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Multimodal oscillator networks learn to
solve a classification problem

M| Check for updates

Daan de Bos & Marc Serra-Garcia

We numerically demonstrate a network of coupled oscillators that can learn to solve a classification
task from a set of examples — performing both training and inference through the nonlinear evolution of
the system. We accomplish this by combining three key elements to achieve learning: A long-term
memory that stores learned responses, analogous to the synapses in biological brains; a short-term
memory that stores the neural activations, similar to the firing patterns of neurons; and an evolution law
that updates the synapses in response to novel examples, inspired by synaptic plasticity. Achieving all
three elements in wave-based information processors such as metamaterials is a significant
challenge. Here, we solve it by leveraging the material multistability to implement long-term memory,
and harnessing symmetries and thermal noise to realize the learning rule. Our analysis reveals that the
learning mechanism, although inspired by synaptic plasticity, also shares parallelisms with bacterial
evolution strategies, where mutation rates increase in the presence of noxious stimuli.

Wave-based computing offers the tantalizing prospect of massive
parallelism’, speed-of-light operation® and low energy consumption”.
Applications span a broad range of problems, including evaluating
arithmetic operations’, computing derivatives’, solving integral
equations’, performing voice recognition”’, image classification”", and
generating pictures through reverse diffusion processes'""”. Tradition-
ally, metamaterials that compute with waves are designed for fixed tasks
via top-down algorithms such as adjoint optimization'*'* or combina-
torial methods'. This top-down approach contrasts with the continuous
learning process that is characteristic of living brains, in which connec-
tions between decentralized neurons are autonomously formed using
local information'"®. This decentralized learning process confers a
resilience and adaptability that artificial systems lack, and reduces
training costs.

Physical learning is an emerging field that aims at bringing the
adaptability of biological organisms to artificial materials, by creating syn-
thetic systems that learn from examples. A key strategy in physical learning
consists in updating the model parameters according to a learning rule.
These local learning rules are inspired by the synaptic plasticity mechanisms
in neurons, with Hebbian learning'®’—the notion that neurons form
connections based on correlations between firing patterns—being one of the
foremost examples. Yet learning strategies also include many recent addi-
tions, such as equilibrium propagation', the forward-forward algorithm®
and Hamiltonian echo backpropagation®. While much of the work has
focused on developing and analyzing learning rules in abstract or algo-
rithmic terms, an equally important frontier lies in the physical realization of
systems that embody these rules. In this context, self-learning systems have

been realized by externally updating the system parameters according to a
learning rule, either manually” or using electronic circuits™.

An open problem in physical learning is figuring out how to build
physical systems where the learning occurs through the natural evolution of
the material, instead of relying on manual updates or external electronic
circuitry. Such material could potentially extend the parallelism and speed of
wave computing to the learning process, enabling the use of physical phe-
nomena to train machine learning models. However, realizing self-learning
in metamaterials is a significant challenge. This is because a self-learning
material is tasked with solving two simultaneous problems™: On one hand,
the material performs a direct problem on the input signals. This direct
problem can be, for example, solving a classification task. On the other hand,
the material is also performing an inverse problem, autonomously adapting
its parameters to improve its fitness in response to new examples.

Results

In this work, we introduce a metamaterial model that learns from
examples. The metamaterial, consisting of a network of coupled multi-
modal resonators, simultaneously solves both learning and inference
problems using wave physics. When solving a classification task, the
proposed metamaterial can be seen as a square lattice of masses and
springs. The input is applied as a harmonic force in one or several sites.
In a flower classification problem, this input may consist of the geo-
metric features of the flower, such as petal width and petal length—with
higher amplitudes corresponding to larger feature values. The output of
the computation is the vibration amplitude of a designated output site
(Fig. la). Although spring networks (and mathematically analogous
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Fig. 1 | Self-learning metamaterial. a During inference, the metamaterial acts as a
mass-spring network. Features are encoded in the excitation amplitude at designated
input sites (yellow and purple spheres). If the output amplitude exceeds a threshold,
an object is recognized. b For the material to learn according to a contrastive learning
rule, an identical copy to the lattice in (a) is constructed. The original lattice is
operated normally, letting the output site vibrate freely, and is referred to as the free
lattice. In the copy, the output is clamped to vibrate at the correct amplitude. At every
learning iteration, the coupling springs are updated depending on the difference
between the vibrating amplitude of the clamped and free lattices. ¢ In the proposed
metamaterial, the masses of the free and clamped lattices are mapped to normal
modes of each metamaterial site. We refer to these as y, and y, respectively

(collectively referred as computational degrees of freedom). The coupling springs are
encoded in an additional mode, that is represented by o. This mode is parametrically
driven at twice its natural frequency (dotted green line) and consequently has two
stable phases of oscillation (represented as spin states with blue and red arrows). Asa
consequence of a nonlinear interaction potential, the effective springs connecting the
computational modes depend on the weight state---taking a weak value when
neighboring strings are aligned, and a strong value when neighboring weights are
oscillating in opposite phases. The learning potential (blue line connecting the
modes) causes the weight state to change when clamped and free copies disagree,
implementing a contrastive learning rule.

resistor networks) are relatively simple physical systems, they are able to
solve classification” and allostery™ tasks; when they are augmented with
nonlinearity, they are in fact computationally universal®’. The learning
process is based on the contrastive learning rule”. In contrastive
learning, two copies of the system are constructed. Both copies are
excited with the same input. During training, the output of one of the
copies is clamped to the target value, while the other copy is left free.
Then, the parameters (springs) are updated proportionally to the dif-
ference between vibration amplitudes in the clamped and free copies
(Fig. 1b). This learning process can be intuitively understood as chan-
ging the system parameters until the free copy—which has not been
exposed to the correct answer—learns to mimic the copy that is clamped
to the correct result.

The requirement for two copies of the system has been an obstacle
to the realization of contrastive learning schemes”. Here, we overcome
this challenge by relying on the crystalline symmetries of the meta-
material (Fig. 1c). When a lattice exhibits a symmetry, such as the four-
fold rotational symmetry C, present in our case, eigenmodes corre-
sponding to two-dimensional irreducible representations of the

symmetry automatically appear in pairs”. Around the frequency of
these eigenmodes, the system effectively behaves as two separate,
identical oscillator networks. These two networks can be addressed
independently by controlling the location at which excitation and
clamping are applied. We will use these two symmetry-protected,
identical copies to construct the free and clamped copies required by
the contrastive learning rule. We will denote the modal displacements
atsite iby y, and y; respectively, and refer to both of them together as
the computational fleld T//)

In self-learning mass-spring networks, the values of the springs
connecting the computational degrees of freedom are also dynamical
variables. To allow for the spring constants to vary, we encode them in
an additional site eigenmode, that we refer to as the weight field o;.
While the computational field 1_//) is different for every input sample—
for example, for every flower being classified—the weight field o;
accumulates all prior learned experience of the metamaterial. Thus, it
requires a much longer memory time scale. We realize this long-term
memory by parametrically driving the mode, modulating its local
stiffness at two times the modal resonance frequency. When a system is
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parametrically driven strongly enough, the system undergoes a bifur-
cation from which two stable, self-oscillating solutions emerge. These
two stable solutions—characterized by opposite phases of oscillation—
can be extremely long-lived, with transitions driven by thermal noise.
Since the two stable states can be modeled by a spin-like binary vari-
able, the weight field o can be thought of as emulating an Ising model.
Such emulators are commonly referred to as coherent Ising machines.

The self-learning metamaterial can be seen as a coherent Ising machine
o; interacting with the computational field 1_//),.. Thus, we refer to it as a
multifield coherent Ising machine. Throughout the rest of this section we
will discuss how the learning rule emerges from nonlinear interactions
between computational and weight fields. The nonlinearity plays a double
role. First, it makes the springs that connect computational degrees of
freedom dependent on the weight field ¢. Second, it modulates the long-
term memory of the weight field o depending on the difference between
clamped and free computational fields—causing the system to ‘forget’ the
weights on sites where clamped and free copies disagree. We will finally
show how these two interactions together allow the system to learn a clas-
sification problem.

The equations of motion of the material, describing the evolution of the
fields T[; and o at each site i are:

@e

Q Vit weyi+ Vo H =&, 1)
c

y,+

. w; -
o, + a’lo,. + w1+ asinQut)o; +eo; +V, Hi=E,,. (2)

We set the frequency of the computational and learning degrees of
freedom to w? = 0.5 and @} = 1 respectively (the subindex is used to
distinguish between computational and learning modes). The corre-
sponding quality factors are set to Q. = 4000 and Q; = 40, while the para-
metric driving strength—how much the resonator frequency is externally
varied over time—is set to & = 0.1. The nonlinear Duffing coefficient plays a
critical role in preventing the amplitude of the mode o; to grow without
bounds, and is set to ¢ = 0.005. The terms & represent the thermal noise
exerted by the environment on the system. They take the usual form of a set
of independent, Gaussian distributed random forces with autocorrelation
(&1c(t0)§yc(t)) = 2kpTh,;6(t, — t,). Interactions between degrees of
freedom are captured by the learning potential H,= H; + H;, where the local
part H; couples the fields locally at every site of the lattice—updating the
long-term memory according to the learning rule—and the interaction part

Hj couples each site with its nearest neighbors—ensuring that the field T//)
processes information according to the weights stored in the o field.

Single-site learning dynamics
In the proposed metamaterial, the learning rule arises due to local interac-
tions at each site 7. These interactions update the weight field (0) when the
free () and clamped () sub-systems disagree. In traditional contrastive
learning, the weights are continuous variables, adjusted in proportion to the
difference between clamped and free configurations v, — ;. However, in
our model, every site of the weight field has only two stable phases of
oscillation and, therefore, cannot be varied continuously. We adapt to this
difference by implementing a probabilistic update process, where the
probability that a weight o; flips increases with increasing |y, — v,|. To
realize this probabilistic bit flipping, we rely on the fact that the memory of a
parametric oscillator—the average time it takes for the state to flip randomly
due to thermal noise—is highly dependent on the detuning’'—the differ-
ence between its parametric excitation frequency and the optimal para-
metric resonance condition. We can thus realize probabilistic contrastive
learning by applying a potential that shifts the natural frequency of o; as a
function of ¥, — v, causing the system to be detuned.

Such selective frequency shift can be accomplished with a cross-Kerr
interaction. Cross-Kerr interactions shift the frequency of one mode as a

function of the energy in another mode, and take the form

H, ;= .”(t)‘//i—y,i"? = put)y,,; — Wy,i)za?' (3)

Here, to turn a cross-Kerr interaction into a difference-sensitive detuning,
we used the rotational symmetry of the site. Since the sites are symmetric,
any combination between the eigenmodes v, and v, is also an eigenmode.
Thus, we can look at the rotated set of modes (Yxy» Yx—y) = (Vs + ¥y Y —
). In this new basis, the difference between modes v/, — 1, can be seen as its
own mode y,_,. In an experimental setting, such a rotated cross-Kerr
interaction could be realized by introducing a non-linear spring in a region
of the resonator where the two modes v, and v, have opposite signs.

The potential in Eq. (3) breaks the C, rotational symmetry of the
resonator; when this term is active, the system can no longer be seen as two
separate copies. We overcome this by setting the strength u(f) to zero during
computation, preserving the two-copy picture. To initiate a weight update,
we briefly turn on the cross-Kerr term, by increasing p(t) according to a
Gaussian pulse with peak value y,, and a width A,,

PRY
wt) = u, exp{ (— %) } 4)

Although here we chose to apply the learning potential y(f) according to a
Gaussian pulse, its specific shape is not critical. In Supplementary Note 2, we
show that following a square pulse results in similar dynamics. Because p(t)
is independent of the state of the system, it is the same for every resonator
and does not require a controller; its role is that of a system clock, indicating
when learning shall occur.

Figure 2a shows the evolution of the energies in the modes o, v, and v,
during a weight update. The resonator is initialized with specific values of
the fields 1—/7 and 0. During operation, the initial condition for T[/) is set by the
interaction with the neighbors, as will be discussed later in the paper. Our
simulations reveal that, when the learning potential is applied, the oscillation
of the weight degree of freedom (o) decreases with increasing difference
between initial conditions of ,, y,. This is a consequence of the increased
detuning of o, which drives the mode away from resonance. The lower
amplitude of the detuned mode makes thermally induced flips more likely,
thus reducing the memory of the system. When the learning potential is
active, we also observe a periodic exchange of energy between free and
clamped modes. This is an expected consequence of Hj breaking the
fourfold rotational symmetry—introducing a difference between the x + y
and x — y directions and thus distorting the picture where the clamped and
free copies are independent.

The difference between clamped and free oscillations affects the
probability of flipping a weight in a step-like fashion (Fig. 2b). This step-like
response arises because o; only self-oscillates in a specific region of para-
metric excitation frequencies and amplitudes (Fig. 2c). When the difference
between clamped and free oscillators is large enough, the nonlinear inter-
action (Eq. (3)) shifts this region outside of the excitation conditions. As a
consequence, the system ceases to self-oscillate and forgets its state. At low
temperature, this phenomenon is abrupt—as long as the excitation remains
within the self-oscillation region, the system remembers its state. In contrast,
when the temperature is finite, random thermal flips start to occur at finite
amplitudes, smoothing out the response (Fig. 2b). The difference v, — v, at
which the forgetting transition occurs is a tunable parameter. We can
control it by adjusting the strength of the interaction y,,, (Fig. 2d). This state-
dependent switching relies on the ratio between the quality factors of the
computational and learning degrees of freedom. Because outside parametric
resonance the computational degree of freedom has a much longer memory
lifetime than the weight degree of freedom, the difference between clamped
and free copies remains throughout the update protocol. In a practical
scenario, this difference could be implemented by controlling the coupling
between each mode and the environment, or via external cooling signals to
speed up the learning dynamics.
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Fig. 2 | Single-site learning dynamics. a Evolution of the energies in the weight (o,
middle panel) and computational (,, ¥, bottom panel) resonators, as a learning
pulse is applied (top panel). b Probability of flip during a learning protocol as a
function of yx — yy for different temperatures, corresponding to kT values of 0.001
(blue), 0.05 (orange) and 0.1 (green). ¢ Parametric self-oscillation region (shaded
gray area) of the weight degree of freedom ¢ (See Supplementary Note 1 for the
analytical derivation of the parametric resonance region); in the shaded region, the
weight is bistable and thus has long term memory. The excitation conditions are
shown as dashed orange lines and red dot. When yx — vy is not zero, applying the
learning potential shifts the self-oscillation region. The value of y, — y, where o goes
out of parametric resonance is shown as a red dashed line in (b). d Probability of spin
flip as a function of y, — ,, for learning potentials p1,,, = pi,, o/n* with n = 1 (blue), n =
2 (orange) and n = 3 (green), illustrating how the step location can be shifted by
setting the potential. e Probability of spin flip as a function of the protocol durations
A, =50 (blue), A, = 100 (orange), and A, = 300 (green), showing the emergence of
probability oscillations at short learning pulses. The dashed curves in (c, d) show the
fit with Eq. (5). Throughout the figure, the parameters are 2w; = 2, wlz(x = 0.1, o=
0.005, and the step duration is A = 300 unless stated otherwise.

We empirically observe that the probability of transitions p closely
follows (Fig. 2b and d) a hyperbolic tangent relation,

1—2p,
4

p=pot [1+ tanh (B(y,,_,| — yp)l. 5)

in which y is the threshold for bit flipping, 8 determines the slope of the
flipping transition, and p, is the probability of spontaneous thermal flipping
in absence of contrast between clamped and free configurations. This is
unsurprising, because our weight field behaves as an effective spin system,
and hyperbolic tangents commonly arise in spin-flip probabilities due to
detailed balance considerations, as exemplified paradigmatically by Glauber
dynamics”. Later, Eq. (5) will allow us to predict the probability of bit flips in
large lattices without having to simulate expensive stochastic differential
equations for each site. Remarkably, the sigmoidal description breaks down
for shorter pulse widths A,. In these cases, the oscillation of o does not have
time to decay below the thermal noise, thus forgetting its state. The
remaining amplitude is phase-shifted by the learning potential, giving rise to
oscillations of the bit-flip probability as a function of y, — v, (Fig. 2e) when
the accumulated shift is a multiple of 7. In the rest of this work, we will
operate in the sigmoidal regime—corresponding to long learning pulses—to

achieve a monotonic relation between weight flip probability and clamped-
free difference.

Site-site interactions

In machine learning models, the role of the weights is to determine what
computation is carried out, by setting the strength of the coupling between
neurons. Consequently, in a self-learning physical system, storing weight
and computational degrees of freedom separately is not sufficient; we must
also ensure that the weights influence the computation that is being per-
formed. In our metamaterial, this influence is established through a non-
linear interaction Hyacting between each pair of degrees of nearest-neighbor
sites i, j. It is governed by an energy of the form

H, = —A0le + (0, — o)1V, ¥ ©

This term generates the effective coupling springs that connect neighboring
computational degrees of freedom (y; <> ¥; and y,,; < V). Depending
on the phase of the weight degrees of freedom, these coupling springs can
take two values (Fig. 1)—determined by A(f) = A,,, and ¢y; if the weight field
has the same phase of oscillation in both sites, the spring constant will be ki,
= A,.Co> while if weights oscillate at opposing phases, the spring constant will
be knigh = Am(co +4 < o >). This effective spring model is valid as long as the
computational amplitude remains small and the potential in Eq. (6) does not
alter the weight amplitude. Similarly to u(#), A(f) is a state-independent
signal that is identical for all resonators, acting as a system clock. In
Supplementary Note 3, we discuss how H; could be implemented in terms of
cubic springs.

Although each individual weight o; is binary, in metamaterials com-
posed of multiple sites (Fig. 3a) the transmitted energy between input and
output can take many different values, depending on the global weight
configuration. This can be seen in the density of states, which quantifies the
number of weight configurations that result in a lattice transmissivity
around a specific value (Fig. 3b and c). This distribution depends on lattice
size and on the kpign/kiow ratio, which is chosen (approximately, by trial and
error) to have the transmissivities spread out as uniformly as possible.
Because the lattice can be trained to approximate continuous transmissiv-
ities, as long as they fall within the range of expressible values, we treat this
element as a single programmable weight—which we refer to as a learnistor.
Networks of trainable weights, combined with fixed nonlinear activation
functions, are computationally universal’’; thus, we hypothesize that such
trainable elements can form building blocks for more advanced learning
architectures.

To perform inference with the metamaterial, we encode the input in the
amplitude of a harmonic force, applied to both computational degrees of
freedom, ¥y inpue and Yy,inpue at the input site. We let the lattice reach a
steady-state, and read the result in the amplitude of the output computa-
tional degree of freedom, Y/, outpur- During this process, we keep A() at its
inference value A,, and p(f) at zero. To perform a training iteration, in
addition to the input forces, we also clamp the output site ¥, gupye to the
desired value. Then, once the lattice reaches a steady-state, we perform a
weight update by increasing p(f) according to the protocol discussed in the
previous section. During the weight update, we momentarily set A() = 0,
turning the lattice into a set of disconnected sites. Under these conditions,
the learning protocol y(t) introduces a probabilistic weight flip, whose initial
condition is given by the steady-state amplitude of the computational
degrees of freedom. Figure 3d and e illustrates the training of a metamaterial
to match a specific signal transmissivity. At every training iteration, the
expected value of the output energy gets closer to the target value, while the
variance between different runs decreases.

Learning the Iris dataset

We illustrate the capabilities of the proposed system on the Iris classification
test”. The dataset contains measurements of the petal length 1,, petal width
wp, sepal length [, and sepal width w, (Fig. 4a) for a set of 150 flowers
belonging to the species iris setosa, iris virginica, and iris versicolor. The
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Fig. 3 | Site-site interactions in a lattice. a Example metamaterial, consisting of a 4 x
4 lattice. A harmonic force with frequency w, and amplitude F; is applied to both
clamped and free degrees of freedom at the input site, situated at the top-left corner.
The output amplitude A, is measured at the bottom-right corner. b Cumulative
density of states (orange) and density of states (blue) as a function of the trans-
missivity, computed via the effective mass-spring model. The dots correspond to
simulations of the transmissivity using the full nonlinear system (Eq. (2)) with an
excitation force of 10™*. ¢ Weight configurations corresponding to the dots in (b).
d Evolution of the transmissivity as a function of training iteration for target values
A7 0f0, 1 and 2 (dashed line). e Output amplitude A, as a function of the clamping
amplitude, after 200 learning iterations, starting from a random configuration. The
shaded area represents one standard deviation. The dashed orange line corresponds
to an ideal learning response. We observe that, for transmissivity values for which a
weight configuration exists, the transmitted amplitude approximately converges to
the clamping amplitude. d, e have been computed by averaging 2000 training runs,
with the shaded area representing the standard deviation.

classifier consists of a system of three 13 x 13 lattices; the lattice with the
highest output amplitude, measured at the central site, will be the inferred
flower species. We encode the geometric features (lp, Wps I, wy) in the
amplitudes of a set of harmonic excitation forces acting on each lattice.
These signals are applied at sites through the boundary of the lattice (Fig.
4b), acting on both free /. and clamped y,, computational modes. The input
and output locations are selected so that the output is at an approximately
equal distance from all inputs. Since the lattices cannot produce large
negative transmissivities (Fig. 3b), we apply both positive and negative
copies of each feature signal. Alternative interaction potentials can actually
produce negative transmissivities, as is discussed in the Supplementary
Note 4.

The training process starts by initializing each of the three lattices with
a random weight configuration. Then, for every learning iteration, we
subject all lattices to the forces encoding the features of a randomly chosen
flower. We clamp the output site y,center to 55 for the lattice corresponding
to the current type of flower, and to — 35 for the lattices corresponding to the
other flowers (these values have been chosen empirically to fall within the
range of expressible values). Finally, we apply a weight update protocol to all
lattices, consisting of setting the coupling A to zero, and changing u(f)
following a Gaussian pulse. This process is repeated for 2000 iterations.

We observe that the system starts from an accuracy of 33.2 + 22.1%, as
one would expect from random choice. As more training iterations are
performed, the accuracy increases to 71.9 + 9.8%, providing a clear signature
of physical learning. These results are remarkable as the system stores only
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Fig. 4 | Iris flower classification using a multifield coherent Ising machine.

a Flower features contained in the Iris dataset. b The features are injected into the
multifield coherent Ising machine, by encoding them in the amplitude of harmonic
excitations at the computational frequency w,.. The output is taken at the central site.
Positive and negative copies of the signals are applied, as the lattice cannot perform
subtractions. The full model consists of three multifield Coherent Ising Machines,
corresponding to each of the model classes. The machines learn to produce a high
amplitude when excited by a sample of their corresponding class. ¢ Evolution of the
mean classification accuracy during training. The shaded area corresponds to one
standard deviation. d Histograms of the classification accuracy computed on an
untrained lattice (blue), and after 20 (orange) and 98 (green) training iterations. The
training times corresponding to the histograms are indicated as solid dots in (c).

e Architecture consisting of six lattices connected to an output site. Lattices are
driven with 1,,, l,, — I, — l,, + b and — b respectively, where b = 3 is a model bias.
f Predicted outputs for the optimal spin texture when excited by iris versicolor (blue)
and setosa (orange). The circles represent the mean training objective.

156 bits of information, contains only Kerr nonlinearities, and is directly
trained by exposing it to the desired output. Using a more advanced training
algorithm, where the learning process is stopped when the precision exceeds
a threshold, we achieve 80.0 + 7.0% accuracy, with the best-performing runs
reaching 87.3%. Although these accuracy figures are much lower than tra-
ditional digital machine learning algorithms (methods such as k-nearest
neighbors, support vector machines and decision trees achieve perfor-
mances in the 93.0 — 97% range), and to electronic implementations of
learning rules (which can already reach values around 95%), they are
remarkable in that they are achieved through the dynamical evolution of a
nonlinear mass-spring network (subject to examples and simple clocking
pulses). Our accuracies are however in line with similar "unconventional
learning’ demonstrations, such as classifying with origami sheets (which
reach best-values of 92% on a simpler two-class flower test) or when using
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EEG signals (which achieve accuracies 80%). To confirm that our classifi-
cation provides evidence of learning, and is not a result of random fluc-
tuations, we perform statistical hypothesis testing in Supplementary Note 5.
Our numerical simulations also reveal that the system is tolerant to realistic
amounts of experimental disorder (such prospective experimental con-
siderations are explored in Supplementary Notes 6 and 7).

Although in line with other unconventional learning results, the lim-
ited accuracy of our trained classifier merits further investigation. We
identify two possible limiting factors: The binary nature of the weights in our
system—which may reduce the model expressivity, or peculiarities of the
training protocol. To separate the two effects, we construct a digitally-
trained multiclass linear architecture using networks of 3 x 3 resonator
lattices, which are highly quantized. The model projects a feature vector
f =(;,p,1) onto a set of weight vectors corresponding to the three
flower classes W yiginicas W ersicolors W setosa- EVery class is implemented
using a network of three pairs of 3 x 3 lattices connected to an output mass
(Fig. 4e), with each pair of lattices expressing the positive and negative values
of a specific weight vector element. Using such architecture, as opposed to a
large lattice, allows us to identify specific sub-lattices with model coefficients.
We initialize the spin texture of every lattice to the closest value required by
the linear model. When simulating the lattice dynamics, the model achieves
an accuracy of 97.3%—the maximum possible for a linear classifier. This
indicates that weight quantization cannot explain the observed performance
degradation

Therefore, the low precision on the Iris dataset must originate in the
training dynamics. We know from Fig. 3b, that lattices can be trained to
arbitrary transmissivities within their range of expressivity. This works
because spin changes stop taking place when the transmitted amplitude
matches the target. However, when training on the Iris dataset, each sample
causes the lattice to shift towards a different transmissivity (Fig. 4f), pre-
venting the lattice from settling into a stable value. In prior, high-accuracy,
electronic realizations of contrastive learning™, the training process has not
prescribed the output to a specific value, but instead nudged incorrect
answers towards the correct value. We hypothesize that such sophisticated
training methods may enable the system to achieve higher accuracies—
potentially comparable to electronic linear classifiers, by allowing it to settle
into high-accuracy configurations even if the output does not match a
specific transmitted amplitude. However, evaluating such more complex
protocols falls outside the scope of this work, which focuses on control-free
systems, i.e., where the input signals applied to the network are independent
of its state.

Discussion

We have shown that a metamaterial composed of a network of para-
metrically-driven, multimodal resonators can learn to solve a classification
task, when excited with example signals. The material performs its own
weight update according to a learning rule, requiring only two simple drive
clock signals A(f) and p(t) in addition to the data and labels. However, the
metamaterial does not require independent controllers adjusting each
individual weight. The metamaterial learning dynamics is based on con-
trastive learning, which involves comparing two copies of the system—one
left free, and one clamped to the desired output—and updating the model
weights according to the difference between copies. However, unlike tra-
ditional contrastive learning, our model weights are binary and cannot be
updated continuously. We circumvent this limitation by reformulating the
learning rule as a probabilistic process, where the probability of a weight flip
is a function of the mismatch between the two copies. This mismatch-
dependent flip rate is reminiscent of evolutionary mechanisms in bacteria,
where the mutation rate increases when the organism is under stress”".
Similarly, our system increases the weight mutation rate at sites where its
clamped and free copies disagree.

In our model, learning emerges from the interplay of symmetry,
multistability, and noise, features not typically associated with computation.
This work therefore, contributes to the growing evidence that such physical
effects hold significant, untapped potential for information processing”™".

In fact, symmetry plays an essential role in the learning process: Clamping
the v, breaks the symmetry between the two components of the compu-
tational field 1// The weight field, o, then evolves to restore this broken
symmetry over time. As symmetry is gradually restored, the free part of the
system learns to mimic the clamped part, not by accessing the training data
directly, but through persistent changes in the weight variable ¢. This per-
spective suggests a novel symmetry-based design principle for self-learning
materials, much like symmetry considerations guide the design of emergent
condensed matter phenomena such as topological edge states”. The pre-
sence of multiple time scales is also an essential component. These are
important in the brain*’ and can be replicated in artificial systems through
parametric drive.

By providing a tractable physical model for emergent learning—ana-
logous to the tight-binding Hamiltonians that describe topological insula-
tors and superconductors—our work invites condensed matter-inspired
questions about learning. For instance, one can now investigate the influ-
ence of disorder*"*, aging™, and phase transitions'~"’ on learning behavior.
Although the present work is concerned with non-dimensional tight-
binding models and thus no specific performance claims can be made, our
model may inspire new directions to train machine learning models with
physical computers, as the constituent oscillators can be realized with
components that operate at optical frequencies5 %, consume little energy™, or
are integrated with very high densities”’. Our work also poses novel exciting
fundamental questions, for example involving learning dynamics in discrete
spin systems, architectural and scaling considerations, as well as addressing
the experimental realization of such models.

Methods

Simulation of the single-site dynamics

We solve the stochastic differential equations (SDEs) using a Splitting Path
Runge-Kutta solver (SPaRK), while for the deterministic simulations (four
dots in Fig. 3b), we use a Dormand-Prince algorithm with order 7-8. Both
solvers are implemented in Python using the Diffrax library. We choose a
time step for a minimum resolution of 50 points per period of oscillation.

Simulation of the learning process
We simulate the learning process by computing the equilibrium amplitudes
of ¥ ¥ using an effective, linearized mass-spring model for the computational
degrees of freedom. The effective model is calculated around the resonance
frequency w.. The coupling springs are given by the linearized version of
Eq. (6), while the diagonal terms are governed by the damping—in reso-
nance, local inertia cancels with local stiffness—and take the form iw? /Q,.
Once the computational field has been calculated using the linearized model,
we flip the weights according to the single-site flip probability (Eq. (5)), based
on the difference between clamped and free fields. The single-site flip
probability provides an accurate result as we switch off the inter-site potential
during coupling, thus reducing the model to a set of independent elements.

For the learning examples of Figs. 3 and 4, we use the parameters
Kiigh = 1007 / Q,, 4kiow = Knigh, f = 0.273 and y7 = 55. In Fig, 3, we use the
flip probability parameters 8 = 750 and yr = 0.16, while in Fig. 4, the
parameters are § = 0.273 and yp =55

To impose the boundary conditions, we divide the degrees of freedom
into internal (subscript I) and output (subscript 0) components. We write
the system Du = f in block form as:

k-l o
T =

daI doa U, f 4

where u, is the prescribed output degree of freedom, f, is the constraint
force, and F is the external force (which inputs the data into the system).
From the first block row, we bring the prescribed output to the right-hand
side to obtain the reduced system Dju; = f; — dj,u,, which we solve for the
unknown internal DOFs u;. Note that in the reduced system equation, it is

not necessary to explicitly calculate the constraint force f, to simulate the
system dynamics.
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In an experimental setting, the boundary conditions could be applied

by connecting the output degree of freedom to a very large mass, or by
applying external feedback.

Data availability

No datasets were generated or analysed during the current study.

Code availability
The codes used in this study are available from the corresponding authors
upon reasonable request.
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