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 10 

Approaching the theoretically limiting open circuit voltage (Voc) of solar cells is crucial to 11 

optimize their photovoltaic performance. Here we demonstrate experimentally that 12 

nanostructured layers can achieve a fundamentally larger Fermi-level splitting, and thus a larger 13 

Voc, than planar layers. By etching tapered nanowires from planar InP, we directly compare 14 

planar and nanophotonic geometries with the exact same material quality. We show that the 15 

external radiative efficiency of the nanostructured layer at 1 sun is increased by a factor 14 16 

compared to the planar layer, leading to a 70 mV enhancement in Voc. The higher voltage arises 17 

from both the enhanced outcoupling of photons, which promotes radiative recombination, and 18 

the lower active material volume, which reduces bulk recombination. These effects are generic 19 

and promise to enhance the efficiency of current record planar solar cells made from other 20 

materials as well. 21 

 22 

To maximize the conversion efficiency of sunlight into electricity, a photovoltaic device needs to 23 

simultaneously achieve optimal photocurrent and voltage. Nanophotonic engineering has been 24 

employed to enhance the photocurrent of solar cells by reducing reflection and increasing solar light 25 

absorption via light trapping1–7, and values close to full absorption have already been achieved8. 26 

Therefore, in order to bring the photovoltaic conversion efficiency closer to the theoretical limit as 27 

determined by Shockley and Queisser9, the open circuit voltage (Voc) needs to be further improved10–13. 28 
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The Voc is generally expressed as a function of photocurrent density Jsc and dark current density J0 as 29 

𝑉𝑉𝑜𝑜𝑜𝑜 ≈
𝑘𝑘𝐵𝐵𝑇𝑇
𝑞𝑞

ln 𝐽𝐽𝑠𝑠𝑠𝑠
𝐽𝐽0

, 
 
in which kB, T and q are the Boltzmann constant, solar cell temperature, and electron 30 

charge, respectively14.  31 

The dark (saturation) current density is proportional to the recombination rate, and can be 32 

separated into a radiative part and a non-radiative part. Maximizing the voltage requires minimizing 33 

recombination, but even a perfect solar cell must undergo radiative recombination to remain in thermal 34 

equilibrium with its surroundings. As such, radiative recombination is not a loss but a thermodynamic 35 

necessity, and optimizing external light emission therefore improves solar cell performance15. On the 36 

other hand, non-radiative recombination caused by bulk defect and surface recombination, constitutes 37 

a loss that can be eliminated. Therefore, improving the Voc requires increasing the ratio of external 38 

radiative to total recombination rates, which is equivalent to increasing the external radiative efficiency 39 

(𝜂𝜂𝑒𝑒𝑒𝑒𝑒𝑒). This fact implies that optimization of a solar cell’s power output requires not only maximizing 40 

the internal radiative efficiency (𝜂𝜂𝑖𝑖𝑖𝑖𝑒𝑒), which gives the fraction of internal recombination events that is 41 

radiative, but also requires optimizing the average escape probability of an internally emitted photon 42 

(𝑃𝑃𝑒𝑒𝑒𝑒𝑜𝑜�����). This counterintuitive phenomenon is explained in more detail elsewhere15–17 and in the 43 

Supplementary Information. Bulk (Shockley-Read-Hall) non-radiative recombination in a solar cell is 44 

proportional to the amount of active material, which means that 𝜂𝜂𝑖𝑖𝑖𝑖𝑒𝑒 can be improved by reducing the 45 

amount of material18 if surface recombination plays a minor role. Additionally, efficient outcoupling of 46 

internally emitted photons is essential, because it prevents eventual non-radiative recombination due to 47 

photon reabsorption15. Therefore, reducing the amount of absorber material and enhancing 𝑃𝑃𝑒𝑒𝑒𝑒𝑜𝑜����� of 48 

emitted photons can improve the Voc.  This becomes directly apparent from the equation for the Voc 49 

(valid for 𝜂𝜂𝑖𝑖𝑖𝑖𝑒𝑒 < ~0.1):   50 

𝑉𝑉𝑜𝑜𝑜𝑜 = 𝑉𝑉𝑜𝑜𝑜𝑜𝑟𝑟𝑟𝑟𝑟𝑟 −
𝑘𝑘𝐵𝐵𝑇𝑇
𝑞𝑞

|ln 𝜂𝜂𝑖𝑖𝑖𝑖𝑒𝑒𝑃𝑃𝑒𝑒𝑒𝑒𝑜𝑜�����|   (Eq1) 51 

where 𝑉𝑉𝑜𝑜𝑜𝑜𝑟𝑟𝑟𝑟𝑟𝑟 is the Voc in the radiative limit (in absence of non-radiative recombination, see derivation 52 

in  Supplementary Information). This shows that improvements in 𝜂𝜂𝑖𝑖𝑖𝑖𝑒𝑒 and 𝑃𝑃𝑒𝑒𝑒𝑒𝑜𝑜����� are equally important 53 
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for increasing the Voc. For improving 𝜂𝜂𝑖𝑖𝑖𝑖𝑒𝑒 by reducing material volume, we need to make sure to 54 

simultaneously maintain maximum absorption of sunlight. This can be achieved using the antenna effect 55 

of nanostructures, which allows them to absorb light from a larger area than their projected geometrical 56 

area3,13,19. For minimizing losses due to the 𝑃𝑃𝑒𝑒𝑒𝑒𝑜𝑜����� term, enhanced outcoupling of internally generated 57 

photons can be achieved in tapered nanowires by utilizing adiabatic expansion of the optical mode 58 

confined in the nanowire into free space20. The two described mechanisms, applied to tapered 59 

nanowires, are schematically displayed in Figure 1a. Figure 1b shows the effects on the Voc, including 60 

a possible reduction due to the increased surface area. A high Voc in a nanostructured solar cell has been 61 

reported recently21, but it could not be directly compared to the planar geometry because of the 62 

nanowire’s crystal structure and the growth mechanism which is different from that of planar layers. 63 

 

 

Fig. 1. Effect of nanowire geometry on Voc. a) A planar InP sample is compared with a piece of the same 

material in which a nanowire structure is defined by etching: the emission outcoupling enhanced and the number 

of bulk defect is reduced.  b) Schematic of the effects of the nanostructuring on the Voc. Because of reduced 

bulk recombination and enhanced outcoupling, the emission intensity (red upward arrow) is enhanced, 

indicating a higher Voc. c) Scanning Electron Micrograph of the etched nanowire array, imaged at a 30 degree 

tilt. The scale bar represents 1 micron. 
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Here we demonstrate that nanostructuring enhances the Voc of the exactly identical material in planar 64 

morphology, due to the two mechanisms described above.  65 

To investigate the effect of nanostructuring on the Voc, we compare planar indium phosphide 66 

(InP) material with a piece from the same sample in which we have defined nanostructures by top-down 67 

lithographic techniques. The planar and nanostructured samples thus consist of identical material from 68 

the same growth run, which allows us to isolate the effect of nanostructuring on the Voc. We use an 69 

intrinsic epitaxial InP layer of 1600 nm grown by metal-organic vapour-phase epitaxy (MOVPE), on 70 

top of an InP wafer. We chose InP because it has a direct band gap with the ideal energy for photovoltaic 71 

devices (Eg=1.34 eV), and a low surface recombination velocity22. The nanostructured sample (a 72 

periodic array of conically shaped nanowires) is fabricated by selectively dry etching the thin film 73 

through a chromium mask patterned by nanoimprint lithography, followed by digital etching to remove 74 

surface defects (more information in the Method section). The result is shown in a scanning electron 75 

micrograph in Figure 1c. The period of our square array is 513 nm, where the 1.6 micron long tapered 76 

wires have a base diameter of 350 nm and a top diameter of 150 nm. The conical shape is chosen 77 

because of its very high absorptance6,19,23, which for InP can be over 98% in the full wavelength range 78 

between 400 and 900 nm19.  79 

To compare the Voc with and without nanostructuring, we use the fact that the 80 

photoluminescence (PL) emission intensity in a semiconductor is directly related to the splitting of its 81 

quasi-Fermi levels24–27 (see Supplementary Information). We can therefore use calibrated PL 82 

measurements as a contactless probe for the Voc. PL emission spectra of InP with and without 83 

nanostructuring are shown in Figures 2a (absolute counts) and 2b (normalized counts), measured at 84 

room temperature. The normalized emission spectra are identical and only show band gap related 85 

emission, but the nanowire layer shows a 20-fold higher emission intensity. This increased emission 86 

cannot be explained by the increase in absorptance alone, which only accounts for a factor of 1.4 (see  87 

Supplementary Information). Power dependent PL emission intensities are shown in Figure 2c (more 88 

information in Method section and Supplementary Information). The number of suns corresponding to 89 

the incident photon intensity is plotted on the top horizontal axis. From the absorbed and emitted photon 90 
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intensities at 1 sun, we calculate 𝜂𝜂𝑒𝑒𝑒𝑒𝑒𝑒 = (7.0±0.9)*10-4 for the nanowire array and (5.2±0.5)*10-5 for the 91 

planar sample. The quasi-Fermi level splitting (equivalent to the maximum achievable Voc in a contacted 92 

device) obtained from the integrated PL intensity is displayed on the right axis (full justification in 93 

Supplementary Information). It is clear that nanostructuring increases the Fermi level splitting 94 

compared to the planar film for the entire excitation intensity range from 1 to 1000 suns. At 1 sun the 95 

 

Fig. 2. Determination of quasi-Fermi level splitting by photoluminescence. Photoluminescence spectra of a) 

planar layer (black) and nanowire layer (red). b) same as A, but normalized to their respective maxima, to allow 

comparison of the shapes. c) Power-dependent PL for planar (black) and nanostructured (red) InP films, 

corrected for absorption at the PL wavelength. The illumination intensity is converted into suns (top axis) and 

the PL intensity is expressed as Fermi level splitting (right axis). The blue line corresponds to 1 sun and the 

green line is the ideal curve for a sample with external radiative efficiency equal to 1. The red and black curves 

are linear fits through the data. 

 

 

 

  

 



 6 

implied Voc is 70 mV higher for the nanostructured sample compared to the planar sample, 96 

demonstrating that a nanostructured solar cell allows an intrinsic advantage in photovoltage over a 97 

planar layer.  98 

 99 

The enhancement of the Voc stems from a number of different contributions, as depicted 100 

schematically in Figure 1b. The first contribution is the reduction of material volume by a factor of 5.1, 101 

which therefore also reduces the non-radiative bulk recombination rate by the same factor as the 102 

radiative recombination rate is proportional to the number of bulk defect centers. If the total non-103 

radiative recombination is dominated by bulk recombination (see Supplementary Information), this 104 

would result in an increase in Voc of 42 mV. We emphasize that due to the optical antenna effect of the 105 

nanowires, the reduction in material volume does not decrease the short circuit current, as we will also 106 

discuss later. The second contribution to the improved Voc is enhanced light outcoupling. We have 107 

simulated the photon escape probabilities 𝑃𝑃𝑒𝑒𝑒𝑒𝑜𝑜  for randomly oriented dipoles inside the absorption 108 

region of the material, shown in Figure 3, both for nanowire layers and planar layers. We found average 109 

photon escape probabilities of 2.1% and 13% for the planar and nanowire samples, respectively (more 110 

 

Fig. 3. Photon escape probability for nanowires and planar. Simulated photon escape probability as a 

function of the distance to the nanowire-layer-air or InP-air interface.  
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details in Supplementary Information, section 5), leading to an enhancement factor of 6.3. For materials 111 

with a low internal luminescence efficiency (<10%), this enhanced escape probability corresponds to 112 

an increase in Voc of 47 mV. Since these effects together would result in a larger increase of Voc (89 113 

mV) than we have observed, we argue that increased surface recombination due to the increased surface 114 

area for the nanowires sample partially compensates the gain in Voc. These results show, however, that 115 

even without additional surface passivation steps, the net Voc is enhanced by nanostructuring. If we 116 

assume an average photon escape probability from the nanowire layer of 13%, we derive an 𝜂𝜂𝑖𝑖𝑖𝑖𝑒𝑒 ≈117 

0.54 % at 1 sun (comparison in Supplementary Information). We note that while a much higher 𝜂𝜂𝑖𝑖𝑖𝑖𝑒𝑒  has 118 

been reported for n-doped GaAs28, heavily n-doped InP29 and InP micropillars27, we are not aware of 119 

such high 𝜂𝜂𝑖𝑖𝑖𝑖𝑒𝑒 for the p-doped case30. 120 

We emphasize that the Voc enhancement is not a “concentration” effect, since light 121 

concentration changes the entropy between incident and emitted photons, and thus modifies the 122 

thermodynamic limit given by 𝑉𝑉𝑜𝑜𝑜𝑜𝑟𝑟𝑟𝑟𝑟𝑟. Such a thermodynamic enhancement is in principle possible using 123 

nanowire arrays, but requires a specifically engineered angular emission profile31, which is outside the 124 

scope of the present paper. Furthermore, we have checked the angular profiles of our nanostructured 125 

and planar samples, and they are not significantly different (Supplementary Figure S6). Finally, the 126 

enhanced Voc is not caused by effective band gap modification due to nanophotonic resonances11 or 127 

different crystal structures, as we can learn from the energy of the emitted PL. Based on these arguments 128 

we can conclude that the Voc enhancement can only be due to an effective volume reduction and an 129 

enhanced photon escape probability. 130 

Finally, to explore the general effect of nanostructuring on the Voc, we have used the more 131 

general form of equation (1), 𝑉𝑉𝑜𝑜𝑜𝑜 = 𝑉𝑉𝑜𝑜𝑜𝑜𝑟𝑟𝑟𝑟𝑟𝑟 −
𝑘𝑘𝐵𝐵𝑇𝑇
𝑞𝑞
�ln 𝜂𝜂𝑖𝑖𝑖𝑖𝑖𝑖 𝑃𝑃𝑒𝑒𝑠𝑠𝑠𝑠������

1−𝜂𝜂𝑖𝑖𝑖𝑖𝑖𝑖(1−𝑃𝑃𝑒𝑒𝑠𝑠𝑠𝑠������)� (valid for any 𝜂𝜂𝑖𝑖𝑖𝑖𝑒𝑒, as long as there is 132 

no parasitic absorption), to investigate the potential for further improvement of present day solar cells 133 

by nanostructuring. In Figures 4a&b we have expressed the maximum Voc (for InP) as a function of the 134 

photon escape probability and the material filling fraction f, for two different values of 𝜂𝜂𝑖𝑖𝑖𝑖𝑒𝑒. The full 135 

equations are listed in the Supplementary Information. We observe a clear logarithmic dependence of 136 

the maximum Voc on 𝑃𝑃𝑒𝑒𝑒𝑒𝑜𝑜����� and on f for the low internal luminescence efficiency. However, even layers 137 
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with 90% internal luminescence efficiency can still gain tens of millivolts by improved photon escape 138 

probability and material volume reduction. Of course, the advantage vanishes when 𝜂𝜂𝑖𝑖𝑖𝑖𝑒𝑒 approaches 1 139 

very closely. Note that the choice of semiconductor defines only the value of the Voc in the radiative 140 

limit, and has no influence on the loss terms related to f and 𝑃𝑃𝑒𝑒𝑒𝑒𝑜𝑜�����, which makes these effects generic for 141 

all solar cell materials as long as surfaces are well passivated. Figure 4 assumes that the surface 142 

recombination rate is small compared to the bulk recombination rate, while some materials instead 143 

suffer from high surface recombination velocities. However, for solar cell materials such as silicon32,33 144 

and GaAs34,35 it has already been shown that surface recombination can be greatly reduced by proper 145 

surface passivation. This is required to utilize nanostructured solar cells made of these materials.  146 

For optimal solar cell performance, not only Voc but also Jsc needs to be close to the theoretical 147 

maximum. As we have shown above, a reduction of material can substantially enhance light absorption, 148 

and we note that the volume can be reduced to a at least a factor f~0.08 in (nano)wire arrays without 149 

losing any absorption with respect to a planar layer, as has been demonstrated for materials such as 150 

silicon, InP and GaAs19,36,37. This makes the relative increase in Voc in Figure 4 also indicative for the 151 

relative increase in cell efficiency. From Figure 4 we can derive the optimum design requirements for 152 

 

Fig. 4. Enhancement of solar cell Voc as a function of photon escape probability and material filling 

fraction. (a, b) Calculated Voc values for InP cells expressed in a log-log plot, as a function of the photon 

escape probability and the material filling fraction, for a fixed internal radiative efficiency of 90% (a) and 

1% (b).  
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new record high-Voc solar cells: starting from a high internal radiative efficiency solar cell material, a 153 

very high photon escape probability should be combined with a very small amount of material. We 154 

finally conclude that nanostructuring is a very effective approach to increase both the solar cell 155 

photovoltage and the photocurrent to approach the Shockley-Queisser limit.   156 
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Methods 157 

Nanowire array fabrication. The fabrication of our top-down etched nanowire array starts 158 

with MOVPE growth of an intrinsic InP layer on a Zn doped InP (100) substrate at a temperature of 159 

650 °C. An array of chromium nano-discs is patterned by nanoimprint lithography. Subsequently, the 160 

Cr nano-disc pattern is transferred an array of SiNx nano-cylinders by RIE etching. These SiNx nano-161 

cylinders will serve as a hard-mask for 40 min ICP etching at 150 °C with CH4 and H2 etchant gases to 162 

form 1.6 μm high InP nanopillars. The nanowire surfaces are smoothened by digital sidewall etching 163 

(see Supplementary Information for SEM images). We use 10 etching cycles, each comprising of a 164 

surface oxidation step and a chemical etching step to selectively remove the oxide layer.  165 

Photoluminescence measurements. The samples were excited with a 532 nm continuous wave 166 

diode laser using a time-reversed Fourier microscope38, giving a plane wave onto the sample with a spot 167 

radius of about 55±5 micrometer. The photoluminescence was measured using an Andor Shamrock 168 

spectrograph equipped with an Andor iDus CCD camera. The collection efficiency of the setup at the 169 

emission wavelength was determined as is described in detail in the Supplementary Information.  170 

  171 
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1. External luminescence efficiency 
At the open circuit voltage Voc , a solar cell should not generate any current, but should only generate 
an output voltage. Looking from the outside to a solar cell, any solar photon absorbed by the solar cell 
has two options: (i) it either recombines nonradiatively with rate Rnrad or (ii) it contributes to external 
radiative recombination with rate Rext. Note that we define the recombination rates per unit area. 
Intuitively, it is clear that a nonradiative recombination event does not contribute to an output voltage, 
but only heats the cell.  

In the ideal case, in absence of non-radiative recombination, the open circuit voltage 𝑉𝑉𝑜𝑜𝑜𝑜,𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 is directly 
related to the ideal external radiative recombination rate Rext,ideal by 

𝑉𝑉𝑜𝑜𝑜𝑜,𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 =
𝑘𝑘𝐵𝐵𝑇𝑇
𝑞𝑞

ln
𝐽𝐽𝑆𝑆𝑆𝑆

𝐽𝐽0,𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖
=
𝑘𝑘𝐵𝐵𝑇𝑇
𝑞𝑞

ln
𝐽𝐽𝑆𝑆𝑆𝑆

𝑞𝑞𝑅𝑅𝑖𝑖𝑒𝑒𝑒𝑒,𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖
.        (eq S1) 

Here, q is the electron charge, kB is Boltzmann’s constant, T is the cell’s temperature, J0,ideal the dark 
current in the radiative limit, and JSC is the open-circuit current. Now that we know that Rext is 
responsible for generating an output voltage and Rnrad  as being responsible for losses, it is clear that we 
have to optimize the external luminescence efficiency (or, external radiative efficiency, or, external 
quantum yield). This quantity is defined in terms Rext and Rnrad as 𝜂𝜂𝑖𝑖𝑒𝑒𝑒𝑒 = 𝑅𝑅𝑒𝑒𝑒𝑒𝑒𝑒

𝑅𝑅𝑒𝑒𝑒𝑒𝑒𝑒+𝑅𝑅𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛
. If the external 

luminescence efficiency is less than unity, it is immediately clear that the Voc is reduced by 

𝑉𝑉𝑜𝑜𝑜𝑜 =  𝑘𝑘𝑘𝑘
𝑞𝑞

ln � 𝐽𝐽𝑠𝑠𝑠𝑠/𝑞𝑞
𝑅𝑅𝑒𝑒𝑒𝑒𝑒𝑒+𝑅𝑅𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛

� = 𝑉𝑉𝑜𝑜𝑜𝑜,𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 − �𝑘𝑘𝑘𝑘
𝑞𝑞

ln(𝜂𝜂𝑖𝑖𝑒𝑒𝑒𝑒)�. (eq. S2) 

This is equation 1 in the main text which shows the counterintuitive fact that the open circuit voltage is 
dependent on the light extraction from the solar cell. The importance for the Voc of the external radiative 
recombination instead of the internal radiative recombination has recently been described in detail by 
Miller et al.1. They argue that in thermal equilibrium, Rext is equal to the integrated flux of photons 
emitted by a black body at the cell’s temperature T. Due to Kirchhoff’s law, the emissivity is equal to 
the absorptivity, meaning that the emitted photon flux per unit solid angle is equal to 𝑎𝑎(𝐸𝐸, 𝜃𝜃)𝑏𝑏(𝐸𝐸), 
where 𝑎𝑎(𝐸𝐸,𝜃𝜃) is the probability of a photon of energy E and incident angle with the substrate normal 𝜃𝜃 
is absorbed in the cell. 𝑏𝑏(𝐸𝐸) is the black body’s photon flux per unit area, unit time, unit energy, and 
unit solid angle.  

Under 1 sun illumination, we are not in thermal equilibrium, and the emission spectrum intensity 
changes by a factor equal to the normalized product of the excited electron and hole concentrations n 
and p, which is np/ni

2, where ni is the intrinsic carrier concentration. From the law of mass action in 
quasi-equilibrium we know that np=ni

2exp(μ/kBT), where μ is the quasi-Fermi level splitting. From this 
we find that 

𝑅𝑅𝑖𝑖𝑒𝑒𝑒𝑒 = exp �
𝜇𝜇
𝑘𝑘𝐵𝐵𝑇𝑇

��𝑎𝑎(𝐸𝐸,𝜃𝜃)𝑏𝑏(𝐸𝐸)𝑑𝑑𝐸𝐸 𝑐𝑐𝑐𝑐𝑐𝑐𝜃𝜃𝑑𝑑𝑐𝑐.       (eq S3) 

Here, 𝜃𝜃 is the polar angle and 𝑐𝑐 the solid angle, seen from outside the cell.  

Following Miller et al., we can then relate the incident solar photon rate 𝑅𝑅𝑠𝑠𝑠𝑠𝑠𝑠 and the external radiative 
recombination rate 𝑅𝑅𝑖𝑖𝑒𝑒𝑒𝑒 . At open circuit, under ideal conditions, 𝑅𝑅𝑠𝑠𝑠𝑠𝑠𝑠 = 𝑅𝑅𝑖𝑖𝑒𝑒𝑒𝑒 . However, when 
nonradiative recombination is present, 𝑅𝑅𝑖𝑖𝑒𝑒𝑒𝑒 is reduced due to lost photons. In other words, the effective 
excitation (part leading to radiative recombination) is reduced to 𝑅𝑅𝑖𝑖𝑒𝑒𝑒𝑒 = 𝑅𝑅𝑠𝑠𝑠𝑠𝑠𝑠𝜂𝜂𝑖𝑖𝑒𝑒𝑒𝑒. The other photons 
are lost due to nonradiative recombination. Since we know from equation S2 above that 𝑅𝑅𝑖𝑖𝑒𝑒𝑒𝑒 is directly 



related to the splitting of quasi-Fermi levels 𝜇𝜇, and that 𝜇𝜇 = 𝑞𝑞𝑉𝑉𝑂𝑂𝑆𝑆, a decreased 𝜂𝜂𝑖𝑖𝑒𝑒𝑒𝑒 (or decreased 𝑅𝑅𝑖𝑖𝑒𝑒𝑒𝑒) 
immediately leads to a penalty in 𝑉𝑉𝑂𝑂𝑆𝑆, as suspected1. This provides a second derivation of equation 1 in 
the main text: 𝑉𝑉𝑜𝑜𝑜𝑜 = 𝑉𝑉𝑜𝑜𝑜𝑜,𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 − | 𝑘𝑘𝐵𝐵𝑘𝑘

𝑞𝑞
ln(𝜂𝜂𝑖𝑖𝑒𝑒𝑒𝑒) |.2  

Note that we’ve assumed that the charge injection efficiency is unity and homogeneous over the cell. 
To be precise, the 𝜂𝜂𝑖𝑖𝑒𝑒𝑒𝑒 should be replaced by the LED quantum efficiency EQELED 

2, defined as the 
volume (V) integral over the cell 𝐸𝐸𝐸𝐸𝐸𝐸𝐿𝐿𝐿𝐿𝐿𝐿 = ∫𝜂𝜂𝑖𝑖𝑠𝑠𝑖𝑖′ (𝑥𝑥,𝑦𝑦, 𝑧𝑧)𝜂𝜂𝑖𝑖𝑒𝑒𝑒𝑒′ (𝑥𝑥,𝑦𝑦, 𝑧𝑧)𝑑𝑑𝑉𝑉. Here, 𝜂𝜂𝑖𝑖𝑠𝑠𝑖𝑖′  is the position-
dependent charge injection efficiency, which is related to the carrier diffusion lengths and device 
architecture. 𝜂𝜂𝑖𝑖𝑒𝑒𝑒𝑒′  is the position-dependent external radiative efficiency, accounting for differences in 
the internal radiative efficiency 𝜂𝜂𝑖𝑖𝑠𝑠𝑒𝑒 and 𝑃𝑃𝑖𝑖𝑠𝑠𝑜𝑜. From now on, we will use the average values 𝜂𝜂𝑖𝑖𝑒𝑒𝑒𝑒, 𝜂𝜂𝑖𝑖𝑠𝑠𝑒𝑒 
and 𝑃𝑃𝑖𝑖𝑠𝑠𝑜𝑜�����, for simplicity. 

As we have addressed in the main text, 𝜂𝜂𝑖𝑖𝑒𝑒𝑒𝑒  can be written in terms of the internal luminescence 
efficiency 𝜂𝜂𝑖𝑖𝑠𝑠𝑒𝑒  and the angle-, position- and energy-averaged photon reabsorption and escape 
probabilities 𝑃𝑃𝑖𝑖𝑎𝑎𝑠𝑠������  and 𝑃𝑃𝑖𝑖𝑠𝑠𝑜𝑜����� . Here, 𝑃𝑃𝑖𝑖𝑎𝑎𝑠𝑠������  is the probability for an internally emitted photon to be 
reabsorbed in the active region, and 𝑃𝑃𝑖𝑖𝑠𝑠𝑜𝑜����� is the probability for a photon to escape from the device. This 
equation yields3:  

𝜂𝜂𝑖𝑖𝑒𝑒𝑒𝑒 =
𝜂𝜂𝑖𝑖𝑠𝑠𝑒𝑒  𝑃𝑃𝑖𝑖𝑠𝑠𝑜𝑜�����

1 − 𝜂𝜂𝑖𝑖𝑠𝑠𝑒𝑒𝑃𝑃𝑖𝑖𝑎𝑎𝑠𝑠������         (eq S4) 

Note that 𝑃𝑃𝑖𝑖𝑎𝑎𝑠𝑠������ + 𝑃𝑃𝑖𝑖𝑠𝑠𝑜𝑜����� + 𝑃𝑃𝑝𝑝𝑖𝑖𝑝𝑝𝑖𝑖𝑠𝑠�������� = 1, where 𝑃𝑃𝑝𝑝𝑖𝑖𝑝𝑝𝑖𝑖𝑠𝑠�������� accounts for any parasitic losses in the device.4 In 
Figure S1a we have displayed the Voc for InP based on the equation above, in the absence of parasitic 
losses. Clearly, the effect of photon escape probability is equally important to the internal radiative 
efficiency. If 𝜂𝜂𝑖𝑖𝑠𝑠𝑒𝑒 < ~0.1, the equation above can be simplified as 

𝜂𝜂𝑖𝑖𝑒𝑒𝑒𝑒 ≈ 𝜂𝜂𝑖𝑖𝑠𝑠𝑒𝑒  𝑃𝑃𝑖𝑖𝑠𝑠𝑜𝑜�����               (eq S5). 
This is shown in Figure S1b. Note that this approximation does not hold if 𝜂𝜂𝑖𝑖𝑠𝑠𝑒𝑒 > 0.1. 

 

 

Figure S1: Voc as a function of the internal radiative efficiency and photon escape probability. The calculation 
was performed for the AM1.5 spectrum and a band gap of 1.34 eV (e.g. InP). (a) shows a plot dependent on 



both 𝜼𝜼𝒊𝒊𝒊𝒊𝒊𝒊 and  𝑷𝑷𝒆𝒆𝒆𝒆𝒆𝒆������. For (b)  𝑷𝑷𝒆𝒆𝒆𝒆𝒆𝒆������ is fixed to 10% and the difference between the actual equation (eq1, red), 
and the simplified version (eq S2, purple), which is valid when 𝜼𝜼𝒊𝒊𝒊𝒊𝒊𝒊<0.1. 

This dependence on the escape probability can be understood by realizing that every reabsorption event 
has a nonzero probability of non-radiative recombination if 𝜂𝜂𝑖𝑖𝑠𝑠𝑒𝑒 < 1, such that an escaping photon is 
always preferred over a reabsorbed photon in order to achieve maximum 𝜂𝜂𝑖𝑖𝑒𝑒𝑒𝑒 (and therefore Voc). In 
other words: when it is easier for photons to escape, the total number of non-radiative recombination 
events is reduced.  

2. Fabrication of the etched nanowire array 
Figure S2 (a) and (b) show the SEM pictures of the etched InP NWs before and after 10 cycles of 
digital sidewall etching. Without the digital etching procedure, a damaged sidewall is observed just 
below the SiNx masks, indicating a very rough surface. After digital etching, this damaged sidewall 
has been completely removed, leaving a clean and smooth NW surface. 
 

 
Figure S2: SEM imagines of top-down etched InP NWs before, (a), and after digital sidewall etching (b), 
respectively. The samples are tilted by 30º. The scale bar is 500 nm. 

3. The relation between the photoluminescence intensity and the quasi-
Fermi level splitting  

 

The PL emission intensity is directly related to the splitting μ of the quasi-Fermi levels of the sample, 
which determines the upper limit of the Voc, through the following equation2,5,6,  

𝐼𝐼𝑃𝑃𝐿𝐿(𝐸𝐸) = 𝑎𝑎(𝐸𝐸)𝐼𝐼𝑎𝑎𝑎𝑎(𝐸𝐸) �exp �
𝜇𝜇
𝑘𝑘𝑇𝑇
� − 1�     (eq S6) 

where E is the energy of the emission, kT is the thermal energy, equal to 25.7 meV at room temperature, 

a(E) is the absorptivity and 𝐼𝐼𝑎𝑎𝑎𝑎(𝐸𝐸) is the blackbody emission intensity, 𝐼𝐼𝑎𝑎𝑎𝑎(𝐸𝐸) = 2𝜋𝜋𝐿𝐿2𝐴𝐴
ℎ3𝑜𝑜2

exp �−𝐿𝐿
𝑘𝑘𝑘𝑘
�. Here 

A denotes the area of the emitting region, h Planck’s constant and c the speed of light. Using this 
equation one can find the Fermi-level splitting: 

𝜇𝜇 = 𝐸𝐸 + 𝑘𝑘𝑇𝑇 ln
𝐼𝐼𝑃𝑃𝐿𝐿ℎ3𝑐𝑐2

2𝜋𝜋𝐸𝐸2𝑎𝑎(𝐸𝐸)𝐴𝐴
.     (eq S7) 



 𝜇𝜇 defines the maximum value of the Voc by 𝑉𝑉𝑜𝑜𝑜𝑜,𝑚𝑚𝑖𝑖𝑒𝑒 =  𝜇𝜇/𝑞𝑞, where q is the electron charge. A similar 
analysis has recently been performed by Tran et al.7 

 

4. Absorption in nanostructured/planar material 
 

The absorption in the nanowires has been modelled using a Finite Difference-Time Domain (FDTD) 
method in Lumerical inc. (Figure S3). A monochromatic plane wave is incident at normal incidence 
from the top of an InP nanowire array on top of an InP substrate. The electric field within the nanowire 
has been integrated and multiplied with the absorption coefficient. This yields an absorption of 93% at 
an incident wavelength of 532 nm (Figure S3). Bloch boundary conditions are used to simulate a 
periodic array of nanowires. For planar, semi-infinite, material, the absorption A equals 1-R (R is the 
reflectance), which can be numerically calculated using Snell’s law, yielding A=67% at 532 nm. 
Therefore, the absorption in the nanowire array at 532 nm is estimated to be 1.4x the absorption in 
planar material. 
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5. Photon escape probabilities from nanowires and planar material 
 

The photon escape probability of a radiative recombination event inside the nanowire array was 
estimated with FDTD simulations. To incorporate the effect of the array we simulated 7 by 7 unit cells, 
with the dipole source located in the center wire. The escape probability at a certain point r is then 
estimated as: 

𝑃𝑃𝑖𝑖𝑠𝑠𝑜𝑜(𝒓𝒓) = � 𝑃𝑃𝑠𝑠𝑝𝑝(𝐸𝐸, 𝒓𝒓)𝑆𝑆(𝐸𝐸)𝑑𝑑𝐸𝐸
∞

0
/� 𝑃𝑃𝑒𝑒𝑜𝑜𝑒𝑒(𝐸𝐸, 𝒓𝒓)𝑆𝑆(𝐸𝐸)𝑑𝑑𝐸𝐸      (eq S7)

∞

0
 

Here 𝑃𝑃𝑠𝑠𝑝𝑝(𝐸𝐸, 𝑟𝑟) is the fraction of power emitted into the upper hemisphere (free space), averaged over 
all dipole orientations, 𝑃𝑃𝑒𝑒𝑜𝑜𝑒𝑒(𝐸𝐸, 𝑟𝑟) is the total power emitted by the dipoles, which may vary with 
position due to the modified local density of optical states. Due to the lossy nature of the material we 

Figure S3: Simulated absorption spectrum of nanowire array as used in the measurements 



have to measure total power output with a small transmission box around the dipole.  𝑆𝑆(𝐸𝐸) is the van 
Roosbroeck-Shockley relation for emission from a semiconductor volume3:   

𝑆𝑆(𝐸𝐸) =
2𝛼𝛼(𝐸𝐸)𝑛𝑛2 𝐸𝐸2

ℎ3𝑐𝑐2
1

exp � 𝐸𝐸
𝑘𝑘𝐵𝐵𝑇𝑇

� − 1
      (eq S8) 

Here 𝛼𝛼 is the absorption coefficient, n is the real part of the refractive index, h is Planck’s constant, c is 
the speed of light, E is the photon energy, q is the electron charge, kB the Boltzmann constant, T is the 
temperature (300 K).  

 

Figure S4: Simulated photon escape probability for a nanowire layer. (a) photon flux as used in the 
simulation. (b) Photon escape probability as a function of emitter height, for both nanowire and planar 
layer. 

For the refractive index in this expression (𝛼𝛼 and n) we have used the FDTD data (Lumerical) such that 
the calculation is self-consistent. The corresponding photon flux is shown in Fig. S4a. Panel b shows 
the escape probability as a function of height in the nanowire, where we have averaged over multiple 
positions in the plane perpendicular to the nanowire axis, calculated on a grid with pixel size of 40 by 
40 nm. This figure is also shown in the main text, but is added here for clarity. The error bars display 
the fraction of power that escapes through the sides of the simulations, and as a result it is not clear 
whether they eventually escape, are reabsorbed in the active layer, or in the substrate. The escape 
probability is as high as 16%, but varies with position, as one would expect. Determining the actual 
escape probability thus depends on the generation profile and carrier diffusion.  

As an approximation, we use the average escape probability of dipoles located within the 1/e2 absorption 
depth of the excitation at 532 nm. Then, we find that 𝑃𝑃𝑖𝑖𝑠𝑠𝑜𝑜����� for the nanowires is 13% and for the planar 
film is 2.1%. 

6. Photoluminescence setup and calibration 
 

The samples are excited with a plane wave in a Time-Reversed Fourier (TRF) microscope8. This section 
will explain how the setup is calibrated. This process is important for determining physical quantities 
such as the external luminescence efficiency and the quasi Fermi energy splitting.  

(a) (b) 



We relate the illumination power (at a specific wavelength) to a number of counts in our fiber coupled 
spectrometer.  A complete schematic overview of the setup is shown in Figure S5.  

 

Figure S5: Schematic overview of the Time-Reversed-Fourier-Setup 

First the white lamp inside the Fourier microscope is equipped with a 920 nm band pass filter with a 10 
nm passband, ensuring calibration at the wavelength where our InP nanowires emit band-to-band 
emission. The intensity of the lamp is kept constant and its power 𝑃𝑃𝑖𝑖𝑖𝑖𝑚𝑚𝑝𝑝 is measured at the sample 
position using a calibrated S121C photodiode connected to a Thorlabs power meter.  

The power meter that was used to measure the illumination power is then replaced by a R=96% 
reflecting silver mirror and is brought into focus. This configuration represents a source of known 
intensity and wavelength at the sample position. This means that the number of photons 𝛾𝛾𝑖𝑖𝑚𝑚𝑖𝑖𝑒𝑒𝑒𝑒𝑖𝑖𝑖𝑖 
emitted per second is now known. The fraction of photons that is eventually detected in the spectrometer 
𝛾𝛾𝑖𝑖𝑖𝑖𝑒𝑒𝑖𝑖𝑜𝑜𝑒𝑒𝑖𝑖𝑖𝑖  represents the collection efficiency of the microscope to spectrometer beam path at 920 nm. 
This collection efficiency is given below.   

𝜂𝜂𝑠𝑠𝑖𝑖𝑒𝑒𝑠𝑠𝑝𝑝 =  
𝛾𝛾𝑖𝑖𝑖𝑖𝑒𝑒𝑖𝑖𝑜𝑜𝑒𝑒𝑖𝑖𝑖𝑖

𝑅𝑅 𝑃𝑃𝑖𝑖𝑖𝑖𝑚𝑚𝑝𝑝 𝐸𝐸𝑝𝑝ℎ𝑜𝑜𝑒𝑒𝑜𝑜𝑠𝑠⁄ = 4.5 ∗ 10−7 

The relative errors in the reflectance and power are much smaller than the variation in the lamp intensity 
and the number of detected photons, which is about 5%. Additionally, a fraction of the emission is lost 

since it cannot be captured by the objective. The fraction that is captured is ∫
2𝜋𝜋 𝑠𝑠𝑖𝑖𝑠𝑠𝑠𝑠 cos𝑠𝑠𝑖𝑖𝑠𝑠72

0

∫ 2𝜋𝜋 𝑠𝑠𝑖𝑖𝑠𝑠𝑠𝑠 cos𝑠𝑠𝑖𝑖𝑠𝑠90
0

= 0.90, 

assuming the directional emission of nanowires and planar are not significantly different, which we 
verified to be a valid assumption (see Figure S6). 



 

Figure S6: Unpolarized angle-dependent emission from nanowires (black) and planar (red). A cosine is 
shown for comparison (green, dashed). The angle-dependent emission was measured by Fourier 
microscopy9. 

After determining the efficiency of the setup for InP bandgap emission, an excitation power dependent 
measurement of both the planar and nanowire sample was conducted. A CW diode laser (532 nm) was 
used to excite the samples using the TRF illumination path. The laser is focused in the back focal plane 
of the microscope objective. This ensures that the sample is illuminated under one specific angle only, 
in this case straight from the top (0 degrees). This part of the setup has been described in detail 
elsewhere8. 

The laser power is kept constant while a set of neutral density filters (ND) was used to sweep the 
intensity from 1 sun to 1000 suns. These intensities are registered on the sample position with the same 
power meter as used before. To relate the incoming total intensity to a power density, the cross-section 
of the beam is imaged using a CCD camera mounted at the microscope objective position. The Gaussian 
plane wave coming from the TRF path is measured to have a radius of 55 ± 5 µm  as it hits the sample. 
The PL that is generated by the sample is guided to a Andor Shamrock spectrograph equipped with a 
cooled CCD camera (Andor SR-303i-B) for analysis. The spectrometer collects the light coming from 
a disk area on the sample with a radius of 26 ± 2 µm. By comparing the overlap between the excitation 
spot and the PL collection area we find that 43% of the PL is occurring within the field of view. The 
spectra (at 1 sun) are shown in Figure 2A of the main text. As a next step the spectra are corrected for 
the detector efficiency and integrated over the entire spectral range of the detector to represent the total 
amount of photons emitted by the sample. In this way all photons are accounted for and the external 
luminescence efficiency in terms of the number of incoming photons versus the number of outgoing 
photons (i.e. the integrated PL) can be plotted, as is done in Figure 2C of the main text.  

Finally the quasi Fermi energy level splitting can be determined by using the relation between 
absorption and spontaneous emission, as described in section 4. We take 𝐸𝐸 to be the band gap energy 
of 1.348 eV, 𝑘𝑘𝑇𝑇 is 25.7 meV, 𝐴𝐴 = 43% ∗ 𝜋𝜋(55 µm)2 and the absorptivity at the band gap energy 𝑎𝑎(𝐸𝐸) 
ranges from 0.45 for planar samples up to 0.60 for NW arrays.  

𝜂𝜂𝑖𝑖𝑒𝑒𝑒𝑒 is calculated by taking the ratio of the number of photons exciting the sample and the number of 

emitted photons at 1 sun. It is therefore defined as 𝜂𝜂𝑖𝑖𝑒𝑒𝑒𝑒 = Photons emitted
Photons absorbed

. 



 

7. Comparison of internal radiative efficiency with VLS-grown InP 
nanowires  

 

As a comparison for our internal radiative efficiency 𝜂𝜂𝑖𝑖𝑠𝑠𝑒𝑒;  for representative VLS-grown InP 
nanowires, Joyce et al. recently reported a volume lifetime of 1.4 ns10. Since the radiative rate of 
spontaneous emission can be expressed11 as 𝐵𝐵𝑛𝑛𝑝𝑝 with B=3.3*10-10 cm3s-1,12 the radiative lifetime for a 
background doping concentration of p=1015 cm-3 is 3.0 μs, showing that a 1.4 ns volume lifetime 
corresponds11 to 𝜂𝜂𝑖𝑖𝑠𝑠𝑒𝑒 ≈ 0.05%. We assume low injection level for the calculation. This value is even 
lower than the 𝜂𝜂𝑖𝑖𝑠𝑠𝑒𝑒 ≈ 0.54 %  of our (undoped) nanowires, showing that volume recombination is 
limiting the radiative efficiency of our nanowires. We also note that according to a study of Rosenwaks 
et al.13, volume recombination is even a larger problem in p-InP due to excess nonradiative 
recombination due to Zn acceptors. Given this data, we have plotted the solar cell parameters 
corresponding to 𝜂𝜂𝑖𝑖𝑠𝑠𝑒𝑒 of 1% and 90% in Fig. 4 of the main text. 

 

8. Calculation of the open circuit voltage 
 

Here we investigate the effect of material volume reduction and the escape probability 𝑃𝑃𝑖𝑖𝑠𝑠𝑜𝑜�����  on Voc,ideal. 
For simplicity, we assume that surface recombination is much lower than bulk recombination, which 
has recently been achieved for InP nanowires14. Then, 𝐽𝐽0total = 𝐽𝐽0

nrad,bulk + 𝐽𝐽0rad. Assuming that the 
absorptivity stays the same, the radiative part of the dark current only depends on the total cell area, 
which does not change upon etching. Therefore, the reduction of the dark current in the nanostructured 
material is only due to the non-radiative part: 𝐽𝐽0

nrad,nano = 𝑓𝑓𝐽𝐽0
nrad,bulk, where f is the fraction of volume 

in the nanostructured cell relative to the planar cell (0<f<1). We know that 

𝜂𝜂𝑖𝑖𝑠𝑠𝑒𝑒 = 𝐽𝐽0𝑛𝑛𝑛𝑛𝑛𝑛

𝐽𝐽0
𝑛𝑛𝑛𝑛𝑛𝑛+𝐽𝐽0

𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛. The internal luminescence efficiency is modified by the material reduction, resulting 

in 𝜂𝜂𝑖𝑖𝑠𝑠𝑒𝑒𝑠𝑠𝑖𝑖𝑠𝑠𝑜𝑜 = 𝐽𝐽0𝑛𝑛𝑛𝑛𝑛𝑛

𝐽𝐽0
𝑛𝑛𝑛𝑛𝑛𝑛+𝑓𝑓𝐽𝐽0

𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛,𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏. Since from the expression for the internal quantum efficiency above it 

follows that 𝐽𝐽0
𝑠𝑠𝑝𝑝𝑖𝑖𝑖𝑖,𝑎𝑎𝑠𝑠𝑖𝑖𝑘𝑘 = 𝐽𝐽0𝑝𝑝𝑖𝑖𝑖𝑖

(1−𝜂𝜂𝑖𝑖𝑛𝑛𝑒𝑒
𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏)

𝜂𝜂𝑖𝑖𝑛𝑛𝑒𝑒
𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 , we find 𝜂𝜂𝑖𝑖𝑠𝑠𝑒𝑒𝑠𝑠𝑖𝑖𝑠𝑠𝑜𝑜 = 𝜂𝜂𝑖𝑖𝑛𝑛𝑒𝑒

𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏

𝜂𝜂𝑖𝑖𝑛𝑛𝑒𝑒
𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏+𝑓𝑓(1−𝜂𝜂𝑖𝑖𝑛𝑛𝑒𝑒

𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏)
 . 

Nanostructuring does not change the dark current in the radiative limit, 𝑉𝑉𝑜𝑜𝑜𝑜,𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖
𝑠𝑠𝑖𝑖𝑠𝑠𝑜𝑜 = 𝑉𝑉𝑜𝑜𝑜𝑜,𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖

𝑎𝑎𝑠𝑠𝑖𝑖𝑘𝑘 , such that 

𝑉𝑉𝑜𝑜𝑜𝑜𝑠𝑠𝑖𝑖𝑠𝑠𝑜𝑜 ≈ 𝑉𝑉𝑜𝑜𝑜𝑜,𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖
𝑎𝑎𝑠𝑠𝑖𝑖𝑘𝑘 + 𝑘𝑘𝑘𝑘

𝑞𝑞
ln(𝜂𝜂𝑖𝑖𝑒𝑒𝑒𝑒). For the ideal 𝑉𝑉𝑜𝑜𝑜𝑜,𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖

𝑎𝑎𝑠𝑠𝑖𝑖𝑘𝑘  we use the Shockley-Queisser voltage for a 

band gap of 1.34 eV, which is 1.08 V. Furthermore, in the absence of parasitic losses 𝜂𝜂𝑖𝑖𝑒𝑒𝑒𝑒 =
𝜂𝜂𝑖𝑖𝑛𝑛𝑒𝑒 𝑃𝑃𝑒𝑒𝑠𝑠𝑠𝑠������

1−𝜂𝜂𝑖𝑖𝑛𝑛𝑒𝑒(𝑃𝑃𝑛𝑛𝑏𝑏𝑠𝑠�������)
= 𝜂𝜂𝑖𝑖𝑛𝑛𝑒𝑒  𝑃𝑃𝑒𝑒𝑠𝑠𝑠𝑠������

1−𝜂𝜂𝑖𝑖𝑛𝑛𝑒𝑒(1−𝑃𝑃𝑒𝑒𝑠𝑠𝑠𝑠������)
. We thus finally obtain, 𝑉𝑉𝑜𝑜𝑜𝑜𝑠𝑠𝑖𝑖𝑠𝑠𝑜𝑜 = 𝑉𝑉𝑜𝑜𝑜𝑜,𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖

𝑎𝑎𝑠𝑠𝑖𝑖𝑘𝑘 + 𝑘𝑘𝑘𝑘
𝑞𝑞

ln � 𝜂𝜂𝑖𝑖𝑛𝑛𝑒𝑒
𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛 𝑃𝑃𝑒𝑒𝑠𝑠𝑠𝑠������

1−𝜂𝜂𝑖𝑖𝑛𝑛𝑒𝑒
𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛(1−𝑃𝑃𝑒𝑒𝑠𝑠𝑠𝑠������)

�.  
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