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Abstract
We explore the extent to which the phenotypes of individual, genetically identical cells can be
controlled independently from each other using only a single homogeneous environmental input. We
show that such control is theoretically impossible if restricted to a deterministic setting, but it can be
achieved readily if one exploits heterogeneities introduced at the single-cell level due to stochastic
ﬂuctuations in gene regulation. Using stochastic analyses of a bistable genetic toggle switch, we
develop a control strategy that maximizes the chances that a chosen cell will express one phenotype,
while the rest express another. The control mechanism uses UV radiation to enhance identically
protein degradation in all cells. Control of individual cells is made possible only by monitoring
stochastic protein ﬂuctuations and applying UV control at favorable times and levels. For two identical
cells, our stochastic control law can drive protein expression of a chosen cell above its neighbor with a
better than 99% success rate. In a population of 30 identical cells, we can drive a given cell to remain
consistently within the top 20%. Although cellular noise typically impairs predictability for biological
responses, our results show that it can also simultaneously improve controllability for those same
responses.

1. Introduction
The overall goal for much of the biomedical sciences is
to control biological behaviors to achieve a desired
outcome (e.g., apply or maintain a sufﬁcient dosage of
chemicals to eliminate abnormal, cancerous cells)
while minimizing deleterious effects (e.g., reduce
toxicity, expense and inconvenience to the patient). In
an ideal world, one would envision open-loop control
laws, in which a ﬁxed treatment regimen always
achieves the same desired result without the need for
intermediate changes or decisions. More realistically,
every tissue, organism or person is different, and we
will need to continually monitor and update our
control strategies, giving rise to closed-loop control
approaches where treatments are continually adjusted
in time (e.g., personalized medicine). Although control of the immense complexity of biochemical
© 2015 IOP Publishing Ltd

reactions in multi-cellular organisms is beyond current imaginable technology, recent studies have sought
to gain some insight into these processes through the
analysis of simpliﬁed gene regulatory pathways in
single-cells within larger populations [1, 2]. But even
to control such simpliﬁed processes, one must ﬁrst
develop quantitative understanding for how control
inputs interplay with the uncertainty associated with
un-modeled biological complexities, and how these
interactions affect the resulting biological responses.
One of the main impediments to development of
precise and effective biomedical control strategies is
the existence of uncertainties and variability. Issues of
heterogeneities (commonly referred to as noise) often
arise even at the level of single, genetically identical
cells, which can exhibit diverse responses when
exposed to identical environmental conditions or drug
regimens [3–9]. This phenotypic variation is due in
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Figure 1. a) A classical representation of a genetic toggle switch [18], in which two protein species repress one another and the
degradation rate of one protein is enhanced by UV radiation. (b) A simpliﬁed toggle switch model in which the two mutually
inhibiting protein dynamics are approximated by a single, self-inducing gene. Protein degradation can be enhanced by increasing
levels of UV radiation. (c) Production and degradation rates versus the number of proteins, x, in the simpliﬁed toggle switch model.
The production rate, k (x) = k 0 + k1*x m (x m + β m), is plotted in green, and the degradation rate, R (x) = (γ + U ) x , is plotted in
brown. In a deterministic representation, protein levels evolve according to x˙ = k (x) − R (x). Intersections where k (x) = R (x)
provide the stationary points. The three panels correspond to cases where UV is low (top, a single high equilibrium point), moderate
(middle, two stable and one unstable equilibrium points) or high (bottom, a single low equilibrium point).

large part to the intrinsic stochasticity of gene expression and associated biochemical reactions within individual cells, and it has been shown that heterogeneity
can have tremendous consequences on levels ranging
well beyond single cells and up to the entire population [10–15]. Different phenotypes may be optimal or
sub-optimal depending upon the speciﬁc environmental condition at each time. In environments subject to quick and potentially deadly changes, cells may
exploit intrinsic variability and switch prematurely
into phenotypes that are suboptimal for the current
environment, but which are more likely to survive catastrophic environmental changes [5, 11, 16, 17]. Such
bet-hedging strategies enable persistent bacteria to
survive severe antibiotic treatments, or persistent cancer cells to resist chemotherapy [11]. By exploring the
potential to selectively control the phenotypes of individual cells within a larger population of genetically
identical cells, we hope to gain new insights on population behaviors. Such insight could be instrumental in
the design of more effective control strategies in emerging biomedical and bioengineering applications.
In this work, we build simpliﬁed mathematical
and computational models to capture the dynamics of
stochastic gene regulatory responses when subjected
to temporally ﬂuctuating, yet spatially homogenous,
environmental conditions. We then use this model to
explore the theoretical possibility that one could select
a single cell at random from within a population, and
then use a single spatially uniform input to control
that particular cell so that it achieves a different phenotype than the rest.
The particular gene regulatory network we study
in this work is that of the synthetic genetic toggle
switch, which was engineered by Gardner et al [18].
2

This system consists of two proteins, LacI and λcI, acting in a mutually inhibitory fashion (see ﬁgure 1(a)).
For certain parameters sets, this design results in bistability, wherein each cell can be in one of two distinct
states, where LacI is high and λcI is low, or where LacI
is low and λcI is high. The LacI level of individual cells
can be determined by means of a ﬂuorescent protein
reporter, which is expressed in tandem with LacI and
is observed using ﬂuorescence microscopy. In the
work of Kobayashi et al [19], degradation of one of the
regulatory proteins (λcI) was placed under the control
of UV radiation via the SOS signaling pathway, which
allowed the system to be pushed from the λcI-stable
phenotype into the LacI-dominant phenotype. They
found that in the absence of UV, cells remained in
their original phenotypes; upon application of large
quantities of UV, all cells switched to the low λcI state;
and under short pulses of intermediate UV levels,
some cells switched while others did not. This variability arises from randomness in the timing and order
of cellular reactions, causing independent isogenic
cells to exhibit slightly different levels of the λcI and
LacI proteins at any point in time. Several stochastic
models of the genetic toggle switch have been considered in the literature [20–22].
In recent studies, several groups have developed
microﬂuidic based, real-time feedback control strategies aimed at using UV or chemical signals to control
cellular behaviors over time [1, 2, 23–25]. These
efforts have been aimed at controlling the entire population of cells or a single individual cell over time.
Inspired by the genetic toggle switch [15, 17–19, 26]
and the expanding ability to change environmental
conditions based upon single-cell observations, we
now explore the possibility to simultaneously drive the
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bulk of a cell population to one phenotype while controlling a single individual cell to another.
In the following work, we ﬁrst introduce a simpliﬁed mathematical description of the genetic toggle
switch, which considers a single self-inducing protein.
We then propose a control law of UV radiation, which
applies to all cells equally, but in which the UV
strength is chosen based on the relative states of the
chosen cell and its surrounding neighbors. This control law introduces a coupling between the different
cell trajectories. We show that a deterministic analysis
predicts that separate control of individual cells is not
possible. Next, using stochastic simulations and direct
solutions of the chemical master equation, we show
that the combination of cellular noise and an automatic control law can force a single chosen cell to
maintain a qualitatively different response than the
others. We illustrate this capability numerically ﬁrst
for a set of two cells and later for larger populations. To
take into account protein production, folding and
degradation, we examine the effects of time delays
upon the results of the control law. We also explore the
effects that measurement noise and extrinsic parameter variations can have on the successful control of
a single cell in a population. Finally, we show that our
approach designed using the simpliﬁed toggle switch
can be extended to an expanded model of the genetic
toggle switch including nonlinear interactions
between two protein species within each cell.

2. Models and methods
In this work we consider a population of identical cells
all subjected to the same environmental conditions.
We start by simplifying the classical toggle switch
mechanism [18], depicted schematically in ﬁgure 1(a),
to a simpler model in which only one type of protein is
produced and up-regulates itself (see ﬁgure 1(b)). In
each cell, the protein of interest is produced at a basal
rate, k0, plus an induced rate via positive feedback,
modeled by a Hill function of the form:
k1 x m (x m + β m), where x is the instantaneous concentration of proteins, k 0 + k1 is the saturated production
rate and β is the concentration of protein at half
maximum induction. Proteins are subject to natural
degradation, proportional to their concentration. The
differential equation for the time evolution of x in each
cell thus reads:
dx
xm
= k (x) − R (x) = k 0 + k1 m
− γx . (1)
dt
x + βm

Provided that m ⩾ 2, it is possible for the ODE
description of this system to realize either one (stable)
or three (two stable and one unstable) stationary
points. The actual number of equilibrium points
depends upon the other parameters, and in particular
the degradation rate, γ, a fact we will utilize below.
3

In their study of the genetic toggle switch, Kobayashi et al [19] constructed a synthetic circuit where the
stability of the toggle state with high λcI could be disrupted through the application of UV radiation, which
increased degradation of λcI. Along this line, we now
assume that the system can be subjected to UV radiation, which enhances the instantaneous degradation
rate of protein in our model according to γ = γ0 + u .
Under this control law, the differential equation for
the protein concentration becomes:
dx
xm
= k 0 + k1 m
− u + γ0 x .
dt
x + βm

(

)

(2)

We assume that all other parameters controlling
protein production (m, k0, k1, β) and basal degradation (γ0) are ﬁxed and independent of UV. In this
expression, the UV strength is the controllable input
function, which depends solely on the protein number
(concentration) and not explicitly on time. The UV
signal is assumed to be continuous and differentiable,
which guarantees the existence and uniqueness of the
solutions for equation (2). Under these assumptions, u
will determine the number and location of all stationary
points, as given by the zeroes of the polynomial:
k 0 + k1

xm
− u + γ0 x.
xm + βm

(

)

Figure 1(c) shows three possible examples to compare
the production rate, k(x), and the degradation rate
R(x), where UV radiation is low (top), moderate
(middle) or high (bottom). For low and high UV,
there is a single equilibrium point at high or low values
of x, respectively. For moderate UV, there are two
stable and one unstable equilibrium points.
Now that we have a model for a single cell that can
be switched via UV control from a single stable high
equilibrium, to a pair of high and low stable equilibria,
and then to a single low equilibrium, we now examine
the effects of UV on multiple cells simultaneously. For
this, we ﬁrst consider a population with two independent cells, given by a two dimensional vector
x = [x1, x 2 ], where both x1 and x2 evolve according to
the same ODE as before (equation (2)). Once again the
number and location of equilibria depend upon the
level of UV radiation. For low or high UV signals, x1
and x2 will converge to an equilibrium that is high or
low, respectively. For intermediate UV levels, a total of
four stable equilibria will be possible: low protein
expression in both cells, high protein expression in
both cells, low protein in cell one and high protein
expression in cell two, or vice versa. Figures 2 (b)–(d)
illustrate schematically how low, moderate or high UV
radiations affect the phase diagrams of the protein trajectories for the two cells. In this deterministic setting,
every control law, in which the UV level is a continuous and differentiable function of x1 and x2, will
assign every initial condition to a unique corresponding trajectory. In particular, no trajectory can cross the
x1 = x 2 line. As a result, the ranking of gene expression
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Figure 2. (a) A cartoon of the model considered: two identical cells each governed by a toggle switch are subjected to the same UV
radiation. (b-d) A schematic phase diagram of the system with two cells, each governed by the same simpliﬁed toggle switch (see
ﬁgure 1(b)) at three different UV radiation values: (b) low UV; (c) moderate UV; and (d) high UV. Axes represent number of proteins
in cell one and cell two, circles and crosses mark the stable and unstable steady states, respectively.

levels in different cells depends exclusively on their
initial condition, and it would be impossible to modulate this ranking using only a single control input. We
next explore if the same conclusion holds when we
account for intrinsic stochasticity in the underlying
biochemical reactions.
2.1. Stochastic description
In our analysis, we assume that at any given time, all
cells have identical parameters, and the UV radiation is
applied equally to all cells. As a result, in our ODE
description, if two genetically identical cells start at
equal protein concentrations, then both will maintain
equal protein concentrations for all subsequent times,
and it is not possible to favor one cell over any of the
others without direct intervention at the single-cell
level. However, for systems involving small numbers
of interacting molecules, cells may exhibit stochastic
dynamics that are not captured by deterministic
analyses. Instead, one must transition to a stochastic
representation of protein dynamics, where protein
numbers continually ﬂuctuate over time and from one
cell to the next. By random chance, a given cell will
occasionally have higher protein expression than its
immediate neighbor, and this could allow us to
systematically alter the UV strength in order to
maximize or minimize this difference.
In our stochastic description, the instantaneous
number of proteins in N cells is described as a random
non-negative integer vector, x̃ = [˜
x1, … , x˜ N ]T ∈ N .
Reactions change exactly one molecular species by a
single molecule (positive or negative), and correspond
to transitions from one state x̃ i to another
x˜ j = x˜ i ± eh , where the stoichiometry vector, eh , is
zero except for the h th entry, where it is unity. The propensities of the stochastic transitions (or stochastic
reaction rates) are chosen using the same parameters
and functions as for the deterministic process. Given
the current state x̃ , the time until the next production
or degradation event for species j is given by an exponential distribution with average waiting time
4

 {τ+h } = k (˜
x h )−1 or  {τ−h } = (γ (u) x˜h )−1, respectively. With these deﬁnitions of the stoichiometry and
stochastic reaction rates, it is now possible to use the
Stochastic Simulation algorithm (SSA, [27]) to simulate trajectories of the entire process for all N cells, and
for any deﬁnition of the control law u = u (˜)
x.
In these SSA simulations, each time a reaction
ﬁres, new stochastic reaction rates, k (x i ) and R (x i, u),
are computed for each cell, and the UV level is based
on the instantaneous number of proteins in each cell,
u (x1, x 2, …).
As an alternative to the simulation of multiple trajectories, we can develop a chemical master equation
to describe the probabilities of every possible state
x i = [x1i, … , x Ni ]T in the inﬁnite set of possible states
X = {x1, x 2, …}. Here, we use xhi to denote the number of proteins in the h th cell for the i th state. Let Pi(t)
denote the probability that the system is in the i th state
at the time t, and let P(t ) = [P1 (t ), P2 (t ), …]T be the
vector of probabilities for all states {x1, x 2, …}. This
probability vector evolves according to the linear
ordinary differential equation, P˙ (t ) = AP (t ), known
as the chemical master equation, (CME). The inﬁnitesimal generator, A , in the CME is given by:
⎧
m
m
m
⎪ k 0 + k1 x hj β + x hj
⎪ for x i = x j + e h
⎪
⎪ γ + u ( x j ) x hj
⎪
⎪ for x i = x j − e h
⎪ N
A ij = ⎨
m
m
m
⎪ −∑ k 0 + k1 x hi β + x hi
⎪ h =1
⎪
⎪ + γ + u ( x i ) x hi
⎪ for i = j
⎪
⎪0
⎩ otherwise

(

(

)

)

(

(

(

) )

)

(3)

The elements of the inﬁnitesimal generator matrix A
include the dependence of u (x) in the degradation rate
at each point x i ∈ X . We note that even though
trajectories of x̃ and u (˜)
x are discrete and random, the
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CME is a linear time invariant ODE: P˙ = AP. Because
the potential number of proteins in each cell can be
any integer number, the dimension of the CME is
inﬁnite. However, we can approximate the solution by
setting a limit on the maximum number of proteins
allowed in each cell. By using an absorbing boundary
condition at this limit, we can estimate the error
incurred through this truncation at any time using the
ﬁnite state projection approach [28]. Furthermore, by
using a reﬂective boundary condition at this limit, we
estimate the stationary distribution of the process as
the solution of the linear equation AP∞ = 0. To
integrate the truncated analysis of the CME forward in
time, we use the package expokit [29, 30] implemented
in Matlab [31]. For additional details on the set up and
solution of discrete stochastic processes using the FSP
approach, we refer the interested reader to references
[28, 30, 32].
2.2. Two protein species model
We next consider an extension of the simpliﬁed toggle
switch model to describe expression of two mutually
repressive proteins in each cell. This represents the
original toggle switch designed by Gardner et al, where
the mutually inhibiting proteins are LacI and λcI [18].
A schematic for the standard toggle switch model is
shown in ﬁgure 1(a). As redesigned by Kobayashi et al
[19], the degradation rate of λcI is controlled via UV
radiation, such that one can optogenetically push the
system from a state of high λcI expression to a state of
high LacI expression. We will later use this feature to
specify a UV radiation control law such that the
expression of LacI is made high in one pre-speciﬁed
cell and small in all of the others. Using parameters
originally ﬁt to the original UV dependent response
distributions [19, 20], the rates for the production of
λcI and LacI are given by:
k λcI = k λ(0)
cI +

k λ(1)
cI
1 + αLacI [LacI]2.1

⎛
⎞
0.016
= ⎜ 6.8 × 10−5 +
⎟ s −1
−3
3
⎝
1 + 6.1 × 10 [LacI] ⎠
(0)
+
kLacI = kLacI

(1)
kLacI

1 + α λcI [λcI]3

⎞
⎛
0.017
= ⎜ 2.2 × 10−3 +
⎟ s −1. (4)
−3
2.1
⎝
1 + 2.6 × 10 [λcI] ⎠

The degradation rate for LacI is the dilution rate due to
division (γLacI = 3.8 × 10−4s −1), and the degradation
rate for λ cI depends upon the UV levels as:
⎧ 3.8 × 10−4s −1 at UV = 0 J m2
⎪
γλcI = ⎨ 6.8 × 10−4s −1 at UV = 6 J m2
⎪
⎩ 2 × 10−3s −1 at UV = 12 J m2

(5)

For the stochastic simulation of the process in N
genetically identical cells, the reactions are similar to
those described above for the toy model, but the
5

Figure 3. Preliminary control law for the application of UV
radiation based upon comparison of the protein content for
two cells. When both cells contain little protein (bottom left
corner), no UV is applied (u1 = 0 ). When protein content is
high in cell one and low in cell two (bottom right corner)
moderate UV is applied (u2 = 0.75). When protein content in
cell two is above a threshold ( = 12) (upper part), high UV is
applied (u3 = 1.75). All parameters for the gene regulatory
circuit (k 0 = 5, k1 = 50 , β = 20, m = 4 and γ = 0.5) are ﬁxed
and identical for both cells. Degradation rate parameters (i.e.,
γ and ui) have arbitrary units of inverse time, and production
rates (i.e., k0 and k1) have units of molecules per unit time.

expanded state vector is now
x̃ = [˜
x11, x˜12, … , x˜ N1, x˜ N 2 ]T ∈ 2N .

given

by

3. Results
Beginning with the one-protein version of the toggle
model and using our direct CME analysis, we found a
simple control law for UV radiation that favorably
drives a single chosen cell to express high levels of
protein, while another identical cell is driven simultaneously to express low levels of protein. Figure 3
depicts the chosen strategy for how the UV level
depends upon the level of protein in the chosen cell
(x1) and in the competitor (x2). In this strategy,
depending upon the pair (x1, x 2 ), the UV signal at any
given time attains one of three values: u1, u2 or u3. This
preliminary control law was built as follows: ﬁrst, if the
number of proteins in both cells is low (bottom left
part of the plane), low UV is applied, allowing the cells
to produce protein freely. Because of the symmetry
between the cells, the trajectories will move roughly
parallel to the x1 = x 2 line. However, because of the
stochastic nature of the process, the system will
ﬂuctuate into the regions where the protein expression
is higher in one cell than the other. Second, if the cell
population randomly moves to the region where
protein expression in cell one is high, and the protein
expression in cell two is low (bottom right part of the
plane), we apply moderate UV to stabilize the system
in this favorable condition. Third, when expression in
cell two becomes elevated, we apply a higher level of
UV. This reduces expression in both cells, but brieﬂy
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Figure 4. Example stochastic trajectories [27] for the number of proteins versus time for three cells, all subjected to the same UV signal
over time. Trajectories for cells whose expressions are controlled to be high and low are shown in red and blue, respectively. A
trajectory for a third cell that experiences the same UV signal but is not included in the control decisions, is shown in black. The top
plot represents the UV radiation applied to all cells over time. The curves to the right show the marginal probabilities for the number
of proteins in each cell, as determined form a single long stochastic trajectory.

and only until cell two falls below the threshold,
thereby allowing cell one a greater chance to remain
closer to the high stable state at moderate UV levels.
In ﬁgure 4, we illustrate the results of this control
law when applied to the trajectories of proteins versus
time for a population of three cells. These cells correspond to one cell intentionally driven to have high
expression (red), one cell intentionally driven to have
low expression (blue), and a third cell (black) that is
subject to the ﬂuctuating UV level but upon which the
control law does not depend. Marginal distributions
computed using a long time simulated trajectory are
shown for each cell to the right of the trajectories.
From the ﬁgure, it is clear that the UV control law successfully maintains the ﬁrst cell in the high state (red,
〈x1 〉 = 44.3 ± 5.8) and the second cell in the low state
(blue, 〈x 2 〉 = 4.7 ± 2.5). Meanwhile, the cell that is
not speciﬁcally controlled (black, 〈x 3 〉 = 23 ± 21) is
free to ﬂuctuate between high and low states.
In addition to simulating the trajectories for the
two cells, we also used the direct chemical master
equation analysis to integrate the CME forward in
time and estimate the stationary marginal and joint
distributions of the protein content of the two competing cells. Figure 5 summarizes these distribution
shapes for four different cases of UV control: low,
moderate, high, and using the control law deﬁned in
ﬁgure 3. In each case the joint distribution is shown on
the left and the marginal distributions are shown on
the right. UV levels that do not depend upon the concentrations in the two cells, shown in ﬁgures 5(a)–(c),
do not break the symmetry between the cells, and the
UV-dependent marginal distributions are identical for
the two cells. In contrast, ﬁgure 5(d) shows that the
chosen UV control law is successful to make it highly
probable that cell one has high expression and cell two
has low expression. Solving numerically the CME, we
6

found that the equilibrium probability that the protein
level in cell one exceeds that of cell two is
Prob(x1 > x 2 ) = 0.998 with the speciﬁed control law.
To conﬁrm the consistency between the stochastic
simulations and the direct CME solutions, ﬁgure 5(d)
plots the marginal solutions for both approaches.
We next extended the control law found for the
two-cell population to the case of a N-cell population,
N ⩾ 2. To keep the control law as simple as possible,
we maintained the same three regions of different UV
values shown in ﬁgure 3, as well as the same three
values for the UV radiation {u1, u 2, u3 }. However, the
UV level is now based on the comparison of the number of proteins in cell one, x1, and the maximum number of proteins in all other cells, max iN=2 (x i ). As above,
we simulated the trajectories of all N cells simultaneously under the controlled UV radiation. Foreseeably, the effectiveness of the control law is
decreased when a larger population is considered. This
effect is quantiﬁed in ﬁgure 6(a), (top, black diamonds), which shows the time averaged percentile
rank of the chosen cell versus the total number of cells
in the population. The probability that protein expression in cell one is higher than the mean expression in
all other cells drops below 80% only for N ⩾ 30.
In order to make the model more applicable to
practical implementation, we next extended the analysis to consider time delays that are present in all cellular processes [33, 34], especially in the production
and maturation of the ﬂuorescent proteins that are frequently used to quantify gene regulatory responses
[35]. To introduce the effects that such a time delay
would have on the differential control of single cells,
we assume that the UV control law depends not upon
the state at the current time, x(t ), but upon the state at
an earlier time x(t − τ). Figures 6(a) and 6(b) show
how the effectiveness of the control law decreases as
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Figure 5. Stationary distributions for the joint probabilities (left) and marginal probabilities (right) for the protein content in two cells
under four different UV control laws: (a) low UV, (b) moderate UV, (c) high UV and (d) UV control law given in ﬁgure 3. On the
right, marginal distributions computed using CME, for cell 1 (red) and cell 2 (blue), are compared. The inset in panel (d) shows the
marginal probability distributions computed from a single long trajectory obtained using the SSA [27].

the time delay increases (e.g., due to longer ﬂuorescent
maturation times or delays in the activation of the UVinduced SOS pathway). While short delays may be tolerated, once time delays reach or exceed the half-life of
the controlled protein, the effectiveness of the control
7

law rapidly diminishes. Maturation times for ﬂuorescent proteins vary considerably from about two
minutes for the fastest variant of yellow ﬂuorescent
protein to thirty or more minutes for common fast
folding green ﬂuorescent proteins [36, 37]. For
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Figure 6. Time-averaged percentile rank of the chosen cell versus the number of competing cells in the population for measurement
noise and time delays. The UV is chosen as discussed in the main text. (a) Success rates versus the number of cells in the population.
Solid lines correspond to different measurement time delays, τ, using the same time units as ﬁgure 3. The dashed line corresponds to
no time delay but with 20% standard deviation uncorrelated white noise added to all measurements. The blue line corresponds to the
success rate in the absence of any control law. (b) Success rates versus the time delay normalized by the protein half-life at the lowest
UV setting τ τ1 2 = τ (log 2 γ ) for 2, 3 and 4 competing cells.

bacterial division times of about 30 minutes, this result
emphasizes the substantial impact that the choice of
protein reporter could have on our ability to actively
monitor and control cellular responses. To explore the
effect that errors in the estimate of the absolute protein
copy number would have on the success rate of the
control law, we next assumed that measurements of
the protein levels were corrupted by uncorrelated
white noise with 20% standard deviation. Because our
control law only needs to examine two cells (i.e., the
chosen cell and the maximum of its competitors) and
assign them to one of three coarse regions (see
ﬁgure 3), the success rate is highly insensitive to errors
in the measurement of the absolute protein numbers
(see ﬁgure 6(a), dashed line).
In addition to the effects of time delays and measurement errors, we also consider the effects that
extrinsic variability in protein synthesis rate would
have on the control law effectiveness. In a series of
simulations, we considered the case of variability in
the synthesis rate, introduced by scaling both k0 and k1
by a common factor chosen from a normal distribution with a 10% standard deviation at the beginning of
each independent simulation. To explore the effects
that biases may have on the single-cell controllability,
we assign the production rate of the chosen cell as the
mean, the mean plus one standard deviation or the
mean minus one standard deviation of the whole
population. In ﬁgure 7(a) we show the average effectiveness of the control law based on the maximum
protein expression in other cells. From the ﬁgure, we
see that extrinsic variability can have a substantial
effect on the average cell ranking. If the chosen cell has
weaker production strength than its neighbors, then
its uncontrolled ranking will be lower than the 50th
percentile, but the addition of control can signiﬁcantly
8

increase this ranking (compare solid and dashed purple lines in ﬁgure 7(a)). If the chosen cell has stronger
production rate than its competitors, then control can
further increase that cell’s advantage, at least for small
populations size of about 70 cells or less (compare
solid and dashed orange lines in ﬁgure 7(a)). We note
that extrinsic variability plays a substantial role in the
effectiveness of the control strategy from one random
population to the next. To illustrate this concern,
ﬁgure 7(b) plots the success probability for two cells
with different relative production rates. When the
chosen cell has an elevated production rate, control
becomes very easy, but if the chosen cell’s production
rate falls below the threshold needed to maintain bistability (i.e., to the left of the red bar in ﬁgure 7(b)),
successful control becomes almost impossible. We
next examined 200 randomly generated populations
of 30 cells apiece, where the chosen cell’s transcription
rate is the mean of transcription rates in other cells.
Figure 7(c) plots the distribution of the success probability for the controlled (green) and uncontrolled
(blue) system. From the ﬁgure, it is clear that the control law substantially improves the cell rankings overall, but for populations of heterogeneous cells, the
speciﬁc success rate depend heavily on the particular
population.
The control law we used thus far was always based
on the maximum protein expression in other cells–the
decision about the level of UV applied was made after
assessing the maximum number of proteins in all
other cells. We next explored how the effectiveness of
control changes if the decision about the UV level is
based on different statistics of the protein expression
levels. Figure 8 shows the success rates versus the number of cells for additional control laws based upon the
mean, the median, and the 75th percentile of the
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Figure 7. Inﬂuence of extrinsic variability in protein synthesis rates on the control law effectiveness. (a) Success probability as a
function of the number of cells for different cases of variability of the synthesis rates. All cells are perturbed by 10 % variability in their
synthesis rate, and the synthesis rate of the chosen cell is ﬁxed as the mean of the population (mean) plus or minus one standard
deviation (mean+ and mean-, respectively). Results are shown for the uncontrolled system (no control), and for the system subjected
to the control law based on the maximum protein expression in other cells (max control). For comparison, previous cases without
extrinsic parameter variation are replotted (no noise). (b) Success probability for two cells versus the protein synthesis rate of the
chosen cell divided by the synthesis rate of the other cell. The red bar on top indicates the regime for which a cell still exhibits
bistability. Error bars indicate standard deviation computed over 20 simulations. (c) Distribution of the success probability for 200
simulations of different 30-cell populations with 10% random deviations in synthesis rates for the uncontrolled system (blue) and
with the maximum control law (green). In all situations, the transcription rate of the chosen cell is equal to the population mean. We
also plot reference lines for the system without protein synthesis noise (red lines, solid for the uncontrolled system, dashed for
controlled system).

Figure 8. Comparison of the effectiveness of different control
laws. Shown is the success probability as a function of the
number of cells for different control strategies: the control law
based on the maximum expression of other cells (red
squares), the control law based on the mean expression,
(black diamonds), the median (orange circle), the 75th
percentile (gold squares) and the control law that only
considers the chosen cell (brown diamonds). We plot for
reference the uncontrolled system, for which the UV level is
constant (blue circles). Error bars indicate the standard error
of the mean (SEM) for 12 independent repeats.

neighboring cells. We also considered an independent
control law where the UV depends only upon the level
of protein in the chosen cell compared to a null cell
9

assumed to have no expression (i.e., lying on the x-axis
of ﬁgure 3). The success probabilities plotted in
ﬁgure 8 show that our preliminary control law based
on the maximum works the best for small populations. As the number of cells increases, the law based
on the 75th percentile and then median begin to outperform the control based upon the maximum. The
success probability for the independent control law
does not vary with the number of cells, suggesting that
for very large populations, such a controller may be
optimal. Interestingly, the success probability for the
mean is not monotonic. This is likely due to fact that
the average of a ﬁnite population ﬂuctuating within a
bimodal probability landscape can be very different
from the instantaneous state of any individual within
that population.
The ﬁnal extension of the analysis is to consider
the genetic toggle switch model with two protein species. In this case our aim is to ﬁnd a UV radiation control law, such that the expression of LacI is high in one
cell and small in all others. As before, the control law
will be UV radiation applied at three levels only and
the choice depends on the current state of the system.
However, in this case, the control law is based upon a
limited amount of directly observable information
and directly controllable dynamics. Speciﬁcally, we
assume that only the level of LacI can be measured
experimentally through use of a ﬂuorescent protein
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Figure 9. (a) Time evolution of the number of LacI proteins in ten cells expressing LacI and λcI proteins, subjected to UV radiation
control law discussed in the main text. The trajectory for the chosen cell, in which we want to enhance LacI expression, is plotted in
red. The trajectories for the nine other cells, in which we want to damp LacI expression, are plotted in grey and their mean is plotted in
blue. (b) Number of LacI (x-axis) and λcI (y-axis) proteins in ten cells, as in panel (a). Parameters of the gene regulatory circuit (see
main text) are ﬁxed and identical for all cells. The inset in panel (b) shows two example trajectories of LacI and λcI content in two cells
subjected to constant UV, under which the cell exhibits either high LacI or high λcI.

reporter, yet only the degradation rate for λcI can be
controlled via application of UV radiation [20].
Given these constraints, we pose a control law that
is essentially the reverse of the law we used in the previous analyses (compare to ﬁgure 3): high UV is
applied when the system is in a state of low LacI
expression in all cells, moderate UV is applied if the
system has high LacI expression in the chosen cell and
low expression in other cells (desired states), and low
UV is applied if the system has high LacI expression in
other cells, regardless of its expression in the chosen
cell. Note that here we steer the system to the desired
states indirectly, since the UV does not affect LacI
expression directly and only the inhibitory interactions of LacI and λcI enable tuning of the LacI expression using UV radiation.
Figure 9 shows the results of the control law
described here, applied to a population of ten cells. In
the chosen cell (red curve) we drive the expression of
LacI to be high (panel (a)), while the levels of λcI are
driven to be low (panel (b)). For the other nine cells in
the population, we drive the cells to the opposite behavior (grey curves represent individual trajectories and
their mean is plotted in blue). To illustrate how dramatically different the controlled cell’s behavior is in
comparison to the others, panel (c) illustrates the same
trajectories for the ten different cells, all on the LacIλcI plane.

4. Discussion
Intrinsic stochasticity of biomolecular processes that
involve small numbers of important molecules, creates
uncertain ﬂuctuations (or ‘noise’) that restrict our
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ability to make precise and accurate predictions for the
behavior of individual cells. Conversely, for deterministic processes that lack these intrinsic uncertainties,
knowledge of the initial conditions and reaction
dynamics provide accurate and complete predictions
for the system evolution in time. Since the ability to
control behavior stems from the ability to predict that
behavior under different input signals, the uncertainty
underlying gene regulation suggests an obstacle that
could make it more difﬁcult to control individual cells
without direct intervention at each individual cell. In
this work, we found the opposite; stochasticity can
break symmetry and actually enable precise control of
many individual cells using a single input.
We illustrated that one could in principle exploit
stochastic ﬂuctuations to drive individual, yet identical
cells each into a pre-speciﬁed, desired state. This capability was illustrated using two models of cell populations, where dynamics are governed by simpliﬁed
versions of the genetic toggle switch (ﬁgure 1(a), (b))
[18, 19]. We asked if application of a single universal
input (e.g., UV radiation) applied simultaneously to
the whole population of cells could force one chosen
cell to exhibit a qualitatively different phenotype than
the others. For a deterministically varying process, we
showed that the phenotype of each cell depends
entirely on its initial condition, and therefore it
would be impossible to individually control cell phenotypes without ﬁrst specifying these initial conditions. Since it is well recognized that many single-cell
gene regulation behaviors can be understood better
using stochastic formulations [7], we also explored the
case where the protein levels could ﬂuctuate according
to discrete stochastic reactions. We found that these
ﬂuctuations render identical cells to become distinct
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and susceptible to control inputs. In turn, this ﬂuctuating susceptibility allowed for formulation of control
laws that depend on the observed and continually perturbed states of the system.
Using a combination of stochastic simulations and
direct solutions of the chemical master equation, we
designed a simple control law (see ﬁgure 3) that drives
many cells, with high probability, to pre-speciﬁed
states of high protein expression in one speciﬁc cell
and low protein expression in the rest. We applied this
control law to two different versions of the genetic toggle switch for different populations sizes, and we also
explored how time delays inherent to the slow-folding
dynamics of ﬂuorescent proteins would affect our
ability to control cellular phenotypes. Our analyses
showed the principle that a simple strategy could successfully control small populations provided that the
time delay is smaller than the half life of the protein
whose degradation is under control (see ﬁgure 6). We
also showed that the chosen control law could work in
the presence of 20% or more measurement uncertainties (see ﬁgure 6(a)) as well as for 10% extrinsic variabilities in single-cell production rate parameters (see
ﬁgure 8).
The control law we used in this preliminary analysis permitted exactly three discrete levels of UV radiation. For two cells, the UV level was chosen based
upon a simple comparison, and for N cells, the UV
level was chosen based on the protein level in the chosen cell and cells at different percentile ranked within
the remaining population. In all cases within this
study, a single non-optimized control strategy has
been used (see ﬁgure 3). Controlling the UV level as a
continuous function of the two cell’s protein levels
would likely lead to far more effective results, but
could also lead to increased sensitivity to measurement errors. Furthermore, for populations of heterogeneous cells, our preliminary comparison of the
chosen cell with a summary statistic of the other cells is
an arbitrary choice meant to illustrate the feasibility of
control. In principle one could specify the UV level in
terms of the any other function of the N dimensional
levels if single-cell expression. It is extremely likely that
improved control strategies could drive the system to
the desired state with far greater success probability,
and the optimization of such multi-cell stochastic control strategies represents a rich area for future exploration. Our computationally demonstrated feasibility
for the use of noise to control individual phenotypes of
multiple cells with a single input, suggests that noiseenhanced control could eventually play an important
role in biomedical engineering. Such approaches
could complement genetic techniques of synthetic
biology and the single-cell perturbation techniques of
microﬂuidics and optical control to improve capabilities for multi-cellular control in future tissue engineering and regenerative medicine applications.
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