Universal scaling of the figure of merit of plasmonic sensors
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We demonstrate an improvement by more than one order of magnitude of the figure of merit (FoM)
of plasmonic nanoparticle sensors by means of the diffractive coupling of localized surface plasmon
resonances. This coupling in arrays of nanoparticles leads to Fano resonances known as surface
lattice resonances with narrow line widths, which are very suitable for the sensitive detection of small
changes in the refractive index of the surroundings. The sensor FoM scales solely with the frequency
difference between the surface lattice resonance and the diffracted order grazing to the surface of
the array. This result, which can be extended to other systems with coupled resonances, enables
the design of plasmonic sensors with a high FoM over broad spectral ranges with unprecedented

accuracy.

I. INTRODUCTION

Metallic nanoparticles are the object of intensive re-
search as they exhibit a characteristic optical response
governed by the excitation of localized surface plasmon
resonances (LSPRs). These resonances are the result of
the coherent oscillation of the free electrons in the metal-
lic particle driven by an electromagnetic field. Due to
the sensitivity of LSPRs to the medium surrounding the
nanoparticle, they are of interest for the development of
sensitive biochemical sensors employing ultra-small de-
tection volumes. The figure of merit (FoM) of plasmonic
sensors is commonly defined as the resonance shift upon
a change of refractive index in the surrounding dielectric
normalized by the resonance width. Narrow resonances
improve thus the FoM of plasmonic sensors. Recently,
a direct experimental comparison between the refractive
index sensing capabilities of LSPRs in gold nanoparticles
and propagating surface plasmon polaritons on extended
gold surfaces or surface plasmon resonances (SPRs) was
presented [1]. Despite offering a low bulk refractive in-
dex sensing figure of merit (FoM) of typically 1-2, it
was found that LSPR-based sensing is a highly compet-
itive technique to conventional SPR for the detection of
changes in the refractive index close to the surface. This
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high sensitivity has been attributed to the large con-
finement of the LSPR electromagnetic field around the
nanostructures [1]. Further improvements in the FoM of
gold nanoparticle sensors have been recently introduced
by coupling plasmonic resonances in structures of two
or more nanoparticles [2-4] or nanoholes [5]. This cou-
pling can lead to narrow Fano resonances [6] that result
from the interference between a discrete state (resonantly
scattered light) and a continuum of states (non-resonant
scattering) [24].

In this article, we demonstrate the enhanced sensitiv-
ity of Fano resonances in periodic arrays of metallic par-
ticles to minute changes in the refractive index of the
surrounding medium. In particular, we show an improve-
ment of the FoM by more than one order of magnitude
compared to that of LSPRs by coupling these localized
resonances with Rayleigh anomalies. Rayleigh anoma-
lies represent the onset of diffraction in a grating. At
the wavelength and angle of incidence corresponding to
the Rayleigh anomaly, there is a transition between a
diffracted order propagating in the plane of the array and
an evanescent diffracted order. At this wavelength and
angle, the wave vector of the diffracted order is parallel
to the surface of the array enhancing the coupling of the
LSPRs. This coupling leads to the appearance of narrow
resonances in the transmittance and reflectance spectra
of the array. These resonances are known as surface lat-
tice resonances and were first proposed by Carron et al.
in the context of surface enhanced Raman scattering [7].
In subsequent works this idea was further developed by



Schatz and co-workers [8]. The first experimental indica-
tions of this phenomenon were observed in 1D arrays [9].
Only very recently, there has been clear demonstration of
the excitation of these modes in arrays of small particles
and nanoantennas [10-15] and the first demonstration
of the use of these resonances for optical sensing have
been presented [16]. Within the framework of Fano reso-
nances, surface lattice resonances can be described as the
interference between a broad localized surface plasmon
resonance due to radiation damping and a narrow reso-
nance given by the Rayleigh anomaly. This interference
gives rise to the asymmetric line shapes characteristic for
Fano resonances [6]. We also find that the FoM for arrays
of low loss metals, i.e., metals with an imaginary compo-
nent of the permittivity much smaller than the modulus
of the real component, is ultimately governed by the fre-
quency difference between the surface lattice resonance
and the Raleigh anomaly. This frequency difference is
controlled by the lattice constant of the array and the
dimensions of the particles. Such a universal scaling of
the FoM does not exist in disordered arrays of nanopar-
ticles, which do not exhibit collective behaviour [1, 17].
As the spectral position of the surface lattice resonances
is determined by geometrical parameters [15], they offer
huge flexibility in the design of the response of plasmonic
Sensors.

1I. EXPERIMENTAL RESULTS

Gold nanoparticles with a height of 50 nm were fabri-
cated on top of a quartz substrate by e-beam lithography
and ion-milling. The dimensions of the arrays are 100 x
100 pm?. The gold nanoparticles were designed with a
diameter of 95, 110, 145 and 165 nm, the lattice struc-

Figure 1: SEM images of gold nanoparticles arrays on
quartz with varying particle diameter and lattice con-
stants. a, 95 nm diameter, lattice constant 400 nm. b, 110
nm diameter, lattice constant 300 nm. ¢, 110 nm diameter,
lattice constant 400 nm. d, 110 nm diameter, lattice constant
600 nm. e, 165 nm diameter, lattice constant 400 nm.

ture is square with a lattice constant of a = 300, 350,
400, 450, 500, 550 and 600 nm. A scanning electron mi-
croscope image of some of the arrays is shown in Figure
1.

To illustrate the effect of diffractive coupling in peri-
odic arrays of nanoparticles, Figure 2a shows the trans-
mittance spectra for arrays with lattice constant in the
range of 300 nm to 600 nm, embedded in a symmetric en-
vironment with refractive index n=1.45. This symmetric
environment is achieved by exposing the nanoantenna ar-
ray to a liquid with the same refractive index than the
silica substrate. The spectra show strong dips reaching
transmittance values of less than 20%. These resonances
redshift and narrow considerably with increasing lattice
constant. The vertical lines in the figure indicate the
wavelength of the diffraction edges vra = ¢/(na), with
c the speed of light in vacuum. These frequencies repre-
sent the Rayleigh anomaly conditions at which the (+1,0)
and (0,+1) diffracted orders become evanescent for nor-
mal incidence. Note that the dips in transmittance occur
on the low-frequency side of the corresponding Rayleigh
anomaly. This is a characteristic feature of surface lat-
tice modes, which arise from the coupling of surface plas-
mon polaritons localized at each nanoparticle site to the
Rayleigh anomaly [11]. The eigen-frequencies of these
lattice modes correspond to the frequencies that give rise
to poles in the effective polarizability of the array. In the
coupled-dipole approximation for an infinite array [21],
the effective polarizability is expressed as

1
*

where « is the polarizability of the individual particles
and S is the retarded dipole sum, which accounts for the
contribution of the scattered field by the array to o*. It
can been shown that, with increasing lattice constant,
both the real and the imaginary part of S become more
negative, leading to a redshift of vspr and a narrowing
of the lattice resonances by partial cancellation of the ra-
diative damping [21]. This behaviour explains the trend
observed in Figure 2a.

The position and width of surface lattice resonances
do not only depend on the lattice constant, but also
on particle diameter. Figure 2b shows the transmit-
tance spectra for different average particle diameters
d = 95, 110, 145 and 165 nm, with a lattice constant of
450 nm. The resonances blueshift with decreasing par-
ticle diameter and narrow as their resonance wavelength
approaches that of the Rayleigh anomaly, indicated by
the vertical dashed line.

Note that for the surface lattice resonances indicated
by the arrows in Figure 2a and Figure 2b, the frequency
difference between the Rayleigh anomaly and the surface
lattice resonance, vra — Vsrr, and the resonance width
are very similar. These similarities are striking given the
very large differences in particle diameter and lattice con-
stant. As will be shown below, it is possible to define a
scaling parameter 6 = (Vga — vsLr)/Vra that solely de-
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Figure 2: Transmittance spectra of gold nanoparti-

cle arrays. a, Spectra of gold nanoparticle arrays on
quartz embedded in a liquid environment with n = 1.45
as function of frequency for different lattice constants a =
300, 350, 400, 450, 500, 550 and 600 nm. The average parti-
cle size was 145 nm X 145 nm X 50 nm. b, Spectra of gold
nanoparticle arrays on quartz embedded in a liquid environ-
ment with n = 1.45 as function of frequency for different
average particle diameters d = 95, 110, 145 and 165 nm. The
lattice constant a and height were 450 nm and 50 nm, re-
spectively. The vertical lines in a and b correspond to the
frequency of the Rayleigh anomaly vra = ¢/(na).

fines the figure of merit (FoM) of sensors based on surface
lattice resonances. This parameter provides a measure of
the coupling strength of the localized surface plasmon
resonance to the Rayleigh anomaly. An important con-
sequence of this universal scaling is that by tuning both
the lattice constant and particle diameter such that §
remains constant, it is possible to shift surface lattice

resonances over a wide spectral range without affecting
their width and FoM. This behavior is a major advantage
for sensing applications as it enables the use of narrow
resonances at specific predefined wavelengths.

The sensing performance of plasmonic structures can
be characterized by the figure of merit FoM = Sy /AN,
where A\ is the resonance width and Sy, is the bulk
sensitivity defined as Spyuix = OA/On, i.e., the shift of the
resonance wavelength upon a change of the refractive in-
dex of the surrounding medium n. Narrow resonances
are advantageous for sensing applications as they enable
an accurate determination of the resonance shift upon
changes in the environment by monitoring the transmit-
tance at a wavelength close to resonance. This advantage
is illustrated in Figure 3a where we compare the trans-
mittance spectra of particle arrays with a lattice constant
of 300 nm and 600 nm for n = 1.40 (solid lines) and for
n = 1.45 (dashed lines). Upon changing the refractive
index of the environment, the resonances redshift due to
a modification of the coupling condition between the in-
cident plane wave and the surface lattice resonance. This
shift results in an increased transmittance at the initial
resonance frequency. The array with a lattice constant of
300 nm is characterized by a broad lattice resonance with
a bulk sensitivity comparable to that of LSPRs found in
disordered arrays of nanoparticles [1]. The transmittance
in this sample increases only few percent when the refrac-
tive index is varied. In contrast, the array with a surface
lattice constant of 600 nm shows a lattice resonance that
is narrower by an order of magnitude with a bulk sensi-
tivity that is almost 2 times higher, which results in an
increase in transmittance at the resonance frequency by
more than 40% when the refractive index is varied from
1.40 to 1.45.

We plot the experimental FOM as a function of the sur-
face lattice resonance frequency for nanoparticle arrays
with different diameter and lattice constants in Figure
3b. The FOM increases strongly as the lattice constant
increases and as the diameter of the particles decreases
from a value of about 1-2 for arrays with small lattice
constant and large diameter, to values as high as 25 for
arrays with large lattice constant and small diameter.
This large increase of the FOM by more than one order
of magnitude stresses the relevance of coupled plasmonic
resonances for optical sensing. As indicated in Figure 3b
by the horizontal dashed line, the resonance frequency
can be tuned over a wide range while maintaining con-
stant the FoM. This behavior can be achieved by varying
particle diameter and lattice constant. The FoM can be
increased at a fixed resonance frequency, by tuning both
particle diameter and the lattice constant (vertical dash-
dotted line, Figure 3b).

As noted above, the width of the resonances is related
to the difference between the resonance frequency and the
frequency of the Rayleigh anomaly vga — vspr- To in-
vestigate this dependency further, we plot both the FOM
of the resonances and their full width at half maximum
Af in Figure 4a as function of the dimensionless parame-
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Figure 3: Transmittance spectra and FoM for differ-

ent gold nanoparticle arrays. a, Transmittance spectra
for two gold nanoparticle arrays with lattice constant a = 300
nm and a = 600 nm on quartz embedded in a liquid environ-
ment with n = 1.40 (dashed lines) and n = 1.45 (solid lines)
as function of frequency. Particle diameter and helght are
145 nm and 50 nm, respectively. b, Figure of merit A/fn for
particle arrays with diameters 95 (down triangles), 110 (up
triangles), 145 (circles), 165 (squares) nm, height 50 nm and
lattice constant a = 300, 350, 400, 450, 500, 550 and 600 nm
as indicated in the legend, as function of surface lattice res-
onance frequency. The horizontal dashed line indicates that
the resonance frequency can be tuned over a large range with
the same FoM (10), by varying the particle diameter and lat-
tice constant. The vertical dash-dotted line indicates that
the FoM can be increased for a fixed resonance frequency by
tuning both particle diameter and lattice constant.

4

ter 6 = (Vra —VsLRr)/VRA, Which measures the detuning
of lattice resonances from the Rayleigh anomaly. Inter-
estingly, we find that all the measurements collapse to
a single curve despite the large variations in lattice con-
stant and particle diameter. The increase in the FoM at
smaller § is paired with a decreasing Af, while at larger
0 an increasing spread in Af can be observed. For clar-
ity, we repeat the same measurements of the FoM as a
function of ¢ in Fig. 4b. The solid curve indicates the
empirical dependence of the FoM with §, namely,

FoM_¥—138 (2)

With an small offset, the FoM varies thus with 1/4.

To confirm this behavior of the FoM, we have per-
formed calculations of the transmission spectra using
a model based on the coupled dipole approximation.
In this model, the particles are assumed to be oblate
spheroids with only a dipolar polarizability, surrounded
by a homogeneous environment. The polarizabilities are
obtained from the Modified Long Wavelength Approx-
imation [23]. The calculation was performed for gold
nanoparticle arrays consisting of 30 x 30 particles. The
permittivity of gold was taken from Ref. [22]. The results
of the calculations, represented with squares in Fig. 5,
are in qualitative agreement with the experimental data
shown in 4. This is a remarkable result regarding the rela-
tively large size of the particles from which we can expect
a significant multipolar contribution to the scattering of
light. The good agreement between measurements and
calculations considering only dipolar contributions to the
scattering allows us to state that this dipolar scattering
dominates the optical response of the sample.

The universal scaling of the FoM with ¢ pertains
not only to gold nanoparticles, but also to other noble
metal nanoparticles. Figure 5 shows calculations for Au
(squares), Ag (dots) and Cu (triangles). Within the nu-
merical error of the calculations, we find that the FoM
scales similarly for the different materials. In general, we
can state that the FoM scales inversely with § as long as
the Ohmic losses in the metal are small, i.e., as long as
the imaginary component of the permittivity of the metal
is much smaller that the modulus of the real component.
Calculations done for lossy metals (not shown here), e.g.
Ni, confirm this behavior.

II1I. COUPLED OSCILLATOR MODEL

The universal scaling of the FoM with the dimension-
less parameter § = (Vg4 — VsLr)/VRa is rooted in the
dependence of the surface lattice resonance line width on
its detuning from the Rayleigh anomaly. This fundamen-
tal principle can be understood in light of an analogy
with a simple model consisting of two linearly coupled
harmonic oscillators [18]. The first oscillator represents
the conduction electrons in the metallic nanoparticles,
upon which acts a harmonic driving force F = Fye™ ™!
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Figure 4: Measured FoM for different gold nanopar-
ticle arrays and fit of the experimental data. a, Ex-
perimental FoM mA/i" and the full width at half maximum
Af of surface lattice resonances as a function of the detuning
parameter (vra — vsLr)/VRra for particle arrays with diame-
ters 95, 110, 145, 165 nm, height 50 nm and lattice constant
a = 300, 350, 400, 450, 500, 550 and 600 nm. b, Fit of the
experimental data indicating a reciprocal scaling of the FoM
with the detuning using y = 0.79/z — 1.38.

representing the optical excitation. The second oscillator
represents the Rayleigh anomaly, i.e., an electromagnetic
field grazing to the surface of the array. The equations
of motion for such a system are

. . 2 2
T1+ M1+ iy — Qixe =

To + Yoo + V%Jjg — 9%2321 =0, (4)

where z;, v;, and v; (i = 1,2) are the displacement from
equilibrium position, damping, and eigenfrequency of the
it" oscillator, respectively. ;5 is the coupling frequency
between the two oscillators, which represents the interac-
tion strength between the nanoparticles in the array and
the Rayleigh anomaly.

Since we are interested in the extinct optical power
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Figure 5: Calculated FoM for gold, silver and copper
nanoparticle arrays. Calculated FoM for gold (squares),
silver (dots) and copper (triangles) nanoparticle arrays with
diameters 95, 110, 145, 165 nm, height 50 nm and lattice con-
stant a = 300, 350, 400, 450, 500, 550 and 600 nm as func-
tion of (vra — vsLr)/VRrRA. The solid line is a fit to the data
using y = 1.2/z.

due to the oscillation of the conduction electrons in
the nanoparticles, we calculate the absorbed mechan-
ical power by oscillator 1 from the driving force F,
P(t) = Fa,. Integrating P(t) over one period of oscil-
lation and scanning the driving frequency v yields the
absorbed power spectrum A(v). The quantity 1 — A
is grossly proportional to the transmittance, given that
1—T = F , with T the transmittance and F the extinc-
tion. Figure 6 shows calculations of 1 — A for three cou-
pling frequencies: 12 = 280, 330 and 370 THz. All other
parameters in the model are fixed for the three cases at
Fy =7ms 2, 4, = 400 THz, v, = 2 THz, v; = 700 THz,
Vo = vpa = 460 THz.

The eigenfrequency of the second oscillator, vy, is in-
dicated by the vertical dashed line in Figure 6. The res-
onance dips seen at slightly lower frequencies than vy
arise from the coupling of oscillator 1 to oscillator 2. A
comparison of Figure 6 with Figure 2b shows that just
as the coupling of the nanoparticles to diffracted orders
leads to surface lattice resonances at slightly lower fre-
quencies than the Rayleigh anomaly, the coupling of os-
cillator 1 to oscillator 2 leads to a resonance at slightly
lower frequencies than the eigenfrequency 5. The central
finding of this analogy is the connection between the cou-
pling frequency, €215, and the resonances’ characteristics.
Namely, as 215 increases, the detuning (vra — vspr) in-
creases and the resonance line width broadens. Thus, the
detuning provides a measure of the coupling strength of
the nanoparticles to the Rayleigh anomaly. Note that al-
though the damping constants are equal in all three cases
— not likely to be the case in the experiment since the
particle size changes and therefore Ohmic losses change -
the line width is strongly affected by the detuning of the
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Figure 6: Calculation of the absorbed power spectrum
of two coupled oscillators. The absorbed power spectrum
was calculated for three different coupling frequencies Q12 =
280 (black), 330 (red) and 370 (green) THz.

resonance from vs. As a consequence, the FoM, which is
inversely proportional to the line width, scales also with
the detuning (vga — vspr). We therefore see in a sim-
ple manner how the universal scaling law previously dis-
cussed has its origins in the radiative coupling strength of
nanoparticles to diffracted orders. Furthermore, this re-
sult clarifies the previously mentioned similarity between
the two resonances indicated by the arrows in Figures 2a
and 2b. Namely, despite the differences in particle size
and lattice constants, both resonances have similar line
shapes because the coupling strength between the parti-
cles and the corresponding Rayleigh anomalies are very
similar in both cases.

We should point out that the analogy between the ar-
ray of nanoantennas and the simple coupled oscillator
model indicates that a similar scaling behavior can be

expected for other plasmonic sensors based on Fano res-
onances [19, 20].

IV. CONCLUSION

To summarize, we have demonstrated that surface lat-
tice resonances in ordered arrays of gold nanoparticles
offer a sensing performance that is at least an order of
magnitude better than that of localized plasmon reso-
nances associated with disordered particle arrays. These
lattice resonances can be tuned over a wide spectral range
by tuning both the lattice constant of the array and the
diameter of the particles. We find that the sensor FoM is
ultimately governed by the frequency difference between
the surface lattice resonance and the Raleigh anomaly of
the array. This universal scaling, which is valid for metals
with low Ohmic losses, has been reproduced with calcu-
lations based on arrays of coupled dipoles and has been
explained using a simple coupled-oscillator model. The
analogy between arrays of nanoparticles and the coupled-
oscillator model indicates that a similar scaling behavior
of the FoM can be expected in other systems exhibiting
coupled plasmonic resonances.

V. METHODS

Transmittance spectra were obtained by illuminating
the sample with a collimated beam of unpolarized light
from a halogen lamp at normal incidence. The transmis-
sion was measured through the arrays and normalized to
the transmission through the quartz substrate. Bulk re-
fractive index sensitivity measurements were performed
by flowing liquids with different refractive index (Cargille
Labs) in the range n = 1.40 to 1.45 over the substrate
by means of a flow cell. Choosing a refractive index of
the liquid close to that of the substrate allows an effi-
cient diffractive coupling between the nanoparticles in a
(nearly) homogeneous dielectric environment [15].
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