximated at the start of
the protocol as po(t) ~ 1/2(1 — k1p), which is initially
larger for the Ap-constrained protocols given the initial
values of AE. Panel (f) shows the generalized force,
which is equal to In(K), and hence constant for the Ap-
constrained protocols (see Eq. ) Since the initial
energy difference is larger for the Ap-constrained pro-
tocol, it also has a higher initial generalized force than
the 7-constrained protocol. The price to pay for the
quick start of the Ap-constrained protocol is a larger ir-
reversible entropy production initially (panel (g)), which
is the product of the flux and the generalized force (see
Eq. ) The 7-constrained protocol catches up in the
second half of the protocol: AF surpasses that of the Ap-
constrained protocols, the activity rate is lower, the flux
becomes higher, as well as the generalized force and ir-
reversible entropy production. Note that the irreversible
entropy production for the 7-constrained protocol is rel-
atively constant compared to the Ap-constrained proto-
col. For larger values of 7, the change in irreversible
entropy production gets smaller and smaller, in line with
the fact that for slow-varying 7-constrained optimal pro-
tocols, the irreversible entropy production is constant [3].

B. Using equilibrium activity rate to explain
difference between the optimization schemes

Optimizing for a given value of 7 is not the same as
optimizing for a given value of Ar, but what is the reason
for this difference? Can we understand the difference in
optimal path of the control parameter AFE, shown in Fig.
c)? Essentially, the two optimization schemes lead to
distinct optimal protocols due to the fact that the activity
rate a(t) is both path- and time-dependent. If instead it
were always constant, the activity rate for any path would
equal (a) = Arp/7, and Eq. would give the minimal
work for both optimization schemes.

However, a(t) is not a constant, for two reasons: when
a system is relaxing towards a certain equilibrium state,
a(t) will change due to the changing value of py(t) and
p1(t) = 1 — po(t). Secondly, even for a system which
is (approximately) in equilibrium, the activity depends
on the equilibrium distribution, so for a protocol with a
changing value of AE(t), the activity rate will not be con-
stant, even in the limit of a quasistatic process. In order
to understand this second contribution, we approximate
a(t) by its quasistatic value along the path in state space,
a®d(po(t)), i.e. the activity rate if the energy levels were
set to match the current distribution, so that the rates

obey kgl /kis = po(t)/p1(t):

0.3 3.0,
(a) (b)
—q=1.25 2.5
—q=1.923
Fl0.2 —q=5 o 20
| 8
T
© Tis
——Fixed Koy £
01 % e eee -@Fixedkowith — 1.0
3 ( Po(0) =0.25
- - - Fixed kqg 0.5
{ (a<2)
0 0.0
0O 1 2 3 4 5 0 2 4 6 8 10
T In(q)

Figure 3. The change in activity rate over the course of the
protocol ¢ determines the ratio between the minimal irre-
versible work for the two optimization schemes R, in the limit
T — oo. Panel (a) shows R — 1, with R = Wimin| 4 /TWmin|
(see Eq. (12)) as a function of 7. Colors correspond to val-
ues of ¢, the ratio between the maximal and minimal value of
equilibrium activity rate over the course of the protocol (Eq.
(10)). For dynamics with ko1 = 1, starting symmetrically
from po(0) = 1/2, the values ¢ = 1.25, ¢ = 1.923 and ¢ = 5
correspond to an accuracy of s = 0.6, s = 0.74 and s = 0.9,
respectively. In the limit 7 — Tmin = —log(2(1 — s)) = log(q)
the two protocols are the same and the ratio becomes 1. For
larger values of 7, the ratio increases, and the higher ¢, the
larger lim,_,oo R. When the reset is started asymmetrically
from po(0) = 0.25 (lines with circles), the results are practi-
cally indistinguishable from the symmetric case, when com-
pared for the same value of ¢; the values of ¢ now correspond
to s = 04, s = 0.605 and s = 0.85, respectively. For an
energy-rate relation where kio is kept fixed (dashed lines),
Tmin = 0 (see main text) and the maximal value of g is 2. For
q < 2, s is chosen such that g takes the same values as before
(s = 0.625 and s = 0.95). For the same value of ¢, lim, o R
is again the same. For a class of dynamics which encompasses
both ko1 = 1 and k1o = 1, lim, o R can be expressed as a
function of ¢ (Eq. (13)). Panel (b) shows this relation as a
function of In(g). The difference between the two optimiza-
tion schemes can increase indefinitely with g¢.

a“(po(t)) = kigpo(t) + koip1(t) = 2korpa (t) = 2(1 — f)fo()t))'

In this equation, we have exploited that for the protocols

considered here the forward rate kg1 = 1 is kept constant
and only the backward rate kig(t) varies in time. The
equilibrium activity rate decreases over the course of the
protocol, ranging from a®¥(py(0)) = 1 to a®d(pe(7)) =
2(1 — s). In general, the relation between a®d and py
depends on the relation between the energy difference
and the rates.

The benefit of singling out the the equilibrium contri-
bution of the activity rate is that its value only depends
on time through the probability distribution of the mem-
ory, in contrast to the actual activity rate a(t), which
depends on the current value of the rate constants (and
hence the energy levels) as well. For systems that are not
too far from equilibrium, the equilibrium activity rate is



a reasonable approximation to the activity rate. In panel
(d) of Fig. [2| we show the equilibrium activity rate for
the 7-constrained protocol. Indeed, the behavior of the
equilibrium activity rate and the true activity rate (blue
solid line) are similar, although the equilibrium activity
rate is slightly larger, since the probability distribution
lags behind the equilibrium one: kio(t) < kig, and hence
alt) < a*i(po(t)).

We are now in the position to explain how the 7-
constrained protocol can leverage the variation of the
activity rate with time to achieve a lower cost. From
Eq. , we see that the dynamics we have imposed
lead to an equilibrium activity rate that decreases over
the course of the protocol. In the activity-constrained
protocol transitions are penalized. As a result, the opti-
mal protocol tends to move quickly through the regions
of state space where the activity rate is high. For the
bit reset system considered here, this implies that AF(t)
is initially higher and a(t) lower, as compared to the
time-constrained protocol. It also means that the irre-
versible entropy production will initially be higher in the
activity-constrained protocol, as compared to the time-
constrained one, yet lower later (Fig. [2[g)). In fact, in
the optimal activity-based protocol, AE(t) is such that
the entropy production per transition, Wi (t)/a(t), is
constant over the course of the protocol (see Appendix
IV A]). The 7-constrained protocol, on the other hand, uses
the high activity to reach a considerable flux, without
bringing the system as far out of equilibrium. Indeed, as
panel (f) of Fig. [2 shows, the generalized force In(K) is
initially lower for the 7-constrained protocol. This ap-
proach allows the 7-constrained protocol to have a lower
cost than the Ap-constrained protocol for the same du-
ration 7.

C. Difference between activity- and
time-constrained protocol due to variation of
activity rate over time

We now test the hypothesis that the difference between
the two protocols is due to change in activity rate over
the course of the protocol. In the limit 7 — oo, the
activity rate tends to the equilibrium activity rate, and
its relative change over the course of the protocol can be
quantified by the ratio

MAXp, € [po (0), 90 (1)]4° (P0)

MmNy, e po(0),p0 (1104 (P0)

(11)

q =

For our choice of rate-energy relation, the equilib-
rium activity rate decreases with time, so that ¢ =
a®U(po(0))/a®Y(po(7)). The difference between initial
and final equilibrium activity rate increases with s, and
q = (2(1 — s))~!. For a system with a different rate-
energy relation, like the one where kqg is fixed rather
than ko1 (see Fig. [Ifc)), the relaxation rate and equi-
librium activity rate will increase with time, so that

q = a®Y(po(7))/a*Upo(0)). For ease of comparison later
on, q is defined to always be larger than one.

We quantify the difference in minimal irreversible work
between both optimization schemes by

min
R(r) = i, (12)
irr 17T
where both the work minimized for A7 and the work
minimized for 7 are evaluated for the same value of T,
making R > 1, as in the inset of panel (b) in Fig.
In Fig. we plot /R — 1 for different values of s as
a function of the protocol duration 7 (solid lines), for a
low, medium and high vlue of s. The values of s shown
are s = 0.6, s = 0.75 and s = 0.9 and correspond to a
value of q of ¢ = 1.25, ¢ = 1.923 and ¢ = 5, respectively.
We have chosen two values of ¢ smaller than 2, since we
will later compare the results for a fixed forward rate
(ko1 = 1) to the case of a fixed backward rate (k19 = 1),
for which gmax = 2. We plot the square root to increase
the visibility of values of R very close to 1. The ratio
starts off at 1 for 7 = 7, = —log(2(1—s)), and increases
to a limiting value in the long-7 limit. The limiting value
increases with s, that is, with increasing ¢, as predicted.

To further probe the relation between the ratio of equi-
librium activity rate ¢ and difference between the two
optimization schemes, as quantified by R, we look at the
case of a reset which does not start from a symmetric ini-
tial distribution (po(0) = 0.5), but rather an asymmetric
initial distribution pg(0) = 0.25 (line with circles in Fig.
. We choose s so that the values of ¢ are the same
as in the case of the symmetric initial distribution. The
graphs are almost indistinguishable: the value of Ty,
where R = 1, depends on the ratio of the initial and fi-
nal distribution which is given by ¢, hence it is the same
for both symmetric and asymmetric initial distributions
with equal ¢, see Appendix for a derivation [8]. Fur-
thermore, the value in the limit 7 — oo is also the same
for the same value of q.

Next, we study the case of a different rate-energy re-
lation: instead of ko1 = 1, we set k19 = 1 (dashed lines
in Fig. |3). Hence, when AFE increases, the rate ko; in-
creases, rather than k¢ decreasing. Since the system can
increase its relaxation rate indefinitely (see Fig. [1(b)),
there is no minimal time required to perform a certain
operation, and Tmin = 0. See Appendix [VC| and [VE|
for the full dynamics and optimal protocols. The equi-
librium activity rate a®¥(pg) = 2po now increases with
the increasing relaxation rate over the course of a reset,
and the ratio ¢ is given by ¢ = 2s for a reset starting
from a symmetric initial distribution. Hence, ¢ can not
be greater than 2. In Fig. [3[a), it can be seen that for
the same value of ¢, R(7) has the same value in the limit
7 — oo for kg1 = 1 as for k1 = 1, as long as ¢ is the
same.

In fact, the ratio R can, in the limit 7 — oo, be quan-
tified solely in terms of ¢, for a general class of dynamics
that encompasses both the case kg; = 1 and k19 = 1.



For this class of dynamics, a®? is a linear function of py,
so that we can write a®i(pg) = ag + a’po, where a’ is the
constant derivative of a°? with respect to pg. Note that if
ko1 = 1, then ap = 2 and o/ = —2 (see Eq. , whereas
if k19 = 1, then ag = 0 and a’ = 2. By methods similar to
[3], we can approximate W | in the limit 7 — oo. The
first-order term in 1/7 can be expressed in terms of ag
and a’, see Appendix The activity-constrained min-
imal work WIT |, can be expressed in the same limit in
terms of ag, a’ and the initial and final distribution, by
expressing A in terms of 7. Even though these approx-
imations of Wi | and W |, can not be expressed
solely in terms of ¢, their ratio lim,_, . R(7) = R can,
and is given by

q—1
ia-1?

This result, expressing the ratio of irreversible work for
the two optimization schemes as a function of the rela-
tive change in activity is reminiscent of results compar-
ing optimal 7-constrained protocols to “naive” protocols
which have not been optimized, in which case the ratio of
the work can be written as an expression of the relative
change in the friction, related to the inverse of the activ-
ity, over the course of the protocol [39]. The theoretical
prediction is shown in Fig. a) by grey horitzontal grid-
lines. Indeed, the agreement is excellent: for the same
value of ¢, the prediction agrees with the numerically
evaluated values in the limit 7 — oo. In Fig. Bf(b), we
plot R as a function of ¢, showing its quadratic behav-
ior in g — 1 for values of ¢ ~ 1 and In(q) ~ (¢ — 1), and
its logarithmic behavior for ¢ — oo. Clearly, the differ-
ence between the two optimization schemes can be made
arbitrarily large by increasing q.

lim R(7) = Ry =

T—r 00

In(g). (13)

IV. DISCUSSION

We have contrasted two optimization schemes for
finite-time control of a thermodynamic system described
by a Markov model in the context of a bit reset. One
optimization scheme minimizes the work to perform the
reset operation for a given value of the duration 7. The
second one optimizes for a given value of the total ac-
tivity A7. We show that the Ap-constrained scheme is
suboptimal for a given 7 and vice versa. Indeed, both
schemes lead to different optimal paths. As such, our
work is a caveat regarding the work presented in [26] [30],
where speed limits are given as a function the product
of the average activity rate (a) and the protocol dura-
tion 7. We find that for the same duration 7, protocols
with a higher value of (a) can have a lower work, despite
the fact that they do not saturate the speed limit, nor
obey the dynamics of the protocol that is optimal for a
constrained total activity Ar = (a)7.

We study the difference between the two optimization
schemes analytically in the long-time limit, where the ac-

tivity rate can be approximated by the equilibrium activ-
ity rate. Our results show that the difference between the
optimization schemes is especially marked if the variation
of the activity rate along the path in probability space
required for the reset is large. For a general class of dy-
namics, where the (equilibrium) activity rate is a linear
function of the probability distribution, we derive an ex-
pression for the difference in work between both protocols
in terms of the difference in activity rate. This expres-
sion shows that the difference between both optimization
schemes can be made arbitrarily large, highlighting the
importance of marking the distinction between the two.

In this paper, we studied the case of a two-state sys-
tem, but similar considerations most likely hold for more
systems with more states. Increasing the number of
states drastically increases the complexity of the opti-
mization problem. Firstly, it opens the possibility of non-
conservative forces. Worthy of note is the fact that for 7-
constrained optimization schemes, there are cases where
non-conservative forces are optimal (see [28]), whereas
the optimal protocol in the activity-constrained case is
based on conservative forces [27]. Distinguishing be-
tween the 7-constrained optimization scheme, where ev-
ery transition between states obeys a specific relaxation
rate-energy relation and hence comes with only a single
degree of freedom, and the Ap-constrained optimization,
where both forward and backward rate of every transition
can be chosen freely, under a constraint of total activity
over the whole network, is essential to understanding the
difference between the two optimal strategies.

A second phenomenon that occurs when the num-
ber of states is increased, is that the path in probabil-
ity space from initial to final distribution will no longer
be confined to a single dimension, but will be higher-
dimensional and hence no longer unique. Likely, the two
optimization schemes will not only differ in terms of the
speed at which they travel over the path in probabil-
ity space, but also in terms of the path that is taken.
We predict the difference is especially pronounced if dif-
ferent transitions in the system have markedly differ-
ent timescales. The duration-constrained optimization
scheme will tend to circumvent slower transitions on the
network, trading off the fact that more transitions are
required, against the fact that transitions will happen at
a higher rate. Hence, we deem it unlikely that the mini-
mal cost will be, in general, a function of the Wasserstein
distance, like in the Ap-constrained case. We note, how-
ever, that none of the complexities of multi-state systems,
non-conservative forces and different paths through state
space are necessary to observe the difference between
activity-constrained and duration-constrained protocols.
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V. APPENDIX

We present detailed calculations in this Appendix.
First, in section [VA] we argue why a protocol with a
constant of motion given by K = (ko1p1)/(ki0po) is op-
timal. Next, we study the case of activity-constrained
optimization, as well as time-constrained optimization.
For both optimization schemes, we study two options for
the relation between relaxation rate and energy differ-
ence. In section [VB] we show the optimal protocol for
the activity-constrained optimization scheme, given that
the forward rate ko; is constant. In section[V C| we study
the activity-constrained optimization scheme again, but
now for the case where the backward rate kg is constant.
Also see the Supplemental Information of [26], where
these equations were introduced and solved. In [VD] and
[VE] we study the time-constrained optimization scheme
for a system with fixed forward rate and backward rate,
respectively. Finally, in [VF] we derive an equation for
the ratio between the work given by both optimization
schemes in the long-time limit, as a function of the ratio
of maximal and minimal activity over the course of the

protocol (see Eq. of the main text).

A. Activity-constrained protocol is optimal for
constant K

It has been proven that, under a constraint on the
total activity, a protocol with a constant of motion given
K = (koip1)/(kiopo) is optimal for an Ap-constrained
protocol. For example, in the Supplemental Information
of [26], lower bounds are derived on the minimal work for
a given total activity, and it is shown that a protocol with
a constant of motion given by K can saturate the bound
for some value of K, making the protocol optimal. Here,
we present a different argument, based on a Lagrangian
approach, to arrive at the same result. To shorten our
notation, we introduce the fluxes J;; = k;;p;, so that the
activity rate a(t) = Jo1 + Jio. The activity-constrained
action S4, we want to minimize equals

T J
Sap = / dt {(Jm —Jip)In (JOI> + A(Jo1 + JlO):| )
0 10
(14)

where the first term equals the entropy production, and
the second term in the integrand integrates to the total
activity Ap, which is penalized by the Lagrange multi-
plier A > 0.

We define the integrand of Eq. as the Lagrangian
La,. The Lagrangian can be rewritten as

Jo1
Jo1 J 1
= (Joi — In (201 4\ 1
Lar = (Jo1 — Jo) (H (J10> + jm — | (15)
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We want to write this Lagrangian in terms of py and
Po. Then, since the Lagrangian is not explicitly time-
dependent, we can use the fact that C = py agp:T —La,
is a constant of motion to find the optimal protocol. We
notice that Jp1 —J19 = Po. In the Lagrangian, this term is
multiplied by a function of the ratio of the fluxes Jy1/J10-
We now assume that the ratio can be rewritten as a func-
tion of the current distribution, parametrized by pgy and
its derivative po, i.e. g(po,Po) = Jo1/J10. For the choices
of relaxation rates considered in the main text, this as-
sumption holds, see Appendix [V D]and Then, defin-
ing f(z) =(x+1)/(z — 1), we can write

C =py ( — + A . .
* \ 9(po, po) 9g(po, po) 9po
Since 1/g(po, po) and the derivative of f have opposite

sign, there is a simple solution so that C' is constant and
0, namely

L 0f(g(po. o)) _ 2A
9(po, Po) A d9(po; Po) a7)

(9(po,po) — 1)2,

implying that g(po, po) = Jo1/J10 = K is constant.

A similar argument holds for the activity metrics con-
sidered in [38], all of which are means of the fluxes. The
activity a(t) = Jo1+J10 is, apart from a factor of 2, equal
to the arithmetic mean of the fluxes, but other choices,
like the geometric, harmonic or logarithmic mean, are
possible. Any mean p(z,y) obeys homogeneity, meaning
that p(cz,cy) = cu(z,y) for ¢ > 0. Assuming, without
loss of generality, that (Jo1 — Jig) > 0, p(Jo1, J10) can be
rewritten as (J()l _Jlo)/i(J01/(J01 —J10), J10/(J01 —Jlo)).
That is, the mean can be written as the net flux pg mul-
tiplied by a function that only depends on the flux ratio.
This fact allows us to write the constant of motion C as
in Eq. . The functional form of f will depend on the
choice of mean p.

Now, from the fact that K = Jy1/J10 is constant, we
find that

i K+1 K+1
Az = [ dtin 5 = (0() = po(0) (18)
0 K-1 K—1.
This expression can be inverted to find
1+ po(Tl‘*Po(U)
— T
K= om0 (19)
Ar

We then find that

W, = / dtpo In(F¢)
0

1+ Po(7)—po(0)
= (Po(7) — po(0)) In (AT> ; (20)

T)— 0
1 _ Pol qupo( )
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in line with Eq. . of the main text, where py(0) = 1/2
and po(7) = s. The ratio Wiy/a(t) = In(K)(Jor —
J10)/(Jo1 + J10) = In(K)/f(K) is constant for the op-
timal activity-constrained protocol.

B. Activity-constrained optimization if ko; is
constant

We fix the forward rate, kp; = 1 and study the optimal
activity-constrained protocol. Choosing the relation be-
tween relaxation rate and energy allows us to explicitly
calculate the optimal protocol as a function of time, as
well as compare it to the time-constrained optimization
scheme.

For this dynamics, each accuracy comes with a minimal
required time. In the limit AF — oo, the backward rate
k1o = 0, so that the master equation (Eq. reduces to
Po = —p1 = p1, i.e. p1 decreases exponentially. This is
the fastest the system can be operated, and the operation
takes

o pl(T)) _ <1—po(T)>

Tmin In <p1(0) In = po(0) ) (21)
This result agrees with the case discussed in the main
text of a symmetric initial distribution, where T, =
—1In(2(1 — s)).

We now calculate the optimal protocol and the mini-
mal required work for a reset which starts at pg(0) and
ends at po(7). In the symmetrical case discussed in the
main text, po(0) = 1/2 and po(7) = s, where s is the
accuracy of the reset. We combine the master equation

Po = ko1p1 — k1opo (22)

and the constant of motion [20]

ko1p1
K = 23
k10po (23)
with the fixed forward rate kg1 = 1, to find
. K—-1
p1=—(K = 1kiopo = — TP (24)
so that
pi(t) = pr(0)e 7! (25)
and
K—-1
po(t) =1—(1—po(0)))e” & * (26)

At t =7, Eq. can be rewritten as



K — po(0)
= 1 27
TTK 10g(1p0(7) ’ (27)
or, vice versa
-
K=———. (28)
i R

We can express the activity rate as

1
a(t) = koip1 + kiopo = (1 + ?)km}h

K+1 ka
=(1- po(o))Te x . (29)
Integrating the activity rate, we find that
T K+1 _
Ar= [ altdt = (1= po(0) 7 (1 - )
o _
1 log 1:7’0(0)

=2(po(7) — po(0))
Po Po log (}:,{’g ES%)

Inversely,

= (Z503) (5 s ) @

The minimal irreversible work equals

. k T
W, = [ dtpo 1n( p) = () [ty
0 k10po 0

= (po(7) = po(0)) In(K). (32)

Using the relation for K, and 7, the minimal irreversible
work can be expressed in terms of Ap, po(0) and p;(7)
as

T

) 1+ PO(T?A—:DO(O)
Wit lar = (po(7) = po(0)) In <1_MT)_TPO(O)> , (33)

Ar
congruent with Eq. [3[ of the main text, where py(0) = %
and po(7) = s. Lastly, the optimal path of the control
parameter AFE(t) can be found as follows
_ ko1 o Po
AE(t) =1log | — | =log(K) + log | —
k1o p1
K—1
1—(1—po(0 —Tr t
= log(K) + log (1= pol )))erl .
(1= po(0))e= ="
(34)
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C. Activity-constrained optimization if ko is
constant

In the case that k19 = 1, we can straightforwardly redo
the same calculation as shown in the previous paragraph
for the case kg1 = 1. These calculations lead to

po(t) = po(0)e K1, (35)
(7)
log (23(0))
TTTRo1 (36)
log Po(T)
K=1+ (f(o)), (37)
(t) = po(0) (K + 1)1, (38)

Ag = po(0) (g"’i) (e(K—l)T ~1)
bz (B65)

log (25))

We can invert the linear relation for A7 to find

"= (3w ooy ~3) " () @

Furthermore,

= 2(po(7) — po(0)) (39)

Witk ar = (po(7) = po(0)) In(K), (41)

and

(42)

AE(t)Zln(K)+ln< po(0)et 1t )

1 — po(0)elE—bt

Notably, the results for the case k19 = 1 are the same
as the ones for the case kg; = 1, under the substitution
K — 1/K and 1 — pg = p1 — po. This symmetry can be
understood as a relabeling of the states 0 and 1, which
turns K (Eq. (23)) into K’ = 1/K, which is also a con-
stant of motion. Furthermore, the symmetry operation
changes which of the rates is kept constant and changes
po into p1 = 1 —pg . Hence, using the results for kyp; = 1
from the previous section for a reset towards state 1 (de-
creasing pg) will be the same as the results from this
section for a reset towards state 0 (increasing py).



D. Deriving Wi‘;‘}in|7 for fixed ko1

As first presented in [25], we can derive the optimal
protocol to change the distribution of a bit from the ini-
tial distribution parameterized by pp(0) to a final dis-
tribution po(7) within a time 7, and the corresponding
minimal work W2"| | for a system which has one of its

rr
rates fixed. For a system with kg; = 1, the dynamics are

Po = p1 — k1opo = 1 — (1 + k10)po (43)
We can use this relation to express the irreversible work
of Eq. in terms of pg, Po and constants, and define
a corresponding Lagrangian density so that minimizing
this Lagrangian minimizes the irreversible work. The

Lagrangian is

. . 1—po
L(po,Po) = poIn ( ) . 44
(Po, Po) T—— (44)
Since the Lagrangian has no explicit time dependence, it
has a conserved quantity x = pog—zﬁ) — L, which yields:

-2
Py
K= ———— 45
1—po—po’ (45)
as in the main text.
The formula for « in Eq. is a quadratic equation
in po which has the following positive solution:

—K 4+ /K2 +4k(1 — po)

2

= S(VIFA0 = po)/r - 1).

We use the positive solution since we study the case of
reset, where pg is increasing. We can use this expression
for py to express the irreversible work in terms of just py,
and subsequently calculate W using Eq. ( . 7)) by changing
variables from ¢ to po(t) when integrating Eq. (44):

o (T) 1—
W, = / die = / dpo 1n( Po )
0(0) 1 —po —po

po(T) _
:/ dpoln ! Po
?0(0) 1—po—5(v/1+4(1—po)/x —1)

(46)

(47)
which can be solved to yield
" \/» + 1 Po 7')
Wmm ;= _7\/}7 1— ,
irr | [ 2 ( pO) <\/}7 — 1>
Po(0)
(48)
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with Y =14 4(1 — pg)/k defined for brevity.

To calculate Win|  as a function of pgy(0), po(7) and
7, we need to determine the appropriate value of x. In
order to do so, we solve the differential equation for pq.
We return to Eq. , which by separation of variables

and integrating can be rewritten as

po(t) 2
/ dpo =1. (49)
po(0) K2+ AR(L—po) — K
The integral can be solved to yield
= [ - VI+aT—p®)/x
po(t)
I <\/1 +4(1—po(t))/k — 1) LO(O). (50)

Filling in po(0), po(r) and t = 7 gives us the equation
k must obey for the operation to have the desired
properties. Since Eq. is a transcendental equation,
Wmin| - can not snnply be written in terms of pg(0),
po(7) and 7. However, the system of equations can be

solved numerically to find Wmin|, .

E. Deriving Wirlf;i"|f for fixed k1o

In the case that k19 = 1, the dynamics are

Po = ko1p1 — po- (51)
Expressed in terms of p;, we have
pr=1—(1+ko1)px (52)

We can rewrite Wi, in Eq. @ using the relation above,

as
k
1rr / dtpl ( 10p0)

ko1p1

11—
:/ dtpy In (271)

0 l—p1—p1

Comparing this expression to Eq. , we see that when
k1o = 1, p1 obeys the same optimal dynamics as pg in
the case that kp; = 1, much like the symmetry in the
case of optimizing for a constrained activity. However,
we can not simply replace pg with p; in the equations for
Win| - derived for the case k19 = 1, since we made use

rr
of the fact that pq is increasing. Instead, p; decreases, so

(53)

(54)

(VAT e 1),



where k' is defined as « in Eq. but with pg replaced
by p1. Rewriting leads to

p1(7)

: ' VY +1
I/Virrr;1n|7_ = %\/ Y’ + (1 _pl) In (\/?_1> s
p1(0)
(55)

where Y/ = 14+ 4(1 —p;)/x’. We can determine ' in the
above expression by solving

t= V¥ - (V¥ + 1)}”), (56)

p1(0)

in the case ¢t = 7, using in the boundary conditions
p1(0) and py(7), see also Eq. This result is a
transcendental equation for k', which can be solved

numerically. The resulting x can be used to find Wi | .

F. Approximating the difference between both
optimization schemes in the long-7 limit for general
dynamics

We hypothesize that the difference between the
activity-constrained and time-constrained optimization
scheme is due to the fact that the activity rate is not con-
stant in time, even in the case of long duration 7, when
the operation is approximately quasistatic. In this qua-
sistatic limit, the time-dependence of the activity rate is
due to the fact that the activity rate depends on the equi-
librium distribution pg?(¢), which changes with AE(t).
We quantify the difference between both optimization
schemes by the ratio of the minimal work for both opti-
mization schemes, and study the quasistatic limit

Wmin
lim R(7) = Re = lim w.
T—00 T—00 ‘/Vir;m‘T

(57)

Note that, even though Win|, ~and W2in|_ are both
0 in the quasistatic limit (7 — oo and Ayp — o0), their
ratio is not, as panel (a) of Figure |3| of the main text
shows. In the quasistatic limit, the activity rate can be
approximated by the equilibrium activity rate, as defined
in Eq. of the main text, where the current distri-
bution is assumed to be the equilibrium one, with rates
complying with the latter. The variation in equilibrium
activity rate can then be quantified by the ratio between
maximal and minimal value of the equilibrium activity
rate

MaXp, e po (0),p0 ()] (4“4 (P0))

MmNy, (o (0),p0 (1) (@°4(P0))

q= (58)

Note that this quantity is defined to be greater than or
equal to one. For the monotonic relations between py and
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a®? considered here, ¢ gives the ratio of the equilibrium
activity at the start and endpoint of the protocol: the
value at the start is divided by the value at the end (or
vice versa) when a®? decreases (increases) with pg.

We want to find an expression for R, as a function
of g. We could use the results derived in the sections
above on the activity-constrained and time-constrained
optimization to express R,,. However, those results will
then be specific to the choices between energy and re-
laxation rate, where either kg; or ki is fixed. Instead,
we present a result for a more general class of relations
between relaxation rate and energy difference, which en-
compasses the case kg; = 1 and k19 = 1. In this class,
the equilibrium activity rate is a linear function of the
probability distribution: a®d(pg(t)) = ap + a’po(t), where
ag and a’ are both constants. Note that the case ko1 = 1,

e 1 — P
a®d(po) = kgt (1 — po) + kigpo = (1 — po) + o % po
=2(1 = po), (59)
so ag = 2 and @’ = —2. Similarly, the case k19 = 1

corresponds to ag = 0 and a’ = 2. We will show that,
regardless of the values of ag and a’, Ry is given by the
same, increasing function of q.

In order to find R, we first approximate the activity-
constrained minimal work Win| 4 in the long Ap-limit.
Subsequently, we express Ar in terms of 7, to make the
comparison on the basis of equal 7. Lastly, we approx-
imate Win|_in the long-7 limit. We then have all the
ingredients to calculate R.

We approximate the activity-constrained minimal
work Wmin|, = (see Eq. ) in the large Ap-limit by

Taylor expanding the logarithm as

_ 2
Wmin|AT ~ 2(p0(T)ATp0(O)) )

(60)

irr

In order to compare this expression to W28 = we need
to express A7 in Eq. in terms of 7. In the slow-
protocol limit, py &~ py’, and we can approximate the
relevant quantities to calculate At (pg, K and a(t)) to
first order in py — py?. The constant of motion K (23) is

approximated as

_pl—po) , Po—py (61)
(1 —po")po (1 = poh)pp”

The equilibrium activity rate can be expressed as

_ ko1p1
k10po

a® = ag + a'py* = ko1 (1 — pg?) + k1opp”
= 2(k10 + ko1)po (1 — pp?), (62)

which we use to approximate the master equation as



Po = ko1p1 — k1opo = — (k10 + ko1) (po — pp?)
_ ap + G/qu eq
I TR R
1 o
LK = 1){ao + i) ~

Q

(K —1)(ao + a’po).
(63)

N

In the last line, we have used the fact that K —1 is small
to approximate p? by pg. The differential equation Eq.
[63] is solved by

Po(t) = (a0 +a'po(0)) 2 KDt - 20 (64)
a
which, substituting in ¢ = 7, leads to the following ex-

pression for (K — 1):

_ 2 N ap + a'po(T)
K—1=—"1 (a0+a,po(0)>. (65)

For the appropriate values of ag and d’, i.e. ag = 2 and
a’ = —2 when kg1 = 1, and a9 = 0 and a’ = 2 when
k1o = 1, this expression indeed agrees with the value of
K found earlier for either fixed ko1 (Eq. ) or k1o (Eq.
(87)) in the large 7-limit.

Now, Ap can be calculated by integrating a(t). We
approximate the activity rate to zeroth order in py — pg?,

essentially using a®4(t), which can be expressed in terms
of pp using Eq. as

2po

a(t) = a*(t) = ao + a'py = =, (66)
so that
_ [ _ 2(po(1) — po(0))
Ar _/O dta(t) ~ %
_ CLIT (pO (T) - pO(O)) ] (67)

ap+a’po(T)
In (a(;Jra’p[;(O))

Eq. agrees with earlier results (see Eq. and
(B9))) for the appropriate values of ap and @’ in the long-
7 limit. Given this expression for Ap, Win|, = in Eq.
can be expressed in terms of 7 as

a'T

min) _ 2(po(T) = po(0)) , (‘a0 + a'po(T)
Win |AT = 7 In (ao T a/p0(0)> . (68)

Next, we will express Wilin|_in limit 7 — oo to first
order in 1/7. In order to do so, we note that we can
rewrite Wi (Eq. @) by using ko1 /ki0 = pyt/pi" and

p1=1—po as
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T ed (] _
Wi = / dtpo In (pO(pO)> . (69)
0

(1 - qu)po

The integrand can be interpreted as a Lagrangian density.
In order to minimize Eq. using the Euler-Lagrange
formalism, we want to eliminate pg? and express the in-
tegrand in terms of pg and py. We can use the master
equation Eq. to express py! in terms of the other
two variables, by rewriting it using pg* = ko1/ (ko1 + k10)
as

po = —kr(po?) (po — py?) (70)

where k7 = ko1 + k10. How kr depends on pg? depends
on the chosen relation between energy and rates. For ex-
ample, when ko1 = 1, kr(py?) = 1+ (1 — pg?)/py’, and
when kip = 1, kr(pg?) = 1+ pyt/(1 — py?). As shown in
the sections where the 7-constrained work is derived for
these specific cases, they have the property that Eq.
can be easily inverted to find an expression for p;?. How-
ever, inverting Eq. generally leads to expressions
that are unwieldy. Instead, since we are interested in the
limit 7 — oo for which pg — pg? is small, we approximate
the dynamics (Eq. (70) to first order in py — po®:

Po ~ —kr(po)(po — po)- (71)

This expression can be straightforwardly solved for py? =
po + Po/kr(po), so that

T (14 po + 52)(1 = po)
Wier ~ / dtpo ln< kT(P";.O
0 (1—=po— W)po
.2

i Po
R dt
/o kz(po)po(1 — po)
.2
2po

~ dt ——— 72
/0 e (72)

where in the last step, Eq. is used to express the
rates in terms of the activity.

The integrand of Eq. can be interpreted as
a Langrangian density. Since it has no explicit time-
dependence, the constant of motion k for the optimal
trajectory is

)
k= pig2E —L:Zpio,. (73)
Opo(0) ap + a'po

Hence, Wit = k7. We determine x by integrating the

square root of the left and right hand side of Eq. ,
to find



po(T)

_ V2p 2v/2\/ag + d’po
VET = /dt e [ 7

Po(0)

Q;f (\/ao +a'po(7) — Vao +ap0(0)> , (74)
so that
I/Vlr;;m|‘r_ a8 (\/a0+ap0 \/a0+ap0(0))2.
(75)

The ratio Ry, is given by the ratio of Eq. and Eq.

, and equals
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R — a’(po(7) — po(0)) . (po(T) + o
4 (Va0 + apo(7) = vao + a'po(0)) po(0) + G
__ a%(r) —a®(0) L)
= 4(y/asa(r) — \/aa(0))2 1 (aeq(0)> . (76)

where we used ag + a’pg = a®1. Using the definition of
q = max(a®4(t))/min(a®(t)), Roo can be written as

q—1

Tya—1 "

Roo =
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