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Abstract
Emission from a molecular light source depends on its optical and chemical environment. This
dependence is different for various sources. We present a general classification in terms of Constant
Amplitude and Constant Power Sources. Using this classification, we have described the response
to both changes in the LDOS and stimulated emission. The unforeseen consequences of this
classification are illustrated for photonic studies by random laser experiments and are in good
agreement with our correspondingly developed theory. Our results require a revision of studies on
sources in complex media.
PACS numbers: 42.25.Dd, 42.55.Zz, 32.50.+d
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Atomic and molecular light sources are essential tools in the natural sciences. Physicists
use these light sources in a great variety of situations, for example to study light-matter
interactions in the context of cavity quantum electrodynamics [1, 2], to probe vacuum fluctuations inside and around photonic and plasmonic nanostructures [3, 4], or as building
blocks for lasers [5]. In the life sciences, fluorescent proteins have quickly become one of
the most important workhorses soon after their discovery [6]. Major engineering efforts are
nowadays devoted to inventing light-source based microscopy techniques, in order to obtain
improved resolution and sensitivity [7, 8].
The prominence of light sources in scientific experiments solicits for a well-defined classification of different types of sources. We propose such a classification analogous to the field
of electronics where every circuit design incorporates a well defined source. In electronics,
ideal sources are classified as Constant Current Sources (CCS) or Constant Voltage Sources
(CVS) depending on their response to a certain load [9].
Mathematically, a point source (sink) is incorporated by a positive (negative) divergence
(S = ∇ · J) of a certain vector quantity in space. In order to be classified as a source
for light, light should either be created by conversion from a different type of energy, e.g.
by electroluminescence, or by a photochemical process in which the absorbed excitation
photon differs in frequency from the emitted photon, e.g. in three- and four-level systems.
In contrast, two-level systems cannot be considered as light sources, they are scatterers
instead. Although we limit ourselves in this manuscript to a discussion of four-level systems,
our approach is general and can be applied to other light generation mechanisms as well.
In a four-level system there are in general two decay channels from the lowest vibrational
sublevel of the excited state to a vibrational sublevel of the ground state: a radiative and
a nonradiative channel. These two relaxation mechanisms are competing for the number of
molecules in the excited state. In a similar way as two parallel resistances are competing for
current in a simple electronic CVS circuit. The quantum efficiency of the molecule describes
the ratio between the radiative and total decay rate. To qualify for a Constant Power Source
(CPS) the power emitted by the radiative channel must be independent on any change in
the “load” of the radiative decay channel. In a Constant Amplitude Source (CAS) the
number of transitions is conserved, but the power emitted by the source is dependent on the
conductivity of the radiative decay channel.
In this Letter, we study the influence of light source typology on the generation of light in
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FIG. 1: Illustration of emission directionality below threshold (black arrows) and above threshold
(red arrows) in (a) a conventional laser and (b) a random laser. In a random laser the emitted
light by an ensemble of sources is always omnidirectional. (c) Experimental emission spectra below
and narrowed spectra above random laser threshold for three different light sources: Rhodamine
640 P (red dashed lines), Cresyl Violet (purple solid lines), and Nile Blue (blue dotted lines).
The β-factor is determined by the quotient of the area of the normalized spectra above and below
threshold.

complex media. We provide a clear demonstration of the relevance of our classification with
new random laser experiments, where different kinds of light sources act as different gain
media. Besides these new experimental results we provide a description of the interaction of
light sources with their environment by calculating the power emitted by a light source in
the vicinity of a single scatterer. Our theoretical and experimental studies emphasize that
the response of a light source to either stimulated emission or a change in the Local Density
of States (LDOS) depends on its class. In the end we discuss the impact of CPS and CAS
in studies on light sources and multiple scattering.
Experiment - In a random laser [10] the role of sources is twofold: first, they are seeds of
spontaneous light emission; second, they amplify light by stimulated emission of radiation.
Due to the multiple-scattering feedback mechanism, random lasers form a unique laser system. In contrast to conventional lasers, they have a statistically isotropic mode selectivity as
illustrated by the cartoons in Fig. 1(a) and (b). The mode selection is solely determined by
the spectral shape of the gain curve. In a random laser, measuring the emitted energy into
a large enough solid angle corresponds to measuring the total emitted intensity: diffusion
mimics an integrating sphere. In our experiments, we utilize this much neglected property of random lasers to study the energy emitted by light sources with different quantum
efficiencies for varying pump rates.
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FIG. 2: Input-output diagrams for random lasers consisting of light sources with low and high
quantum efficiencies. (a) peak spectral radiance versus pump power for three random lasers with
different molecular light sources. The solid lines are fits to the experimental data. (b) integrated
spectral radiance versus pump power for three random lasers. The solid lines are theoretical
calculations. The Rhodamine 640 P random laser does not show a clear threshold. All data points
in (a) and (b) were normalized to the values at 2.1 µW and the results for the Nile Blue and Cresyl
Violet random lasers were shifted vertically for clarity.

Three molecular light sources were studied in a random laser configuration by suspending
titania particles (R900 DuPont, volume fraction 1%) into three different 1 mM solutions of
organic dyes in methanol. The three dye solutions acted as gain media and were chosen
based on their quantum yields (φ) reported in literature [11, 12]: Rhodamine 640 P (φ =
1), Cresyl Violet (φ = 0.54), and Nile Blue (φ = 0.27), see Methods in the Supplementary
Material [19] for more information on the used optical setup and the sample preparation.
For all random laser samples, the fluorescent emission spectra were recorded for different
values of the pump fluence below and above threshold. In Fig. 1(c) emission spectra far
below and far above threshold are plotted. The spectra above threshold are narrower by a
factor ∼ 10 compared to the spectra below threshold and the peaks are slightly red shifted
due to reabsorption. Figure 2 shows (a) the peak and (b) the integrated spectral radiance
versus the excitation power. The peak spectral radiance shows a clear threshold for all the
three random laser systems. In a conventional laser angular redistribution of light emission
causes a threshold in the spectrally integrated power of the output beam irrespective of the
chosen gain medium. However, in the experimental results shown in Fig. 2(b) we observe
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that for the random laser with the highest quantum efficiency gain medium (Rhodamine)
such a threshold in the integrated spectral radiance is absent.
Random laser model - Standard lasers are described with rate equations [11] describing
the number of photons in the cavity mode, q(t), and the number of molecules in the upper
laser level, N (t). For a four-level system it is usually assumed that only the population
of the ground state and the upper-laser level are significant. To model our random laser
experiment, we extend such a set of equations with an equation describing the number of
photons, w(t), emitted outside the lasing mode
dq
= −qγc + βγr N q + βγr N,
dt
dw
= −wγc + N γr (1 − β),
dt
dN
= R − N γtot − βγr N q.
dt

(1)
(2)
(3)

Here, R is the pump photon rate, γc is the cavity decay rate and γtot is the total decay
rate with γtot = γr + γnr where γr and γnr are the radiative and nonradiative decay rates
respectively. The spontaneous emission factor β describes what fraction of the spectrum
contributes to the lasing emission [13]. Due to the absence of angular mode selection in a
random laser, the β-factor suffices for distinguishing photons inside and outside the lasing
mode: for photons emitted in the wings of the spectrum stimulated emission is neglected
in rate equation (2), whereas for photons emitted into the peak of the spectrum, Eq. (1),
stimulated emission is added to the spontaneous emission rate. The random lasers considered
here have a smooth spectrum above threshold. The particular case of a random laser with
spectral spikes [14] requires a different formulation [5]. We determine the β-factor for the
three random lasers by calculating the ratio of the integrated spectra above and below
threshold after normalizing to the peak value [13]: for Rhodamine β = 0.099, for Cresyl
Violet β = 0.088, and for Nile Blue β = 0.076.
To infer the threshold, the steady-state solutions to Eqs. (1-3) for the number of photons
in the peak and the wings of the spectrum are calculated
s
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(4)
(5)

Above threshold the slope of the solution for q changes and the β-factor and φ determine
the “smoothness” of the transition. Obtained analytical expressions for the threshold for
the peak and integrated spectral radiance are


peak
= (βφ)−1 − 1 γc ,
Rth


int
Rth
= (βφ)−1 − β −1 γc .

(6)
(7)

int
Thus, it is wrong practice to use Rth
to find the threshold of a random laser, because
int
→ 0 when φ → 1.
Rth

A fit of the experimental peak spectral radiance with Eq. (4) gives φ and R/γc . This
second fit parameter scales the power axis. These fits are shown in Fig. 2(a) and yielded
the following values for the quantum efficiency: Rhodamine φ = 0.88 ± 0.11, Cresyl Violet
φ = 0.39 ± 0.07, and Nile Blue φ = 0.19 ± 0.03. A systematic deviation might be caused
by the method used for estimating the β-factor[13]. A single random laser experiment thus
suffices for analyzing the quantum efficiency of a light source in a complex medium. The
fitted values for φ are systematically lower than the their literature values, which we attribute
to the relatively high concentrations of dye molecules in our experiments[12]. Using Eq. (5)
and the measured values for β and φ we can make a theoretical prediction for the integrated
spectral radiance versus excitation power. These theoretical curves are plotted in Fig. 2(b)
and are in great agreement with the experimental data.
The remarkable observation of a different behavior of the integrated spectral radiance,
that is the total emitted power, for the three random lasers as a function of input power
is well explained by the concept of CPS and CAS. The random laser threshold indicates
the transition from spontaneous emission to stimulated emission as the main mechanism
of radiation. In the case of a gain medium consisting of sources with near unity quantum
efficiency, this transition does not influence the ratio between the number of excitation
photons that are absorbed and the number of photons that are emitted: the total emitted
power scales linearly with the total absorbed power. Hence, we classify these high quantum
efficiency dye molecules as CPS for light. The threshold in the peak spectral radiance simply
indicates the energy is spectrally redistributed from the wings to the peak of the spectrum.
For a gain medium consisting of sources with a low quantum efficiency, the transition from
spontaneous emission to stimulated emission also changes the ratio between the non-radiative
and the radiative decay channel. The number of transitions is conserved but the load of the
6
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FIG. 3: Diagram of a Green function describing propagation from a constant amplitude source at
r0 to r with one possible scattering event at Rs .

radiative decay channel is decreased causing the total emitted power to scale non-linearly
with the pump power. Low quantum efficiency molecules should be classified as CAS for
light as will be discussed in the following paragraphs.
A single scatterer and a source - We just showed how invoking stimulated emission of
radiation changes the “resistance” of an optical transition, alternatively one can change the
Local Density of States (LDOS) at the position of the source. Let us start by analyzing
the output power of a widely used classical dipole source and then introduce a generalized
expression for a source based on a rate equation analysis. For a point source,
j(r, t) = j0 δ(r − r0 )exp(−iωt) + c.c.

(8)

the output power is related to the LDOS. Figure 3 is a schematic representation of the Green
function, G, describing propagation to r from a unit source (j0 = 1) located at r0 in presence
of a scatterer at Rs . In a homogeneous background, this Green function is given by
Gω (r, r0 ) = G0ω (r − r0 ) + G0ω (r − Rs )t(ω)G0ω (Rs − r0 ).

(9)

Here G0ω is the free space Green function and t(ω) is the t-matrix of the scatterer. To find
out the power, Psrc , radiated by the source in Eq. (8) we integrate the divergence of the
current for an infinitesimally small volume around the source and find
CAS
Psrc
/P0 = −

4πc
4π 2 c3
ImGω (r0 , r0 ) ≡
LDOS(r0 , ω),
ω
ω2

(10)

where P0 is the emitted power without the scatterer present and the final step is only valid
for absorption-free environments. We prefer to phrase our discussion in terms of LDOS, but
the reader is notified that external absorption can easily be included by replacing the LDOS
with − πcω2 ImGω .
The emitted power is thus dependent on the LDOS, which acts as the inverse of a load on
the source. Since the emitted power can both be higher and lower compared to the vacuum
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situation, the source we introduced in Eq. (8) is clearly not a CPS; rather we classify it as a
CAS originating from the constant amplitude in Eq. (8). However, from a steady-state rate
equation analysis, explained in full for the interested reader in the Supplementary Material,
we derive that the photon production rate for a source with nonradiative and radiative
γe
, where γe is the excitation rate. We assume the
decay channels is proportional to γr γr +γ
nr

excitation rate to be constant and independent from the environment. Our analysis can
easily be extended, however, for environment dependent excitation rates. Therefore the
emitted power reads
(0)

Psrc /P0 =

(0)

γr
γr
4π 2 c3
γr + γnr
/ (0)
.
=
LDOS(r
,
ω)
0
γr + γnr γr + γnr
ω2
γr + γnr

(11)

Where in the final expression we have replaced the radiative decay rate with the LDOS using
Fermi’s golden rule that states that in nonabsorbing media γr = A × LDOS with A defined
as an atomic factor. From this equation it becomes clear that Eq. (8) should be adjusted
in a similar way
j(r, t) =

r

γe
δ(r − r0 )exp(−iωt) + c.c..
γr + γnr

(12)

In deriving this expression, we implicitly make the generally valid assumption that atomic
coherence decays very fast. From Eq. (12) we deduce that the axiomatic expression (8) only
applies to a four-level source when γnr  γr , a situation often avoided in experiments. If
this condition is not fulfilled, for instance in the case of a CPS, the strength of the source
depends explicitly on the radiative decay rate and therefore the LDOS. This dependence of
power on the environment is valid for any complex system.
To find the correct wave function from a single source or collection of sources,
Z
ψ(r) = Gω (r, r0 )j{Gω (r0 , r0 )}dr0 ,

(13)

then becomes very involved since it requires knowledge of the Green function for both
the propagation and the generation of light. Although this dramatically hinders analytic
calculations, it should be straightforward to correctly adjust the source strength in numerical
calculations. Introducing stimulated emission into our analysis and eventually into Eq. (12)
leads to an increase of the radiative decay rate. This increase leaves a CPS unaltered, but
a CAS will start to look more like a CPS. Stimulated emission and the LDOS can thus be
used to engineer light sources with γr /γnr as control parameter.
8

Conclusion and discussion - We have developed a new classification scheme for light
sources. Sources with unit quantum efficiency are classified as constant power sources for
light and those with a low quantum efficiency are classified as constant amplitude sources.
We demonstrated that this classification directly influences the interpretation of photonic
experiments. In the case of a CAS, both stimulated emission and changes in the LDOS alter
the load of the radiative transition and thereby the output power.
Our classification of light sources is applicable to all photonic systems. In random media,
recently predicted infinite range correlations are caused by an interaction between a light
source and a nearby scatterer[15]. Since for a classical dipole source this C0 correlation is
equivalent to fluctuations in the LDOS[16, 17], it is very likely that a CPS will yield different
results. We hope our work encourages the use of more well-defined sources in theory and
will help in choosing the right type of source for the desired measurement.
Note - While this manuscript was finalized, a theoretical paper by Greffet et al. [18] was
published where a similar concept was developed emphasizing electronic circuit analogies in
the field of nanoantennas.
We thank Allard Mosk and Willem Vos for stimulating discussions. Timmo van der Beek
is acknowledged for help with the sample preparation. This work is part of the research
program of the “Stichting voor Fundamenteel Onderzoek der Materie (FOM)”, which is
financially supported by the “Nederlandse Organisatie voor Wetenschappelijk Onderzoek
(NWO)”.
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Abstract
We provide detailed calculations for the derivation of a generalized equation for a light source
based on steady-state rate equations. The similarity of stimulated emission and the LDOS is
discussed in more detail. The experimental methods used in our work are listed as well.
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FIG. 1: (a) Jablonski diagram of a four level system. Wiggly arrows represent nonradiative transitions, straight arrwow represent radiative transitions.
I.

DERIVATION OF GENERALIZED EXPRESSION FOR A SOURCE

Our goal is to generalize the axiomatic expression for a Constant Amplitude Source
(CAS),
j(r, t) = j0 δ(r − r0 )exp(−iωt) + c.c.,

(1)

in such a way that the new expression fully incorporates both Constant Power Sources
(CPS) and CAS. For illustration purposes we study a four-level system, but our approach is
general and is applicable to other optical transitions as well. We start by writing down four
equations for the population of the different energy levels, that are shown in a Jablonski
diagram in Fig. 1(a). Molecules are excited from the ground state (level 0) to the excited
state (level 3) by a pump rate γp . Rapid nonradiative transitions let molecules decay from
this excited state 3 to a lower-lying state 2. Molecules can then decay either radiatively by
spontaneous emission with rate γr or nonradiatively with rate γnr to a vibrational sublevel
of the ground state (level 1). The radiative transition from level 2 to level 1 constitutes our
light source. The rate equations for the four levels read
dN0
dt
dN3
dt
dN2
dt
dN1
dt

= −γp N0 + γ10 N1

(2)

= γp N0 − γ32 N3 ,

(3)

= γ32 N3 − (γr + γnr )N2 ,

(4)

= (γr + γnr )N2 − γ10 N1 .

(5)

2

We are now particularly interested in finding the stationary rate of photon production, γr N2 ,
expressed in terms of the pump rate and the radiative and non-radiative decay rate. Using
γ10 N1 = (γr + γnr )N2 from Eq. (5) in Eq. (2) gives

N2 = N 0

γp
,
γr + γnr

(6)

and hence for the photon production rate
γp
,
γr + γnr
γe
= γr
.
γr + γnr

γr N2 = N 0 γr

(7)
(8)

In general the depopulation of the ground level, N0 , in a four-level system is negligible and
the factor γp N0 can be taken as the constant effective excitation rate: γe ≡ γp N0 .
In the case of a CAS the emitted power, which is proportional to the photon production
rate, is given by
CAS
Psrc
/P0 = −

4πc
4π 2 c3
4π 2 c3 γr
ImGω (r0 , r0 ) ≡
LDOS(r
,
ω)
=
,
0
ω
ω2
ω2 A

(9)

while we just found that based on a straightforward steady-state analysis of a four-level
γe
system the power is proportional to γr γr +γ
. Clearly the expression for a source from which
nr

Eq. (9) is deduced is not complete. Hence we adjust the source term such that the resulting
γe
power becomes proportional to γr γr +γ
, that is
nr
(0)

Psrc /P0 =

(0)

γr
γr
γr + γnr
4π 2 c3
/ (0)
=
LDOS(r0 , ω)
.
2
γr + γnr γr + γnr
ω
γr + γnr

(10)

this equation implies the original expression (1) for a CAS source needs to be adjusted to
r
γe
j(r, t) =
δ(r − r0 )exp(−iωt) + c.c..
(11)
γr + γnr
This is our generalized expression for a light source. In the case of a CPS (γnr = 0), the
output power is independent of the environment, whereas in the case of a CAS (γnr  γr )
the output power depends on the radiative decay rate and thus the local environment of
the emitter. We note that in our derivation we have assumed a constant (non-photonic)
excitation rate of the four-level system, our analysis needs to be expanded when the system
is pumped into saturation. Since in the case of saturation a change in the total decay rate
will also change the excitation rate.
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II.

STIMULATED EMISSION AND THE LDOS

In the analysis given in Sec. I stimulated emission was not considered: the light source
was formed by spontaneous radiative decay from level 2 to level 1. However in a random laser
above threshold stimulated emission is the main mechanism of radiation. In this section, we
show how stimulated emission can be incorporated into our analysis of CPS and CAS. In
fact the laser rate equations describing the number of molecules in the upper laser level is
very similar to Eq. (4) if we consider R = γp N0 = γe and γtot = γr + γnr :
dN
= R − N γtot − βqN γr ,
dt
= γe − (γr + γnr + γr βq)N.

(12)
(13)

The only extra term appearing in the above equation is due to stimulated emission βγr N q.
In this equation it is assumed that reabsorption from level 1 to level 2 can be ignored. This
assumption is realistic since the vibrational relaxation from level 1 to level 0 is often very
fast. In a laser, photons are confined in a cavity configuration and the created photons give
feed-back onto the population rate equations. For didactic purposes, we here neglect the
feedback from these created photons on the source and assume most photons that induce
stimulated emission originate from elsewhere. Stimulated emission then appears in Eq.
(4) and (5) as an extra term W21 N2 = B21 ρN2 , where W21 is the stimulated emission
rate, B21 is the Einstein coefficient for stimulated emission, and ρ is the energy density of
the impinging photons[1]. The photon production rate must now take into account both
stimulated emission and spontaneous emission, we find
(γr + B21 ρ) N2 = (γr + B21 ρ)

γe
.
γr + B21 ρ + γnr

(14)

From this equation we can now fully understand the effect of stimulated emission on the light
source. In the case of a CPS, γnr = 0 and the photon production rate is only dependent
on the pump rate. In the case of a CAS, γnr  γr , stimulated emission increases the
total number of photons that is produced. In that sense stimulated emission and LDOS
fluctuations lead to similar effects on the emission of photons by a source.
In addition, we note that for ρ → ∞ a CAS is turned into a CPS showing that stimulated
emission can be a convenient tool for engineering the properties of a CAS light source.
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FIG. 2: (a) Experimental apparatus to study light sources in random lasers. Green: pump beam.
Red: emission light. (b) Photograph of the three random laser suspensions. From left to right:
Rhodamine 640 P, Cresyl Violet, and Nile Blue.
III.

EXPERIMENTAL METHODS

Three molecular light sources were studied in a random laser configuration by suspending
titania particles (R900 DuPont, volume fraction 1%) into three different 1 mM solutions of
organic dyes in methanol. The three dye solutions acted as gain media and were chosen
based on their quantum yields (φ) reported in literature [2, 3]: Rhodamine 640 P (φ = 1),
Cresyl Violet (φ = 0.54), and Nile Blue (φ = 0.27). A photograph of the samples is shown
in Fig 2(b). To prevent aggregation and sedimentation of titania particles all samples were
treated in an ultrasonic bath before and spinned during measurement, and a small amount
of CaCl2 (0.06 g/L) was added to the Nile Blue sample. Quartz cuvettes were used as
experimental cells (Hellma, inner dimensions 10×10×45 mm, wall thickness 1.25 mm).
The experimental apparatus is shown in Fig 2(a). Excitation light generated by an optical
parametric oscillator (Opolette, 20 Hz, 5 ns) was focussed onto the samples by an aspherical
lens (F/#=1.5). The same lens collected the emission which was then spectrally analyzed
using a spectrograph (Oriel MS-257) connected to an EMCCD camera (Hamamatsu, C9100).
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