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In physical networks trained using supervised learning, physical parameters are adjusted to produce
desired responses to inputs. An example is an electrical contrastive local learning network of nodes
connected by edges that adjust their conductances during training. When an edge conductance changes, it
upsets the current balance of every node. In response, physics adjusts the node voltages to minimize the
dissipated power. Learning in these systems is therefore a coupled double-optimization process, in which
the network descends both a cost landscape in the high-dimensional space of edge conductances and a
physical landscape—the power dissipation—in the high-dimensional space of node voltages. Because of
this coupling, the physical landscape of a trained network contains information about the learned task.
Here, we derive a structure-function relation for trained tunable networks and demonstrate that all the
physical information relevant to the trained input-output relation can be captured by a tuning susceptibility,
an experimentally measurable quantity. We supplement our theoretical results with simulations to show that
the tuning susceptibility is correlated with functional importance and that we can extract physical insight
into how the system performs the task from the conductances of highly susceptible edges. Our analysis is
general and can be applied directly to mechanical networks, such as networks trained for protein-inspired
function such as allostery.

DOI: 10.1103/f2hb-c9s1 Subject Areas: Complex Systems, Metamaterials,
Soft Matter

I. INTRODUCTION

In artificial neural networks, the cost landscape describes
the value of the cost function C in terms of the parameters,
or “tunable degrees of freedom,” ki [1]. Learned solutions
correspond to minima of this landscape, which are locally
described by the cost Hessian [2–4], the matrix of second
derivatives of the cost with respect to the tunable degrees of
freedom, Hij ¼ ∂ki∂kjC. In the directions of the highest
eigenmodes of the cost Hessian, corresponding to the
highest positive curvatures, small changes in the tunable
degrees of freedom cause a substantial increase of the cost.
These key tunable degrees of freedom reveal how the
system achieves the task; for example, in classification,
they correspond to the decision boundary [2,5].
In physical networks, physical parameters—such as

the stiffness or presence of springs connecting nodes in
mechanical networks [6–10], or conductances in resistor
networks [11]—can be tuned to achieve a desired

physical response. In particular, contrastive local learning
networks [12,13] use a local rule [14] rather than gradient
descent to adjust their conductances to reach minima in
their cost landscapes, enabling them to perform super-
vised learning without using a processor. Like artificial
neural networks, trained physical networks have direc-
tions of high curvature in the cost landscape [15] that
identify the key tunable resistors, or key edges, respon-
sible for performing the tasks.
Unlike artificial neural networks, these physical net-

works are also described by a physical landscape. For
electrical contrastive local learning networks, this is the
dissipated power P as a function of all the node voltages,
or “physical degrees of freedom,” Va. The response to
applied voltages or currents is defined by the minimum of
P, which translates to Kirchhoff’s current law [16]. The
physical landscape for such systems is parabolic and thus
fully described by the physical Hessian, the second
derivative of the power with respect to the node voltages,
Hab ¼ ∂

2P=∂Va∂Vb.
Learning in electrical resistor networks therefore

involves two optimizations. On one hand, the system
naturally responds to applied currents or voltages by
settling into a voltage configuration that minimizes the
power defined by the edge conductances. On the other
hand, the system adjusts the edge conductances, modifying
the power landscape and response, to minimize the cost
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function. This double optimization leaves strong signa-
tures in the physical landscape for generic Hopfield [17],
elastic [17–21], flow, and resistor networks [17,22].
These signatures include low-dimensional physical
responses and alignment of low-lying physical eigenm-
odes with the functional response. A connection between
the two landscapes was recently studied in Ref. [15],
showing that the stiff eigenmodes of the cost Hessian are
related to the soft eigenmodes of the physical Hessian. In
particular, for a simple task in which an applied voltage
drop across one edge leads to an equal voltage drop
across another edge, the lowest physical mode and the
highest cost mode contain the same information [15]. In
this case, the lowest eigenmode of the physical HessianH
gives us the key edges, namely, the edges that are most
responsible for performing the task. Even though this
relation quickly breaks down for more complex tasks, this
simple example conveys a new possibility: Information
about the learned solution can potentially be accessed by
the physics of the system.
In this article, we introduce a new structure-function

relation for any trained system that minimizes a physical
Lyapunov function. We show how the function—the
learned input-output relation encoded in the cost
landscape and captured by the stiff modes of the cost
Hessian—depends on the structure—the edge conductan-
ces, geometry, and connectivity of the network. We
formally connect the cost Hessian and the stiff modes
of fully trained systems to a new physical observable: the
tuning susceptibility. Importantly, the tuning susceptibil-
ity can be directly measured without any knowledge of the
learned tasks, elucidating precisely how much information
about the cost Hessian can be extracted solely from the
physical Hessian. Our results provide a general way of
identifying the key edges from structural properties of the
networks alone. We demonstrate how this identification
can be used to gain physical insight into the inner
workings of trained networks—something that is not
possible in artificial neural networks.
Our theoretical results are general to any physical net-

work that develops function from a double optimization
process, including mechanical networks that lie at a
minimum of the energy or free energy.

II. SYSTEMS STUDIED

We frame our analysis in the language of tunable
resistor networks of N nodes and M edges, in which each
edge corresponds to a linear resistor with adjustable
conductance. Each node a in the network is characterized
by a voltage Va with respect to a ground. Each edge i
connecting two nodes a and b carries a current propor-
tional to the voltage difference, Ii ¼ kiðVa − VbÞ, with ki
being the conductance of the edge. Throughout the
article, we reserve indices fa; bg to indicate nodes and
fi; jg to indicate edges. We use vectors to describe

voltage states V ¼ ðV1; V2;…; VNÞ, conductance states
k¼ðk1;k2;…;kMÞ, and current states I ¼ ðI1; I2;…; IMÞ.
For the numerical analyses, we use tunable resistor

networks of size N ¼ 300 nodes obtained from jammed
packings, as in previous studies [11,23], although our
results hold for any type of network architecture.
Inspired by real laboratory implementations, we constrain
edge conductances to lie within a finite but wide range of
½10−6; 106�. We train the networks using coupled learning
[11] but emphasize that our theoretical results are inde-
pendent of the training process. The main assumption is
that the cost is near the global minimum value of zero, so
the task has been learned. For training details, initial
conditions, and hyperparameters of the different examples
shown in the paper, see Appendix F.

III. RELATION BETWEEN THE COST AND
PHYSICAL HESSIANS

The following derivation holds for any trained task.
However, it is useful to have in mind an illustrative
example. As such an example, consider a network trained
for a linear regression task, Fig. 1. The network has two
source nodes, S1 and S2, and two target nodes, T1 and T2,
satisfying the following relation:

Vdes ≡
�
VT1

VT2

�
¼

�
0.15 0.3

0.2 0.1

��
VS1

VS2

�
: ð1Þ

In addition, we hold a node at ground voltage [Fig. 1(a)],
as in experiments, which removes the trivial zero mode of
the physical landscape corresponding to uniform shifts of

FIG. 1. Linear regression task in a resistor network. (a) Con-
ductance configuration satisfying a linear regression task between
its input (red) and output (blue) nodes. The network is grounded
at the white node, fixing the zero voltage reference. (b) Target
node voltages as a function of the source node voltages. To
represent the relation in two dimensions, all variables are scaled
by the first source voltage VS1 . Circles correspond to the response
of the trained circuit and solid lines to the desired relation. Inset:
voltage response (color) when applying the inputs indicated by
the green star: VS1 ¼ 1 and VS2 ¼ 2.
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voltage on all the nodes. The physical Hessian for a
grounded linear resistor network is given by

H ¼
�
2ΔKΔT q

qT 0

�
; ð2Þ

where Δ is the incidence matrix of the arbitrarily oriented
network, with componentsΔa;j ¼ 1 if edge j enters node a,
−1 if it leaves, and 0 if not connected. Note that Kij ¼ δijki
is the diagonal matrix of conductances, and qa ¼ δa;a0 is a
canonical vector with entry 1 at the fixed ground node a0.
This extended Hessian or bordered Laplacian [15,23]
removes the trivial zero mode of the network, allowing
the physical Hessian to be inverted, H−1. Under this
formulation, the voltage configuration is extended with
the current (Lagrange multiplier) λ needed to ground the
system, V ¼ ðV1; V2;…; VN; λÞ. The extra zero at the
bottom-right corner of H ensures that the constrained
optimization is linear in λ.
Additional external input currents associated, e.g., with

training samples, can, in general, be encoded into a current
vector of the form I ¼ ðI1; I2;…; IN; 0Þ, where the last
entry corresponds to the value of the ground voltage. The
system’s voltage response VF to all of the applied currents
must minimize the dissipated power P,

P ¼ 1

2
VTHV − ITV; ð3Þ

leading to

VF ¼ H−1I: ð4Þ

Supervised learning corresponds to modifying the
response VF

r to a given set of inputs Ir to satisfy constraints
crðVF

r Þ ¼ 0, with r going from 0 to R, the total number of
constraints. Usually, these constraints act on specific nodes
designated as output voltage nodes. Denoting by Qr the
projector onto an output node—essentially a canonical
vector with entry 1 at the position of the output node—each
constraint can be written

crðVF
r Þ ¼ QT

rVF
r − Vdes

r ; ð5Þ

where Vdes
r is the desired output value for the inputs Ir.

The cost C is then naturally defined as the sum of the
squared constraints over the R constraints, or samples, for
which the network is being trained, corresponding to the
mean squared error (MSE):

C ¼ 1

2

XR
r¼1

c2r : ð6Þ

Under the assumption that all the constraints are satisfied at
the end of training, cr ¼ 0, ∀ r, the cost Hessian reads [15]

Hij ¼
∂
2C

∂ki∂kj
¼

XR
r¼1

∂cr
∂ki

∂cr
∂kj

: ð7Þ

Using Eqs. (4) and (5), we carry out the derivatives of the
constraints over the voltage response,

∂cr
∂ki

¼ QT
r
∂VF

r

∂ki
¼ QT

r
∂H−1

∂ki
Ir; ð8Þ

leading to

Hij ¼
XR
r¼1

�
QT

r
∂H−1

∂ki
Ir

��
QT

r
∂H−1

∂kj
Ir

�
: ð9Þ

We can explicitly separate physical and training con-
tributions of the cost Hessian by employing higher-order
tensors. Denoting the outer product by ⊗, we define the
fourth-rank training tensor L and the fourth-rank tuning
susceptibility tensor Sij as

L ¼
XR
r¼1

Qr ⊗ Ir ⊗ Qr ⊗ Ir; ð10Þ

Sij ¼
∂H−1

∂ki
⊗

∂H−1

∂kj
; ð11Þ

from which we can express the cost Hessian as the full
contraction of these last two tensors:

Hij ¼ L⁞Sij ¼
X
a;b;c;d

LabcdSij;abcd: ð12Þ

Equation (12) shows that the cost Hessian depends on two
objects of very different nature. The training tensor con-
tains only training data: the location of the outputs (Qr),
and the location of the inputs together with their training
values (Ir) for each training sample r. Importantly, it does
not depend on the physical properties of the network—L
does not change with training. Conversely, the tuning
susceptibility tensor contains only physical properties
and is defined regardless of the training data. However,
its entries are modified by training. Its components measure
the sensitivity of the inverse of the physical Hessian (the
response) to changes in conductances. We highlight that
while the derivation of Eq. (12) assumed the MSE as the
cost function, Eq. (6), this result is valid for any form of
cost provided it is differentiable and has a minimum with
C ¼ 0 (see Appendix B).
The tuning susceptibility S and the cost Hessian H

underpin a deeper structure-function relation. The desired
input-output relation, the function, is characterized by the
cost Hessian and its eigenvalue-eigenvector pairs. The
structure—the learned values of conductances and the
network topology—relates to the function through the
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tuning susceptibility S. In what follows, we provide a
simpler analytical expression of the tuning susceptibility
tensor and link it to the eigenvectors of the cost Hessian and
the linear response of the system. Hereafter, we may refer to
S simply as the susceptibility; however, it should not be
confused with the similarly named linear response function,
Green’s function, or transfer function.

IV. TUNING SUSCEPTIBILITY TENSOR

Using Eq. (2) and the derivative of the matrix inverse, we
explicitly compute the derivatives of the inverse physical
Hessian appearing in Eq. (11):

∂H−1

∂ki
¼−H−1 ∂H

∂ki
H−1¼−H−1

�
2ΔiΔT

i 0

0T 0

�
H−1; ð13Þ

where Δi is the vector formed by the ith row of the
incidence matrix Δ. For clarity, we define the extended
vector (bold font)Δi ¼ ðΔi; 0Þ by adding an extra zero, and
we define the tuning susceptibility vector si as

si ≡H−1Δi; ð14Þ

corresponding to a vector of dimensions N þ 1 defined per
edge i. Under this notation, the derivative of the inverse
physical Hessian reads

∂H−1

∂ki
¼ −2si ⊗ si; ð15Þ

yielding the final expression for the susceptibility tensor:

Sij ¼ 4si ⊗ si ⊗ sj ⊗ sj: ð16Þ

This last expression shows the relation between both
Hessians, in agreement with the spectral analysis of trained
networks in Ref. [15]. Equation (14) explicitly shows that
the susceptibility vector scales as the inverse of the physical
Hessian, si ∼H−1. Thus, the susceptibility Sij, and there-
fore the cost HessianH, contains four inverse powers of the
physical Hessian. Without resorting to the susceptibility,
Ref. [15] showed that, in the case of single tasks (R ¼ 1),
the nonzero eigenvalue of the cost Hessian μC scales with
the softest eigenvalue of the physical Hessian μP , as
μC ∼ μ−4P , and the respective eigenvectors are approxi-
mately proportional, ΨC ∼ ðΔΨPÞ2. This spectral relation,
however, does not hold, in general, for more complex tasks
but corresponds to a specific case of the structure-function
relation of Eq. (12).
While each entry Sij is a fourth-rank tensor, rendering S

a sixth-order tensor, its components are all determined by
the susceptibility vectors si defined per edge. Moreover, the
susceptibility vectors are dense as opposed to the sparse
nature of the input currents Ir and the projectorsQr, Fig. 2.

In other words, the larger the susceptibility si, the larger the
entry Sij, which, on average and depending on the training
tensor L, tends to manifest as large entries of the cost
Hessian Hij.
The definition of si is directly related to the response of

the system. Contracting it with an input current I leads to a
voltage drop at edge i of the physical response to the
current I,

sTi I ¼ ΔT
i ðH−1IÞ: ð17Þ

Thus, each element si;a is the voltage drop at edge i of the
response to a unit current at node a, Fig. 3. The magnitude
of si quantifies the voltage drop linked to all possible unit
currents in the network and assigns a scalar measure of
susceptibility per edge:

ksik2 ¼
X
a

ksi;ak2: ð18Þ

FIG. 2. Learning and physical contributions to the cost Hessian.
We show entries of the cost Hessian H, input current I, output
projector Q, and tuning susceptibility matrix s with elements si;α
for the trained network shown in Fig. 1.
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Denoting by να and Wα the eigenvalues and normalized
eigenvectors of the physical Hessian, H, we can recast the
susceptibility as

si ¼
X
α

1

να
ðΔT

i WαÞWT
α ; ð19Þ

with norm

ksik2 ¼
X
α

1

ν2α
ðΔT

i WαÞ2; ð20Þ

where we have used the orthonormality of the eigenvectors
Wα. Equation (20) shows that the magnitude of the
susceptibility si is dominated by soft modes (small να)
with large voltage drops across the edge i.
The tuning susceptibility tensor, codifying the structure

of the system, is thus redundantly determined by the tuning
susceptibility vectors si, which, in turn, are measurable
properties corresponding to the voltage drop response to
unit currents across all possible nodes. In the next section,
we deepen the structure-function relation of Eq. (12) and
show the general relation of the cost eigenvectors with the
tuning susceptibility.

V. RELATION BETWEEN THE STIFF COST
EIGENVECTORS AND THE TUNING

SUSCEPTIBILITY

We denote by μρ and Ψρ the nonzero eigenvalue-
eigenvector pairs of H. From Eq. (7), we first notice that
any vector v perpendicular to the space spanned by the
gradients of the constraints, i.e.,

P
i vi∂kicr ¼ 0 ∀ r, is an

eigenvector of zero eigenvalue (curvature). Therefore,Ψρ is
a linear combination of the R0 ≤ R independent gradients of
constraints:

Ψρ;i ¼
XR0

r

αρr
∂cr
∂ki

: ð21Þ

Inserting this expression into HΨρ ¼ μρΨρ and exploiting
the linear independence of the R0 gradients, we obtain a
reduced eigenvalue problem for the linear coefficients:

X
r

Gq;rα
ρ
r ¼ μρα

ρ
q; ð22Þ

whereGq;r is the Grammatrix of the independent gradients,
defined as

Gq;r ¼
X
i

∂cq
∂ki

∂cr
∂ki

¼ðQq⊗ Iq ⊗Qr ⊗ IrÞ⁞
X
i

Sii: ð23Þ

In the last equality, we used Eqs. (5), (15), and (16),
showing that the Gram matrix and its eigenvectors αρr
depend on all the susceptibilities (sum over all indices i).
Using Eqs. (5), (15), and (21), we rewrite the stiff

eigenvectors in terms of the vector susceptibilities as

Ψρ;i ¼ sTi Aρsi ¼ ksik2
�

sTi
ksik2

Aρ
si

ksik2
�
; ð24Þ

where Aρ is a matrix defined as

Aρ ≡ −2
XR0

r

αρrQr ⊗ Ir: ð25Þ

Equation (24) is another manifestation of the structure-
function relationship shown in Eq. (12). We first notice that
Aρ is the same for all entries i, implying that the distinction
between them is ultimately determined by the susceptibil-
ities. It also shows that large entries of the stiff modes—the
key edges—can arise by two nonexclusive mechanisms:
first, because of the large magnitudes of the susceptibility
ksik2, which is measurable and can be computed without
any knowledge of the training data and input-output nodes;
second, because of the contraction of the matrix Aρ with the
normalized susceptibility vectors si=ksik2. This second
contribution, however, explicitly depends on the training
data through Aρ. In the particular case of a single task, Aρ is
a scalar and Eq. (24) shows that the stiff mode is the norm
squared of the susceptibility vector.
In summary, we have demonstrated that all the physical

information of the cost Hessian boils down to the dense
tuning susceptibility tensor S and, ultimately, to the tuning
susceptibility vectors si, encoding the structure of the
system. The susceptibilities are dominated by soft modes
of the physical Hessian with large voltage drops, and they
correlate with the cost Hessian.

FIG. 3. Tuning susceptibility vector. Example of tuning sus-
ceptibility vector si for the highlighted edge of the trained
network of Fig. 1. In general, the closer the node α is to the
edge, the larger the entry of si;α.
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These results, although written in the language of resistor
networks, are far more general. There are only three
necessary conditions to derive Eqs. (12), (16), and (24):
(1) The tunable degrees of freedom satisfy all the

constraints, and therefore C ¼ 0 [Eq. (6)]. In other
words, the system has been trained successfully.

(2) The physical response to externally applied inputs I
minimizes a scalar function P with respect to the
physical degrees of freedom, VF ¼ minVPðV; IÞ. In
other words, the physical system optimizes a Lya-
punov function.

(3) The response VF to inputs I is approximated by the
perturbations around a known local minimum Vmin

of P, VF ≈ Vmin þ δV.
In low-Reynolds-number flow networks, the tunable
degrees of freedom may correspond to pipe diameters,
the physical degrees of freedom, V, to node pressures, the
input data to flow current, and the scalar function P to the
power dissipated. In elastic networks, the tunable degrees
of freedommay correspond to the stiffness or rest lengths of
the springs, the physical degrees of freedom to the node
positions or displacements, the input data to applied forces
on nodes, and the physical landscape P to the elastic or free
energy [6,11,24,25]. For mechanical networks, however,
special care must be taken due to the vectorial nature of the
physical degrees of freedom, which leads to a slight
modification of the tuning susceptibility in terms of
compatibility and rigidity matrices (see Appendix C).
In practice, condition (1) can be relaxed to trained

systems with small nonzero cost, as we will show numeri-
cally in the next sections. If the constraints are unsatisfi-
able, learning will reach a minimum with finite cost C due
to some nonzero constraints cr. In such cases, the cost
Hessian has an extra term due to the Hessian of single
constraints:

Hij ¼
XR
r¼1

∂cr
∂ki

∂cr
∂kj

þ
XR
r¼1

cr
∂
2cr

∂ki∂kj
: ð26Þ

As shown in Appendix A, the Hessian of the constraints
can also be split into training and physical variables, the
latter being the product of susceptibilities,

∂
2cr

∂ki∂kj
¼ 4Qr ⊗ Ir∶ ½ðΔT

i sjÞðsi ⊗ sj þ sj ⊗ siÞ�: ð27Þ

In the regime of small constraints cr ≪ 1, however, this
extra term becomes a small perturbation, and the previous
analysis holds to first order, in particular, Eq. (24).
Conditions (2) and (3) allow for a generic perturbative

description of nonlinear physical landscapes in terms of the
closest local minimum Vmin to the response VF. In such
cases, Eq. (3) becomes P ¼ PðVÞ − ITV, with P a non-
linear function of the physical degrees of freedom, V. To
second order,

PðVmin þ δVÞ ≈ PðVminÞ þ
1

2
δVTHδV − ITδV; ð28Þ

where the physical Hessian is given by Hab ¼ ∂
2PðVminÞ=

∂Va∂Vb. Then, the response is given by VF ¼ Vmin þ
H−1I, and the same derivations ensue from Eq. (8).
Sections III–V establish the connection between the

tuning susceptibilities (structure) and the cost landscape
around a learned minimum through its cost Hessian and
eigenvectors (function). The tuning susceptibility, defined
without any explicit reference to the training information, is
nevertheless implicitly shaped by the learning process. In
the next sections, we will explore this aspect by studying
howmuch the stiff cost eigenvectors, and their large entries,
are predicted by the structure alone, the tuning suscep-
tibility. We ignore the Aρ matrix from Eq. (24) and instead
focus on the normalized norm of the susceptibilities ŝi ¼
ksik2=

P
j ksjk2 since the overall scale is case dependent

and does not affect the analysis. We study three different
learning tasks, previously implemented in experimental
networks [12,13], and show that the large entries of the stiff
modes are highly correlated with the largest susceptibilities.
These numerical results establish that, although the tuning
susceptibility does not capture all of the information about
the function, it captures a significant portion of it. Finally,
we connect the tuning susceptibility to the low-dimensional
response observed in trained networks [17] and the
topological nature of the response in allosteric networks
[26], and we study the physical behavior of highly
susceptible edges.

VI. LARGE ENTRIES OF STIFF MODES
CORRELATE WITH HIGH SUSCEPTIBILITY

Figure 4(a) shows the distribution of cost eigenvalues μρ
before and after training for the linear regression task of
Fig. 1. Before training, the network has a wide distribution
of cost eigenvalues and a nonzero cost gradient. After
training, the spectrum is highly degenerate. Most of the
eigenvalues are close to zero while four are very high. The
same behavior has been observed in artificial neural net-
works [2,3]. The modes with high eigenvalues, or stiff
modes, correspond to the number of coefficients learned by
the linear regression task (details in Fig. 1). The entries of
each of the stiff modes Ψρ measure the importance of the
given edge to the function [Fig. 4(b)]. Perturbing any of
those edges amounts to moving in conductance space along,
at least partially, directions of high curvature, substantially
increasing the cost C. Remarkably, the scalar field of the
norm of susceptibilities shown in Fig. 4(c) reveals the same
patterns as we see in the stiff modes, Fig. 4(b). In Fig. 4(d),
we quantify this observation with a correlation scatter plot
over the edges of the network, showing that high tuning
susceptibility strongly correlates with large entries of the
stiff modes.
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We illustrate the correlation between edge susceptibility
and stiff modes of the cost Hessian for three more tasks.
First, we consider a more complicated linear regression
task, consisting of two input and five output nodes. The
vector of desired voltages as a function of input voltages is
given by

Vdes ¼

0
BBBBBB@

0.15 0.3

0.2 0.1

0.05 0.2

0.1 0.05

0.3 0.15

1
CCCCCCA
�
VS1

VS2

�
; ð29Þ

where, as before, a ground node is kept at zero voltage,
making all the linear relations noncolinear.
The network is trained down to a cost of C ≈ 10−9,

ending up with a set of conductances that satisfy the task,
Figs. 5(a) and 5(b). As with the previous linear regression
task, high tuning susceptibility edges positively correlate
with those singled out from stiff modes, Figs. 5(c) and 5(d).

A more stringent test corresponds to linear classification.
Here, we train the network to classify three different classes
depending on two input voltages, Figs. 5(e) and 5(f). We
encode the corresponding classes with three output nodes.
To convert classification into a numerical task, we use
“one-hot encoding” for each output node. For example, a
point belonging to class 2 corresponds to Vdes ¼ ð0; 1; 0Þ.
For this case, a more suitable cost function corresponds to
the cosine similarity:

C ¼
X
r

ð1 − cosðVF
r ;VdesÞÞ; ð30Þ

where cosðVT;Vdes
T Þ corresponds to the cosine of the angle

between the two vectors.
This task is significantly harder for the network to

achieve for three reasons. First, the physical restriction
of having positive conductances only allows for decision
boundaries with positive slope. To overcome this restric-
tion, we represent each input value as two different and
opposite voltage nodes, Fig. 5(e). We do the same for the
ground nodes, placing one low (−1) and one high (þ1)
ground. Second, the two-dimensional embedding of the
network topologically constrains current flows, leading to
output nodes being effectively isolated from input nodes.
We solve this problem by doubling the information and
copying each input node twice, as well as the low and high
grounds. Third, achieving perfect one-hot encoding is
impossible for a linear resistor network since it corresponds
to a highly nonlinear output as a function of the input
voltages. Nevertheless, we can still train and interpret the
result using a winner-take-all strategy, in which the network
classifies according to the maximum target value,
maxðVT1

; VT2
; VT3

Þ. Figure 5(f) shows that the network
trains successfully, finding a set of edge conductances
that lead to a classification accuracy of 99%. Even though
the training and task are more involved, large values of ŝi
indicate large entries of the stiff modes, as shown in
Figs. 5(g) and 5(h).

A. Connection to persistent homology

As a last family of examples, we analyze networks
trained to provide specified voltage drops across output
edges in response to a voltage drop across an input edge
[23] [Fig. 6(a)]. Such long-range effects require precise
values of the conductances in resistor or flow networks
[23]. Compared to the previous regression and classifica-
tion tasks, this task is significantly simpler due to the fixed
input values it is trained on. One of the remarkable results
for networks trained for such tasks is that the response is
topological in structure [26–28]. Regardless of the values
the network is trained on, the response of the system tends
to partition into sectors of roughly homogeneous voltages,
captured by a topological data analysis approach known as
persistent homology, as shown in Fig. 6(a) [26,27]. It turns

FIG. 4. Stiff modes and tuning susceptibility norm. (a) Eigen-
values of the cost Hessian, μρ, before and after training. The
spectrum has a spectral gap spanning more than 2 orders of
magnitude, separating four stiff outliers from the remaining
almost-zero modes. Parallel lines indicate the break from linear
to logarithmic scale. (b) Four associated eigenvectors depicted as
scalar fields over the networks. Dark colors highlight the
conductances that are most important to the function. (c) Scalar
field ŝi capturing the main structure revealed by stiff modes of the
cost Hessian in panel (b). (d) Scatter plot of the absolute values of
the entries of each of the stiff modes jΨρ;ij and susceptibilities ŝi
for each edge in the network. Different colors indicate different
stiff modes.
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FIG. 5. Stiff modes and tuning susceptibility for linear regression and classification examples. Regression: (a) Conductance
configuration of a network trained for the five target linear regression tasks specified by the coefficients in Eq. (29). Source nodes are
denoted by red circles, target nodes by blue circles, and the grounded node by a white square. (b) Ratio of the voltage at each of the target
nodes VTi

with respect to the voltage source VS1 (circles), which obeys the required linear dependence (solid lines). Inset: voltage
response associated to the green star (VS2 ¼ 2 and VS1 ¼ 1). (c) Scalar field of ŝi, with darker colors indicating larger susceptibilities.
(d) Edges of higher tuning susceptibility identifying large entries of the ten stiffest modes of the network (bottom panel). Classification:
(e), (g), and (h) with the same information as (a), (c), and (d), respectively, for a network trained to classify three classes of data as shown
in panel (f), where the inset corresponds to the voltage response to the inputs indicated by the pink star.

FIG. 6. Susceptible edges define topological sectors. (a) Network trained for an allosteric task in which pairs of target nodes (blue)
must have a voltage drop of 0.5, when the voltages at the input nodes (red) are 0 and 1. The background color corresponds to the different
topological sectors found by the persistent homology analysis of the voltage response (for details, see Ref. [27]). (b) Without the
information of input and output nodes and values, the susceptibility field explicitly captures the boundaries between the persistent
sectors. (c) For large values, the tuning susceptibility positively correlates with the entries of the three stiffest modes (different colors).
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out that the boundaries of the topological sectors are
precisely the edges with large tuning susceptibility
[Fig. 6(b)]. They also correspond to edges singled out
by stiff modes of the cost Hessian [Fig. 6(c)]. In
Appendix D, we show that the tuning susceptibility is
even better at capturing the important edges for weak
training signals.

VII. LOW-DIMENSIONAL RESPONSE

All the trained networks shown present a sloppy cost
eigenvalue spectra: a handful of stiff eigenvalues, roughly
logarithmically spaced, followed by a gap separating them
from a large number of far smaller eigenvalues [29,30].
Here, we show that, in addition to the low dimensionality of
the stiff subspace, the susceptibility is also low dimensional
in the space of physical modes.
It has been empirically shown that physical systems such

as Hopfield, flow/electrical, and mechanical networks
develop learned physical responses defined by a few soft
eigenmodes of the physical Hessian [17]. As we show next,
this low dimensionality is present in the tuning suscep-
tibility vector si. From Eq. (20), we define the partial
susceptibility, up to mode n, as

sðnÞi ¼
Xn
α¼1

1

να
ðΔT

i WαÞWT
α : ð31Þ

Clearly, we recover the full susceptibility when n ¼ N þ 1,
i.e., the total number of modes. Figure 7 shows the ratio
between the sum of the partial and full susceptibility norms,P

i ksðnÞi k2=Pi ksik2 ¼ Tr½sðnÞsðnÞT �=Tr½ssT �, as a func-
tion of the number of modes for all four cases studied in
the paper. In agreement with the dimensionality reduction

of trained responses, for all cases, the norm saturates at
values ranging from n ¼ 2 to n ¼ 10 out of a total of 301
modes, showing that most of the physical information is
encoded in a few soft modes.

VIII. PHYSICAL INTERPRETATION OF ROLE
OF KEY EDGES

We have established that the tuning susceptibility, a
purely structural quantity independent of any explicit
training information, correlates with the large entries
of the stiff modes of the cost Hessian. Highly susceptible
edges of trained networks are therefore important
for the functionality of the network. But how do
highly susceptible edges affect the physical response?
We next study the conductance values of the trained
networks and analyze them in relation to their suscep-
tibility values.
We consider the linear regression task of Fig. 1 with four

sets of random initial conditions: uniformly distributed
between 10−2 and 1 and sharper distributions peaked at
10−6, 10−3, and 10−1. The results are shown in Fig. 8:
Different initial configurations lead to qualitatively differ-
ent final states, each of them performing exactly the same
task. The existence of multiple good solutions is a signature
of the overparametrization of the networks (first and second
columns). With the exception of the first example (first
row), conductance is, in general, not correlated with the
tuning susceptibility (third column). This observation also
holds for all the examples presented in the main text (see
Appendix E). The fourth column shows the relation
between the relative conductance ki=hkii of each edge
with its susceptibility ŝi, where hkii is the average con-
ductance of the adjacent edges. While there is no clear
correlation between both quantities, one striking empiri-
cally observed feature is common across all the examples:
High-susceptibility edges have low relative conductances
ki=hkii < 1 (see Appendix E for more examples). We
emphasize that this does not need to be the case. One
can imagine a functional network relying on connected
segments of very high conductance (pipelines) to accom-
plish the same task. The training procedure we use
(Coupled Learning) does not appear, in general, to yield
such solutions; how different training protocols might
affect the nature of trained solutions is an interesting
subject for further study.
In Fig. 9, we illustrate how edges with high tuning

susceptibility and low relative conductance effectively act
as current blockers, or barriers, for generic input voltages.
We analyze the four tasks of the main text: linear regression
with two targets and with five targets, classification, and
trained voltage drops at output edges (different columns).
The first row illustrates the voltage response (background
color) for given input voltages and highly susceptible edges
(gray scale). The current field, shown in the second row,
shows how current flows from inputs to outputs in the

FIG. 7. Tuning susceptibility and dependence on number of
modes. Ratio of partial to full tuning susceptibility as a function
of number of modes for the four kinds of tasks treated in the main
text. Error bars correspond to standard deviations over ensembles
of 50 different initial conditions for each case. The curves are
slightly shifted horizontally with respect to each other to
distinguish the different error bars.

MICROSCOPIC IMPRINTS OF LEARNED SOLUTIONS IN … PHYS. REV. X 15, 031056 (2025)

031056-9



network. Highly susceptible edges block the current along
them, redirecting it by at least two identifiable mechanisms:
acting as a wall to concentrate the voltage on either side
(highlighted in green) or forming corridors through which
the current is concentrated and routed to specific locations
(highlighted in pink). Take, for example, the linear regres-
sion task for two targets (first row). Awall separates nodes
T2 from S2 but not S1. This strategy is sensible because T2

is nearly equally distant from both S1 and S2 but was
trained for a dependence on S2 that is only half as strong as
the dependence on S1 [see Eq. (1)]. Similar conclusions can
be drawn for the other tasks. These results show that the
joint information of tuning susceptibility and conductance
can provide physical insight into how the systems accom-
plish their tasks.

IX. DISCUSSION

We have shown several examples of resistor networks
trained to different tasks. In each case, we have taken
advantage of the property that trained resistor networks
have their solutions imprinted into their physical land-
scapes [15,31] to describe the local geometry of the cost
landscape. We have shown that the cost Hessian can be
written as the tensor product of two quantities. The first is
the training tensor L, which depends solely on the task the
system has been trained to perform: the location of input
and output nodes, and the input currents corresponding to
the training samples. The second quantity is the tuning
susceptibility tensor S, which depends solely on physical
properties of the network, namely, its architecture and the
edge conductances.

FIG. 8. Physical properties of four networks (rows) trained for the same task with different initial conditions. From left to right:
conductance configuration of the trained networks; initial (light gray) and final (black) distribution of conductances; relation between
final conductances and susceptibilities; relation between final relative conductances and susceptibilities (horizontal dashed line at 1).
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The explicit decoupling of training (task-dependent) and
physical quantities has several consequences.
First, it reveals a fundamental structure-function relation

in trained physical systems. We have formally related the
tuning susceptibility, the structure, to the learned function.
The function is characterized by the local geometry of the
cost landscape around the learned minimum, in terms of the
cost Hessian and its stiff modes. The key edges are those
indicated by the large entries of the stiff modes of the cost
Hessian and are the most important edges for performing
the task. Here, we have demonstrated theoretically that they
can also be identified from the tuning susceptibilities via
the contraction of the susceptibilities with a matrix Aρ

depending on the training data. Finally, we have shown
numerically that many of the key edges are characterized by
large susceptibility norms, so they can be identified from
physical properties of the network alone, without needing
to access training information. The tuning susceptibilities
are therefore microscopic physical imprints of the learned
solutions.
Second, it establishes a fundamental bound on the

physical information contained in the cost Hessian. The

physical properties of linear resistor networks are encoded
into the physical Hessian H, which changes along the
training process by softening, in general, its soft modes
and aligning the physical response with the input forces
[17]. Its relation to the cost Hessian has so far only been
explored spectrally in simple tasks [15]. For a single task,
it has been shown that the stiffest cost mode can be
approximated by the softest physical mode, suggesting,
for the first time, that learning information can be
retrieved by the physics of the system. However, this
spectral relation is only approximate. Here, we have
shown that the tuning susceptibility is the physical-
Hessian-based property that enters into the cost
Hessian. For linear resistor networks, all of the structural
information relevant for the trained tasks is encoded in the
tuning susceptibilities. For nonlinear networks, as exem-
plified by elastic systems in Appendix C, the susceptibil-
ities contain all the relevant information up to quadratic
order in the physical landscape. The susceptibility tensor
S, which can be decomposed into susceptibility vectors si,
explains and unifies previous observations on physical
learning such as the low-dimensional response [17], the

FIG. 9. Voltage and current responses of the four trained networks considered in the main text (columns). Top diagrams: voltage
response (color) to the input values shown by the labels. The edges are colored according to their tuning susceptibility. Bottom diagrams:
associated current response represented as a vector field with orientation indicated by the arrows and magnitude indicated by the gray
scale. Across all examples, highly susceptible edges have low relative conductance and therefore block the current. We highlight two
distinct functional mechanisms of the susceptible edges. We use green to highlight susceptible edges that block the current to concentrate
the voltage and pink to highlight those that create a corridor to direct the current along it.
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mode correspondence in simple tasks [15], and the
topological structure of allosteric networks [26].
Third, it provides an experimentally measurable quantity

independent of the training details. Measurements such as
the response to localized input currents can be used to
extract si, revealing critical information about how the task
is performed. While the mathematical formalism assumed
perfectly trained systems (reaching zero cost), in practice,
constraints may be unsatisfiable, and the cost Hessian has
new contributions in terms of the susceptibilities
(Appendix A). Nevertheless, as long as the cost is small,
the new terms become perturbatively small, and the main
results hold even for systems with nonzero cost. This case
is shown in the numerical examples of Figs. 5(d) and 5(h),
where the cost Hessian can have a wide distribution of
eigenvalues, but large susceptibilities still reveal key edges.
In addition, the definition of the susceptibilities are inde-
pendent of the actual form of the cost function
(Appendix B).
In short, the double optimization at the heart of physical

learning in many systems makes it possible to gain physical
insight into how trained tasks are accomplished. Such
insight does not exist for artificial neural networks, which
do not possess a physical landscape.
While all the derivations were explicitly carried out in the

context of resistor networks, the same results naturally
extend to elastic networks (Appendix C), where the
response minimizes energy, and, in general, to any physical
network that minimizes a scalar quantity (a Lyapunov
function) and whose response can be approximated by a
physical Hessian around a known minimum.
As an example, elastic networks have been trained to have

responses similar to protein allostery, inwhich strain applied
by binding one molecule affects the ability of a second type
of molecule to bind to the protein elsewhere. Spring net-
works have been trained to develop allosteric responses
using global gradient descent [6], Monte Carlo methods
[19,32], or local learning rules such as directed aging [33]
and coupled learning [11]. By contrast, real proteins have
been trained to perform allostery via biological evolution.
Because the protein remains in thermal equilibrium during
evolution, it attains its function via a double-optimization
process. The generality of our theoretical analysis implies
that it may be applied independent of the process by which a
system developed the ability to perform a task. This general-
ity suggests that the connection [21] between slow physical
modes of proteins and underlying nonlinearities that corre-
late nonpairwise additive effects ofmutations of amino acids
in the sequence (global epistasis) can be generalized to gain
physical insight into global epistasis even in cases where
allostery is not characterized by a single slow mode. Folded
proteins have been modeled as mechanical spring networks
[34]. Our theoretical analysis specifies how much of the
function of an elastic network model of an allosteric protein
can be captured by structure, as embodied in the suscep-
tibility tensor.

Furthermore, our methods should yield potentially
useful insight into how proteins perform allosteric tasks.
Using persistent homology, a topological data analysis
tool, it has been shown that the functional response of
trained allosteric networks can often be described by
robust macroscopic sectors highlighting large-scale struc-
tures in the network [28] akin to functional regions
observed in allosteric proteins [35]. The persistent homol-
ogy analysis depends on both training (input nodes and
values) and physical (response) information. Here, we
have shown that similar topological structures can be
obtained with physical information alone, through the
tuning susceptibility tensor, in a closely related system.
An important direction for future work is to apply our
analysis to mechanical networks with allostery to extract
key edges and compare to persistent homology results.
Our numerical results suggest that the most highly
susceptible edges will be important for function. When
applied to elastic network models of proteins, our analysis
might allow identification of the key amino acids respon-
sible for allosteric function.
More generally, our results pave the way towards under-

standing and interpreting how collective trained behavior
emerges. Here, we have studied linear networks, for which
the physical landscape is completely convex and possesses
only one minimum. Biological, physical, and artificial
systems, however, heavily rely on nonlinearities to achieve
many complex tasks [8,32,36–38], which is the case, for
example, of elastic networks with multistable allostery [32]
and also resistor networks that learn nonlinear regression
and classification [13,39]. For such systems, the physical
landscape is decorated with several minima, with each
minimum characterized by different tuning susceptibilities.
Understanding how distributions and correlations among
edge tuning susceptibilities might vary among minima is an
important area of future work, akin to the study of statistical
comparisons of the properties of different jammed minima
in sphere packings [40,41].
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APPENDIX A: COST HESSIAN AND TUNING
SUSCEPTIBILITY FOR UNSATISFIED

CONSTRAINTS

The mathematical derivations of the main text assumed
that the physical network was trained to reach zero cost,
i.e., that all the constraints were satisfied, cr ¼ 0 ∀ r. Here,
we generalize our derivations to the case in which con-
straints cannot be satisfied and the minimum cost is
nonzero. A direct computation of the cost Hessian leads to

Hij ¼
XR
r¼1

∂cr
∂ki

∂cr
∂kj

þ
XR
r¼1

cr
∂
2cr

∂kj∂ki
; ðA1Þ

where the constraint can be directly expressed in terms of
the physical Hessian,

cr ¼ QT
rH−1Ir − Vdes

r ; ðA2Þ

and the gradient of a constraint can be expressed in terms of
the susceptibility vector si ¼ H−1Δi:

∂cr
∂ki

¼ QT
r
∂H−1

∂ki
Ir ¼ −2ðQr ⊗ IrÞ∶ðsi ⊗ siÞ: ðA3Þ

To compute the Hessian of the constraints, we thus need the
gradient of the susceptibility

∂si
∂kj

¼ ∂H−1

∂kj
Δi ¼ −2ðsj ⊗ sjÞΔi ¼ −2ðΔT

i sjÞsj; ðA4Þ

leading to

∂
2cr

∂kj∂ki
¼ −2ðQr ⊗ IrÞ∶

�
∂si
∂kj

⊗ si þ si ⊗
∂si
∂kj

�

¼ 4ðQr ⊗ IrÞ∶½ðΔT
i sjÞðsi ⊗ sj þ sj ⊗ siÞ�: ðA5Þ

Putting all these results together, we have that the cost
Hessian can be split into training and physical information as

Hij¼L⁞Sijþ4L⁞ðH−1⊗ ðΔT
i sjÞðsi⊗ sjþ sj ⊗ siÞÞ

−4

�X
r

Vdes
r Qr⊗ Ir

�
∶½ðΔT

i sjÞðsi ⊗ sjþ sj ⊗ siÞ�;

ðA6Þ

where L is the training tensor defined in Eq. (10). The first
term corresponds to the cost Hessian under fully satisfied
constraints. The two new ones arise when the system is at a
cost minimum but constraints are not fully satisfied. As with
the main result, these last two terms can be written as the
contraction of a tensor depending only on training informa-
tion (left) with a tensor depending only on physical proper-
ties (right).

In practice, most of the trained systems belong to this
more general case, in which the error is never lowered
to zero and, even more, is never exactly at a minimum (see
the negative eigenvalues of trained systems in Fig. 5).
However, when training is successful, the cost is small,
which translates to small constraint values cr. In such a
scenario, the second and third terms of Eq. (A1) can be seen
as a perturbation to the first, and our results hold to first
order, as demonstrated by the numerical examples.

APPENDIX B: L-S DECOMPOSITION FOR
GENERAL COST FUNCTIONS

For constraints that are different from the MSE used in
the main text, the cost function C can be written as

C ¼ 1

2

XR
r¼1

c2r ; ðB1Þ

where cr ¼ crðQT
rVF

r Þ are generic (nonlinear) differentia-
ble constraints depending on the voltages at the output
nodes, QT

rVF
r . For fully trained networks, C ¼ 0, and the

cost Hessian is given by

Hij ¼
∂
2C

∂ki∂kj
¼

XR
r¼1

∂cr
∂ki

∂cr
∂kj

; ðB2Þ

where

∂cr
∂ki

¼ c0rQT
r
∂VF

∂ki
¼ c0rQT

r
∂H−1

∂ki
Ir; ðB3Þ

and c0r ¼ c0rðVdes
r Þ is the derivative of the constraint with

respect to its arguments evaluated at the desired output
values. In the case of the MSE cost used in the main text,
this last term is equal to 1.
Using the last two equations, we can write the cost

Hessian as

Hij ¼
XR
r¼1

c02r

�
QT

r
∂H−1

∂ki
Ir

��
QT

r
∂H−1

∂kj
Ir

�
; ðB4Þ

which can again be split into a learning L and a suscep-
tibility S tensor:

Hij ¼ L⁞Sij ¼
X
a;b;c;d

LabcdSij;abcd; ðB5Þ

with

L ¼
XR
r¼1

c02r Qr ⊗ Ir ⊗ Qr ⊗ Ir; ðB6Þ

Sij ¼
∂H−1

∂ki
⊗

∂H−1

∂kj
: ðB7Þ

As expected, the susceptibility tensor is not modified by the
specifics of the cost function.
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APPENDIX C: L-S DECOMPOSITION
FOR ELASTIC SYSTEMS

Here, we treat the general case in which the physical
degrees of freedom are not scalar values, such as voltages,
but vectors, like displacements in elastic networks.
Moreover, this appendix provides a concrete example on
how to treat a nonlinear system according to conditions
(1)–(3) of Sec. V. Let us denote by di and li the elongation
and rest length of edge i, and by ra the position of node a,
with as many entries as dimensions in the system. The
elongation of edge i connecting nodes a and b is given by

di ¼ kra − rbk − li: ðC1Þ
We next consider small perturbations ua to the equilib-

rium positions r̄a, ra ¼ r̄a þ ua, as well as small perturba-
tions ei to the equilibrium elongations d̄i, di ¼ d̄i þ ei. To
linear order in the perturbations, we have

d̄i ¼ ðkr̄a − r̄bk − liÞ; ðC2Þ

ei ¼ n̂i · ðua − ubÞ; ðC3Þ

with n̂i ≡ ðr̄a − r̄bÞ=kr̄a − r̄bk the unit vector connecting
the two equilibrium positions. Collecting all the perturbed
elongations into a single vector e ¼ ðe1; e2;…Þ, and all the
perturbed positions into a vector u ¼ ðu1; u2;…Þ, the
previous relation reads

e ¼ RTu; ðC4Þ

where RT is the so-called compatibility matrix and R the
equilibrium matrix [43]. Its components are defined in
terms of the equilibrium configuration as

Ra;i ¼
8<
:

n̂i if edge i enters node a

−n̂i if edge i exits node a

0 if edge i is not connected to node a:

ðC5Þ

The compatibility matrix generalizes the incidence matrix
of resistor networks. Indeed, considering an elastic system
with fixed nodes (the analog of ground nodes in the resistor
network) to remove the trivial translational and rotational
modes, the extended physical Hessian of the elastic energy
reads

FIG. 10. Physical properties of three networks (rows) trained for the different tasks. From top to bottom,we have circuits trained for linear
regression response at five targets, classification of three clusters (both shown in Fig. 5), and edge allostery, shown in Fig. 6. From left to
right: conductance configuration of the trained networks; initial (light gray) and final (black) distribution of conductances; relation between
final conductances and susceptibilities; relation between final relative conductances and susceptibilities (horizontal dashed line at 1).
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H ¼
�
2RKRT q

q 0

�
; ðC6Þ

where Kij ¼ δijki is the diagonal matrix of stiffness and q
is the projector onto the fixed nodes, which now becomes a
matrix instead of a vector since more than 1 physical
degree of freedom is needed to remove all the zero modes.
Under this formulation, the displacement configuration is
extended with Lagrange multipliers to ground the system,
u ¼ ðu1;…uN; λ1; λ2;…Þ. As before, the bottom-right
corner is a zero matrix ensuring that the constrained
optimization is linear in all the Lagrange multipliers.
Aswith the power in resistor networks, the linear response

to external node forces F ¼ ðF1;F2;…;FN; 0; 0;…Þ,
where the last entries correspond to the zero displacements
of the ground nodes, minimizes the elastic energy,

E ¼ 1

2
uTHu − FTu; ðC7Þ

leading to

uF ¼ H−1F: ðC8Þ
Formally, the difference with the physical Hessian of

resistor networks is the exchange of the incidence matrix by

the compatibility matrix, which changes the gradient of
H−1 [Eq. (13) in the main text] as follows:

∂H−1

∂ki
¼−H−1 ∂H

∂ki
H−1¼−H−1

�
2RiRT

i 0

0T 0

�
H−1; ðC9Þ

where Ri is the vector formed by the ith row of the
equilibrium matrix R. As in the main text, we define the
extended vector (bold font) Ri ¼ ðRi; 0Þ by padding as
many zeros as Lagrange multipliers. We can then general-
ize the susceptibility vector by simply promoting the
incidence matrix to the equilibrium matrix,

si ≡H−1Ri; ðC10Þ

from which we obtain

∂H−1

∂ki
¼ −2si ⊗ si; ðC11Þ

which is identical to Eq. (15). From here, all the results
derived in the main text ensue. As numerical examples, we
compare the susceptibilities and the stiff cost modes of two
mechanical networks trained for an allosteric and a

FIG. 11. Stiff modes and tuning susceptibility for allostery and regression tasks in mechanical networks. Allostery: (a) Stiffness
configurationof anelastic network trained toproducea8%strain at theoutput edge in response to a10%strain at the input edge.Nodesof the
input (output) edge are denoted by red (blue) circles. (b) Magnitudes of the entries of the stiff cost mode, jΨρ;ij. (c) Normalized tuning
susceptibility norm ŝi,with darker colors indicating larger susceptibilities. (d)Edges of higher susceptibility indicating the largest entries of
the stiff mode. Bottom: eigenvalue spectrum of the cost Hessian. Regression: (e), (f), (g), and (h) with the same information as (a), (b), (c),
and (d), respectively, for a network trained to produce displacements at output nodes as the following combination of input forces:�uT1

uT2

�
¼

�
0.7 0.4
0.2 0.1

��FS1
FS2

�
. In panel (e), red arrows indicate a pair of input forces, while blue arrows indicate the desired displacement

response.
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regression task, respectively (see Fig. 11). Aligned with the
results of the main text, high susceptibilities indicate the
large entries of the stiff modes.

APPENDIX D: COMPARISON BETWEEN
PERSISTENT SECTORS AND TUNING

SUSCEPTIBILITY IN ALLOSTERIC NETWORKS

Here, we provide further evidence that the sectors
obtained by persistence homology in allosteric networks
are readily captured by the pattern of susceptibilities and
that they correspond to the stiff modes of the cost Hessian.
We consider the same task as in the main text: two input
nodes with voltages 0 and 1, and three target edges trained
for the same voltage drop value ΔVdes. In addition to the
original task shown in Fig. 6 (ΔVdes ¼ 0.5), we consider
two more subtle cases: ΔVdes ¼ 0.3 and ΔVdes ¼ 0.1,
which require much less training but leave weaker imprints
on the cost Hessian. The voltage response field shows

sharper variations as ΔVdes increases, Fig. 12(a), leading to
clear partitions, or sectors, captured by persistent homology
[27], Fig. 12(b). As ΔVdes decreases, the susceptible edges
have a smaller overlap with the boundaries of the persistent
sectors, yet they accurately capture the stiff modes of the
cost Hessian, Fig. 12(c). For details of the persistent
homology algorithm, see Ref. [27].

APPENDIX E: TUNING SUSCEPTIBILITIES
AND CONDUCTANCES OF REMAINING

EXAMPLES

In Fig. 10, we show the distribution of conductances
and edge susceptibilities for the circuits in Figs. 5(a), 5(e),
and 6. For all these cases, the same general features
mentioned in the main text hold: High-susceptible edges
have low relative conductances, in general, while the
conductance itself is not indicative of the susceptibility
values.

FIG. 12. From top to bottom, each row corresponds to the same circuit trained for an allosteric response of increasing strengthΔVdes at
three target sites (blue) in response to source voltages 0 and 1 (red). (a) Voltage response to inputs 0 and 1 (red). Stronger responses
showcase a clearer partitioning of the voltage field. (b) Persistent homology provides a topological partition of the network into distinct
sectors (background color), based on the voltage response. Edges are colored according to their tuning susceptibility, delimiting the
topological sectors as ΔVdes increases. (c) For all cases, the three stiffest modes of the cost Hessian closely match the highly susceptible
edges, despite the mismatch with the topological sectors. Edges are colored by the sum of stiff modes (

P
ρ jΨρ;ij) after normalization.
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APPENDIX F: TRAINING PROTOCOL

All the networks were trained using coupled learning
[31], a contrastive local learning rule with two hyper-
parameters: the learning rate α and the nudge parameter η
(for details of the training scheme, see Ref. [31]).
The first linear regression circuit (Fig. 1) was trained for

approximately 106 iterations, each iteration batching 30
training samples, using α ¼ 10−4, η ¼ 10−2, and initial
conductances drawn from a uniform distribution in
[0.01, 1], reaching a final MSE cost of C ≈ 10−5. The input
data consisted of 112 pairs of voltages ðVS1 ; VS2Þ with
corresponding outputs given by the linear relation of Eq. (1).
The second linear regression circuit [Fig. 5(a)] was trained

for approximately 3 × 105 iterations, each iteration batching
30 training samples, using α ¼ 10−2, η ¼ 10−3, and initial
conductances drawn from a uniform distribution in [0.0001,
0.00011], reaching a final MSE cost of C ≈ 10−8. The input
data consisted of 112 pairs of voltages ðVS1 ; VS2Þ with
corresponding outputs given by the linear relation of Eq. (29).
The classification circuit [Fig. 5(e)] was trained for

approximately 2 × 104 iterations, each iteration batching
30 training samples, using α ¼ 10−1, η ¼ 10−2, and initial
conductances all equal to 1, reaching a final cosine
similarity cost of C ≈ 0.05, training accuracy of 99%
(120 points), and test accuracy of 100% (30 points). The
input data consisted of three clusters of points, one per
class, generated from the following normal distributions:

N
�
½2; 2�;

�
1 0.5

0.5 1

��
; ðF1Þ

N
�
½7; 7�;

�
1 −0.5

−0.5 1

��
; ðF2Þ

N
�
½1; 8�;

�
1 0

0 1

��
: ðF3Þ

The allosteric circuit (Fig. 6) was trained for 5 × 104

iterations, no batching, using α ¼ 10−2 and η ¼ 10−3, and
initial conductances were drawn from a uniform distribu-
tion in [0.1, 0.2], reaching a final MSE cost of
C ≈ 1 × 10−5. The input data were VS1 ¼ 1, VS2 ¼ 0, with
corresponding output ΔVdes ¼ 0.5. The two additional
allosteric circuits in Fig. 12 were trained for 5 × 104

iterations, no batching, using α ¼ 10−2 and η ¼ 10−3,
and initial conductances were drawn from a uniform
distribution in [0.1, 0.2], reaching final MSE costs of
C≈2×10−8 (ΔVdes¼0.1) andC≈7×10−10 (ΔVdes ¼ 0.3).
The elastic network of the allosteric strain-strain relation

was trained with α ¼ 103, η ¼ 0.1, and initial stiffness
values equal to 1. The final cost was C ≈ 10−14. The dataset
consisted of a fixed input-output relation with 10% input
strain and a desired 8% output strain. The elastic network of
the regression example was trained with α ¼ 10−2, η ¼ 0.2,
and initial stiffness values equal to 1. The final cost
obtained was C ≈ 10−7. The dataset consisted of 50 differ-
ent pairs of input forces and desired displacements,
following

�
uT1

uT2

�
¼

�
0.7 0.4

0.2 0.1

��
FS1

FS2

�
: ðF4Þ

APPENDIX G: TUNING SUSCEPTIBILITY
FOR WEAKLY TRAINED NETWORKS

Figure 13 shows how the tuning susceptibility depends
on the task strength. We consider an allosteric task with two

FIG. 13. From left to right, the normalized tuning susceptibility (top) for increasing allosteric coupling ΔVdes. Most of the highly
susceptible edges correspond to the ones captured by the single stiff mode of the cost Hessian (bottom).
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input voltages (0 and 1) and one edge target with an
increasing desired voltage dropΔVdes ¼ 0.001, 0.01, 0.5, 1.
The lower the desired voltage drop, the easier the task, and
less training steps are required. In Fig. 13, we show that,
despite the weak signals, the susceptibilities still capture the
relevant edges highlighted by the stiff mode of the cost
Hessian.
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