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Abstract

We investigate the effective stress-strain behavior of cellular elastomers, struc-
tured with a periodic pattern of elliptic holes by means of full scale simulations
under small deformations. First, we show that the elastic response behaves
non trivially with the pore geometry. In particular, we show that auxetic and
anistropic responses arise for a broad range of parameters, when the microstruc-
ture becomes sufficiently porous. Second, we show that, in the limit of large and
near-circular holes, the stress-strain nonlinearities become very large. Third, we
adopt an effective theoretical description where the filaments between the holes
are modeled by slender beams to predict the linear response, and by bars and
pivots to capture the leading order nonlinear corrections. This approach fully
captures the asymptotic observations and open pathways for an effective-beams
based homogenization and the design of nonlinear cellular materials.

At the limit between solids and structures, cellular solids have properties
that are largely driven by the geometry at the scale of their pores (Gibson and
Ashby, 1999; Milton, 2002). In particular, their mechanical behavior can be of
great interest for natural or artificial materials. For instance, cellular materi-
als can have a high strength-to-density ratio (Ashby and Bréchet, 2003; Meza
et al., 2014) or high toughness-to-strength ratio (Hong et al., 2015). Moreover,
the properties become even more interesting when their constituents permit
large deformations. The elastic filaments within elastomeric foams indeed al-
low geometric nonlinearities to occur in the microstructure, which may exhibit
elastic instabilities and thereby affect the effective response of the cellular ma-
terial (Geymonat et al., 1993; Gibson and Ashby, 1999; Papka and Kyriakides,
1999).

More recently, 2D periodic porous structures have attracted a lot of atten-
tion, because the instability of their elastic micro-filaments coincides with an
instability at the scale of the material itself (Michel et al., 2007; Bertoldi et al.,
2008, 2010; Florijn et al., 2014; Coulais et al., 2015), thus inducing novel mechan-
ical properties such as reversible rate-independent damping (Florijn et al., 2014)
or negative incremental stiffness (Florijn et al., 2014; Overvelde and Bertoldi,

Preprint submitted to International Journal of Solids and Structures July 18, 2016



2014).
These 2D periodic elastic structures have also recently been studied for their

highly tunable linear elastic properties. The geometry of the constituting beams
(thickness, curvature, shape) at the micro-scale controls the effective mechani-
cal response and has been used to obtain auxetic materials (Grima and Evans,
2000; Taylor et al., 2014; Shan et al., 2015) or mechanical cloaks (Bückmann
et al., 2015). These highly controllable and novel materials —generally termed
mechanical metamaterials (Kadic et al., 2013)— have seen formidable progress
in the past years because periodic porous structures with an exactingly designed
structure can now be fabricated easily thanks to the advent of additive man-
ufacturing. The effective properties of such cellular materials crucially hinge
on the shape and spatial pattern of the pores they are made of (Day et al.,
1992; Jasiuk et al., 1994). However, though nonlinear homogenization models
have seen significant progress over the past decades (Geymonat et al., 1993;
Ponte-Castadeña, 1991, 1996), such properties remain hard to predict and de-
sign especially when the pores are large and when their stress-strain response
enters a nonlinear regime.

Here, we investigate the response under small strain of a specific 2D cellu-
lar elastomer, micro-structured with a square pattern of alternating elliptical
holes and focus on the relation between the homogenized stress and strain. We
study a representative volume element with periodic boundary conditions by
means of finite element simulations. We show that the effective elastic response
is dominated by the geometry of the pores. For small porosities, the struc-
ture essentially retains the properties of an isotropic elastomer. By contrast,
it shows strong anisotropic and auxetic elastic behavior when the porosity be-
comes large. When in addition the near-touching pores become near-circular,
very strong stress-strain nonlinearities occur. Finally, we show that this rich
phenomenology is captured semi-quantitatively by an effective description of
the structure, where the elastic filament are described by effective elastic beams
or bars and pivots. We show in particular that the strong effective nonlinearity
originates from the buckling instability of imperfect beams.

We show in this work that a microstructure characterized with only two
geometrical parameters can exhibit a wide range of stress-strain responses, from
isotropic, anisotropic and auxetic to nonlinear. As this approach could easily be
generalized to 3D, to other geometries and to describe post-instability regimes,
it sets new ground for a homogenized description based on effective beams or
bars and pivots and opens up new avenues for the design of cellular solids.
Finally, as we investigated small strains, our findings hold beyond the case of
the sole elastomers and could apply to all materials whose elastic range strain
is at least 0.25%.

1. Model and Numerical Methods

1.1. Bulk material: Incompressible Neohookean Solid

We consider porous structures made out of an ideal elastomer and we use a
compressible neohookean formulation for the bulk material (Ogden, 1997). As
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a result the matrix material is weakly nonlinear and isotropic. Its strain energy
density is

W =
µ

2

(
det(F)−2/3tr(FFT)− 3

)
+
K

2
(det(F)− 1)2, (1)

where µ is the shear modulus, K the bulk modulus and F ≡ ∂x/∂X is the
deformation gradient tensor from the undeformed coordinate X to the deformed
coordinate x. In the numerical analysis, we consider a near incompressible
elastomer with a Young’s modulus E = 1 MPa, and we use a finite but much
larger compressibility modulus, K = 167 MPa, hence the shear modulus is µ =
0.333 MPa. As elasticity is scale invariant, we will present exclusively rescaled
data and the present study holds for different values of µ and K, provided
K � µ. Since we will investigate the response at small strains, the neohookean
formulation is a valid model for most rubbers.

1.2. Pattern of Pores

We focus on a 2D structure with an alternating pattern of elliptical holes,
which is characterized by 2 nondimensional control parameters, the ellipses flat-
tening e ≡ 1 − a/b and the wall thickness ` ≡ 1 − a − b, where a (respectively
b) is the minor (respectively major) axis of the ellipses. By construction, both
e and ` are comprised in the [0, 1] interval. As depicted in Figs. 1bc, these
two parameters determine the geometry of the pattern. For small pores ` . 1,
the bulk behavior is slightly altered with respect to the bulk material (Jasiuk
et al., 1994). For e = 0, the holes are circular and the pattern has an additional
four-fold symmetry. In this case, elastic instabilities of the microstructure have
been reported (Michel et al., 2007; Mullin et al., 2007; Bertoldi et al., 2008),
leading to a very nonlinear stress-strain behavior for the effective material under
compression (Overvelde and Bertoldi, 2014) and an auxetic response (Bertoldi
et al., 2010). For e > 0, the elastic instability is suppressed, but as we will

(a) (b) (c)
e

ℓ

Figure 1: (a) Sketch of the periodic structure. (b) Representative volume element (RVE) with
periodic boundary conditions. The flattening of the ellipses is parametrized by the ellipses
flattening e ≡ 1 − a/b and the smallest distance between two ellipses is parametrized by the
wall thickness `. The pitch between two holes is chosen p = 1 for convenience. (c) Different
RVEs in the (e,`) parameter space.
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see, strong nonlinearities and the negative Poisson’s ratio are retained for small
values of e and ` (Taylor et al., 2014; Coulais et al., 2015).

1.3. Periodic Boundary Conditions

In the following, we will consider the homogenized response of the infinite
structure, which is characterized by the lattice vectors q1 and q2 —see Fig. 1a.
These vectors define the periodicity of the structure and a primitive cell with
4 holes may be defined —see Fig. 1b. In the absence of elastic instability, the
periodicity remains constant (Geymonat et al., 1993; Bertoldi et al., 2008), and
this primitive cell can be considered as a representative volume element (RVE)
of the structure. This RVE has periodic boundary conditions, which may be
formulated on the displacements u ≡ x−X at the boundaries

u(x +q1)−u(x)= ε̄q1 (2)

and
u(x +q2)−u(x)= ε̄q2, (3)

where ε̄ is the nominal strain tensor of the effective material. We assume plain
strain conditions. Therefore, there are no deformations in the third dimension
e3.

1.4. Numerical Protocol

In order to study the effective behavior of such a structure, we conducted a
systematic numerical analysis within the commercial package Abaqus/Standard
of a representative volume element of a porous incompressible neohookean struc-
ture using hybrid triangular quadratic elements (Abaqus element type CPE8RH).
To ensure the accurary of the results, we carried out a mesh refinement study,
leading to a relative mesh density of 104-105 elements per primitive cell. Practi-
cally, we partitioned the mesh to obtain 200 nodes on each edge of the primitive
cell, on which the kinematic constraints Eqs. 2-3 were defined in order to apply
periodic boundary conditions. In addition, we defined two virtual nodes asso-
ciated with the displacements of the vertical and horizontal boundaries uV N1

and uV N2, which are respectively uV N1 ≡ ε̄ · q1 and uV N2 ≡ ε̄ · q2 (Danielsson
et al., 2002). The reaction forces on these nodes FV N1 and FV N2 provide the
measure of the components of effective nominal stress tensor. When the lattice
vectors are orthogonal and aligned with the directions e1 and e2, the tensor
reads

σ̄=

 e1 · F
V N1

q1
e1 · F

V N2

q2

e2 · F
V N1

q1
e2 · F

V N2

q2

 . (4)

In order to quantify the anisotropic homogenized response of the structure,
we performed an extensive numerical analysis using finite element simulations
at small strains in two cases: (i) under uniaxial compression; (ii) under pure
shear. As we will see below, these two protocols are sufficient to probe the linear
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response and the leading nonlinear corrections under all the symmetry axes of
the structure.

First we conducted a careful analysis of the linear regime and of the leading
order nonlinear corrections. As we will see in the following, the stress-strain non-
linearities under pure shear are of higher order than under uniaxial compression,
hence we had to use a significantly larger deformation range to obtain a precise
measurement of the leading (cubic) nonlinear term. By contrast, the stress-
strain nonlinearities under uniaxial compression are quadratic and can become
noticeably large for porous geometries, therefore we had to use a rather small de-
formation range in order to obtain an accurate measurement of the leading order
nonlinear term. As a result, we applied 20 deformation steps ∆ε̄22 = 5× 10−7

for uniaxial compression (respectively ∆ε̄12 = ∆ε̄21 = 2.5 × 10−4 for pure
shear), spanning from ε̄min

22 = −5 × 10−6 to ε̄max
22 = 5 × 10−6 (respectively

ε̄min
12 = ε̄min

21 = −2.5× 10−3 to ε̄max
12 = ε̄max

21 = 2.5× 10−3).
We carefully verified the absence of elastic instabilities, in order to the val-

idate the chosen RVE. The linear and nonlinear contributions have been es-
timated by a fitting procedure using polynomial series —More details will be
given in section 2. We performed 900 simulations for each case (i) and (ii),
varying both the ellipses flattening e and the wall thickness ` —see Fig. 1c.
The wall thickness ` is parametrized from 10−3 to 10−0.05 in 30 logarithmically
spaced intervals and the ellipses flattening e is parametrized at e = 0 and from
10−3 to 10−0.05 in 29 logarithmically spaced intervals.

2. Numerical Homogenization

The virtual nodes approach introduced above will allow us to measure nu-
merically the constitutive relation which relates the homogenized stress tensor
σ̄ and the homogenized strain tensor ε̄. In the limit of small deformations, such
stress-strain relation becomes linear and a linear tensorial relation between stress
and strain may be defined (Michel et al., 2007; Kanner and Horgan, 2008; Pham
et al., 2013). In the following, we will evaluate numerically such full tensor as
a function of two parameters describing the microstructure geometry. Further-
more, we will see that for finite but small deformations, deviations from linear
behavior become significant and we will quantify the leading order nonlinear
corrections.

2.1. Effective Orthotropic Linear response

We first focus on the effective linear response. In this case, the nominal strain
tensor ε̄ relates to the nominal stress tensor σ̄ by the linear tensorial relation
ε̄ = s̄·σ̄, where s̄ is called the compliance tensor. In the case of a linear elastic 2D
material, it can be shown (Milton, 2002) that only 6 coefficients are needed. The
present structure has at least two orthogonal planes of symmetry. Therefore, it
belongs to the class of the orthotropic materials and these symmetries impose
2 coefficients to be zero (Milton, 2002). The compliance tensor therefore boils
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down to

s̄ = s̄1111 e11 ⊗ e11 (5)

+ s̄2222 e22 ⊗ e22

+ s̄1122 (e11 ⊗ e22 + e22 ⊗ e11)

+ s̄1212 (e12 ⊗ e12 + e21 ⊗ e12 + e12 ⊗ e21 + e21 ⊗ e21),

where eij are the tensorial unit vectors in the orthonormal basis (e1, e2).
Finally, our structure has an additional four-fold symmetry, which induces

s̄1111 = s̄2222. Therefore, only 3 elastic constants are necessary to capture its
linear elastic response. The compliance tensor can be rewritten in terms of
standard elastic moduli

s̄ = Ē−1(e11 ⊗ e11 + e22 ⊗ e22) (6)

− ν̄Ē−1 (e11 ⊗ e22 + e22 ⊗ e11)

+ Ḡ−1 (e12 ⊗ e12 + e21 ⊗ e12 + e12 ⊗ e21 + e21 ⊗ e21),

where Ē correspond to the Young’s modulus and ν̄ the Poisson’s ratio, when the
deformations principal directions follow e1 and e2 in 2D plane strain conditions.
Ḡ corresponds to the shear modulus under pure shear, where the deformations
principal directions are π/4-rotated and follow (e1 + e2)/

√
2 and (e1 − e2)/

√
2

in 2D plane strain conditions. The compliance tensor may also be rewritten as
follows (Jasiuk et al., 1994)

s̄ =
1

4

(
K̄−1 + µ̄−1

)
(e11 ⊗ e11 + e22 ⊗ e22) (7)

1

4

(
K̄−1 − µ̄−1

)
(e11 ⊗ e22 + e22 ⊗ e11)

+ Ḡ−1 (e12 ⊗ e12 + e21 ⊗ e12 + e12 ⊗ e21 + e21 ⊗ e21),

where µ̄ and K̄ correspond to the shear and bulk modulus, when the principal
deformations follow e1 and e2 in 2D plane strain conditions.

2.1.1. Uniaxial compression

In order to extract the homogenized Young’s modulus, Ē and Poisson’s ratio,
ν̄, we perform a uniaxial tensile test in the e2 direction, hence σ̄11 = σ̄12 = 0.
From Eq. 6, it follows that

Ē =

(
∂σ̄22

∂ε̄22

)
ε̄22→0

(8)

ν̄ = −
(
∂ε̄11

∂ε̄22

)
ε̄22→0

. (9)

We compute Ē and ν̄ by fitting σ̄22 to Ē(ε̄22 + η̄ε̄2
22) + ā3ε̄

3
22 + ā4ε̄

4
22 and ε̄11 to

ν̄(ε̄22 + c̄1ε̄
2
22)+ c̄3ε̄

3
22 + c̄4ε̄

4
22. Fig. 2 shows that the effective material stiffnesses

are completely controlled by the geometry of the pores in a nontrivial way. In
particular, the material becomes auxetic (ν̄ < 0) for a large range of (e, `) values.
We discuss below the observations, which we also summarize in Tab. 1.
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Figure 2: Numerical simulations. (a-b) Effective Moduli Ē (a) and 1+ ν̄ (b) vs. wall thickness
` for various ellipses flattening e. (Inset) Mapping to a tesselation of hinged squares (Grima
and Evans, 2000), with no rigidity and a Poisson’s ratio of −1. (c-d) Effective Moduli Ē (c)
and 1 + ν̄ (d) vs. ellipses flattening e for various wall thicknesses `.

• First, for large wall thicknesses, `→ 1, the structure recovers the proper-
ties of the bulk material under plane strain conditions ν̄ → ν/(1− ν) = 1
and Ē → E/(1 − ν2) = 4/3 ≈ 1.333 MPa (Jasiuk et al., 1994) —see
Fig. 2ab.

• Second, in the `→ 0 limit, we observe that ν̄ → −1 and Ē → 0 MPa. This
limit can be explained simply by realizing that the deformations localize
at the necks between the pores, which become extremely narrow as the
pores are near-touching. The structure acts then as a mechanism, made
out of hinges (the necks) and rigid parts with no stiffness (Milton, 2013).
Because of the rotations of the solid parts —see Fig. 2b-inset, the effective
Poisson’s ratio of such a structure is −1 for e > 0 (Grima and Evans,
2000). As we will see in the following, the circular case e = 0 is peculiar
because the structure undergoes a symmetry breaking instability and the
deformation range of the linear regime vanishes for `→ 0.

• Third, the high porosity limit ` → 0 shows non-trivial scalings with the
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flattening of the ellipses e and the wall thickness `. We identify two regimes

1. Bending Dominated (BD) Regime (e/` � 1): The Poisson’s ratio
tends towards −1 as a square power law with ` —see Fig. 2b, and
the Young’s modulus vanishes as a 5/2 power law —see Fig. 2a. As
for the scaling with e, both Ē and 1+ ν̄ show an unambiguous scaling
with e−2 —see Fig. 2cd.

2. Compression Dominated (CD) Regime (e/`� 1): The scalings with
` change: ν̄ tends towards zero —see Fig. 2b, while Ē vanishes as a
square root power law —see Fig. 2a. As for the scaling with e, Ē and
1 + ν̄ do not exhibit scaling anymore —see Fig. 2cd.

2.1.2. Pure Shear

As discussed above, because of its anisotropy, the structure has two different
effective shear moduli µ̄ and Ḡ, which correspond to different principal directions
of deformations. While µ̄ is directly determined from Ē and ν̄, Ḡ has to be
measured from an additional mechanical test.

To determine the shear modulus Ḡ, we carry out a pure shear mechanical
test, with ε̄21 = ε̄12 and σ̄11 = σ̄22 = 0. From Eq. 6, it follows that

Ḡ =
1

2

(
∂σ̄12

∂ε̄12

)
ε̄12→0

. (10)

To measure Ḡ, we fit the nominal stress σ̄12 to 2Ḡ(ε̄12 + ξ̄ε̄3
12) + b̄5ε̄

5
12. Fig. 3a

shows that the effective material shear modulus is completely controlled by the
geometry of the pores in a nontrivial way. However, its scaling and limits differ
strongly from the previous case.We discuss below the observations, which we
also summarize in table 1.
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Figure 3: Numerical simulations: Effective Moduli Ḡ (a) and µ̄ (b) vs. wall thickness ` for
various ellipses flattening e. (Inset) Anisotropy ratio Ḡ/µ̄ vs. wall thickness ` for various
ellipses flattening e.
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Regimes Ē 1 + ν̄ µ̄ Ḡ

Compression (CD)
e/`� 1 `1/2e0 `0e0 `1/2e0 `3/2e0

Bending (BD)
e/`� 1 `5/2e−2 `2e−2 `1/2e0 `3/2e0

Low Porosity (LP)
1− `� 1 E

1−ν2 = 4
3

ν
1−ν = 1 E

2(1−ν) = 1
3

E
2(1−ν) = 1

3

≈ 1.333 MPa ≈ 0.333 MPa ≈ 0.333 MPa

Table 1: Asymptotic regimes for the elastic moduli. The large porosity limit ` � 1 show
nontrivial scalings, which depend on the pore flattening e. The small porosity limit coincides
with results for 2D plane strain elasticity —see for instance the work by Jasiuk et al. (1994).

• First, for a large wall thickness, ` → 1, the structure recovers again the
properties of the bulk material under plane strain conditions Ḡ→ E/2(1+
ν) = 1/3 ≈ 0.333 MPa (Jasiuk et al., 1994).

• Second, in the high porosity limit, the effective response differs qualita-
tively from the uniaxial test. The pure shear modulus Ḡ vanishes with ` as
a nontrivial power law 3/2 —see Fig. 3a. By contrast, the shear modulus
of the non-rotated principal directions µ̄ = Ē/(2+2ν̄) scales with ` with a
square root power law —see Fig. 3b. Such a difference builds up a strong
anisotropy, which may be quantified by the ratio Ḡ/µ̄ —see Fig. 3b-inset.
For low porosities, Ḡ/µ̄ → 1, as expected for isotropic elastic solids (Ja-
siuk et al., 1994). In the limit `→ 0, the ratio deviates significantly from
1 and vanishes linearly with `, indicating that the structure is much more
compliant to shear for the π/4-rotated principal direction of deformations
than in the e1 and e2 principal directions of deformations.

• By contrast with the Young’s modulus and Poisson’s ratio, the effect of e
on both the shear moduli is imperceptible.

To conclude, the simple geometry of the structure brings about a very inter-
esting linear response showing scalings with fractional power laws —see Tab. 1.
What is the mechanism at the origin of such exponents? In the last section of
the paper, we will introduce a theoretical model based on effective homogeneous
beams, which will allow us to fully predict the observed scalings with ` and e.

2.2. Nonlinear Stress-Strain Response for Small Deformations

In the first part, we have characterized the linear stress-strain response
within a great level of detail and we have seen that the linear elastic response of
these materials is highly anisotropic when porous and auxetic when the pores
ellipticity is large. However, the linear response only describes accurately the
limit of vanishingly small deformations. We will show here that nonlinear ef-
fects become significant, even for the very small strain we used in our analysis.
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In the following, we will consider two nonlinear effects under small strain: (i)
softening/stiffening under uniaxial compression and (ii) stiffening induced by
shear.

2.2.1. Neohookean Nonlinearities

Large deformations lead to effective nonlinearities in the stress-strain rela-
tions. As we will see, these nonlinearities are substantial for porous structures.
Yet, it is useful to first recall the nonlinearities of ideal neohookean elastomers.

Uniaxial Compression. In the case of a uniaxial compression under plane strain
conditions, the effective nominal stress-strain relation can be written as (Ogden,
1997)

σ22 = µ

(
1 + ε22 −

1

(1 + ε22)3

)
. (11)

In the limit of small strains, Eq. 11 can be expanded as

σ22 = 4µ
(
ε22 + ηε22

2 + O
(
ε22

3
))
, (12)

with η = −3/2, which is the magnitude of the quadratic correction to the
nominal stress-strain law.

Pure Shear. In the case of pure shear under plane strain conditions, the effective
nominal stress-strain relation can be written as (Ogden, 1997)

σ12 = 2µε12 (13)

−5.10−6 0 5.10−6

ε̄22

−5.10−6

0

5.10−6

σ̄
22
/Ē

(a)
0.0 0.5 1.0

ℓ

−2

0

2

4

6

η̄

(b)

Figure 4: Nonlinearity under uniaxial compression for small deformations. The effective
nonlinear material is soft under compression and stiff under tension. (a) Effective nominal
stress σ̄22/E vs. effective nominal strain ε̄22 for a uniaxial test of a representative volume
element with periodic boundary conditions for ` = 0.0013 and e = 0.0013 (green disks) and
` = 0.017 and e = 0.0013 (red squares). Polynomial fits are indicated in black and give a
measurement of η̄ = 5 × 104 (green disks) and η̄ = −0.6 (red squares). (b) Nonlinearity η̄ vs.
wall thickness ` for e = 0.70. The gray dashed line indicates the nonlinearity η = −3/2 for a
neohookean material under uniaxial compression in plane strain conditions.
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Figure 5: Effective stress-strain nonlinearity under uniaxial compression. (a) Nonlinearity η̄
vs. flattening e for different values of `. (b) Rescaled nonlinearity η̄`2 vs. e/`. The dashed
lines indicate the maximum η̄`2 ≈ 0.2 located at e/` ≈ 0.3.

By contrast with the uniaxial test case, the shear stress behaves completely
linearly with the shear strain.

2.2.2. Nonlinearities under uniaxial test

We focus in the following on the nonlinearities at the leading order, which are
quadratic in the uniaxial compression case. To determine such nonlinearities,
we perform a fit to Ē(ε̄22 + η̄ε̄2

22)+ ā3ε̄
3
22 + ā4ε̄

4
22 on our data set. Fig. 4a displays

two typical nonlinear stress-strain curves and their fit. While for the non-porous
case the curve was concave and the nonlinearity η < 0. Highly porous structures
display a convex shape and η̄ can take tremendously large positive values — 5×
104 in Fig. 4a. Besides, the link between η̄ and the pore geometry is nontrivial,
as shown in Fig. 4b. For low porosities, the structure recovers the limit of the
bulk material η = −3/2. As the wall thickness ` is decreased, η̄ becomes non-
monotonic. The full scan of the parameters space (e, `) —see Fig. 5a— reveals
that η̄ is also non-monotonic with the pores flattening e, and that within our
range of parameters, the value of η̄ does not show any upper bound. We find
that η̄(e/`) exhibits a clear scaling with `−2, with a well defined maximum of
magnitude η̄`2 ≈ 0.2 and for e/` ≈ 0.3 —see Fig. 5b. Interestingly, the loci
of the maximum e/` ≈ 3 also corresponds to the crossover between the two
different regimes CD and BD identified above for the linear response, in which
η̄(e/`) scales with `0e−2 and `−4e2 respectively.

We have identified an interesting stress-strain nonlinearity, where the effec-
tive material is soft under compression and stiff under tension. We found that
such stress-strain nonlinearity is highly tunable by the geometry of the pores
and can take arbitrarily high values when the pores are near-touching and near-
circular. As it occurs at very small strains (5×10−6), we expect this phenomena
to hold beyond the case of the rubber materials considered here and to pertain
for all materials whose elastic range covers at least a strain scale of 5 × 10−6
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Figure 6: Effective stress-strain nonlinearity under pure shear. (a) Effective nominal stress
σ̄12/G vs. effective nominal strain ε̄12 for a pure shear test of a unit cell with periodic boundary
conditions for ` = 0.0013 and e = 0.0013 (green disks) and ` = 0.017 and e = 0.0013 (red
squares). Fits to 2Ḡ(ε̄12 + ξ̄ε̄312) + b̄5ε̄512 are indicated in black and give a measurement of
ξ̄ = 1.2 × 102 (green disks) and ξ̄ = 4.1 (red squares). (Inset) Nonlinear contributions of the
stress-strain curve. σ̄12/2Ḡ− ε̄12 vs. effective nominal strain ε̄12. (b) Nonlinearity ξ̄ vs. wall
thickness ` for e = 0.70.

(e.g. metals).
As we will see below, high values of the effective stress-strain nonlinearity

and non-monotonic behavior take their origin in the buckling instability with
imperfection. Near-circular pores with smaller imperfection induce stronger
stress-strain nonlinearity. We will introduce an effective model, which predicts
the magnitude and location of the maximum.

2.2.3. Stiffening Nonlinearities under Pure Shear

The geometry of the holes also induces stress-strain nonlinearities under pure
shear, albeit of higher (cubic) order. To quantify such nonlinearities, we perform
a fit to 2Ḡ(ε̄12 + ξ̄ε̄3

12) + b̄5ε̄
5
12 on our data set. Note that the even terms of the

expansion are absent because of symmetry reasons. Fig. 6a displays two typical
nonlinear stress-strain curves and their fits. While for the less porous case the
curve is linear (ξ̄ = 0) —see Eq. 13 and Fig. 6a-inset, highly porous structures
display a cubic shape and ξ̄ takes large positive values. ξ̄ increases as the wall
thickness ` is decreased —see Fig. 6b. The full scan of the parameters space
(e, `) reveals that this trend is robust —see Fig. 7: ξ̄ monotonically decreases
with the wall thickness as `−1, and the value of ξ̄ does not show any upper
bound. As in the case of the linear response under shear, ξ̄ is independent on
the pore flattening e.

We will in the following introduce an effective model, which predicts such
effective stress-strain nonlinearity at the cubic order and its behavior with both
the wall thickness ` and the pores flattening e.
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Figure 7: Effective stress-strain nonlinearity ξ̄ vs. wall thickness ` for different values of the
ellipses flattening e. The black dashed line indicates the prediction ξ = 2/π2`−1 discussed in
section 3.3.2.

3. Effective Modeling

3.1. Dilute holes limit: Linear elasticity

In the limit of small pores, ` → 1, the Young’s modulus, Poisson’s ratio
and shear moduli deviate slightly from the bulk behavior. Jasiuk et al. (1994)
carried out theoretical derivations in the limit of linear elasticity by calculating
the deformation and stress fields created by dilute elliptical inclusions. They
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Ē
/E

(b)
0.0 0.2 0.4 0.6 0.8 1.0

ℓ
0.0

0.1

0.2

0.3

0.4

0.5

Ḡ
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Figure 8: Low Porosity limit predictions. Effective moduli ν̄ (a), Ē (b) and Ḡ (c) vs. wall
thickness for different flattening of the ellipses. The black lines correspond to the predictions
by Jasiuk et al. (1994) for e = 0 (solid) and e = 0.9 (dashed).
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obtained expressions for the effective moduli, which we recast in our notations

Ē =
E

1 + 3π4 (1− `)24 1+(2−e)(1−e)
3(2−e)2

(14)

1 + ν̄ =
2

1 + π
4 (1− `)22 1+(1−e)2

(2−e)2
(15)

Ḡ =
Ē

2(1 + ν̄)
. (16)

(17)

As shown in Fig. 8, these predictions match the numerical data for large wall
thicknesses ` & 0.6. However, they completely fall short of describing the data
for small wall thicknesses ` < 0.4. Such discrepancy is not a surprise, since the
calculation rests on the hypothesis that the deformation field can be decom-
posed onto a sum over the deformation fields of independent inclusions, which
is only valid for low porosities. In order to predict the high porosity regimes,
we will turn around and adopt a completely different approach by considering
the filament between the holes as homogeneous beams with an effective cross-
section (Overvelde and Bertoldi, 2014).

3.2. Large porosity limit

3.2.1. Effective Beams

In the limit of large pores, `� 1, the slender elastic filaments can be mapped
onto pre-curved beams which can undergo compression (see Figs. 9c-d), bending
(see Figs. 9e-f), or shear-bending (see Figs. 9g-h) (Halperin et al., 1985; Day
et al., 1992). Their governing equations can be described by a set of equations
describing the deflection θ(s) and the axial compression ε(s) of the neutral line of
a beam (Reissner, 1972; Lubbers et al., 2016) of non-constant cross section —See
Figs. 9a-b. To establish these equations, the elastic energies for bending, Eb =
EI(s)θs(s)

2/2, and for compression Ec = EA(s)ε(s)2/2 have to be minimized
under the geometrical constraints set by the boundary conditions. E is the
Young’s modulus. As the beam geometry is not homogeneous, the cross section
area A(s), and the second moment of area I(s) depend on the beam coordinate
s.

The following step is to build an energy functional by taking into account
geometrical constraints. These can be written in terms of the following func-
tionals (Audoly and Pomeau, 2010)

Πu(s, ε(s), θ(s)) = P

(
∆u−

∫ L/2

−L/2
ds ((1 + ε) cos(θ)− cos(θ0))

)
, (18)

Πv(s, ε(s), θ(s)) = V

(
∆w −

∫ L/2

−L/2
ds ((1 + ε) sin(θ)− sin(θ0))

)
, (19)

where ∆u and ∆w are the axial and transverse displacements at the end of the
beam and θ0(s) is the deflection of the undeformed beam. P and V are the
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Lagrange parameters associated with the two geometrical constraints. They
correspond to the external axial and transverse forces applied on the beam.
Euler-Lagrange theorem can be applied on the functional

F(s, ε(s), θ(s), θs(s)) ≡ Eb(s, θs(s)) + Ec(s, ε(s)) (20)

−Πu(s, ε(s), θ(s))−Πv(s, ε(s), θ(s)),

leading to the following governing equations

E (I(s)(θs − θ0s))s + P ((1 + ε) sin θ)− V ((1 + ε) cos θ) = 0, (21)

EA(s)ε+
EA′(s)

2
ε2 + P cos θ + V sin θ = 0, (22)

As a result, the effective geometry and mechanical response are described within
a set of non-homogeneous nonlinear coupled equations. In the following, we will
linearize these equations to predict analytically the stiffnesses of the equivalent
porous structures.

Note that the approach proposed here is essentially identical to finite de-
formation elasticity, where an elastic energy is minimized under geometrical
constraints. The only difference between standard finite strain theory and
the present approach is the dimensionality of the problem: while standard ap-
proaches retain 2D or 3D continuum variables (Ogden, 1997), we used here 1D
variables to build an analytical expression for the homogenized elastic energy
and subsequently for the homogenized governing equations 21-22.

(a)

w(s)

φ(s)
ab

w(s)

φ(s)
ab

s
ε(s)

θ(s)

(b)

s
ε(s)

θ(s)

(c) (e) (g)

(d) (f) (h)

Figure 9: (a) Geometry of the undeformed effective precurved beam. By construction,
w(s) = 1 − (1 − `) cosφ(s). (b) Kinematics of the effective beam. s denotes the curvilin-
ear coordinate along the beam, θ0(s) the deflection of the deformed beam (dashed line) and
θ(s) (respectively ε(s)) the deflection (respectively compression) of the deformed beam (solid
line). (c-h) Zoom of the structure on the (c-e-g) undeformed and deformed (d-f-h) filaments
(c-d) under compression (e = 0.05,` = 0.2), (e-f) under bending (e = 0.3,` = 0.05) for a strain
of ε̄22 = 10−1, and (g-h) under shear (e = 0.1,` = 0.05) for a strain of ε̄12 = 10−1. We show
large strains to clearly present how the geometry deforms.
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These nonlinear equations cannot be solved analytically in the generic case.
Although we used a simplified description, obtaining the full nonlinear homoge-
nized stress-strain relation remains a very difficult task. As a first step, we focus
on the linear response. Such a step is commonly performed in finite deformation
studies (Michel et al., 2007; Kanner and Horgan, 2008; Pham et al., 2013). To
this end, we will use a two-fold approach: (i) we will investigate these equations
in asymptotic regimes, where we will describe the filaments as effective beams of
homogeneous cross-section; (ii) we will investigate the response to infinitesimal
deformations.

3.2.2. Linear regime

We will perform simplifying assumptions in order to achieve predictions for
the stiffness of the entire beam as a function of its geometry. To do so, we will
assume that such a beam can be described as an effective beam of homogeneous
cross-section and of length L = 1.

Response to compression. First, we calculate the response of the beam mostly
under compression and linear deformations —see Fig. 9b. Therefore the deflec-
tion θ � 1, the shear force V = 0 and Eq.22 becomes

ε = − P

EA(s)
+ O

(
θ2
)

+ O
(
ε2
)
. (23)

To obtain an expression for the stiffness of the beam, we now combine this result
with the geometrical constraint Πu(s, ε(s), θ(s)) = 0, in the limit θ � 1

∆u = −
∫ 1/2

−1/2

ds ε+ O (θ) , (24)

which, using the parametrization φ(s) defined in Fig. 9a, leads to

∆u =
P

E

∫ 1/2

−1/2

ds

1− (1− `) cosφ(s)
+ O (θ) . (25)

Assuming that the elastic deformations are localized at the neck between two
holes, the integrand may be expanded for small s up to the quadratic order,
cosφ ' 1− 2(s/(1− `))2. The integral remains unchanged when its bounds are
taken infinite. Thus we obtain P ' kc∆u, with

kc =
E

π

√
`

2(1− `)
. (26)

Therefore, an equivalent beam of homogeneous cross-section has an effective
length Leff = π

√
2`(1− `), which depends on the wall thickness `. We have

now characterized the stiffness of the beam in the regime θ � 1. This result
had been found by Day et al. (1992) for circular holes, our present results show
that the elliptical holes in Fig. 9a have the same stiffness when their flattening
e is small and their wall thickness ` is large.
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Response to Bending. When the pores are more elliptical, the curvature of the
beam is larger and bending deformations dominate —see Fig. 9e-f. Therefore,
ε� 1, γ � 1 and V = 0. Eq. 21 becomes

E (I(s)(θs − θ0s))s + P sin θ = 0, (27)

which we then integrate between s and s = L/2. Within linear response, the
change of deflection is infinitely small, θ − θ0 � 1. Therefore, sin θ = sin θ0 +
O (θ − θ0) and assuming a constant initial curvature, θ0 = κ(1/2−s), we obtain

EI(s)(θs − θ0s) +
P

κ

(
1− cosκ(

1

2
− s)

)
= 0. (28)

Integrating this latter equation between s = −L/2 and s = L/2, we then obtain

−2α+
P

Eκ

∫ 1/2

−1/2

ds
1− cosκ( 1

2 − s)
(1− (1− `) cosφ(s))

3 = 0, (29)

where α is the change of angle θ − θ0 for s = −L/2 and φ the parametric
angle depicted in fig. 9a. Once again, the hypothesis that the deformations
are localized in the neck of the filament leaves the integral unchanged when
their bounds are taken infinite. In addition, we assume that the precurvature
is small. Therefore, by using a Taylor expansion up to the second order for the
numerator, we obtain Pκ = Cbα, with

Cb =
32
√

2

9π
E`5/2(1− `)−1/2

(
1 +

2

3
`(1− `)

)−1

. (30)

In order to relate the angle α to the displacement ∆u, we integrate the geomet-
rical relation (eq. 18) in the limit θ0 � 1 and assuming that the deflection is
localized in the neck of the filament, δθ ≈ α(1−H(s)), where H is the Heaviside
step-function. Besides, it can be shown that in the limit ` � 1 and for small
but finite precurvature κ, the pores flattening e = κ. As a result, ∆u = eα and
P ' kb∆u, with

kb =
32
√

2

9π

E

e2
`5/2(1− `)−1/2

(
1 +

2

3
`(1− `)

)−1

. (31)

Therefore, we find that such a beam can be described by an effective beam
of length Leff

b ∼ Leff , but with a different pre-factor for bending than for
compression. The present result is consistent with was also found by Day et al.
(1992), but we find here a different prefactor, because we considered a pre-curved
beam.

Response to Shear Bending. Finally, we calculate the stiffness upon shear —see
Fig. 9g-h. Therefore, we consider Eq. 21 with P = 0 and ε� 1. We then obtain

E (I(s)(θs − θ0s))s − V cos θ = 0. (32)
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Within linear response, the change of deflection is infinitely small, θ − θ0 �
1. Therefore, cos θ = cos θ0 + O

(
(θ − θ0)2

)
and assuming a constant initial

curvature, θ0 = κ(1/2− s), we obtain

−EI(s)(θs − θ0s) +
V

κ
sinκ(

1

2
− s) = 0. (33)

We then integrate this equation between s = 0 and s = L/2, and we find

−β +
V

Eκ

∫ 1/2

0

ds
sinκ( 1

2 − s)
(1− (1− `) cosφ)

3 = 0, (34)

where β is the change of deflection at the center of the beam (s = 0) and φ(s)
the parametric angle depicted in fig. 9a. Using the same assumptions as above,
we obtain V = Csβ, with

Cs =
32
√

2

3π
E`3/2(1− `)−1/2

(
1− 8

3
√

2π

√
`(1− `)

)−1

. (35)

In order to relate the angle β to the transverse displacement δw, we integrate
the geometrical relation (eq. 18) in the limit θ0 � 1 and assuming that the
deflection is localized in the neck of the filament, we obtain δθ ≈ βδ(s), where
δ is the Dirac function. As a result, ∆w = β and V ' ks∆w, with

ks =
32
√

2

3π
E`3/2(1− `)−1/2

(
1− 8

3
√

2π

√
`(1− `)

)−1

. (36)

Asymptotic Behavior. The different stiffnesses obtained in Eqs. 26, 31, 36 pro-
vide a very good estimate for the behavior of the effective moduli Ē, ν̄ and Ḡ as
a function of the pores geometry. For the Young’s Modulus Ē and the Poisson’s
ratio ν̄, it is useful to recall that the principal directions of deformations are
aligned with the axes of the beams in the structure. Now, the bulk modulus
K̄ is directly related to the stiffness of the 8 beams (vertical and horizontal)
of the structure. Hence, in the regime CD (e/` < 3), the beams are mostly
compressed and K̄ ≈ 8kc ∼ `1/2. In the regime BD (e/` > 3), the beams are
mostly bent and K̄ ≈ 8kb ∼ `5/2/e2. By contrast, the response to shear in these
axes involves no rotation and therefore no bending of the beams. Therefore, the
shear modulus µ̄ ≈ 8kc ∼ `1/2 at all precurvatures. In order to obtain the
scalings for Ē and 1 + ν̄ from these results, we now use the relations between
moduli (Jasiuk et al., 1994)

1 + ν̄ =
2K̄

K̄ + µ̄
(37)

Ē =
4

K̄−1 + µ̄−1
. (38)

(39)
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In the regime CD (e/` < 3) this gives

1 + ν̄ ≈ 1 (40)

Ē ≈ 2kc ∼ `1/2, (41)

(42)

and in the regime BD (e/` > 3), it yields

1 + ν̄ ≈ 2kb
kc + kb

∼ `2

e2
(43)

Ē ≈ 32

k−1
c + k−1

b

∼ `5/2

e2
. (44)

(45)

These four predictions (Eqs. 40, 41, 43, 44) are fully consistent with the expo-
nents reported previously in the high porosity limit —see Tab. 1.

As for the pure shear modulus, it is given by the shear bending stiffness of
the 8 beams within the structure, Ḡ = 8ks ∼ `3/2. It successfully captures the
scaling with ` and e —see Tab. 1.

3.3. Nonlinear regime

The obtained expressions for the stiffnesses (Eqs. 26, 31, 36) indicate that
beams with an inhomogeneous cross-section may be considered as an effective
mechanism with three different deformation modes. In the following, we will
investigate the mechanical response of these mechanisms in the nonlinear regime.
As they involve discrete degrees of freedom, the nonlinear governing equations
are no longer differential and become easier to solve. Such mechanisms are thus
a powerful strategy to unveil nonlinear behavior because they only describe
discrete degrees of freedom while retaining geometric nonlinearity (Bazant and
Cendolin, 2009; Lazarus et al., 2015). As we will see, these nonlinear degrees of
freedom essentially capture the nonlinear behavior of the material.

When the structure undergoes uniaxial compression, the filaments between
the holes undergo bending and compression. Therefore, the minimal model
that describes this deformation mode is two extensible bars of spring constant
kc, connected by a torsional spring (Figs. 10ab) of constant Cb. Two additional
torsional springs of constant Cb at the extremities of the bar model the horizontal
filaments, which essentially bend. Upon deformation, the bars compress and
bend, and the interplay of these two deformations induces nonlinearity.

When the structure undergoes pure shear, the filaments between the holes
undergo shear, which is a deformation mode with non-monotonic deflections.
Therefore, the minimal model that describes this deformation mode is three
bars, connected by two torsional springs of constant Cs. The middle bar of initial
length Leff is extensible with a spring constant kc. Additionally, two torsional
springs of constant Cs at the extremities of the beam model the horizontal
filaments, which essentially shear bend. Upon deformation, all bars deflect
and the middle bar extends, and the interplay between these three deformation
modes induces nonlinearity.
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Figure 10: Mapping into mechanisms. (a-b) Under uniaxial compression for a undeformed (a)
and deformed (b) configuration. (c-d) Under pure shear for an undeformed (c) and deformed
(d) configuration.

3.3.1. Uniaxial compression

We formalize the mechanism shown in Fig. 10ab to predict the relation
between the axial force P and axial displacement u. In particular, we want to
predict the quadratic correction η, defined by

P = k(u+ ηu2). (46)

First, we express the elastic energy stored in the extension of the bars and the
torsional spring. Second, we calculate the geometrical constraint, relating the
axial displacement u to the geometry of the deformed system, which gives

u = L(cos θ0 − (1 + ε) cos θ). (47)

We then introduce the functional

G(ε, θ) =
3

2
Cb(θ − θ0)2 + kcε

2 + PL(cos θ0 − (1 + ε) cos θ), (48)

where P is the Lagrange parameter that also coincides with the axial force. The
mechanical equilibriums are to be found when the first derivatives of G(ε, θ) with
respect to its variables are zero, namely

0 = 2kcε− PL cos θ (49)

0 = 3Cb(θ − θ0) + PL(1 + ε) sin θ. (50)

By substituting Eq. 49 into Eq. 50 and introducing the non-dimensional param-
eters P̄ = PL/3Cb and Λ2 = 2kc/3Cb, we obtain

θ − θ0 + P̄ sin θ − P̄ 2Λ−2 cos θ sin θ = 0. (51)

In order to express P vs. u, solving the two coupled nonlinear equations 47
and 51 is necessary. To achieve this step, we expand these equations up to the
cubic order in θ, which gives an explicit expression for u(P ). We checked numer-
ically the convergence of this expansion. After a few analytical manipulations,
we obtain the coefficients k and η, defined in Eq. 46. In particular, we obtain

η =
7θ6

0

(
Λ2+4

)4−12θ4
0

(
Λ2+4

)3(
5Λ2−2

)
+108θ2

0Λ2
(
Λ6+6Λ4−32

)
−864Λ2

(
Λ2+4

)
(θ2

0(Λ2+4)(θ2
0 (Λ2+4)−6Λ2+6)−108Λ2)

2 .

(52)
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Figure 11: Nonlinear response under compression. (a) Nonlinearity η vs. initial deflection
θ0 for beams for different slenderness ratios Λ. (b) Rescaled nonlinearity ηΛ−2 vs. rescaled
initial deflection θ0Λ. The maximum corresponds to a crossover between a bending dominated
(BD) regime (θ0Λ & 4.3) and a compression dominated (CD) regime (θ0Λ . 4.3).

From Eqs. 26-31, the ratio Λ =
√

3/32`−1(1 + 2`(1 − `)/3)1/2 relates to the
geometry of the unit cell and in the limit of small wall thickness `, we find
Λ =

√
3/32 `−1 + O(`−2). We see that the family of curves (see Fig. 11a) is

strikingly similar to the one obtained for η from the finite elements simulations
(see Fig. 5a). More specifically, the rescaled plot ηΛ2 vs. θ0Λ (see Fig. 11b)
shows the same scalings than for the FEM results (see Fig. 5b). It also has a
maximum of magnitude ηΛ2 ≈ 0.043 located at θ0Λ ≈ 4.3, which in units of
the original parameters (e,`) becomes η`−2 ≈ 0.46 located at e/` ≈ 0.14. These
values are different yet of the same order of magnitude than the maximum
reported for the FEM results.

Therefore, as the scalings and orders of magnitude are the same in the model
and the simulation, the effective mechanism is a very efficient strategy to predict
semi-quantitatively the nonlinear corrections in the stress-strain response of the
material under compression.

3.3.2. Pure Shear

We now focus on the nonlinear response under pure shear. We formalize
the mechanism shown in Figs. 10c-b to predict the relation between the shear
force V and the transverse displacement w. In particular, we want to predict
the cubic correction ξ, defined by

V = c(w + ξw3). (53)

First, we express the elastic energy stored in the extension of the bars and the
torsional spring. Second, we calculate the geometrical constraint, relating the
transverse displacement to the geometry, which gives

w = Leff (1 + ε) sinβ. (54)
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We then introduce the functional,

H(ε, β, γ) = Csβ
2+

kc
2
ε2−VLeff (1+ε)sinβ, (55)

where V is the Lagrange parameter that also coincides with the transverse
force. The mechanical equilibriums are to be found when the first derivatives
of H(ε, β, γ) with respect to its variables are zero, namely

0 = kcε− V Leff sinβ (56)

0 = 2Csβ − V Leff (1 + ε) cosβ. (57)

By substituting Eq. 56 into Eq. 57 and introducing the non-dimensional param-
eters V̄ = V Leff/2Cs, Ω2 = kc/2Cs, we obtain

0 = β − V̄ cosβ − V̄ 2Ω−2 cosβ sinβ = 0. (58)

In order to express V vs. w, we have to solve the two coupled nonlinear equa-
tions 54 and 58. To achieve this step, we expand these equations up to the cubic
order in β. We checked numerically the convergence of this expansion. After
solving the resulting cubic polynomial equations, we obtain an explicit expres-
sion for w(V̄ ). After a few analytical manipulations, we obtain the coefficients
c and ξ, defined in Eq. 53. In particular, we obtain

ξ =
4Ω6

(
Ω2 + 1

)
Leff

2 (Ω2 − 2)
4 (59)

The Taylor expansion of Eq. 59 gives ξ = 4Leff
−2 + O(1/Ω2). Besides, from

Eqs. 26 and 36, Ω =
√

3/128`−1/2(1 − 8/(3π
√

2)
√
`(1− `))−1/2 and Leff =

π
√

2`(1− `), which in the limit `� 1, become respectively Ω =
√

3/128`−1/2 +

O(`−3/2) and Leff = π
√

2`1/2 +O(`3/2). As a result, ξ = 2/π2`−1, which is fully
consistent with the scaling obtained for the FEM simulation, where a scaling
with `−1 was also reported. Furthermore, as shown by the dashed line plotted in
Fig. 7, this prediction provides a strikingly good quantitative agreement, given
the simplicity of the model.

Therefore the mechanism not only describes correctly the FEM results but
allows to predict semi-quantitatively the nonlinear leading order correction of
the stress-strain response.

4. Conclusion

We have investigated the effective stress-strain response under small de-
formations of elastomeric porous structures made of an alternating pattern of
ellipses and showed that for high porosities and near-circular holes, the effec-
tive stress-strain response becomes highly anisotropic, auxetic and nonlinear.
As auxetic and nonlinear behaviors are the most salient features of potential
interest for applications, we display the sign of the Poisson’s ratio and of the
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Figure 12: Performances of the material. Sign of the Poisson’s ratio ν̄ (a) and of the nonlinear
correction η̄ (b) in the parameter space e vs. `, extracted from the numerical analysis of
section 2. Note that the locations of the crossovers cannot be captured analytically within
the present asymptotic description and their investigation is beyond the scope of the present
study.

nonlinear correction in the parameter space (e, `) in fig. 12. In particular, we
observe that the stiffening and auxetic behavior arise when the pores are large
and strongly elliptical.

In a second time, we have introduced effective models to describe these
structures and shown that they predict semi-quantitatively the homogenized
moduli and the leading order nonlinear corrections of the effective material.
Note that justifying mathematically the phenomenological models adopted here
is a hard problem, beyond the scope of the present paper. We have led such
an effort in the context of buckling of beams made of nonlinear elastic materi-
als (Lubbers et al., 2016). Here, we used a twofold effective modeling which gave
us insights on the influence of the role shape and pattern. First, using the effec-
tive inhomogeneous beam modeling, we could evidence that the stiffness shows
non-trivial behavior with the size of the filaments between the holes. Because
of their round elliptical shape, the deformations localize in the slender filaments
between the holes and control the response to compression, bending and shear
bending. The spatial configuration of the holes hence controls how the effective
beams mechanically respond. In the present case, they induce a counter rotation
of the extremities of each beams and lead to negative Poisson’s ratio (Taylor
et al., 2014; Shan et al., 2015). Besides, we additionally showed that when the
principal directions of the driving are π/4-rotated, the effective beams can also
shear bend. As a result, these two different behaviors induce a very anisotropic
stress-strain response. By contrast, similar strongly anisotropic behavior with
nontrivial scalings laws has been reported by Willot et al. (2008) in the case of
2D periodic porous materials with circular pores, but where the bulk material
itself is anisotropic. Such complementary studies, where anisotropy at the level
of the bulk matrix material and at the level of the pores may in the future be
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combined. Such a multi-faceted approach could offer novel design opportunities
and more versatility for technological applications.

Second, we used a effective modeling based on extensible bars and torsional
springs. We showed that, despite their apparent simplicity, these mechanisms
retain the essence of the nonlinear behavior. We demonstrated that the com-
petition between the deformation modes that they describe at the root of the
stress-strain nonlinearities of the effective material. The nonlinearity is very
interesting phenomena, because the effective material is soft under compres-
sion and stiff under tension. Therefore, such strong stress-strain nonlinearities
play a role at small strain magnitude and are of interest to control phenomena
involving an interplay between compression and stretch, such as beam buck-
ling (Coulais et al., 2015) or snapping (Brenner et al., 2003), and could also be
very interesting to control the propagation of waves in acoustic media (Mank-
telow et al., 2013). This phenomena could also be used as a functional principle
for the mechanical response of hierarchical structures (Lakes, 1993; Grima and
Evans, 2000; Cho et al., 2014; Oftadeh et al., 2014; Gatt et al., 2015).

Third, while algorithms such as topology optimization allow to tackle lin-
ear inverse problem efficiently (Sigmund, 1995), inverse nonlinear problems are
notoriously difficult. As it could be generalized to other topologies and dimen-
sions, we believe that our modeling strategy opens new pathways for the design
of the stress-strain behavior of nonlinear cellular materials.

Finally, though the predictions provided by the present approach are quali-
tatively correct, they are not quantitatively accurate. Such a discrepancy calls
for further developments that in particular take in consideration the full 2D
problem under large deformations. We hope to be able to revisit the subject to
include finite deformations in the future.
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Effective-medium theory for infinite-contrast two-dimensionally periodic lin-
ear composites with strongly anisotropic matrix behavior: Dilute limit and
crossover behavior. Phys. Rev. B 78, 104111.
URL http://link.aps.org/doi/10.1103/PhysRevB.78.104111

28


