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Model for transduction

We derive the effect of a small frequency modulation of the intracavity field at
the output of a cavity, which allows us to set up a model that describes the
transduction of thermal motion to optical intensity modulation. This derivation
follows the calculation shown by Gorodetsky et al. [1], with the important dif-
ference that we include the non-resonant contribution in the reflection spectrum
that leads to the Fano lineshape we observe.

We start from the equations describing the behaviour of the optomechanical
system

a=(i(A—Gu(t)) - £/2)a(t) + VEinsn(t), (s1)
B(t) + T (t) + Q% x(t) = —hGlal?,
where a is the internal field in the cavity, sy is the input field related to the
input power P, = fiw|siy|?, A is the detuning of the input light from the cavity
resonance we, k is the cavity decay rate, ki, is the coupling rate to the input
channel and G = dw./0x is the optomechanical frequency response. The fre-
quency €, and damping rate I',,, of the mechanical resonator are influenced by
the number of photons in the cavity |a|?, an effect we neglect in the following
by assuming a low input power. This simplification is motivated by the fact
that we seek to predict the amplitude of the mechanically-induced light modu-
lation, not the frequency of such modulations. Moreover, dynamical backaction
affecting mechanical linewidth is small in devices that have large /.
We consider a small harmonic oscillation of the mechanical resonator z(t) =
2o cos(Qmt), which causes a modulation of the cavity frequency with amplitude
oG, or a modulation of the optical intracavity phase with amplitude xoG/ Q.

*verhagen@amolf.nl



If the modulation is small (zoG < k), this yields
Gz = Siny/Kin £(0)
X (1 — %xoG L(Qpy)e ™t
LQ) = — 1 .
—i(A+Q)+£/2

The cavity is coupled to the output s,y with the coupling rate xout. The equa-
tion for the output field reads

Sout = Ceiwsin — VRoutlzx, (SS)

where the first term is caused by the nonresonant scattering from the input to
the output with amplitude ¢ and phase ¢.

In the experiment, we measure the intensity |sous|? and feed it to a spectrum
analyser, which yields the single-sided spectrum of the signal. Since we are
interested in the strength of the spectral component at the mechanical oscillation
frequency €2, we highlight the time dependence here:

[sout*(t) = ¢|sin|* + Koutlax () — v Fout (€ simay (t) + ¢ ¥sia,(t). (S4)

The first term is constant so it does not contribute to a signal at €2,,. Substi-
tuting a, into the other two terms, and discarding any terms not oscillating at
+Q,, yields
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This expression contains the modulation amplitude. In our experiment, we com-
pare the variance of the modulation to the known variance of the mechanical
thermal motion (x2)y, = 2x§pkaT/ hQ,,. Therefore we calculate the variance
of Pout = hiwo|sout|? due to the modulation at +Q,, and —,,, which will both
contribute to the signal at 4+, in the single-sided spectrum. We can write

Pout o Aettnt 1 A*e~ "t wwhich leads to (| Pout|?)a,, = 2|AJ?. After some
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algebra, we arrive at
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If we evaluate this expression in the bad-cavity limit (2, < k), we find it
is directly related to the derivative of the Fano lineshape OR/0A:
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We note that imperfect transmission of the optics between the sample and

the detector scales the detected signal in the same way as the input power P,

and will enter the equations in the same way. Finally, we substitute the variance

due to the modulation amplitude xg by the variance of the mechanical motion:

23G? — 2(2?),G? = 4g2kpT /hQy, which leads to equation (3) in the main
text.

Nonlinear transduction

The previous section started from the assumption that the frequency modula-
tion dw. = Gdx is small with respect to the cavity linewidth, dw. < x, and
considered only the resulting linear transduction at the modulation frequency
Q. In this section we show that the first signature of large dw. is the ap-
pearance of nonlinear transduction, which produces a signal at multiples of the
modulation frequency €2,,. For the second-order transduction, this was shown
by Doolin et al. |2, where also a quadratic optomechanical coupling was taken
into account. Here we derive the result for any higher-order terms of nonlinear
transduction.

In the non-resolved sideband regime (k > ), the optical fields in the cavity
reach a steady state much faster than the timescale of mechanical motion. The
intracavity amplitude can then be written as

- msin
) = A b)) T h2 (58)

which combined with equation yields

[Sout | o ARinkow 1 2¢\/Kinkout € (1 — iu) + e~ (1 + iu)
| sin |2 SOt T T+u? K 14 u? - (59)

Here we defined v = 2(A — dwc(t))/k, which implies u is detuning- and time-
dependent. We now summarize equation as R'(u) and find the Taylor ex-
pansion for small dw. around ug = 2A/k:
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where the last term depicts the nth order in the Taylor expansion. We take
a harmonic modulation of the cavity frequency dw.(t) = AcosQt. To leading
order, dw? ~ A" cos(nft)/2"~1. This means that each successive term in the
Taylor expansion in equation gives the amplitude of a term at different
frequency.



In the optomechanical system, the variance of the frequency modulations at
the mechanical frequency €, is given by (dw?) = G*(2?)wn, = 2¢2kpT/h Q.
Therefore we get the same variance in R if we set A = 2¢go\/kpT/h,. We note

that % = (k/2)" 8212(7?) , which for the variance of the signal at n€2,, leads
to
(P?) 2 2(g3kpT/hm)" (O"R(A))?
= (R = . S11
.Pl%] nQu, < > nm 77,!2 BA” ( )

For n = 1, the result of equation (3) in the main text is again reproduced. The
result of a calculation of the variances of n = 1-4, for the parameters used in
the experiment, is shown in the main text in Fig. 5c.

Waveguide modes in the sliced nanobeam

In this section we discuss the waveguide modes in the periodic region of the
sliced nanobeam in more detail. The free-standing silicon nanobeam acts as a
waveguide, which can guide light via total internal reflection. In this waveguide,
the elliptical holes form a photonic crystal that opens a bandgap for modes
with transverse electric (TE)-like symmetry (Supplementary Figure ) This
is not a full bandgap, since TM-like waveguide modes exist in the gap region.
If the symmetry of the structure is broken by fabrication imperfections, light
in the bandgap region for TE-like modes can scatter to the TM-like modes and
propagate along the nanobeam. For this reason, this is sometimes referred to as
a quasi-bandgap.

The guided mode at the lower edge of the band gap has the largest concen-
tration of energy in the nanoscale gap in the middle of the beam. The fact that
a significant portion of this mode’s energy is located in vacuum increases its fre-
quency in comparison to a non-sliced nanobeam, which reduces the frequency
width of the bandgap. To ensure maximum mirror strength, the transverse size
of the holes is made as large as possible. The elliptical hole shape is as such
important to realize a strong bandgap, in addition to providing favorable me-
chanical properties as mentioned in the main text.

To create optical cavity modes that are derived from the lower band edge,
the defect is a local decrease in distance between two elliptical holes, which
decreases the local effective refractive index and creates defect states in the
bandgap region. Supplementary Figure shows the first two cavity modes
created in this way in the sliced nanobeam. Note that the higher-order cavity
modes have a lower frequency, since they are less confined near the defect, so that
the frequency is closer to that of the waveguide mode in the periodic structure.

Overlap of optical and mechanical mode profiles

The frequency shift of the optical resonance of the sliced nanobeam due to me-
chanical motion depends on the overlap between the optical and mechanical
mode profiles. We simulated the frequency shift of the optical resonance of the
sliced nanobeam due to a uniform mechanical shift of 1 nm, as shown in the
main text in Fig. 1d. To estimate the influence of the finite extent of the mode
profiles on the response, we extract these profiles from the numerical simula-
tion. Supplementary Figure [2| shows the normalized displacement profile of the
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Supplementary Figure 1 | Optical modes in the sliced nanobeam. (a) Simu-
lated dispersion diagram showing the TE-like waveguide modes in the periodic part of
the sliced nanobeam. A bandgap is opened by the periodic structure of elliptical holes
around a frequency of 200 THz. (b) Simulated transverse electric field profiles of the
first two cavity modes of the structure. The defect that is responsible for the creation
of these modes is a slightly smaller distance between the two holes in the center of the
beam.

mechanical resonance and the normalized electromagnetic energy density profile
of the optical cavity mode, as a function of the position along the nanobeam.

The mechanical mode profile closely resembles the mode profile of the fun-
damental mode of a doubly-clamped beam. From the simulated displacement
profile we calculate the effective mass for this purely antisymmetric motion to
be meg ~ 0.39m, where m is the total mass of the sliced nanobeam, which is
indeed very close to the value obtained from the analytical displacement profile
of a uniform doubly-clamped beam.

The optical mode profile clearly shows the localization of the energy density
in the small gaps between the silicon ‘teeth’ of the structure. The simple defect
we introduce in the center of the beam localizes the optical cavity mode there,
while the field decays exponentially away from the defect, where the optical
frequency lies inside the photonic quasi-bandgap.

We compute the correction on the frequency shift due to the finite extent of
the modes from the overlap integral between these two mode profiles, and find
a factor of 0.90 with respect to the frequency shift for a uniform displacement
of the beam.

The higher-order cavity modes created by the defect are less strongly con-
fined along the length of the beam, as shown in Supplementary Figure[Ip. Since
the fundamental mechanical resonance has the largest displacement in the cen-
ter of the beam, the higher-order cavity modes are less sensitive to this motion
than the fundamental optical resonance.

Mechanical mode coupling

The mechanical modes observed in a two-beam system are combinations of the
motion of the individual beams, with in the perfectly symmetrical case fully
in-phase or out-of-phase motion. Here we derive the consequences of imperfect
symmetry for the ratio of scattered power between the two modes.

Harmonic motion of the two beams at a certain frequency 2 can be described
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Supplementary Figure 2 | Normalized resonant mode profiles of the fundamental
optical and mechanical resonance of the sliced nanobeam. The red dotted line shows
the displacement along the length of the beam, while the blue solid line represents the
local energy density.

as:

{ z;g; ] = [ z; } cos Qt = JCOSQt, where 1;: [ z; } . (S12)

Thus, 17 and 19 are the amplitudes of the oscillatory motion of the two indi-
vidual beams, such that their variance is (¢ ,) = 597 ,.

The optical response of the system is determined by the change in the dis-
tance between the beams: d = 21 —x5. Here we define x as © = d/2, which leads
to the same value of G = dw./0x for both mechanical modes. Note that this
choice of x corresponds to the lab-frame displacement of the two beams if they
move in antiphase. The variance of x due to harmonic motion described by 1/7 is
then:

(@) = £ (VT + ¥3 — 211fa) . (S13)
The state vectors of the two normal modes can be written without loss of

generality as

cosé sin 6 } . ($14)

o = Aa [ sin ]’ vs = 4s [ —cosf

For both of these modes, we can calculate the variance of x, denoted as (x:2),
and (z?)g, respectively:

1
<$2>a = gAi(cos2 0 + sin® 0 + 2sin 6 cos )

A2
= f(l + sin 26), (S15)
2 _A2 o
()5 = 3 (1 — sin 20)

For the beams undergoing thermal motion, the variance is given by the
equipartition theorem:

kgT
ma2’

kT
’I’I’LBQ%’

(@%)a = (@%)p = (S16)



where m, and mg are the effective mass of these modes. As shown in the
previous section, for the differential mode the simulated effective mass with
respect to the displacement coordinate x is meg = 0.39m, with m the total mass
of the sliced nanobeam. Evaluating equations and for a differential
mode (0 = 7/4) yields A3 = 4kpT/men€, and similarly for A3. Substituting
this back into equation , we arrive at

 kpT(1+sin20)

~ kpT(1 —sin20)
mefoa '

(@%)a , (2%)s = (S17)

meﬁrQ%

We note that thermal variance is related to the zero-point fluctuations x,p¢ as

kT, 4 h(1 £ sin 26)

2\ 2 v
<£L' >’¢ - 27191/} (xzpf) , S0 xzpf - mﬂ (818)

where ¢ = a, 8 and + respectively — is chosen as the sign for the term sin 26.
Finally, we measure (P?) and wish to relate this to a displacement vari-
ance (x?). We calculated meg using the simulated mode profile and assume the
thermal bath temperature of the mechanical modes T is equal to the lab tem-
perature, which leaves only 6 and the transduction factor dP/dx unknown. By

measuring the area of both peaks (P?), and (P?)s, we resolve the remaining
ambiguity, allowing us to calibrate the displacement spectrum.

Influence of compressive stress and experimental
disorder

The simulation of the ideal structure shown in the main text predicts the res-
onance frequency of the fundamental in-plane resonance to be 6 MHz, and ad-
ditionally the frequency difference between the anti-symmetric and symmetric
mode is negligible. We expect the frequency of the out-of-plane resonances to
be larger than that of the fundamental in-plane mode, as the narrowest part of
the half-beams (80 nm) is smaller than the Si slab thickness (200 nm).

In our experiment we find significantly smaller values of 2.6 and 3.2 MHz
for one structure, and 1.4 and 2.0 MHz for a second structure. The differences
between the frequencies of the two in-plane resonances are also larger than ex-
pected. To find the origin of this effect we measure the experimentally observed
disorder produced by the fabrication process of the second structure using a
scanning electron microscope. We then introduce these dimensions into the sim-
ulation, which results in slightly different eigenfrequencies. However, the result-
ing values are still near 6 MHz and additionally the two fundamental modes
still have only a small frequency difference.

Finally, we add an extra step to the simulation to include a static com-
pressive stress, which can result from the stress in the buried oxide layer of
the silicon-on-insulator layer structure we use|5]. We define an initial displace-
ment for one of the support pads along the length of the beam, which creates
the stress. Increasing the amount of displacement, and therefore the stress, de-
creases the eigenfrequencies predicted by the simulation. This is in accordance
with the theoretical expectation|6]. At the same time the difference between the
eigenfrequencies of the two fundamental modes increases.
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Supplementary Figure 3 | Simulation including disorder and compressive
stress. Simulated mechanical displacement profiles of the two fundamental in-plane
resonances. The dimensions of the beam were matched to the realized dimensions
using measurements with a scanning electron microscope, including differences in hole
and gap size along the beam. In addition, a compressive stress was introduced in the
simulation by displacing one of the support pads by 10 nm along the direction of the
beam.

Supplementary Figure [3] shows the displacement profiles that result from
such a simulation. At a displacement value of 10 nm (0.09% of the length of
the beam), the resonances occur at frequencies very close to the experimentally
measured values, at 1.5 and 1.9 MHz.

Influence of optical input power

In the measurements shown in the main text, we use up to 370 pW of optical
power incident on the nanobeam. Using the parameters of our fit to the re-
flection spectrum, we estimate that this results in an intracavity intensity that
corresponds to a maximum of =~ 1000 photons. For this intensity in the cavity,
we do not expect an increase in the cavity temperature of more than a few
Kelvin. As a first confirmation of this, we see thermal shifts of the cavity reso-
nance frequency of less than 1 nm, which corresponds to a temperature increase
of less than 10%.

To check the assumption more thoroughly we measured the signal strength
of the two fundamental mechanical frequencies as a function of power incident
on the structure. Supplementary Figure [4] shows the result for resonant light,
both from the zero-detuning point in swept measurements and from individual
measurements where the detuning was set to zero by minimizing the optically
induced shift of the mechanical frequency. Comparison with the line shows that
the datapoints closely follow the expected quadratic dependence on input power
for both peaks in the spectrum. The largest source of uncertainty in this mea-
surement are differences in coupling efficiency between the incoming laser beam
and the cavity due to small changes in alignments, which can influence the signal
strength between measurements.
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Supplementary Figure 4 | Power dependence. The red and blue datapoints
show the measured signal from the two fundamental mechanical resonances, obtained
by fitting both mechanical resonances in the spectra (see Fig. 2 in the main text for
such a spectrum). The data was taken at various input powers with resonant laser
light (zero detuning). The green line is a guide to the eye, with a slope corresponding
to quadratic dependence on input power. The errorbars indicate readout error of the
input power but don’t take into account possible variations in incoupling efficiency
due to slight changes in alignment.
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