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Abstract
Models of interacting hysteretic elements, called hysterons, capture the sequential response and
complex memory effects in a wide range of complex systems and can guide the design of intelli-
gent metamaterials. However, even simple models with few hysterons feature a bewildering num-
ber and variety of behaviors. Here we study the hysteron model in two physically relevant limits,
where the response of a hysteron system is easier to understand. First, when the hysteron span-
the gap between its two hysteretic transitions-dominates all other scales, the range of pathways
encoded in transition graphs becomes limited because many avalanches are absent. Second, when
the hysteron span becomes vanishingly small, hysterons behave as interacting binary spins, which
require avalanches in order to exhibit nontrivial pathways. Finally we show that hysterons can
be mimicked by pairs of strongly interacting spins, such that collections of n interacting hyster-
ons can be mapped to 2n interacting spins, albeit via highly specific interactions. Altogether, our
work provides a deeper understanding of the role of the hysteron parameters on their collective
behavior, and points to connections and differences between spin- and hysteron-based models of
complex matter.

1. Introduction

Multistable, glassy materials, ranging from crumpled sheets and frustrated magnets to metamaterials,
irreversibly transition between metastable states when externally driven [1]. In the limit of low temper-
ature and for slow homogeneous driving, such as mechanical compression, shear, or a magnetic field,
these pathways can be described by transition graphs (t-graphs) [2–23]. The nodes of these graphs rep-
resent the metastable states, and their edges represent the irreversible transitions that occur when the
driving exceeds certain critical values. Such t-graphs can be extracted from experimental data [3–5, 7,
8] or numerical simulations of more realistic models [7, 18, 20], and provide a full description of the
materials pathways under any complex driving protocol. Hence, the structure of these graphs can be
used to gain insight into memory effects, where the state encodes a memory of past driving.

Physically, many metastable systems can be thought of as collections of interacting bistable elements.
These can take the form of directly observable units, such as slender beams or snapping creases [19,
24], or can be emergent, such as the two groups of local particle configurations that separate T1 reor-
ganizations of amorphous media [25]. The decomposition of multistable systems into bistable units
has inspired work to model the response of such systems with hysterons. These are spin-like, minim-
alistic two-state elements , described by a binary phase si ∈ {0,1}, which exhibit hysteresis. An isol-
ated hysteron i flips from si = 0 to si = 1 when the global driving, denoted U, exceeds the up switching
threshold u+i ; similarly, it flips from si = 1 to si = 0 when U falls below the down switching threshold
u−i , with u+i > u−i [10, 18, 23, 25]. Ensembles of non-interacting hysterons form the so-called Preisach
model, which has been studied intensely as it provides an explanation for return point memory (RPM)
[16, 16, 22, 26]. For many physical systems, however, the bistable elements are coupled, for example
through the elastic background in which they are embedded. This suggests that models describing these
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systems should incorporate interactions between hysterons [3, 7, 10, 19, 20, 25]. The hysteron interac-
tions can be expressed via state-dependent switching thresholds U±

i (S), where S := (s1, s2, . . .). Here we
consider pairwise interactions:

U±
i (S) = u±i −

∑
j

cijsj , (1)

where u±i are the bare switching thresholds, the coupling coefficients cij express the effect of the phase of
hysteron j on the thresholds of hysteron i, and we gauge out the self-coupling (cii = 0) [23].

For three non-interacting hysterons, only six t-graphs are possible; more generally, n non-interacting
hysterons can produce n! distinct t-graphs [6, 9, 16, 18, 22, 23, 27]. Hysteron interactions give rise
to a much wider range of t-graphs. Numerical sampling has revealed that the number of t-graphs for
three pairwise interacting hysterons (far) exceeds 15× 103 [23]. These t-graphs moreover encode a wide
range of behaviors and memory effects, including transients and multiperiodic responses under cyclic
driving [17, 21, 28], latching [12], and even computing [7, 24], and understanding how such effects arise
requires examining the structure and multiplicity of t-graphs in the hysteron model.

Here we consider the hysteron model in two specific, physically motivated limits, where the com-
plexity of the model can be partly tamed. We define the span σi of a hysteron as the difference between
the bare up and down thresholds: σi ≡ u+i − u−i , and consider the limits of small and large span. The
hysteron model is more tractable in these two asymptotic limits than in the general case, providing a
jumping board for understanding intermediate spans where the behavior becomes considerably richer.

We first consider the limit of large spans, where U+
i (S)> U−

j (S
′) for all i, j and states S and S′

(section 3). We then consider the limit of small span, where the hysterons act as binary spins (section 4).
The up and down transitions then become equal between two collective states that differ only in the
phase of a single spin. We show that this severely limits the range of t-graphs, and that all non-trivial
graphs need to feature avalanches. Finally, we show that pairs of interacting spins can mimic hysterons
(section 4.2), and provide a construction where any set of n interacting hysterons can be mapped to a
set of 2n interacting hysterons (section 4.3). This mapping does not imply that hysterons would nat-
urally emerge in generically interacting spins, but instead helps to clarify how a hysteron is structured,
and how it formally differs from a spin system with emergent hysteresis. Altogether, our work provides
examples of limits where the hysteron model is easier to study, and establishes a firm link between mod-
els of interacting hysterons and interacting spins.

2. Pairwise interacting hysterons

In this section we briefly motivate and review the interacting hysteron model and the links between
t-graphs and switching thresholds.

Fundamentally, multistable systems can be described by their physical equations of motion [16].
However, for the many systems composed of hysteretic elements–such as crumpled sheets, amorphous
media, and metamaterials–this approach is computationally inefficient and unnecessary for capturing key
features of sequential response and memory [3, 7, 12, 16, 19, 28]. Several simplified models have there-
fore been introduced. These range from networks of elements with double-well energy potentials that
retain explicit dynamics, including inertia and damping [8, 11, 29–31], to networks of bilinear elements
such as bilinear springs or conducting elements [7, 20, 32], and ultimately to collections of interacting
binary hysteretic elements known as hysterons. By virtue of their simplicity, hysteron models are well-
suited to guide the design of metamaterials with targeted pathways [7, 13, 17, 31, 33, 34].

We consider collections of strictly binary hysterons, and model their interactions by making the
switching thresholds of each hysteron dependent on the phase of the other hysterons. Defining the bin-
ary state S := (s1, s2, . . .), we thus introduce the state-dependent switching thresholds U±

i (S) [10, 23, 25,
35]. In principle, (a subset of) these thresholds can be measured experimentally, obtained from simula-
tions of an underlying physical model, or in some cases, calculated explicitly [3, 7, 20]. Here we will not
consider such a detailed connection, but instead simply pose that there are pairwise interactions with the
strength of these interactions being equal for the up and down thresholds. The switching thresholds can
then be expressed as

U±
i (S) = u±i −

∑
j ̸=i

cijsj . (2)

2
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For networks of bistable elements [2, 7, 20], explicit mappings from physical parameters to hysteron
parameters have been developed. In such networks, solving the balance equations for each collective state
S yields a mapping from the global driving field U and state S to the local driving variables, such as
deformations, forces, currents, or voltage drops. Local switching thresholds (e.g. the critical extension
of bilinear springs) then determine which states are stable and which element becomes unstable when
a transition occurs, thereby mapping the physical parameters and network geometry to the hysteron
parameters. For example, in serially coupled curved beams, the bare switching thresholds can be tuned
by precurvature, the span is determined by the beam thickness, and the coupling cij is negatively pro-
portional to the force discontinuity of element j [7]. More broadly, in 2D bistable spring networks, the
interactions depend on the network geometry via a cosine angular dependency [20].

For the remainder of this paper we assume that we have explicit expressions for the switching
thresholds. We recently described the connections between the switching thresholds and the t-graphs in
detail [35], building on earlier work [16, 23, 25]. Below, we summarize the main results which are rel-
evant to this paper. These results consider the mapping from switching thresholds U±

i (S) to the t-graph,
and the inverse problem of finding constraints on the switching thresholds for a given t-graph topology.

Mapping from switching thresholds to t-graph. The switching thresholds determine the stability range of
each state S: the upper state threshold U+(S) :=mini0U

+
i (S), where i0 are the indices of the hysterons in

phase ‘0’, and the lower state threshold U−(S) :=maxi1U
−
i (S), where i1 are the indices of the hysterons

in phase ‘1’. Similarly, these thresholds determine which ‘critical’ hysteron will flip when a state becomes
unstable due to an increase or decrease of the driving U. The collection of states and their critical hyster-
ons forms the scaffold, which can be seen as the basis upon which a t-graph is built [35].

To go from a scaffold to a t-graph, one must consider the nature of the transitions that occur once a
state S is destabilized. When state S becomes unstable as the driving U is swept up (down), the critical
up (down) hysteron flips, and the system reaches an intermediate state S′, as determined by the scaffold.
If the state S′ is stable at the driving U where the transition was initiated, a simple transition occurs
between two states that are separated by one hysteron flip. If this state is unstable, avalanches occur; for
these avalanches we make a distinction between cases where either a single hysteron or multiple hys-
terons is (are) unstable. In the first case, where only one hysteron is unstable in state S′ at driving U,
flipping that hysteron produces a state S ′ ′—which again can be stable or not, etc. In the second case,
where more than one hysteron is unstable in state S′ at driving U, the system is in a race condition—i.e.
the order of hysteron flips is ambiguous [2, 23, 35]. One can then deem the system ill-defined [23], or
introduce a phenomenological rule such as ‘flip the most unstable hysteron’ to proceed [2, 25].

Given a specific rule to resolve race conditions, one can determine the collection of transitions—
simple and avalanches—that occur when U is swept, and collect the resulting states and transitions in
a t-graph. For large systems with random interactions, self-loops can occur; in this paper we consider
such systems ill-defined [2]. We note that each transition follows the scaffold, and that each valid ava-
lanche can be composed of a number of elementary hysteron flips consistent with the scaffold; hence, all
t-graphs can be seen as scaffolds dressed by avalanches [35].

In experiment or simulation, it is generally not possible to access the full set of switching thresholds
of a given system just from observing its transition pathways [3, 7]. For example, whereas the state (000)
is governed by the three thresholds U+

i (000), only the lowest of these is observed in a given system, and
for the other two thresholds we can only infer that they must be larger. Nevertheless, the observation
of even a partial t-graph gives insight in the type of avalanches, scrambled transitions, and breaking of
e.g. l-RPM which itself implies that there are negative interactions [3, 6, 7, 9, 10, 15, 23, 25]. Moreover,
comparing the scatter in, e.g. up and down transitions for states with the same magnetization m :=

∑
i si

to those with different magnetizations may give insight into spans and typical interactions strengths cij.

Mapping from t-graph to switching thresholds. We and others have previously considered the inverse
problem of constructing constraints on the switching thresholds such that a given t-graph is realized [7,
14, 20, 23, 25, 35]. These constraints take the form of inequalities between the switching thresholds,
which determine the range of stability of states, the scaffold, and the presence of avalanches [23, 35].
For a given t-graph topology, the full set of inequalities is referred to as the design inequalities; these can
be solved using standard techniques. Moreover, for a given t-graph topology one can easily determine if
there is a set of design parameters that can produce this graph—for details see [35].

We note that all design inequalities are of the form U±
i (SA)> U±

j (SB). For the purposes of this
paper, it is convenient to classify the design inequalities into two types. The first type compares up with
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up, or down with down switching thresholds. Provided that interactions are pairwise, we can write

U+
i (SA)−U+

j (SB) =
(
u+i − u+j

)
− f

(
SA,SB, cij

)
> 0 , (3)

U−
i (SA)−U−

j (SB) =
(
u−i − u−j

)
− f

(
SA,SB, cij

)
> 0 , (4)

where f(SA,SB, cij) is a linear combination of the coupling coefficients:

f
(
SA,SB, cij

)
=
∑
k̸=i

ciksk,A −
∑
k̸=j

cjksk,B , (5)

and where sk,A, sk,B are the phases of hysteron k in state SA and SB, respectively. The second group con-
tains the inequalities that compare up and down thresholds:

U+
i (SA)−U−

j (SB) =
(
u+i − u−j

)
− f

(
SA,SB, cij

)
> 0 . (6)

We refer to the inequalities expressed by equations (3), (4) and (6) as type-I and type-II inequalities,
respectively.

For each transition S0 → Sl, which evolves through intermediate states S1, . . . ,Sl−1, we distinguish
three groups of inequalities. The start of the transition, S0 → S1, is determined by a group of inequal-
ities which we refer to as the initial inequalities. The initial inequalities depend on the critical hysteron
of state S0 as encoded by the scaffold; moreover, they require that the state S0 is initially stable. The
inequalities that determine the scaffold are of type I, while the inequalities which determine the initial
stability of state S0 are of type II.

The stability of the intermediate states, and of their critical hysterons, are determined by a mix of
type-I and type-II inequalities; we refer to these as the intermediate inequalities. Finally, the stability of
the final states again depends ib a mix of type-I and type-II inequalities, which we refer to as the final
inequalities.

In summary, the scaffold depends on type-I inequalities, the stability of the initial state depends on
type-II inequalities, and avalanches depend on a mix of type-I and type-II inequalities. We make use of
this classification when we consider the impact of the span on a t-graph.

3. Large span

We analyze t-graphs of pairwise interacting hysterons with a fixed interaction matrix cij, and consider
the effect of increasing the span σi. Specifically, we consider additive changes of the span, where we,
e.g. map u−i to u−i −∆σ/2 and u+i to u+i +∆σ/2—here ∆σ is a positive parameter that increases the
spans of all hysterons equally. By changing the spans in this way, we change the mean span ⟨σi ⟩ to
⟨σi ⟩+∆σ, while keeping the scatter u+i − u+j and u−i − u−j of the bare switching thresholds fixed.

Crucially, we now note that only type-II inequalities (equation (6)) feature the mean span ⟨σi ⟩; fea-
tures which only depend on type-I inequalities (equations (3) and (4)) are invariant to changes in the
mean span. We make use of this insight to describe the effect of large mean span on the scaffold, state
stability, and avalanches in a t-graph.

State stability The range of stability of a given state S depends on the difference between the lowest
U+

i (S) and highest U−
i (S). For a given choice of parameters, this range may become negative for some

states; we refer to such states as being persistently unstable [35]. Since these are type-II inequalities,
as we have noted above, the range of stability of state S is dependent on ∆σ. Namely, increasing the
spans for given cij eventually stabilizes all such states: if the mean span σ is sufficiently large compared
to |u+i − u+j |, |u

−
i − u−j | and |cij| for all i, j, then U+

i (SA)> U−
j (SB) becomes true for all i, j and choices

of state, so that each state has a finite range of stability.

Scaffold For the scaffold, the design inequalities are of the form U+
i (S)> U+

j (S) and U−
i (S)> U−

j (S);
these inequalities specify that the critical up and down hysterons are those hysterons with the highest up
and lowest down switching thresholds, respectively. Since these are type-I inequalities, as we have noted
above, the scaffold is invariant to the value of ∆σ.

Avalanches We now consider how an increase in the span impacts avalanches. Each avalanche is labeled
‘up’ or ‘down’ depending on whether it is triggered by an up or down flip of a hysteron in response to

4
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an increase or decrease of U. We classify avalanches as monotonic when they consist of up or down flips
only, and mixed otherwise. The impact of an increase in the span on avalanches is nuanced: whereas
the scaffold only depends on type-I inequalities and the stability range of the states S only depends on
type-II inequalities, avalanches depend on a mix of type-I and type-II inequalities. As we will show,
increasing the span does not affect monotonic avalanches, and truncates mixed avalanches so that only
the monotonic initial part remains.

Suppose that for ∆σ = 0, the t-graph of a set of interacting hysterons features a monotonic ava-
lanche. For definiteness we focus on a monotonic up avalanche S0 ↑ S1 ↑ . . .Sl, and note that the argu-
ment for down avalanches follows by symmetry. As the scaffold is not affected by ∆, we only need to
consider the intermediate and final inequalities.

The final inequalities are

U+
(
S0
)
< U+

i

(
Sl
)

∀i ∈ I0
(
Sλ

)
, (7)

U+
(
S0
)
> U−

i

(
Sl
)

∀i ∈ I1
(
Sλ

)
, (8)

where we note that the value of U during the avalanche is given by the up switching threshold of state
S0. Since both inequalities are true for ∆σ = 0, they remain true for positive ∆σ; both terms in the first
inequality increase by ∆σ/2, whereas in the second inequality, the left term increases and the right term
decreases for increasing ∆σ.

The intermediate inequalities are

U+
(
S0
)

< U+
i

(
Sλ

)
∀i ∈ I0

(
Sλ

)
\{k} , (9)

U+
(
S0
)

> U−
i

(
Sλ

)
∀i ∈ I1

(
Sλ

)
, (10)

U+
(
S0
)

> U+
k

(
Sλ

)
, (11)

where k is the critical hysteron of state Sλ. Following the same arguments as before, if these inequalit-
ies are satisfied for ∆σ = 0, they are also true for any positive ∆σ. Hence, increasing the span does not
affect monotonic avalanches3

Now we consider mixed up avalanches, where after one or more up flips, there is a down flip. We
label the intermediate state where this happens Sλ, and the relevant hysteron k. This avalanche implies
that for ∆σ = 0, the following inequality holds:

U+
(
S0
)
< U−

k

(
Sλ

)
. (12)

When ∆σ is increased sufficiently, this inequality becomes false, with state Sλ becoming stable at
U+(S0). Hence, the avalanche is truncated. For example, a mixed avalanche of the form S0 ↑ S1 ↑ S2 ↓
S3 . . . is truncated to S0 ↑ S1 ↑ S2 for large ∆σ; similarly, a mixed avalanche of the form S0 ↑ S1 ↓ S2 . . . is
truncated to S0 ↑ S1 and thus ceases to be an avalanche.

In summary, an increase in the span via the parameter ∆σ eventually stabilizes persistently unstable
states, and truncates all mixed avalanches. For example, in systems that derive from serially coupled ele-
ments, we have shown that all avalanches are mixed and of length two [7] — an increase in the span of
these elements eventually suppresses all avalanches. More generally, pairwise-interacting hysterons where
all interactions are negative can only feature purely alternating avalanches (up-down-up-…); these will
all be truncated to simple non-avalanche transitions for large ∆σ.

As negative or mixed-sign interactions are expected in systems where serial coupling is important
[7, 20], an absence of (nonmonotonic) avalanches in these systems likely signifies large hysteron spans,
which can further be probed directly from measured switching thresholds. Conversely, systems that
exhibit scrambling without avalanches can be designed using geometries that produce negative couplings
combined with sufficiently large spans [36].

5
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Figure 1. The spin limit of the hysteron model in the presence and absence of interactions. (a) Schematic representation of spins
within the parameter space of interacting hysterons: the space of interacting hysterons encompasses that of interacting spins,
and the behavior of independent spins is trivial. (b) Non-interacting spins can only exhibit trivial t-graphs, where up and down
transitions for each spin are paired. (c) Scaffold for independent spins.

4. The zero-span spin limit

In this section we investigate the zero-span limit of hysteron systems—we refer to such zero-span hys-
terons as ‘spins’ – and in particular discuss the relations between interacting hysterons and interact-
ing spins. Such spin systems follow from the hysteron model by taking the upper and lower switching
thresholds of hysteron i in state S to be identical:

U+
i (S) = U−

i (S) =: Ui (S) . (13)

Note that these are zero-temperature, deterministic models—distinct from, e.g. spin glasses at finite tem-
perature that are defined by a Hamiltonian.

Here we first investigate the scaffolds and t-graphs of such systems, and show that scaffolds and ava-
lanches are strongly intertwined for spins. We then show that interacting spins can feature collective hys-
teretic behavior, with pairs of interacting spins being able to mimic hysterons. We show that all systems
of n interacting hysterons can be mimicked by systems of 2n interacting spins; to make this mapping, a
careful consideration of race conditions is required. Hence, while hysteron models encompass models of
interacting spins, in some sense, spin models also encompass models of interacting hysterons.

4.1. Scaffolds and avalanches for interacting spins
In the presence of interactions, interacting spin systems can show complex t-graph responses which, as
for hysterons, can be categorized by separately considering the scaffold and avalanches [35]. We will
show that any scaffold which can be realized by pairwise interacting hysterons can also be found for
interacting spins. However, we will find that any non-trivial scaffold for interacting spins will always fea-
ture avalanches. As a result, any non-trivial t-graph without avalanches requires hysterons.

Scaffolds Here we discuss the scaffolds for interacting spins. We first recall that for n independent
hysterons–i.e. the Preisach model–there are n! possible t-graphs [6, 22]. In contrast, for independent
spins, the response to driving is trivial: the spins are simply in phase 0 or 1 if their switching threshold
is above or below the current value of the driving U, respectively, so only a single ‘trivial’ t-graph is pos-
sible (figure 1(b)). Accordingly, there is only a single possible trivial scaffold (figure 1(c)). In the pres-
ence of interactions, however, all scaffolds that are realizable by pairwise interacting hysterons can also
be realized by pairwise interacting trivial spins.

We first show how interacting spins can realize the Preisach scaffolds associated with non-interacting
hysterons. We do so by establishing an explicit mapping between the parameters of the Preisach model
and the interacting spin model, and showing that the design inequalities that govern their scaffolds are
identical. The equations that govern the scaffold compare the up and down switching thresholds of a

3 We point out that an increase in the span can resolve some race conditions. Suppose that an intermediate state for a monotonic up
avalanche experiences race conditions. If these race conditions are such that one hysteron is unstable to up flips, and other hysterons are
unstable to down flips, then an increase in the span can stabilize the latter group of hysterons.

6
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given state. For all states S where si = 0 and sj = 0, we need to compare the up switching thresholds to
determine the critical scaffold, i.e. the signs of the expressions U+

i (S)−U+
j (S):

U+
i (S)−U+

j (S) =
(
u+i − u−j

)
−
∑
k̸=i,j

(
cik − cjk

)
sk > 0 , (14)

where we made use of si = sj = 0 to write the last term. Similarly, for all states S where si = 1 and sj = 1,
we need to compare the down switching thresholds to determine the critical scaffold, i.e. the signs of the
expressions U−

i (S)−U−
j (S):

U−
i (S)−U−

j (S) =
(
u+i + cji − u−j − cij

)
−
∑
k ̸=i,j

(
cik − cjk

)
sk > 0 , (15)

where we use si = sj = 1 to separate the terms cij and cji from the sum. We note that the terms∑
k̸=i,j(cik − cjk)sk are responsible for scrambling [23, 35].

To realize a Preisach scaffold defined by hysteron switching thresholds h±i with interacting spins, con-
sider the spin model with parameters:

u+i = u−i = ui = h+i , (16)

cij =−σj = h−i − h+i . (17)

We note that the ‘column-wise’ form of the second equation makes sure that the scrambling term is
zero. Substituting these parameters in the scaffold design inequalities (equations (14) and (15)) yields:

U+
i (S)−U+

j (S) = h+i − h+j > 0 , (18)

U−
i (S)−U−

j (S) = h+i −σi − h+j −σj = h−i − h−j > 0 , (19)

which are the inequalities for a Preisach system. Hence, interacting spins can form all Preisach scaffolds.
We now show that, through an extension of the mapping shown above, interacting spins can realize

any scaffold realizable by pairwise interacting hysterons. We map any given hysteron parameters h±i and
c̃ij to spin parameters:

u+i = u−i = ui = h+i , (20)

cij =−σj + c̃ij . (21)

Substituting these parameters in the scaffold design inequalities (equations (14) and (15)) – where we
note that h+i −σi = h−i , and that the sum (c̃ik − c̃jk)sk is invariant under the ‘column-wise’ translations
stipulated by equation (21) – we find that for the spin model

U+
i (S)−U+

j (S) = h+i − h+j −
∑
k ̸=i,j

(
c̃ik − c̃jk

)
sk > 0 , (22)

U−
i (S)−U−

j (S) = h−i − h+j −
∑
k ̸=i,j

(
c̃ik − c̃jk

)
sk > 0 , (23)

which are manifestly the design inequalities for the hysteron model. Hence, the scaffolds of any hys-
teron model can be mapped to the scaffold of a spin model using the spin parameters equations (20)
and (21).

Nontrivial Scaffolds produce avalanches Just from looking at the scaffold, we cannot distinguish inter-
acting hysteron systems from interacting spin systems. There is a crucial difference, however, between
the t-graphs of interacting spins and interacting hysterons: for spin systems, nontrivial scaffolds lead to
avalanches in the t-graphs.

We show this via proof by contradiction: if a t-graph for an interacting spin system is avalanche-
free, it must be trivial. Consider an up transition S ↑ S ′ that occurs at switching thresholds U1; as the
t-graph is avalanche-free, there is also a down transition S ′ ↓ S at switching thresholds U1 (figure 2(a)).
Now suppose that there is another state S ′ ′, so that S ′ ′ ↓ S at switching thresholds U2; this implies that
the up transition S ↑ S ′ ′ occurs at switching threshold U2. If U2 > U1, this implies an avalanche S ′ ′ ↓
S ↑ S ′; and if U2 < U1, then the transition S ↑ S ′ cannot occur (figure 2(b)). In other words, without
avalanches, t-graph topologies of interacting spins are free of ‘branches’. As a result, for spins, t-graph
topologies without avalanches are of the form (. . .000)↔ (. . .001)↔ (. . .011)↔ . . . , up to relabeling of
the spins. By extension, t-graphs that have any other scaffold must feature avalanches.
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Figure 2. Illustration of the impossibility of nontrivial scaffolds in spin systems without avalanches. (a) A single reversible spin
flip for a t-graph without avalanches, occurring at U1. (b) Posited part of a t-graph for a spin system without avalanches, consist-
ing of two transitions and three states. Since there are two up transitions from state S′ this t-graph is inconsistent, as indicated
by the exclamation mark; thus, as stated in the main text, it is not possible to realize nontrivial t-graphs in spin systems without
avalanches.

4.2. Spins pairs can effectively form a single hysteron
The up and down transitions between two spin states that differ by the phase of one spin are equal, but
for states that are connected by avalanches, this no longer needs to be true. As a consequence, the beha-
vior of a single hysteron can be mimicked by pairs of interacting spins that form t-graphs with only
two states, (00) and (11), connected by avalanches. There are (up to relabeling symmetry) two scaf-
folds that allow to create such t-graphs (figures 3(a) and (b)). In the first, the intermediate state is the
same for both avalanches, and in the second, the intermediate state is different. Below we show that the
first case can be captured by spin pairs with symmetric interactions, whereas the second case requires
(strongly) asymmetric interactions4. While these two constructions are not exhaustive—we choose a par-
ticular parametrization for the asymmetric case, and constructions involving more than two spins are
also possible—they highlight the simplest manner in which individual hysterons can be mimicked by
interacting spins. We note that the asymmetric construction is a bit more involved; yet, when mimicking
interacting hysterons by interacting pairs of spins, the symmetric construction leads to issues with race
conditions, while these can be avoided for asymmetrically interacting spin pairs.

Symmetric spin pair We consider two spins, A and B, and aim to find switching thresholds and interac-
tions such that the t-graph consists of two avalanches that connect (00) and (11), so that we can asso-
ciate (00) and (11) with hysteron states 0 and 1 with switching thresholds u+,u−. We denote the hys-
teron parameters with lowercase symbols u±i and cij, and the spin parameters with capitals Ui(A/B) and
Ci(A/B),j(A/B). We take UA −UB := ∆> 0 and consider positive symmetric interactions CAB = CBA =
C> 0. The scaffold then involves three states, with the transitions (00)↔ (01) occurring at UB, and
(01)↔ (11) occurring at UA −C= UB +∆−C (figure 3(a)). For C>∆, the t-graph features two ava-
lanches, with the up transition (00)→ (11) occurring at UB, and the down transition (11)→ (00) at
UB +∆−C. Note that in this construction, the up transition is initiated by spin B switching up, yet the
down transition is initiated by spin A switching down.

Taking 0<∆< C, we can identify the spin states (00) and (11) with the states 0 and 1 of a hys-
teron, which has switching thresholds u± (figure 3(c)):

u+ = UB , (24)

u− = UB +∆−C . (25)

We stress that at the level of a single hysteron, the parameter ∆ can be chosen arbitrarily, but this para-
meter will play a role when modeling interacting hysterons (section 4.3).

Asymmetric spin pair Hysterons can also be modeled using a scaffold with four states (figure 3(b)). As
above, we take UA −UB := ∆> 0, where ∆ can be freely chosen. Realizing this scaffold requires suf-
ficiently strong asymmetric interactions such that CAB > CBA +∆; for convenience, we take CAB and

4 A brief version of this work was included as supplementary information in [4].
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Figure 3. Two constructions to replicate hysteron behavior using interacting spins. (a) Trivial scaffold for two spins. (b)
Schematic of a symmetrically coupled pair of spins that realizes the trivial scaffold. (c) T-graph for symmetrically coupled spins
featuring hysteretic avalanche transitions between (00) and (11) with the same intermediate state (01). (d) Nontrivial scaffold for
two spins. (e) Schematic of an asymmetrically coupled pair of spins that realizes the nontrivial scaffold. (f) T-graph for asymmet-
rically coupled spins featuring hysteretic avalanche transitions between (00) and (11) with different intermediate states (01) and
(10).

CBA to be positive. The switching thresholds for the four scaffold transitions are: (00)↔ (01) at UB;
(01)↔ (11) at UA −CAB = UB +∆−CAB; (11)↔ (10) at UB −CBA; (10)↔ (00) at UA = UB +∆. Then,
to have a (00)→ (11) avalanche, we require CAB >∆; the transition (11)→ (00) is guaranteed for pos-
itive CBA (an example of the intertwining of scaffolds and avalanches). Note that, in contrast to the sym-
metrically coupled construction, here the up and down avalanches are both initiated by spin B switching
up and down respectively.

We can again identify the spin states (00) and (11) with hysteron states 0 and 1, that have switching
thresholds u± (figure 3(d)):

u+ = UB , (26)

u− = UB −CBA . (27)

To pick the spin parameters, we first fix UB and CBA following equations (26) and (27), then take arbit-
rary ∆> 0, and finally choose a large value of CAB such that CAB > CBA +∆ to satisfy the constraints
for the scaffold; for definiteness, we set CAB = CBA + 2∆.

4.3. Reproducing hysteron t-graphs using interacting spin pairs
We now discuss how the behavior of n interacting hysterons can be captured by 2n interacting spins. We
first translate each hysteron to a spin pair, e.g. 1A,1B models hysteron 1, so that a hysteron state S=
(s1, s2, s3) maps to a spin state S̃= (s1, s1, s2, s2, s3, s3). We refer to spin states of this form, where each spin
pair is in state (00) or (11), as ‘pure’. We use interactions within each pair, as outlined above, to model
the bare hysterons. This means that a single hysteron flip maps to an avalanche of two spin flips within
a spin pair, with an intermediate state where one spin pair is in state (01) or (10) (figures 3(e) and (f)).

Having translated the bare hysterons to spin pairs, we then introduce interactions between these pairs
of spins to model the hysteron interactions. Such a mapping is successful when (i) any hysteron trans-
ition in the t-graph S→ S ′—including avalanches-maps to spin avalanche transitions between pure states
S̃→ S̃ ′; (ii) mixed spin states (where one or more spin pairs are not in state (00) or (11)) are never
stable; and (iii) no race conditions occur in the spin system, except when these are inherited from race
conditions in the original hysteron system.

As discussed above, there are at least two strategies to model the bare hysterons; as we show below,
there are also multiple strategies to model the hysteron interactions. We show that for collections of n
hysterons whose t-graphs do not exhibit avalanches, several parametrizations of 2n spins capture those t-
graphs. Yet, when the hysteron t-graph feature avalanches, one has to be careful to avoid race conditions
in the corresponding spin systems. These race conditions can be ‘internal’, where both spins in pair i lose
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stability at the same time, or ‘external’, where the flip of one spin in pair i already destabilizes spins in
pair j. We show a specific mapping which avoids both types of race conditions, thus allowing n interact-
ing hysterons to be faithfully captured by 2n interacting spins.

We illustrate the emergence of race conditions in pairs of spins that represent interacting hysterons
with a concrete example, before discussing the general case. Suppose that we have a pair of hysterons
with bare switching thresholds: (

u+1 ,u
+
2 ,u

−
1 ,u

−
2

)
= (2,1,−2,−1) (28)

and interactions

cij =

(
0 0
c21 0

)
, (29)

where we assume c21 < 0. Depending on the value of c21, we find two hysteron t-graphs — for c21 >−3,

the t-graph has no avalanches, whereas for c21 <−3, the t-graph features the avalanche (01)
(11)−−→ (10)

(figures 4(a) and (b)). Note that this system is free of race conditions, since race conditions can only
occur in hysteron systems of three or more elements [2]. We will now consider whether race conditions
emerge when we map this two-hysteron system to two interacting spin pairs.

Race conditions for mapping I First, we consider mapping I, where each hysteron is represented by a
symmetrically coupled spin pair, and hysteron interactions are evenly distributed over the A and B spins.
Using equations (24) and (25), and taking ∆ equal for each pair, spin pair 1 has parameters

U1A = 2+∆ , (30)

U1B = 2 , (31)

CA1,B1 = CB1,A1 = 4+∆ , (32)

and spin pair 2 has parameters:

U2A = 1+∆ , (33)

U2B = 1 , (34)

CA2,B2 = CB2,A2 = 2+∆ . (35)

We then map the hysteron interaction c21 to interactions between spin pairs 1 and 2. We take

C2A,1A = C2A,1B = C2B,1A = C2B,1B = c21/2 , (36)

so that spins 1A and 1B contribute equally to the shift of the switching thresholds of spins 2A and 2B.
The coupling matrix for the four spin system (where we order rows and colums as 1A,1B,2A,2B) thus
becomes :

C=


0 4+∆ 0 0

4+∆ 0 0 0
c21/2 c21/2 0 2+∆
c21/2 c21/2 2+∆ 0

 . (37)

We note that this matrix has a clear 2× 2 block structure, with the center blocks containing internal
interactions, and the off-diagonal blocks containing the external interactions—i.e. interactions between
spin pairs, which are inherited from the original hysteron system. We can generically write the spin
interaction matrix as

C=


0 σ1 +∆ c12/2 c12/2

σ1 +∆ 0 c12/2 c12/2
c21/2 c21/2 0 σ2 +∆
c21/2 c21/2 σ2 +∆ 0

 , (38)

where σi denotes the hysteron span u+i − u−i .
We now vary c21 to illustrate how race conditions can emerge for mapping I. We consider how the

hysteron transitions (01)→ (11), occurring at u+1 − c12 = 2, and (11)→ (10), occurring at u−2 − c21 =

−1− c21, map to spin avalanche transitions (0011)
(0111)−−−→ (1111) and (1111)

(1101)−−−→ (1100)—here (0111)

10
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Table 1. Switching thresholds for selected states for spin parametrization I.

U2A(S) U2B(S)

U1A(S) U1B(S) 1+∆ 1

2+∆ 2 − c21
2
S1A − c21

2
S1B − c21

2
S1A − c21

2
S1B

S −(4+∆)S1B −(4+∆)S1A −(2+∆)S2B −(2+∆)S2A

(0011) 2+∆ 2 −1 −1−∆

(0111) −2 2 −1− c21
2

−1−∆− c21
2

(1111) −2 −2−∆ −1− c21 −1−∆− c21
(1101) −2 −2−∆ −1− c21 1− c21
(1100) −2 −2−∆ 1+∆− c21 1− c21

Figure 4. Replicating a system of interacting hysterons using spin pairs. (a) and (b) T-graphs for two-hysteron systems as dis-
cussed in the main text, for c21 >−3 (a) and c21 <−3 (b), (c) T-graph for n= 4 spins which mimic the n= 2 t-graph in panel
(b).

Table 2. Switching thresholds for selected states for spin parametrization II.

U1A(S) U1B(S)

U2A(S) U2B(S) 1+∆ 1

2+∆ 2 −c21S1A −c21S1A
S −(4+ 2∆)S1B −4S1A −(2+ 2∆)S2B −2S2A

(0011) 2+∆ 2 −1−∆ −1

(0111) −2−∆ 2 −1−∆ −1

(1111) −2−∆ −2 −1−∆− c21 −1− c21
(1110) −2−∆ −2 1+∆− c21 −1− c21
(1100) −2−∆ −2 1+∆− c21 1− c21

and (1101) denote intermediate states. To show how race conditions emerge, we calculate the switching
thresholds for these states (table 1) and work out their explicit values as function of c21 (see appendix).

We first consider how mapping I applies to the avalanche-free hysteron t-graph obtained for c21 =
−1 (figure 4(a)). The specific values of the switching thresholds are tabulated in table 3. Starting out
from (0011), we see that this state becomes unstable when U is increased above 2, which we denote as
U= 2+. This instability triggers the spin flip (0011)→ (0111); in (0111) spin S1A is unstable, so the
avalanche reaches state (1111), which is stable at U= 2+. Hence, the hysteron transition (01)→ (11)

is captured by the spin avalanche (0011)
(0111)−−−→ (1111). Similarly, starting from (1111) and lowering U,

spin 2A flips down when U falls below 0, leading to state (1101), where spin 2B is unstable and flips
up, leading to spin state (1100) which is stable at U= 0−. Hence, the hysteron transition (11)→ (10) is

captured by the spin avalanche (1111)
(1101)−−−→ (1100). We note that these transitions are independent of

the value of ∆, as long as ∆> 0. Similarly, all other hysteron transitions of this system are captured by
internal spin avalanches, i.e. avalanches that only involves spins within a single pair (figure 4(c)). This
example illustrates the general point that mapping I allows a conversion from avalanche-free hysteron
t-graphs to interacting spin pairs, which only feature ‘internal’ avalanches (i.e., within each spin pair).

However, when the hysteron t-graph features avalanches, race conditions can arise in the correspond-
ing spin system. To see this, we now choose c21 =−4, which leads to a hysteron t-graph with avalanche

(01)
(11)−−→ (10) (figure 4(b)). For this system, mapping I yields the switching thresholds in table 4. As

before, starting out from (0011), we see that this state becomes unstable when U is increased above 2,
which triggers the spin flip (0011)→ (0111), and that in (0111) spin S1A is unstable leading to state

11
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(1111). However, in state (1111) at U= 2+, both spin 2A and 2B are unstable for small ∆. If we choose
∆> 1, then only spin 2A is unstable and flips down, leading to state (1101), where now only spins
2B is unstable, leading to state (1100) that is stable at U= 2+ ε. This illustrates the general point that
using mapping I, avalanches in the hysteron system can cause race conditions in the spin system. For
this specific case, the race condition can be resolved by taking ∆> 1 — intuitively, by increasing ∆ we
increase the magnitude of the interactions between spins in a pair, thus making the link between the
spins ‘stronger’. Race conditions which are ‘internal’, meaning that both spins in the same pair become
unstable at the same time, can thus be resolved by increasing ∆.

However, mapping I leads to irresolvable ‘external’ race conditions when cij is decreased further.
Consider c21 =−8, which leads to switching thresholds as in table 5. Again, state (0011) becomes
unstable when U is increased above 2 leading to (0011)→ (0111). However, in this state spin 1A is
unstable to flipping up, and spin 2A is unstable to flipping down. Crucially, as both thresholds are inde-
pendent of ∆, an increase in ∆ cannot help to resolve this race condition.

To understand the reason for the emergence of this race condition in the spin model, we note that
in mapping I, the flips of spins A and B in hysteron j both impact the switching thresholds of all spins
A and B in pairs i where cij ̸= 0. Hence, not only the switching thresholds of the spins in the pure states
are affected, but also those in the ‘mixed’ intermediate states. Therefore, when hysteron j flips by flipping
spins jA and JB in an avalanche, the first spin flip can already destabilize multiple spins in a mixed state,
leading to unwanted race conditions. For hysteron t-graphs which have avalanches, mapping I can thus
produce spin systems where race conditions cannot be resolved by increasing ∆.

Mapping II We construct a mapping where the flipping of the first spin of pair j does not couple to any
spins except the other spin in pair j, thus avoiding race conditions during the intermediate stage of flip-
ping any spin pair. We can realize this by making two changes to mapping I. First, we note that in the
symmetric spin pair, spin B is the first one to flip up, where spin A is the first one to flip down—so
there is no consistent switching order. Instead we therefore use the asymmetric spin pair, where spin B
is always the first one to flip up or down (figure 3(f)). We then make sure that the B spins only couple
to A spins in the same spin pair, leading to an ‘internal’ avalanche, with all the hysteron interactions
cij encoded in interactions from spin jA to both iA and iB, so that no race conditions can occur in the
mixed/intermediate spin states. We call this mapping II. We illustrate mapping II for the specific hys-
teron system given by equations (28) and (29). For spin pair 1 we take

U1A = 2+∆ , (39)

U1B = 2 , (40)

CA1B1 = 4+ 2∆ , (41)

CB1A1 = 4 , (42)

and for spin pair 2:

U2A = 1+∆ , (43)

U2B = 1 , (44)

CA2B2 = 2+ 2∆ , (45)

CB2A2 = 2 . (46)

To capture the hysteron interactions c21 we take

CA2,A1 = CB2,A1 = c21 , (47)

and to make sure that the B spins have no external coupling, instead only being coupled to A spins in
the same spin pair, we set:

CA2,B1 = CB2,B1 = 0 . (48)

Together, equations (39)–(48) define mapping II. Its interaction matrix is:

C=


0 4+ 2∆ 0 0
4 0 0 0
c21 0 0 2+ 2∆
c21 0 2 0

 . (49)
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We now consider the pathways for the same t-graph as before, for c21 =−1,−4 and −8. The switch-
ing thresholds for this specific system are shown in table 2.

We first consider the spin transitions for c21 =−1, where the t-graph of the hysteron system has
no avalanches. Calculating the switching thresholds (table 6), we find that for any ∆> 0 the spin sys-

tem has an internal avalanche (0011)
(0111)−−−→ (1111) at U= 2+, and an internal avalanche (1111)

(1110)−−−→
(1100) at U= 0−, mimicking the (01)→ (11) and (11)→ (10) transitions of the hysteron model; no

race conditions occur. Second, for c21 =−4 the hysteron model features the avalanche (01)
(11)−−→ (10)

at U= 2+. The spin switching thresholds (table 7) lead to the spin avalanche (0011)
(0111)(1111)(1110)−−−−−−−−−−−→

(1100). Race conditions in state (1111) can be avoided by taking ∆> 1. Finally, for c21 =−8, the spin

switching thresholds (table 8) lead to the spin avalanche (0011)
(0111)(1111)(1110)−−−−−−−−−−−→ (1100) where race con-

ditions in state (1111) can be avoided by taking ∆> 5. Hence, using mapping II, for large enough ∆
race conditions can be avoided and even hysteron systems with avalanches can be faithfully mapped to
interacting spin pairs.

We now argue why mapping II, in general, provides a faithful mapping from a hysteron system to
a spin system. First, for any pure state the switching thresholds of spins siB correspond to the switch-
ing thresholds of hysteron si and the switching thresholds of spins siA are larger or smaller than those of
spins siB if siB = 0 or siB = 1. As a consequence, the range of stability of any hysteron state is identical
to the range of stability of the corresponding spin state, and when a state is destabilized and hysteron
i flips, the iB spin will always switch first. Second, once a B spin flips, only the corresponding A spin
threshold changes and is forced to flip, as long as ∆ is large enough. Hence, no race conditions occur
for large enough ∆. As a result, mapping II (which for general cij can easily be written down following
the block structure of C) correctly maps any well-behaved interacting hysteron system to a well behaved
binary spin system.

5. Outlook

We have studied the hysteron model in for large and small hysteron spans, and established a link
between interacting hysterons and interacting spins. We have shown that for hysteron systems where the
mean span is large, the only allowed avalanches are monotonic avalanches, where all flips are either up
or down. For large-span systems with purely negative interactions cij, avalanches are entirely suppressed.
By contrast, in the ‘spin’ limit—where the hysteron span approaches zero—avalanches are required in
order to realize nontrivial t-graphs. By mapping hysterons to pairs of spins with internal avalanches, we
can mimic a system of n hysterons with 2n spins, and we show one specific mapping that avoids the
occurrence of spurious race conditions.

In closing, we discuss four considerations for applying these asymptotic limits to physical systems.
First, we address a gauge symmetry that applies in both limits. Second, we examine how hysteron sys-
tems may approach these limits. Third, we consider the robustness of our results to thermal noise.
Finally, we discuss the implications of the formal mapping between hysterons and spins.

Gauge symmetry To start with, because the t-graphs of hysteron models only depend on the order
of the switching thresholds, the pairwise interacting model features a gauge symmetry of the form
(u±i , cij)↔ (λ u±i ,λ cij), where λ> 0 [23, 35]. Roughly speaking, the scatter u+i − u+j and u−i − u−j in
the bare thresholds, the mean span, and the strength of the interactions are important metaparameters
that control the typical t-graphs that can be found. Hence, the large-span limit is equivalent to the limit
where the spans are fixed and the interactions cij, as well as the scatter in the up and down thresholds,
approach zero. In other words, this is a system of near-identical hysterons with weak coupling [36].
Similarly, the ‘spin’ limit is equivalent to a system with large coupling cij and large scatter in the bare up
and down switching thresholds. We note, however, that in this case we have the restriction u+i − u+j ≈
u−i − u−j for the scatter; in other words, not all systems which have large coupling and scatter behave like
a spin system.

Approaching the asymptotic limits We now briefly address under which conditions physical sys-
tems approach the limits of large and small span. As the scatter in bare up thresholds and bare down
thresholds is set by the variability of individual elements, while the span is set by the properties or
design of each element, one natural setting for the limit of large span are systems of weakly coupled,
near-identical bistable elements, such as chain-like metamaterials composed of bistable elements [36].
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Besides obvious examples such as spin-glasses, the small span limit may be relevant for systems close to
jamming, where the barriers between configurations, and thus the span, become vanishingly small—but
more work is needed to understand how, e.g. the interactions scale, and whether a binary description is
appropriate near jamming [12].

The asymptotic limits of small and large hysteron span are analytically tractable and therefore
provide a useful starting point for understanding intermediate spans. We stress that t-graphs are only
determined by the ordering of switching thresholds, and that these limits thus strictly apply over a finite
range of spans. For the large-span limit, the applicability depends on the scatter between up and down
thresholds and the interaction coefficients, and the conditions we have outlined are sufficient rather than
necessary. We suggest that many systems already exhibit large-span features (i.e. monotonic avalanches
and stabilization of persistently unstable states) when the mean span becomes comparable to the scatter
and interaction coefficients.

In contrast, the zero-span limit applies in a more restricted range. While the span of a hysteron does
not need to be exactly zero for the hysteron to be treated as a ‘spin’, the key assumption in our zero-
span description is that the hysteron span cannot affect the ordering of the switching thresholds in any
way. Therefore, we would only call a hysteron model a spin model if the spans are negligibly small com-
pared to the distances between switching thresholds.

Finally we stress that the greatest variety of t-graphs and associated phenomena is found in between
these two limits, where hysteron spans are non-negligible, but smaller or on the order of the other vari-
ables [23].

Thermal noise and parameter noise Our work focuses on the zero-temperature limit, where all paramet-
ers are perfectly known. In physical systems, however, thermal noise—which can be modeled as random
variations in the switching thresholds — and imperfections inevitably play a role. In the large-span limit,
if the driving field U is close to a flipping threshold and noise induces such a flip, the large span pre-
vents this hysteron from switching back. If the scatter in hysteron critical thresholds is comparable to the
noise, multiple hysterons can flip. If in addition there are positive interactions, such flips may occur via
avalanches. In contrast, for small spans, noise can lead to random flipping of the spins, unless there are
positive interactions, which effectively introduce hysteresis between collective states. Similar effects can be
expected when the hysteron parameters fluctuate. For near identical hysterons—which map to the large
span limit—frozen disorder is crucial for determining the scaffold and avalanches [36]. We finally note
that for intermediate spans, noise has been observed to increase the duration of transients [29].

Hysteron-spin mapping We finally comment on our mapping from the hysterons to spins. While hys-
terons can be modeled by pairs of interacting spins, we have shown that such a mapping requires strong
asymmetric interactions that dominate all other interactions and a large separation of the spin switching
thresholds. Hence, spin systems with generic parameters rarely generate such hysterons, and the notion
that hysterons behave like spins is therefore misleading. The mapping thus highlights that hysteron beha-
vior differs markedly from that of generically coupled spins. Nevertheless, it may be interesting to con-
sider whether, in some physical systems, hysterons could naturally emerge from pairs of strongly inter-
acting nearby spins. Similarly, it would be interesting to consider ‘hysteron-like’ spin systems in which
∆ is not large enough, so that the hysterons can be ‘broken apart’ by strong interactions. Finally, since
hysterons can be seen as being composed of spins, this suggests that we might consider a hierarchy of
composite elements. This hierarchy may also feature more complex elements, such as binary elements
that return to their initial state after two driving cycles [4].
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Appendix. Switching thresholds

Table 3. Switching thresholds for selected states for spin parametrization I and c21 =−1.

U1A(S) U1B(S)

U2A(S) U2B(S) 1+∆ 1

2+∆ 2 − c21
2
S1A − c21

2
S1B − c21

2
S1A − c21

2
S1B

S −(4+∆)S1B −(4+∆)S1A −(2+∆)S2B −(2+∆)S2A

(0011) 2+∆ 2 −1 −1−∆

(0111) −2 2 −1/2 −1/2−∆

(1111) −2 −2−∆ 0 −∆

(1101) −2 −2−∆ 0 2

(1100) −2 −2−∆ 2+∆ 2

Table 4. Switching thresholds for selected states for spin parametrization I and c21 =−4.

U2A(S) U2B(S)

U1A(S) U1B(S) 1+∆ 1

2+∆ 2 − c21
2
S1A − c21

2
S1B − c21

2
S1A − c21

2
S1B

S −(4+∆)S1B −(4+∆)S1A −(2+∆)S2B −(2+∆)S2A

(0011) 2+∆ 2 −1 −1−∆

(0111) −2 2 1 1−∆

(1111) −2 −2−∆ 3 3−∆

(1101) −2 −2−∆ 3 5

(1100) −2 −2−∆ 5+∆ 5

Table 5. Switching thresholds for selected states for spin parametrization I and c21 =−8.

U2A(S) U2B(S)

U1A(S) U1B(S) 1+∆ 1

2+∆ 2 − c21
2
S1A − c21

2
S1B − c21

2
S1A − c21

2
S1B

S −(4+∆)S1B −(4+∆)S1A −(2+∆)S2B −(2+∆)S2A

(0011) 2+∆ 2 −1 −1−∆

(0111) −2 2 3 3−∆

(1111) −2 −2−∆ 7 7−∆

(1101) −2 −2−∆ 7 9

(1100) −2 −2−∆ 9+∆ 9

Below we provide the explicit values of the switching thresholds corresponding mapping I and II
as discussed in the main text. Specifically, we consider a hysteron system where (u+1 ,u

+
2 ,u

−
1 ,u

−
2 ) =

(2,1,−2,−1) and c12 = 0. We vary c21 and consider the hysteron transitions (01)→ (11) and (11)→
(10), which for strongly negative c21 form the avalanche (01)

(11)−−→ (10).
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Table 6. Switching thresholds for selected states for spin parametrization II and c21 =−1.

U2A(S) U2B(S)

U1A(S) U1B(S) 1+∆ 1

2+∆ 2 −c21S1A −c21S1A
S −(4+ 2∆)S1B −4S1A −(2+ 2∆)S2B −2S2A

(0011) 2+∆ 2 −1−∆ −1

(0111) −2−∆ 2 −1−∆ −1

(1111) −2−∆ −2 −∆ 0

(1110) −2−∆ −2 2+∆ 0

(1100) −2−∆ −2 2+∆ 2

Table 7. Switching thresholds for selected states for spin parametrization II and c21 =−4.

U1A(S) U1B(S)

U2A(S) U2B(S) 1+∆ 1

2+∆ 2 −c21S1A −c21S1A
S −(4+ 2∆)S1B −4S1A −(2+ 2∆)S2B −2S2A

(0011) 2+∆ 2 −1−∆ −1

(0111) −2−∆ 2 −1−∆ −1

(1111) −2−∆ −2 3−∆ 3

(1110) −2−∆ −2 5+∆ 3

(1100) −2−∆ −2 5+∆ 5

Table 8. Switching thresholds for selected states for spin parametrization II and c21 =−8.

U2A(S) U2B(S)

U1A(S) U1B(S) 1+∆ 1

2+∆ 2 −c21S1A −c21S1A
S −(4+ 2∆)S1B −4S1A −(2+ 2∆)S2B −2S2A

(0011) 2+∆ 2 −1−∆ −1

(0111) −2−∆ 2 −1−∆ −1

(1111) −2−∆ −2 7−∆ 7

(1110) −2−∆ −2 9+∆ 7

(1100) −2−∆ −2 9+∆ 9

ORCID iDs

Margot H Teunisse  0009-0005-2289-6148
Martin van Hecke  0000-0002-9550-6607

References

[1] Keim N C, Paulsen J D, Zeravcic Z, Sastry S and Nagel S R 2019 Memory formation in matter Rev. Mod. Phys. 91 035002
[2] Baconnier P, Teunisse M H and van Hecke M 2025 Dynamic self-loops in networks of passive and active binary elements Phys.

Rev. Lett. 135 207402
[3] Bense H and van Hecke M 2021 Complex pathways and memory in compressed corrugated sheets Proc. Natl Acad. Sci.

118 e2111436118
[4] Meulblok C M and van Hecke M 2025 Transients and multiperiodic responses: a hierarchy of material bits (arXiv:2505.09517)
[5] Ding J and van Hecke M 2022 Sequential snapping and pathways in a mechanical metamaterial J. Chem. Phys. 156 204902
[6] Ferrari P L, Mungan M and Terzi M M 2022 The preisach graph and longest increasing subsequences Ann. l’institut Henri Poincare

(D) 9 643–657
[7] Liu J, Teunisse M, Korovin G, Vermaire I R, Jin L, Bense H and van Hecke M 2024 Controlled pathways and sequential informa-

tion processing in serially coupled mechanical hysterons Proc. Natl Acad. Sci. 121 e2308414121
[8] Jin L and van Hecke M 2025 Dynamic avalanches: rate-controlled switching and race conditions (arXiv:2507.02387)
[9] Jules T, Reid A, Daniels K E, Mungan M and Lechenault F 2022 The delicate memory structure of origami switches Phys. Rev. Res.

4 013128
[10] Lindeman CW and Nagel S R 2021 Multiple memory formation in glassy landscapes Sci. Adv. 7 eabg7133
[11] Lindeman CW, Hagh V F, Ip C I and Nagel S R 2023 Competition between energy and dynamics in memory formation Phys. Rev.

Lett. 130 197201
[12] Lindeman CW, Jalowiec T R and Keim N C 2025 Generalizing multiple memories from a single drive: the hysteron latch Sci. Adv.

11 eadr5933
[13] Melancon D Forte A E, Kamp L M, Gorissen B and Bertoldi K 2022 Inflatable origami: multimodal deformation via multistability

Adv. Funct. Mater. 32 2201891

16

https://orcid.org/0009-0005-2289-6148
https://orcid.org/0009-0005-2289-6148
https://orcid.org/0000-0002-9550-6607
https://orcid.org/0000-0002-9550-6607
https://doi.org/10.1103/RevModPhys.91.035002
https://doi.org/10.1103/RevModPhys.91.035002
https://doi.org/10.1103/x1b1-rynn
https://doi.org/10.1103/x1b1-rynn
https://doi.org/10.1073/pnas.2111436118
https://doi.org/10.1073/pnas.2111436118
https://arxiv.org/abs/2505.09517
https://doi.org/10.1063/5.0087863
https://doi.org/10.1063/5.0087863
https://doi.org/10.4171/AIHPD/151
https://doi.org/10.4171/AIHPD/151
https://doi.org/10.1073/pnas.2308414121
https://doi.org/10.1073/pnas.2308414121
https://arxiv.org/abs/2507.02387
https://doi.org/10.1103/PhysRevResearch.4.013128
https://doi.org/10.1103/PhysRevResearch.4.013128
https://doi.org/10.1126/sciadv.abg7133
https://doi.org/10.1126/sciadv.abg7133
https://doi.org/10.1103/PhysRevLett.130.197201
https://doi.org/10.1103/PhysRevLett.130.197201
https://doi.org/10.1126/sciadv.adr5933
https://doi.org/10.1126/sciadv.adr5933
https://doi.org/10.1002/adfm.202201891
https://doi.org/10.1002/adfm.202201891


New J. Phys. 28 (2026) 043505 M H Teunisse and M van Hecke

[14] Muhaxheri G and Santangelo C D 2024 Bifurcations of inflating balloons and interacting hysterons Phys. Rev. E 110 024209
[15] Muhaxheri G, Antonetti V and Santangelo C D 2025 A catastrophic approach to designing interacting hysterons (arXiv:2508.

08174)
[16] Mungan M and Terzi M M 2019 The structure of state transition graphs in systems with return point memory: I. general theory

Ann. Henri Poincaré 20 2819–72
[17] Paulsen J D 2024 Mechanical hysterons with tunable interactions of general sign (arXiv:2409.07726)
[18] Mungan M, Sastry S, Dahmen K and Regev I 2019 Networks and hierarchies: how amorphous materials learn to remember Phys.

Rev. Lett. 123 178002
[19] Shohat D, Hexner D and Lahini Y 2022 Memory from coupled instabilities in unfolded crumpled sheets Proc. Natl Acad. Sci.

119 e2200028119
[20] Shohat D and van Hecke M 2025 Geometric control and memory in networks of hysteretic elements Phys. Rev. Lett. 134 188201
[21] Paulsen J D and Keim N C 2019 Minimal descriptions of cyclic memories Proc. R. Soc. A 475 2226
[22] Terzi M M and Mungan M 2020 State transition graph of the preisach model and the role of return-point memory Phys. Rev. E

102 012122
[23] van Hecke M 2021 Profusion of transition pathways for interacting hysterons Phys. Rev. E 104 054608
[24] Kwakernaak L J and van Hecke M 2023 Counting and sequential information processing in mechanical metamaterials Phys. Rev.

Lett. 130 268204
[25] Paulsen J D and Keim N C 2021 Multiperiodic orbits from interacting soft spots in cyclically sheared amorphous solids Sci. Adv.

7 eabg7685
[26] Deutsch J, Dhar A and Narayan O 2004 Return to return point memory Phys. Rev. Lett. 92 227203
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