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Chapter 1
Introduction
1.1

Background

The progress of all the natural sciences in the past two centuries has unambiguously
demonstrated that we live in an electromagnetic world [1]. Indeed, while the force of
gravity governs the dynamics of macroscopic objects, it is only because of large mass
bodies (such as the earth) that we notice it at all. The weak and strong nuclear forces, on
the other hand, are relevant only on subatomic scales. These three forces have almost no
influence on all the fundamental processes governing living organisms and determining the
structure of atoms and molecules. All of these processes and forces are electromagnetic
in origin. Even phenomena which may not appear electromagnetic at a first glance, such
as friction or the force between two objects as they collide, can be explained in terms
of repulsive or attractive electromagnetic forces generated by a large number of charged
particles. The interaction between matter and electromagnetic radiation also provides us
the main way to gain knowledge about the world surrounding us, through both vision and
scattering and luminescence experiments. Across the electromagnetic radiation spectrum,
visible and near-infrared light occupies a privileged place. This is mainly due to the fact
that the energy range of this part of the electromagnetic spectrum coincides with the
energy range of most of the electronic transitions in matter, thus providing a particularly
rich set of resonant interactions. Actually, the overlap between these two energy ranges,
together with the strong emission from the sun in this range, is the reason why our eyes
adapted to sense the optical spectrum [2].
Considering the ubiquitous presence of light-matter interaction in nature, it is not a
surprise that the extraordinary revolution in the telecommunication sector that marked
the last century progressed hand in hand with a better understanding of the electromagnetic phenomena and the increasing capability of manipulating the flow of light. Several
inventions, among which the laser (Townes, Basof and Prokhorov, Nobel Prize winners in
1964), the optical fiber (Kao, Nobel Prize winner in 2009), the laser diode [3], the heterojunction laser [4] and the erbium-doped fiber amplifier (Payne and Desurvire, 1986) have
drastically changed the way in which information is elaborated and transmitted: optical
signals, thanks to their lower dissipations and higher frequencies, are gradually replacing
the electrical signals for the transmission of information. All this landmark inventions
have been originally realized with extremely bulky components, such as mirrors, lenses
and glass fibers, characterized by dimensions much larger than the wavelength of the electromagnetic radiation used. The last decades have however witnessed the development of
1

a new paradigm in this field, in which all the components mentioned above, and many others necessary for the information processing, are miniaturized and integrated in a photonic
integrated circuit (PIC), where light is generated, routed and manipulated with the aid or
artificial micro- and nano-structures [5, 6]. Nowadays, as the nanofabrication techniques
continuously improve, it is possible to realize nanostructures with dimensions comparable or smaller than the light wavelength. In this new exciting field, commonly called
nanophotonics, several deviations from the ordinary light-matter interaction are expected, because of the unprecedented capability of shaping and confining the electromagnetic
field and for the possibility of externally controlling it. Investigation of nanophotonics
devices represents therefore an important field of research for both fundamental studies of
nanoscale physics and possible future applications in the field of telecommunication and
quantum computing [7].

1.2

Outline of this thesis

In this thesis we explore, both theoretically and experimentally, novel kind of light-matter
interactions in different areas of nanophotonics. All the investigated phenomena rely on
the capability, offered by state-of-art nanophotonics devices, to structure and control the
electromagnetic fields at the nanoscale.
In the first part of this research we investigate how plasmonic antennas can affect the
emission properties of nearby quantum emitters. In chapter 2 we show theoretically that
the strongly varying electric field, typical of a plasmonic particle, can break the dipolar
selection rules of the spontaneous emission from mesoscopic semiconductor quantum dots
(QDs). In particular, we derive a simple formula which allows calculating the decay rate
of a dipole forbidden transition as a function of the exciton envelope function and the
second-order derivatives of the field’s Green tensor. Our calculations show that for a
QD close to a plasmonic dimer antenna the forbidden transition decay rates are highly
enhanced and become comparable to the dipolar transition’s rate.
Besides controlling the emitter’s decay rate, plasmonic antennas can also affect the
polarization state of the emitted light. In chapter 3 we experimentally investigate how
chiral plasmonic antennas, arranged in periodic arrays, influence the circular polarization
state of the light emitted by nearby emitters. Samples made by silver dimer antennas on
a glass substrate and embedded in a dye-doped layer have been designed with numerical
calculations and fabricated. By measuring the sample emission in a k-space polarimetry
setup, we demonstrate that strong chiral asymmetries occur in angularly narrow areas
and at large emission angles, dictated by the lattice pitch. These effects, overlooked in
earlier experiments which focused only on the normal direction of emission, are due to
the collective lattice modes created by the interaction of the unit cells. Besides providing
a better understanding of the light spin-orbit effect in periodic plasmonic systems, this
experiment demonstrates the importance of angular resolved measurements when studying
these phenomena in diffractive arrays.
The physics of light-matter interaction becomes much richer when mechanical deformations of the matter at the nanoscale are possible, which is the topic of the second part
of this thesis. In chapter 4 we theoretically investigate a novel type of tripartite coupling
between an emitter, an optical field and a mechanical resonator. This interaction arises
whenever a nanomechanical displacement modifies the spatial distribution of the optical
mode field, thus modulating the emitter-photon coupling rate. In properly designed mul2

timode optomechanical systems this coupling is the only possible interaction pathway for
the system, enabling, for example, swapping of a single excitation between the emitter
and the phonon, creation of nonclassical states of motion and mechanical ground-state
cooling in the bad-cavity regime.
As a first demonstration of the coupling between optical field and mechanical displacement, in chapter 5 we experimentally investigate a structure where the spatial field
profile is controlled by a mechanical bending. The device consists of a double-membrane
photonic crystal waveguide: two parallel membranes, separated by a small distance, support coupled optical modes, whose effective refractive index depends on the gap between
the membranes. A parabolic bending of the top membrane creates a spatial profile of the
refractive index, which pushes the modes towards either the center or the edge of the waveguide, depending on their symmetry. A primary consequence of this field redistribution is
a large modulation of the optical losses. We experimentally observed modulations of the
Q-factor up to a factor larger than 4, which represents a record value for the mechanical
control of the quality factor in photonic crystals.
In the remainder of this chapter we provide a general introduction to the nanostructures used and to the theoretical and numerical tools of nanophotonics and quantum
optics which will be used throughout the thesis.

1.3

Light confinement and generation at the nanoscale

Nanophotonics is the study of light at the nanometer scale, and its interaction with objects
with dimensions comparable to the light wavelength. One of the fundamental building
blocks is represented by an optical cavity, or optical resonator. The term resonator is
reminiscent of the most intuitive kind of cavity, the so-called Fabry-Perot cavity (FP), in
which electromagnetic waves are confined by multiple reflections between a pair of mirrors.
For certain resonant frequencies, standing waves are obtained inside the cavity, which are
called cavity modes. While FP cavities have been essential for the first fundamental tests of
quantum optics, the concept is not prone to a sub-wavelength miniaturization and several
other mechanisms of light confinement have been investigated in the last decades. In this
thesis we work with two kind of optical resonators, namely plasmonic nanostructures and
dielectric photonic crystals (PhC), which represent two complementary approaches for
light confinement and guiding, as explained in the next two sections.
Two important figures of merit that characterize an optical cavity are the Q factor
and the effective mode volume V. The Q factor is defined as Q = ωc /κ, where ωc is the
resonant frequency of the cavity and κ is the cavity loss rate. Cavities with low losses
are therefore characterized by large Q factors. The effective mode volume V quantifies
the volume occupied by the field of a cavity mode. The common definition of the mode
volume is
R 3
d r(r)|E(r)|2
(1.1)
V =
max ((r)|E(r)|2 )
where (r) is dielectric function, E(r) is the electric field of the cavity mode and the
integral is performed over all the space. We note that the mode volume in eq. 1.1 is
finite and real only for dielectric structures (i.e. (r) is real) and for situations in which
the field is either confined to a finite volume or it decays quickly enough with distance
3

such that the integral does not diverge. In many situations this is not the case, and the
mode volume calculated from eq. 1.1 is formally infinite and/or complex. Very recently,
several groups have investigated the concept of open cavities (i.e., structures with large
dissipations), and shown that it is possible to generalize the definition of the mode volume
in eq. 1.1 in order to account for the field radiated/dissipated by the cavity and to obtain
finite mode volumes [8, 9].

1.3.1

Plasmonic antennas

The unique ability of plasmonic nanostructures to focus light into deep-subwavelength
volumes has boosted their use in several areas of nanophotonics, for both fundamental
experiments and applications purposes, in particular in the field of biosensing [10]. The
peculiar properties of such structures derive from the coherent oscillations of free conduction electrons near the surface of noble metal or heavily-doped semiconductors. For
extended surfaces this results in propagating waves, called surface plasmon polaritons,
which are tightly confined to the metal-dielectric surface. For nanoparticles, the confined
oscillation of the electrons gives rise to localized resonances (fig. 1.1d), called localized
surface plasmon resonances (LSPRs). The spectral response of such localized resonance is
strongly dependent on the particle shape and dimensions (fig. 1.1b). Moreover, due to the
strong field confinement, localized plasmonic resonances feature several important differences with respect to the fields obtainable with dielectric cavities. Because the plasmonic
field is confined near the nanoparticle surface, an LSPR has a small mode volume and
therefore provides significant electromagnetic field enhancement (fig. 1.1d), ultimately
limited by ohmic and radiative losses. Importantly, the mode volume is not diffraction
limited, and volumes as small as 3.3 · 10−4 λ3 (λ is the light vacuum wavelength) have been
demonstrated in nanodisk resonators [11]. As a first consequence of the field confinement,
extremely high Purcell enhancements are achievable in plasmonic structures, with a recent record value of Fp > 1000 with silver nanocubes [12]. Another consequence of the
strong field confinement is the exponential decay of the field with distance away from the
metallic surface. This gives rise to gradients of electromagnetic fields much larger than
those achievable in dielectric structures.
When designing a particular plasmonic structure, the main aim is to choose its shape
and dimension in order to bring one of the plasmonic resonances close to the frequency
of interest. For very simple structures, like spheres and ellipsoids embedded in a uniform
material, analytical formulas exist [13]. When different identical particles are coupled
together by near-field interaction, one can still adoperate analytical techniques to estimate
the resonant frequency [14, 15]. However, for more complicated structures, and in order to
take in account a inhomogeneous environment (e.g., a substrate on which the structures
are placed) numerical techniques are required.
Plasmonic antennas can be fabricated by means of top-down approaches, such as
electron-beam lithography (EBL) and focused-ion beam (FIB), or bottom-up approaches,
which relies on chemical synthesis and self-assembly of metal nanoparticles in solution [14].
The top-down approaches offer the advantage of larger versatility in defining the shape,
dimensions, orientation and positions of the fabricated structure. On the other hand, the
deposited metal is often multicrystalline, which increases the optical losses. FIB-based
techniques can circumvent this problem by milling a chemically grown layer of metal but,
because of the sputtering nature of the process, part of the sputtered material can fall
4

Figure 1.1: (a) SEM micrograph of an array of gold nanorods fabricated on a glass
substrate. (b) Transmittance spectra of the sample in panel a, for different lengths of
the nanorods, indicated in the legend. (c) SEM micrograph of a gold dimer fabricated on
GaAs. (d) Calculated near-field upon normal illumination for a gold dimer antenna on
GaAs, in a plane placed at half of rods height. The field is normalized to the impinging
amplitude.
back to the sample and contaminate the structures. Both methods are moreover limited
by the resolution of the beams used (either electron or ion beam) which, in practice,
limits the resolution of the final structure to 5-10 nm. The chemical synthesis of metallic
particles provides a much higher quality of the crystalline structure and of the particle
shape and surfaces. However, post-fabrication techniques are typically required to select,
position and assembly the nanoparticles in the desired pattern. In figs. 1.1a and 1.1c we
show SEM micrographs of gold single and dimer rods fabricated with an EBL approach
on a glass and GaAs substrate, respectively.

1.3.2

Photonic crystal cavities

Photonic crystals (PhCs) are dielectric structures in which the dielectric constant is periodically modulated in space [17]. In a 3D photonic crystal we can therefore define three
primitive lattice vectors (ax ,ay ,az ), such that, for every vector R = nx ax + ny ay + nz az
(with ni integers) and for every position r, the dielectric function satisfies (r + R) = (r).
The discrete traslation symmetry leads to a strong analogy between a PhC and a real
crystal. Similarly to the wavefunctions of electrons in an atomic lattice, the solution of
Maxwell’s equations in a periodic medium is given by a Bloch function,
Em,k (r) = eik·r um,k (r)
5

(1.2)

Figure 1.2: (a) Calculated band diagram of a triangular photonic crystal (lattice constant
a) in a thin GaAs slab (see inset) with thickness t = 0.46a, hole radius r = 0.31a and
refractive index n = 3.41. The calculations are performed with the software package
MPB [16]. The red lines indicate the TE-like modes while the blue lines indicate the TMlike modes. Γ, M and K denote three high-symmetry points of the first Brillouin zone.
(b) Measured photoluminescence spectrum from quantum dots embedded in a photonic
crystal GaAs slab with an L3 defect. The four peaks marked by black arrows denote
modes localized in the defect, while the peak marked by the red arrow indicates the lower
limit (in frequency) of the TE bandgap. Sample fabricated by F. Pagliano and measured
by D. Pellegrino (TU/e). The inset shows a SEM micrograph of a fabricated structure.
where m is a band index, k is the Bloch vector and um,k (r) is a function which has the
same periodicity of the dielectric function. Each mode is therefore labeled by (m, k) (and
additionally by the mode polarization), and the corresponding frequency ωm (k) depends
on the chosen lattice. The set of dispersion relations ωm (k) for all possible values of m
constitutes the bandstructure of the system. Importantly, for a given lattice geometry
and field polarization, certain frequency ranges may not correspond to any real Bloch
wave vector (see, e.g., fig. 1.2a). These regions are called photonic bandgaps, and waves
with frequencies lying inside the bandgaps cannot propagate in the PhC. The periodic
modulation of the dielectric constant does not need to be in all the three dimensions:
6

PhCs can be realized also in one or two dimensions, and the properties described above
still holds true for wave vectors k restricted to the directions of periodicity. In this thesis
we will make use of 1D and 2D PhCs, in nanobeams and membranes, respectively. A
2D PhC slab can be realized by etching a periodic pattern of air holes in a dielectric
membrane (inset of fig. 1.2a). Light is confined in the membrane plane by the PhC and
in the vertical direction by total internal reflection (TIR) at the dielectric/air surface.
Similarly, for a 1D PhC in a nanobeam, light is confined by TIR along two dimensions
and by the PhC in the third one.
The analogy between a PhC and an atomic lattice can be pushed further. In an atomic
lattice, localized electronic states are created in correspondence of lattice defects, such as
impurities, atom vacancies or strain-induced lattice periods mismatches. Similarly, in a
PhC, a defect may be realized by, e.g., removing one or more holes, locally changing the
hole distances, or tapering the radius of the holes in a certain region. If the frequency of
the modes introduced by a defect lies within the photonic bandgap, light cannot propagate
in the bulk PhC and a localized mode is formed. In fig. 1.2b we show an example of the
photoluminescence spectrum of an L3 cavity (formed by removing three collinear holes),
which reveals the presence of four localized modes.

1.3.3

Semiconductor quantum dots

Another important ingredient of an active nanophotonic device is a localized source of
radiation, i.e., an emitter. In chapters 2 and 5 we make use of a particular kind of solidstate emitter, a semiconductor quantum dot (QD) [18]. Semiconductor QDs are artificial
heterostructures in which carriers (electrons and holes) are confined in all the directions
by modulating the semiconductor bandgap. This is typically obtained by embedding

Figure 1.3: (a) Schematized band structure of a semiconductor QD. Carriers are generated
in the surrounding material with an above-bandgap optical pumping, and then captured
in the potential well formed by the QD. Annihilation between an electron and a hole
leads to the emission of a photon. (b) Atomic Force Microscope image of low-density
self-assembled InAs QDs on GaAs (sample grown and measured by T. Xia, TU/e). Inset:
three-dimensional view of the QD shapes.
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a semiconductor with a lower bandgap energy (e.g., InAs) in a matrix of a different
semiconductor material, with a larger bandgap energy (e.g., GaAs). The 3D electronic
confinement results in the creation of quantized energy levels in both the conduction
and valence band (fig. 1.3a). Electrons and holes can be generated in the embedding
material by above-bandgap excitation and then captured in the QD potential well. Here,
recombination between electrons and holes in the quantized energy levels takes place,
giving rise to an atomic-like emission spectrum. Semiconductor QDs can be realized by the
Stranski-Krastanov growth, in which layers of materials with different lattice parameters
are deposited on top of each other. The strain due to the lattice difference leads to the
formation of small self-assembled islands (fig. 1.3b), which are then capped by depositing
additional layers of the material with the larger bandgap energy.
The great advantage of these emitters as compared to atoms or molecules is the possibility of tuning their optical properties, either in a static way by engineering the size,
shape and chemical composition, or in a dynamic way by, e.g., varying the strain [19],
controlling the temperature [20] and applying an external electric [21] or magnetic [22]
field. These properties, together with the compatibility with the existing semiconductor
technology, make the QDs promising light sources for novel devices, such as QD lasers
[23] and single photon sources [24]. A more detailed explanation of the emission dynamics
in these heterostructures is provided in chapter 2.

1.3.4

Cavity optomechanics

Besides interacting with a quantum emitter, an optical field can also be coupled to a
mechanical resonator through radiation pressure, which is the topic of the cavity optomechanics field [25]. One of the different ways in which a mechanical resonator and an
optical field can interact is the dispersive coupling (fig. 1.4), in which a mechanical displacement affects the resonant frequency of an optical cavity. This can be achieved, e.g.,
by having one of the mirrors of a Fabry-Perot cavity connected to a mechanical resonator,
so that the resonator displacement changes the cavity length, and therefore its resonant
frequency. The interaction is typically quantified by the optomechanical dispersive coup∂ωc
xzpf , where ωc is the cavity frequency, x parametrizes the mechanical
ling rate g0 = −
∂x
displacement and xzpf is the zero-point motion amplitude. This dispersive interaction can
lead to the transfer of the excitation between the cavity mode and the mechanical reson-

Figure 1.4: Sketch of the optomechanical dispersive coupling. A mechanical resonator
with frequency ΩM controls the position (x) of one mirror of a Fabry-Perot cavity. The
cavity frequency when the mechanical resonator is at rest is ωc .
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ator, or to the creation of photon-phonon entangled states, when the cavity is pumped
with a laser which is, respectively, red-detuned or blue-detuned with respect to the cavity
frequency [25].

1.4

Quantum Optics and Cavity Quantum Electrodynamics

In many situations the light-matter interaction can be described with a semi-classical
model, in which matter (atoms, molecules, etc.) is treated quantum-mechanically while
the optical fields retain a classical behaviour. Certain phenomena, however, require a
full quantum description of the light-matter interation, which is provided by the quantum
theory of light [26, 27]. The field of Cavity Quantum Electrodynamics (CQED) specifically
addresses the case of optical modes localized inside a cavity. For a localized cavity mode,
the electric field amplitude is described by the operator

Ê = E0 â† + â ,
(1.3)
p
where E0 = ~ωc /2V 0 , ~ is the reduced Planck constant, ωc is the mode angular frequency, V is the effective mode volume and 0 is the vacuum permittivity. The operators
â and â† are the annihilation and creation (respectively) operators of a quantum
 harmonic

PN
oscillator. The total energy is described by the Hamiltonian ĤF = i=1 ~ωc,i â†i âi + 1/2 ,
where we generally considered the presence of N optical modes. The term 1/2 is typically neglected in the calculations, as it does not affect the dynamics of the system. The
generic state of a system of N optical modes is described by the ket |n1 , n2 , ...nN i, where
ni denotes the excitation state of the i-th mode.
Let us now consider a two-level quantum emitter, in which the two energy states are
denoted ground and excited, and they have energies ~ωg and ~ωe , respectively. Such a
system is typically described with the aid of the Pauli operators, σ̂z = |ei he| − |gi hg|,
σ̂+ = |ei hg| and σ̂− = |gi he|, where |gi and |ei denote the emitter ground and excited

Figure 1.5: Schematic of the standard CQED setup. A cavity mode (red curve) with
frequency ωc interacts at rate g with a two-level quantum emitter (green symbol) which
has emission frequency ωA . Both the optical mode and the quantum emitter may have a
finite decay into the environment. The decay rates are labelled κ (cavity) and Γ (emitter).
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states, respectively. In particular, the emitter dipole moment is described by the operator
dˆ = d (σ̂+ + σ̂− )

(1.4)

ˆ and assumed real. The Hamiltonian of the two-level emitter is given by
where d ≡ he|d|gi
ĤA = ~ωg |gi hg| + ~ωe |ei he| = ~ωA σ̂z /2, where in the last equality we neglected terms
proportional to the unity operator, and we defined ωA ≡ ωe − ωg .

1.4.1

Jaynes-Cumming Model

The simplest fully-quantum model of light-matter interaction is represented by the case in
which an emitter is interacting with a single mode of an optical cavity. The Hamiltonian
describing the evolution of the system is obtained by adding the classical expression for
the energy of a dipole in an electric field to the Hamiltonian of the cavity mode and the
emitter, and then replacing the classical quantities by the corresponding operators,

σ̂z
Ĥ = ĤF + ĤA − dˆ · Ê = ~ωc â† â + ~ωA + ~g â† + â (σ̂+ + σ̂− ) ,
2

(1.5)

where we defined the coefficient g = −d·E0 /~, which quantifies the light-matter interaction
strength. For simplicity, we have assumed that the dipole moment and the electric field
are parallel. From the definition of E0 it is clear that the interaction rate g is larger for
smaller mode volumes V . In the case in which emitter and optical mode are resonant
(|ωc − ωA |  {ωc , ωA }) and the light-matter coupling rate is smaller than the natural
frequencies of the system (g  {ωc , ωA }), the terms σ̂+ â† and σ̂− â can be neglected,
an approximation which is known as the Rotating Wave Approximation (RWA). The
resulting Hamiltonian, known as the Jaynes-Cumming (JC) Hamiltonian, reads
ĤJC = ~ωc â† â + ~ωA


σ̂z
+ g â† σ̂− + âσ̂+ .
2

(1.6)

The JC Hamiltonian is one of the few models which is analytically solvable in CQED. The
system is described by a Hilbert space which is the tensor product of the spaces describing
the emitter and the field, and a generic state is a superposition of the states |Ψi = |i, ni,
where i = {g, e} and n is the excitation state of the optical mode. The important property
of the JC Hamiltonian is that the total excitation number, N ≡ n + δi,e , is conserved (δ
is the Kronecker delta). This allows us to divide the Hilbert space in infinite subspaces,
each composed by states with the same total excitation number. If the system is initially
in one of these subspaces, it will never move to the others. The states |g, n + 1i and |e, ni
form a basis of the subspace with total excitation number n + 1, and the JC Hamiltonian
can be diagonalized separately in each subspace. Assuming for simplicity that optical
mode and emitter are resonant (ωc = ωA ), the two eigenvectors of each subspace are

with energies given by

1
|n, ±i = √ (|e, ni ± |g, n + 1i) ,
2

(1.7)

√
En,± = ~ωc (n + 1) ± ~g n + 1.

(1.8)

The eigenstates of the system are therefore given by a superposition of the state in which
the emitter is excited and the state in which the emitter is in the ground state and one
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additional photon is present in optical mode. If, at a certain instant of time, the emitter
is excited (i.e., the system is described by the state |Ψi = |e, ni), the excitation√will be
continuously exchanged between the emitter and the cavity at a rate given by Ω n + 1,
where we defined the vacuum Rabi frequency Ω = 2g. These oscillations are called Rabi
oscillations, and they are shown in fig. 1.6a for the case n = 0 and emitter initially
excited.

1.4.2

Master equation

According to the Hamiltonian in eq. 1.6, emitter and cavity mode are entangled together
and they keep exchanging the excitation indefinitely. However, we know from experiments
that the excitation of both the emitter and the optical mode is dissipated in time. The
term dissipation is actually misleading, since energy is never destroyed. What actually
happens is that emitter and cavity mode are additionally coupled to a continuous density
of optical modes in the environment, which are not included in the JC Hamiltonian. By
including all these interactions in the Hamiltonian, we could in principle describe all the
excitation exchanges between the emitter-cavity system and the environment. However,
this comes at the expense of having to solve an extremely complicated Hamiltonian. A
large simplification is obtained by noting that we are actually only interested in calculating how the cavity mode and the emitter are influenced by the environment, while the
quantum dynamics of the environment itself is not relevant. In this respect, the master
equation approach [28] provides a powerful formalism.
Before introducing the master equation we need to generalize our description of a

Figure 1.6: (a) Evolution of the system described by eq. 1.6 with the atom excited at
t = 0, and no photons in the optical field. (b-c) Solution of the master equation with
cavity losses κ, for (b) g  κ (strong coupling regime) and (c) g  κ (weak coupling
regime).
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quantum system. In the previous section we assumed that the state of the system is
known and given by a certain ket |Ψj i. Such situation can be generalized to the case of
a mixed state, in which the system has probability pj to be in the state |Ψj i. This mixed
state is described by the so-called density matrix, defined by
X
ρ̂ =
pj |Ψj i hΨj | .
(1.9)
j

Here, the modes |Ψj i describe the full system, i.e. both the emitter-cavity system and
the modes of the environment. A particular |Ψj i corresponds, for example, to the state
in which the emitter is excited, the cavity mode has n photons, and each of the optical
modes of the environment has a certain number of photons. The density matrix is an
operator, but, differently from the operators associated to the physical observables, it
evolves in time in the Schrödinger representation. In particular, the expectation value of
any physical observable Ô at the time t can be calculated as

 X


hÔi (t) = T r Ôρ̂(t) ≡
hΨj | Ôρ̂(t) |Ψj i
(1.10)
j

where T r denote the trace over all possible states. The temporal evolution of the density
matrix is given by the equation
i
ρ̂˙ = − [ĤFull , ρ̂],
~

(1.11)

where the squared brackets denotes the commutation of the operators. If the density
matrix involves only one state (ρ̂ = |Ψj i hΨj |), eq. 1.11 is equivalent to the Schrödinger
equation. The Hamiltonian ĤFull in eq. 1.11 contains all the interactions of the system,
i.e. it is formed by the JC Hamiltonian plus the interaction of the emitter and cavity
with all the additional infinite optical modes of the environment, ĤFull = ĤJC + ĤEnv .
So far, the density matrix formalism does not provide any advantage with respect to the
ordinary Schrödinger equation with the full Hamiltonian ĤF ull . However, as demonstrated
by Kossakowsky and Lindblad [29, 30], under certain hypothesis, the degrees of freedom
of the environment can be traced out from the original density matrix, and the influence
of the environment on the evolution of the density matrix of the emitter-cavity system
can be described by additional terms,
i
ρ̂˙ JC = − [ĤJC , ρ̂JC ] +
~

N
X

γj L(Ôj )ρ̂JC ,

(1.12)

j=1

where ρ̂JC is the density matrix constructed with only the states of the closed JC system.
The sum is performed over all the operators Ôj of the JC Hamiltonian, and L(Ôj ) is a
super-operator which depends on Ôj and acts on the density matrix, defined as
L(Ôj )ρ̂ = Ôj ρ̂Ôj† −


1 †
Ôj Ôj ρ̂ + ρ̂Ôj† Ôj .
2

(1.13)

The coefficients γj quantify the influence of the environment on each operator Ôj , and
they are typically obtained experimentally. The terms L(Ôj )ρ̂ are referred to as Lindblad
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terms, and eq. 1.12 is known as the Master Equation (ME). For the JC Hamiltonian, the
ME reads
i
ρ̂˙ JC = − [ĤJC , ρ̂JC ]+κ [L(â)ρ̂JC ] + Γ [L(σ̂− )ρ̂JC ] + Γ∗ [L(σ̂z /2)ρ̂JC ] +
~


κIN L(â† )ρ̂JC + ΓIN [L(σ̂+ )ρ̂JC ] .

(1.14)

The coefficients κ and Γ are the decay rates of the cavity mode and emitter, respectively,
and the terms that they multiply are responsible for the decay of the cavity and emitter population, respectively. Instead, the terms multiplied by κIN and ΓIN describe an
increase of the cavity and emitter population due to an incoherent input of energy from
the environment. These terms depend on the emitter and cavity frequencies and on the
environment temperature, and they are typically negligible at room temperature and for
optical frequencies. The coefficient Γ∗ , which multiplies the Lindblad terms related to
the operator σ̂z /2, represents the pure dephasing rate of the emitter. In almost all the
cases the ME cannot be solved analytically, and numerical techniques are required (see
sec. 1.5.5).

1.4.3

Strong and Weak coupling regime

The Master equation approach allows us to study the influence of emitter and cavity
dissipation on the dynamics of the system. For g  {κ, Γ}, entangled states between the
emitter and cavity (eq. 1.7) are still formed. Rabi oscillations still occur, but they are
damped in time, as shown in fig. 1.6b. This situation is known as the strong coupling regime, and it has been demonstrated in several systems, including semiconductor quantum
dots in PhC cavities [31]. For g  {κ, Γ}, the system is in the weak coupling regime.
If the atom is originally excited, it quickly decays before any Rabi oscillation can occur.
However, the cavity still plays a role in the dynamics of the system, because the cavity
mode introduces an additional decay channel for the emitter. When emitter and optical
mode are resonant, this additional decay rate is Γcav = 4g 2 /κ [32]. In fig. 1.6c we show
the dynamics of the system in the weak coupling regime and for Γ = 0, in which the decay
of the emitter population is therefore entirely due to the cavity mode. The expression for
the decay rate Γcav can be written in another way by exploiting the fact that g depends
on the dipole moment d, which also determines the decay rate of the emitter in a bulk
material, ΓBulk [2, 32]. In particular, it can be shown that
3
ΓCav
= 2
ΓBulk
4π

 3
λ
Q
n V

(1.15)

where we introduced the cavity Q factor Q = ωc /κ, the vacuum emission wavelength of
the emitter λ and the refractive index n. This expression is known as the Purcell factor,
and it has been originally derived by Purcell in 1946 [33]. Equation 1.15 states that
the decay rate of the emitter in an optical cavity is directly proportional to Q/V , and
therefore can be largely enhanced by using cavities with low losses and small volumes.
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1.5

Analytical and numerical tools for nanophotonics
and quantum optics

In this thesis we will deal with complex nanophotonic structures for which an analytical
solution of the Maxwell equations is often not available. We have therefore intensively
used numerical tools to calculate, e.g., field modes profile and their wavelengths, quality
factors, and transmittance spectra. Here we briefly summarize the different numerical
methods utilized, and we discuss their advantages and disadvantages in solving specific
problems. Moreover, we briefly introduce an important analytical tool of nanophotonics,
the Green tensor, which will be useful for both theoretical and numerical calculations.

1.5.1

Green tensor

An important concept in nanophotonics is the Green funtion [2]. Let us consider the wave
equation for the electric field in a linear medium,
∇ × ∇ × E(r) −

ω2
(r)E(r) = iωµ0 µj(r),
c2

(1.16)

where (r) is the dielectric permittivity (which is either a scalar or a tensor), µ0 µ is the
magnetic permeability, and we have assumed a generic distribution of electric current
density j(r). We define the i-th component of the corresponding Green function as the
solution of the equation
ω2
∇ × ∇ × Gi (r, r , ω) − 2 (r)Gi (r, r0 , ω) = δ(r − r0 )ni ,
c
0

(1.17)

where ni is the unit vector in the i-direction. Gi (r, r0 , ω) is therefore the field at r
generated by a point-like current density located at r0 and oriented along the i-th direction.
We can introduce a more compact notation by defining the dyadic Green tensor G(r, r0 , ω),
as solution of the equation
∇ × ∇ × G(r, r0 , ω) −

ω2
(r)G(r, r0 , ω) = δ(r − r0 )I,
c2

(1.18)

where I is the unit tensor. The importance of G(r, r0 , ω) is that it directly links the dipole
moment p of an electric dipole oscillating with frequency ω and placed at r0 to the electric
field generated at r by the dipole, through
E(r) = ω 2 µµ0 G(r, r0 , ω)p.

(1.19)

As a consequence of the reciprocity of the electromagnetism, valid when the permittivity
and the permeability are either scalars or symmetric tensors, the Green tensor satisfies
G(r, r0 ) = G(r0 , r).
While the Green tensor has been introduced as a completely classical object, it is
extremely useful also in the quantum theory of light-matter interaction. Indeed, the
spontaneous emission rate of a quantum emitter depends (in the dipole approximation)
on the local density of states (LDOS), which is defined as [2]
X
ρ(r0 , ω, ed ) = 3
eTd · [uk (r0 )u∗k (r0 )] · ed δ(ωk − ω),
(1.20)
k
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where r0 and ω are the position and emission frequency of the emitter, uk are the normal
modes of the electric field (labelled by a wavevector k) and ed is the emitter dipole
moment unit vector. The product [uk (r0 )u∗k (r0 )] is meant as a tensorial product. Roughly
speaking, the LDOS corresponds to the number of optical modes available for the emitter
to decay into. It can be shown, however, that the LDOS can also be expressed through
the Green tensor [2],
ρ(r0 , ω, ed ) =

i
h
2ω T
G(r
,
r
,
ω)
· ed }.
{e
·
Im
0 0
πc2 d

(1.21)

The knowledge of the Green tensor, therefore, provides full information about the radiative
emission of a quantum emitter in a nanophotonic structure.
The Green tensor will be used in chapter 2 to evaluate the enhancement of the dipoleforbidden transitions in a semiconductor quantum dot due to the electric field variations,
and in chapter 3 (and in sec. 1.5.4) to evaluate the dipole-dipole interactions in a coupled
dipole model. To lighten the notation we will remove the double bars from the symbol
G, as it will always be clear when a certain quantity is a tensor.

1.5.2

Finite element method

The finite element method (FEM) allows obtaining numerical solutions of partial differential equations (PDE). The approach consists in discretizing the space domain into a
set of cells with arbitrary shape. The PDEs are applied to each cell and transformed
into a system of algebraic equations (for steady state problems) or ordinary differential
equations (for transient problems). A system of inter-dependent algebraic or differential
equations, whose size depends on the number of elementary cells, is thus obtained, and
then solved with standard techniques.
One the greatest advantages of the FEM is that it relies on unstructured meshes,
whose shape and size can be arbitrarily varied across the computation domain. This
allows having highly refined meshes in areas where large fields variation are expected, and
less refined meshes elsewhere, thus drastically reducing the computational time required.
For steady-state problems, the FEM results in a frequency-domain method: a harmonic
time-dependence exp(iωt) of the excitations and fields is assumed, and the corresponding
spatial pattern is calculated. To obtain the spectral response of a system (e.g., the power
emitted by a dipole versus the emission frequency), a different simulation run for each
frequency is thus required. This makes the FEM particularly useful for systems with very
narrow spectral response (i.e., modes with high Q factor), since, for a fixed number of
simulation runs, the spectral resolution can be increased arbitrarily by reducing the range
in which the frequency is swept.
The FEM can in principle be applied to any PDE, and therefore it can be used for
different physical problems. In this thesis we have used a commercial implementation of
the FEM (Comsol Multiphysics 4.4) to calculate the LDOS and eigenmodes of photonic
crystal structures made out of GaAs and diamond. Moreover, we used the FEM to
calculate the resonant modes and the deformations (under an applied load) of mechanical
structures.
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1.5.3

Finite-difference time-domain

Finite-difference time-domain (FDTD) is, differently from FEM, a time-domain technique,
which is explicitly implemented for electromagnetic calculations. It indeed relies on a
peculiar feature of the Maxwell’s equations: the time derivative of the electric field depends
on the spatial derivatives of the magnetic field (contained in the curl operator), and viceversa. The space is discretized in cubic (or rectangular) unit cells with step ∆x. Time
is also discretized, with a minimum step ∆t. In the scheme proposed by Yee [34], and
currently utilized in many FDTD implementations, the different vector components of
electric and magnetic fields are defined at different points of the unit cell, so that each
electric field component is located midway between a pair of magnetic field components,
and conversely. After defining the system geometry (i.e. assigning an electric permittivity
and magnetic permeability to each point of the grid), a broadband pulse is used as a
source. The values of the electric and magnetic field components are evaluated at different
instants of time, separated by ∆t/2. In particular, at each time n∆t (n is an integer),
the values of the electric field components are updated according to the finite-difference
spatial derivative of the nearby magnetic field components, and vice-versa at the times
(n + 1/2)∆t.
After calculating the evolution of the system over a timespan T, the spectral response
is obtained by Fourier-transforming the time-dependent fields. In this way, the steadystate response over a wide range of frequencies can be calculated with a single simulation
run, which constitutes one of the main advantages of FDTD. This is particularly useful in applications where resonant frequencies are not exactly known, or anytime that a
broadband result is expected, such as for the case of localized plasmonic resonances. On
the other hand, since FDTD relies on Fourier transformation, the spectral resolution ∆f
is inversely proportional to the total simulated time T , ∆f ∝ 1/T . This may result in
extremely long computational time for high-Q-factor structures, such as photonic crystal cavities. Moreover, FDTD requires the entire computational domain to be gridded,
and the grid step ∆x must be sufficiently small to resolve both the smallest geometrical
features in the model and the electromagnetic wavelength. This drastically increases the
computational time, since the time TC required to calculate the system evolution (for a
fixed timespan T ) scales as the fourth power of the grid size, TC ∝ (1/∆x)4 .
In conclusion, the FDTD method is particularly indicated for systems with a broadband spectral response and/or for systems with large dissipations, since in this latter case
the field is quickly dissipated from the simulation domain and the required timespan T is
shorter. In chapters 2 and 3 of this thesis we have used a commercial implementation of
the FDTD algorithm (Lumerical Solutions, Inc.) to calculate the response (i.e. transmittance spectra, power radiated by a nearby dipole, and near-field pattern under far-field
illumination) of plasmonic nanoantennas.

1.5.4

Coupled dipole model

In many situations the behaviour of a small metallic or dielectric particle can be approximated by an electric dipole. This is the case, for example, of plasmonic antennas
when the spectral region of interest is dominated by the dipolar resonance. The collective
behaviour of an ensemble of such particles upon an excitation (e.g., an external plane
wave or the emission from an additional dipole which mimics a quantum emitter) can be
calculated with a coupled dipole model (CDM) [2]. Each particle is replaced by a dipole
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with a polarizability tensor αi (ω). If the system is excited by a monochromatic external
field Einc at frequency ω, the dipole moment pi acquired by the i-th dipole reads
X
pi = αi (ω)Einc,i + αi (ω)
µ0 µω 2 G(ri , rj , ω)pj
(1.22)
j6=i

where Einc,i denotes the incident field at the position of the i-th dipole, µ0 µ is the magnetic
permeability, and G(ri , rj , ω) is the Green tensor of the system, which quantifies the
propagation of the electric field from the dipole at position rj to position ri . The sum is
performed over all N dipoles. The problem can be easily cast in a system of 3N algebraic
equations, and solved with numerical methods to obtain the dipole moments p1 , p2 , ...pN .
Once the dipole moments are known, the far-field electromagnetic field emitted by the
system can be obtained by using the appropriate asymptotic far-field Green function
GF F [2, 35]
N
X
EF arF ield (θ, φ) =
µ0 µω 2 GF F (θ, φ, ri , ω)pi .
(1.23)
i=1

The main advantage of the CDM is that it allows to quickly calculate the response of very
large ensembles of particles, for which other methods as FEM or FDTD would require very
large computational time and resources. On the other hand, the CDM method requires
the knowledge of the particle polarizability, which in many case prevents a quantitative
comparison with experimental data. Moreover, the CDM inaccurately estimates nearfield interactions between closely spaced particles, which strongly depend on the details
of the real particle shapes. In chapter 3 we will use the CDM to calculate the response
of a periodic array of chiral plasmonic particles to an excitation due to an ensemble of
randomly distributed dipolar sources. The implementation is based on a Matlab script
developed by C. Guo and L. Langguth (AMOLF Institute, Amsterdam) and subsequently
modified by the author of this thesis.

1.5.5

Solving the Master equation

The evolution of quantum system interacting with an external environment is given by
the Master equation (described in sec. 1.4.2). Analytical solutions of the ME are often
not possible, in particular because the density matrix typically has an infinite dimension.
Two levels of approximations are therefore required. First, the dimension of the Fock
space which describes the system must be properly truncated. Second, the obtained finite
system of differential equations needs to be solved with numerical techniques, i.e. by
discretizing the time in intervals ∆t. Truncation of the Fock space dimension must be
done carefully, since it may introduce spurious effects in the system if Fock states with
excitation number n close to the space dimension are populated.
For the calculations presented in chapter 4, the opensource Python framework QuTIP
[36] has been used to solve the master equation. The advantage of using QuTIP is
that it provides built-in functions to generate complex matrices that represent quantum
operators acting on Fock spaces of arbitrary (finite) dimension. All the operators are then
represented by symbolic objects, and can be used as abstract variables to assemble the
desired Hamiltonian and the Lindblad terms. Once all the operators and the initial state
are defined, the master equation is solved through ordinary methods for systems of linear
differential equations. Alternatively, the steady-state of the system can be calculated.
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For the truncation of the Fock space, we first use a small dimension (e.g., n = 2 for an
optical cavity) and we calculate the corresponding time evolution of the system. Then, we
progressively increase the space dimension until the system evolution does not show any
appreciable difference. In the appendix 4.D we provide an example of a QuTIP script.
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Chapter 2
Enhancing the dipole-forbidden
transition decay rates in
semiconductor quantum dots within
nanophotonic structures
The selection rules for the interaction of a quantum emitter with an electromagnetic field
can be readily calculated in the dipole approximation, in which it is assumed that the
field is constant over the emitter wave funtion extent. These selection rules are therefore expected to break for large emitters and strongly varying fields. In this chapter we
theoretically investigate these effects for the case of a semiconductor quantum dot. An
approximated expression for the decay rate of the dipole-forbidden transitions is derived.
Unlike the general theory of the spontaneous emission beyond the dipole approximation,
the distinct contributions of the emitter and the electric field are here clearly recognizable
and can be separately optimized. With the aid of this formula, we evaluate the decay
rate enhancement of the dipole-forbidden transitions of an InAs/GaAs quantum dot embedded into two realistic nanostructures - an L3 photonic crystal cavity and a plasmonic
dimer antenna. The obtained results show that, although the two structures provide an
enhancement of the same order of magnitude, the plasmonic antenna constitutes a more
promising candidate for the experimental observation of the dipole-forbidden transitions
of a quantum dot1 .

2.1

Introduction

When describing the light-matter interaction one usually assumes that a quantum emitter
can be considered point-like with respect to the spatial variation of the electromagnetic
field. This assumption, known as dipole approximation, greatly simplifies the theoretical
framework of the spontaneous emission, and provides simple selection rules to identify the
optically active transitions. Indeed, in the Wigner-Weisskopf theory, the radiative decay
rate for a transition between an excited state and the ground state of an emitter simply
reads
πω 2
d ρ(r0 , ω0 , ed ),
(2.1)
Γ(r0 , ω0 , d) =
0 ~
1

Part of this chapter has been published in Physical Review B, vol. 92 (12), 125302, (2015).
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where ω0 and r0 denote the emission frequency and the position of the emitter, respectively. The vector d = ded is the dipole moment matrix element of the considered transition, and can be related to the oscillator strength. The function ρ(r0 , ω0 , ed ) is the
projected local density of states (LDOS) [2]: it indicates the local density of vacuum
modes into which spontaneous emission can occur, and it depends only on the properties
of the electromagnetic field at the emitter position. The LDOS can be expressed through
the Green tensor (see sec. 1.5.1) of the considered system. Specifically [2],
ρ(r0 , ω0 , ed ) =

2ω T
{e · Im [G(r0 , r0 , ω0 )] · ed }
πc2 d

(2.2)

which relates the LDOS at the emitter position with the field seen by the emitter and
generated by the emitter itself.
The degrees of freedom of the emitter and the electric field are completely separated
in eq. 2.1, which is a direct consequence of the dipole approximation. The dipole moment
matrix element is given, in general, by
dab = q hΨb |r̂|Ψa i

(2.3)

where q is the electron charge, r̂ is the position operator, and Ψa (Ψb ) is the initial (final)
state involved in the transition. Eq. 2.3 clearly shows the selection rules dictated by the
dipole approximation: because of the odd parity of the operator r̂, transitions between
states whose wavefunctions have opposite parities are possible, while transitions between
states whose wavefunctions have equal parities are in principle forbidden. We will refer
to the former as dipole allowed (DA) transitions and to the latter as dipole forbidden
(DF) transitions. The dipole moment matrix element can also be written in terms of the
momentum operator p̂ [37],
dab = q hΨa |r̂|Ψb i =

iq
iq
hΨa |p̂|Ψb i =
Pab ,
ωab m
ωab

(2.4)

where ωab = (Eb − Ea )/~ is the angular frequency associated with the transition, m is
the mass of the particle involved in the transition and we defined the momentum matrix
element Pab . Because the momentum and position operators have both odd symmetry
under reflections, the momentum matrix element describes the same selection rules as the
position matrix element.
The dipole approximation is an excellent approximation for atoms emitting in the
visible and infrared parts of the spectrum, since their dimensions are several orders of
magnitude smaller than the optical wavelength. However, for mesoscopic emitters, like
semiconductor quantum dots (QDs), interacting with nanostructured and strongly varying
electromagnetic fields, the validity of the dipole approximation becomes questionable, and
the selection rules dictated by eq. 2.3 may eventually break. This can lead to two different
effects. First, the decay rate of the DA transitions can be sensitively altered and, in
general, cannot be factorized in separate terms related to the emitter and light field (eq.
2.1). Indeed, it has been recently demonstrated [38] that the decay rate of QDs in close
proximity to a metallic mirror strongly differs from the dipole approximation predictions.
Second, and most intriguing, DF transitions can acquire a finite radiative decay rate and
become allowed.
In this chapter we theoretically investigate this latter effect — i.e., the possible appearance of new transitions in the emission spectrum — for the specific case of a semiconductor
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InAs/GaAs QD interacting with conventional photonic nanostructures, such as a dimer
plasmonic antenna and a photonic crystal L3 cavity. Based on previous works by Stobbe
et al. [39], we derive an approximated formula to calculate the decay rate of the DF
transitions. Numerical calculations show that, although the two afore-mentioned nanostructures provide an enhancement of the DF decay rate of the same order of magnitude,
the plasmonic structure, due to the strong electric field gradients produced, constitutes a
more promising candidate for the experimental observation of DF transitions in a QD.

2.2

Excitons in semiconductor quantum dots

Quantum dots (QDs) are often referred to as artificial atoms. Indeed, the emission spectrum of these heterostructures shows an atomic-like behaviour, with sharp lines corresponding to the electronic transitions between quantized energy levels in the conduction
and valence bands. However, despite their atomic-like spectrum, QDs are inherently different from atoms because of their mesoscopic size: the excitation is distributed over the
entire volume of the QD, which usually includes up to 105 atoms.
In a bulk material the vacuum electromagnetic field can be described by plane waves
and the typical criterion for the validity of the dipole approximation is that |k|L  1,
where |k| = 2πn/λ is the modulus of the light wave vector, λ is the optical wavelength,
n is the refractive index of the material and L is the spatial extent of the wavefunction
of the emitter. The value of |k| is increased in high-refractive-index semiconductors such
that, for the typical dimensions of a QD, the value of |k|L is not necessarily negligible,
even in the visible or near-IR range. As an example, for an InAs/GaAs QD emitting
at a wavelength of 1300 nm and with a characteristic dimension of L = 10 nm, |k|L '
0.16. Moreover, in artificial photonic nanostructures the aforementioned criterion is not
applicable anymore, since the electromagnetic field at a certain frequency can feature
spatial variations corresponding to |k| values larger than the plane wave in a bulk material.
These deviations from the validity of the dipole approximation can lead to a breakdown
of the selection rules dictated by eq. 2.3.
The fundamental excitation in a QD is an exciton, constituted by one electron in
the first conduction band and one electron vacancy in the valence band. A transition
occurs when the electron decays from the conduction band to the valence band, filling the
vacancy. This picture is commonly referred to as the electron representation. Equivalently,
in the electron-hole representation, the electron vacancy in the valence band is replaced
by the presence of a hole in the same band. In this picture the decay of an electron from
the conduction band to the valence band is replaced by the recombination of the electron
and the hole, which brings the QD to its ground state.
For materials with zincblende crystal structure, such as GaAs and InAs, there are three
valence bands which, in absence of spin-orbit interaction, are degenerate at the Γ point.
The spin-orbit interaction shifts one of these bands (the “split-off” valence band) to lower
energies, but the other two, referred as light- and heavy-hole bands, are still degenerate
in bulk semiconductors [40]. However, in a QD the quantum confinement and the strain
lift this degeneracy so that the transitions from the conduction band to the heavy-hole
band have the lowest energy. Therefore, in many relevant cases the state of an exciton
in a QD can be well described by a two-band model where only the heavy-hole valence
band and the conduction band are considered. Band-mixing can be neglected in a first
approximation and, for more quantitative calculations, it can be taken in account through
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methods such as the k · p method and the pseudo-potential theory. In the remainder of
this chapter we will always assume that the valence band is the heavy-hole one and that
no band-mixing occurs.
Electrons and holes inside a QD feel a confinement potential due to the potential
barrier and a mutual Coulomb attraction due to their electric charge. In many situations, however, the QD size is small enough that the energy-level spacing induced by the
quantum confinement is large compared to the Coulomb energy. In this regime, known
as strong confinement regime, the Coulomb term can be neglected, and the electron and
holes wavefunctions evolve independently. The effect of Coulomb interaction, which is
important to determine the fine structure of the energy levels, can be added perturbatively. The opposite regime, where the QD size is large enough such that the Coulomb
energy is comparable or larger than the energy-level spacing, is referred to as the weak
confinement regime.
The state of an exciton in a QD heterostructure can be described within the envelopefunction formalism [37, 41] as
hre rh |Ψi = Ψ(re , rh ) = χ(re , rh )ue (re )uh (rh ),

(2.5)

where re (rh ) is the electron (hole) position, ue (uh ) is the electron (hole) Bloch function of
the relevant band of the bulk crystal at the Γ point (i.e. ke = kh = 0) and χ(re , rh ) is the
exciton envelope function, which varies slowly along the crystal unit cell and modulates
the Bloch functions. The envelope function is obtained as a solution of an effective-mass
Schrödinger equation Ĥχ(re , rh ) = (E − Eg )χ(re , rh ) , where Eg is the bandgap energy
and
p̂2
p̂2
(2.6)
H(re , rh ) = e ∗ + h∗ + Ve (re ) + Vh (rh ) + HC (re , rh ),
2me 2mh
which contains the confinement potential for the electrons (Ve ) and the holes (Vh ) and
the mutual Coulomb interaction HC (re , rh ). We have also introduced the electron (hole)
effective mass m∗e (m∗h ). As mentioned above, in the strong confinement regime the Coulomb interaction is negligible and the Hamiltonian is separable into the electron and hole
coordinates. The solution is therefore given as a product of the single-particle envelope
functions, χ(re , rh ) = χe (re )·χh (rh ), and we can define the states of electron and hole separately, |Ψe i = |χe i |ue i and |Ψh i = |χh i |uh i, where we introduced the bra-ket notation.
We have omitted the total angular momentum contribution to the quantum states, as it
is not relevant here: the transitions considered in the following will always involve a bright
exciton, which implies that the total angular momentum is conserved [18]. Changing from
the electron-hole representation to the electron representation can be performed by using
uc (r) = ue (r), uv (r) = uh (r)∗ , χc (r) = χe (r) and χv (r) = χh (r)∗ , where the subscripts c
and v indicate that the corresponding functions refer to the state of an electron in the
conduction and valence band, respectively.
As shown schematically in fig. 2.1, multiple energy levels exist for both the conduction
and valence bands, corresponding to different solutions of the single-particle envelope
function equation. They are commonly denoted s-shell, p-shell, d-shell, etc. in analogy
with the atomic physics notation.
We can now calculate the momentum matrix elements and, therefore, the selection
rules in the dipole approximation. For a certain radiative interband transition between a
conduction and a valence state, and assuming strong confinement regime, the momentum
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Figure 2.1: Schematized band structure of an InAs/GaAs quantum dot. With a nonresonant optical pumping, carriers are generated in the surrounding material and then
captured in the potential well formed by the QD. The first three energy levels for electrons
and holes are shown. Annihilation between electron and holes in the same shell (e.g., the
s-shell, left part) is dipole-allowed. Annihilation between electron and holes in different
shells (e.g., an electron in the p-shell and hole in the s-shell, right part) is dipole-forbidden.
matrix element reads
Pcv = hΨv |p̂|Ψc i = hχv |χc i huv |p̂|uc i + hχv |p̂|χc i huv |uc i ,

(2.7)

where we have used the fact that the envelope functions (and its spatial derivatives) are
slowly varying over the unit cell. We temporarily switched to the electron representation
for convenience of notation. The Bloch functions inherit the symmetry of the atomic
orbitals from which they derive. In III-V semiconductors as InAs and GaAs, therefore, the
Bloch functions of the conduction band have s-symmetry (i.e., they have even-symmetry
along every direction), while the Bloch functions of the valence band have p-symmetry,
i.e., they are odd along one direction and even along the other two. Therefore, the second
term of eq. 2.7 is null, since huv |uc i = 0 by symmetry. Instead, the term pcv ≡ huv |p̂|uc i,
usually referred to as the Bloch matrix element, is not null, since the the operator p̂ has
odd parity. The momentum matrix element is therefore
Pcv = hχv |χc i huv |p̂|uc i .

(2.8)

The Bloch matrix element depends, in a first approximation [42], only on the properties
of the bulk material and not on the QD structural parameters. It dictates the direction
of the transition dipole moment and, therefore, the polarization of the photon emitted
in the transition. For the transitions between the lowest energy states in semiconductor
self-assembled QDs this vector usually lies in the plane of growth [43]. Moreover, it is
related to the experimentally measurable Kane energy Ep = m20 |pcv |2 [44], where m0 is the
electron rest mass. The selection rules in the dipole approximation are therefore entirely
related to the overlap integral of the envelope functions, hχv |χc i. The envelope functions
feature different parities with respect to the QD center, which affects the value of the
overlap integral. Excitonic states characterized by electron and hole envelope functions
with different parities will have a small value of the overlap integral (zero if the QD is
symmetric) and therefore a negligible radiative decay rate.
For completeness, we report the full expression of the transition decay rate, with the
LDOS expressed in terms of the Green tensor (eq. 2.2), in a form that will facilitate the
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comparison with the results of the next section,
2e2
Γ0 (ω) =
|pcv |2 · Im[Gpp (r0 , r0 , ω)]
2 2
~0 m0 c

Z

2
3

d rχ(r, r) .

(2.9)

Here and in what follows Γ0 indicates the decay rate calculated within the dipole approximation. Gpp indicates the projection of the Green tensor along the direction of the
Bloch matrix element pcv . As anticipated in the introduction, the decay rate is given by
the product of a quantity which depends on the field and a quantity which depends on
the exciton state. The decay rate is different from zero only if the integral of the exciton
envelope function does not vanish (except for the particular case in which the emitter is
placed in a node of the electromagnetic field, which makes the Green tensor null).

2.3

Spontaneous emission from QD beyond the dipole approximation

In the past years there have been several proposals [45–48] to include multipolar effects
into the theory of the spontaneous emission of a QD. In a recent paper by Stobbe et al. [39]
it has been shown how to calculate the decay rate of a semiconductor QD when the electric
field cannot be assumed constant over the emitter wavefunctions. The authors showed
that when this theory is applied to the radiative transitions of a QD placed in a strongly
inhomogeneous field, substantial deviations from the dipole approximation predictions are
obtained.
As already discussed above, the spontaneous emission decay rate is not an intrinsic
property of an emitter but it depends on the vacuum electromagnetic field in which the
emitter is embedded. In the dipole approximation theory the knowledge of the electric field
(or equivalently the LDOS) in the center of the QD is sufficient to calculate the decay rate
(eqs. 2.2, 2.9 and fig. 2.2a). Instead, as shown by Stobbe et al. [39], the mesoscopic nature
of the QD requires the knowledge of the full electromagnetic Green tensor, G(r, r0 , ω),

Figure 2.2: Schematic description of the calculations of the spontaneous emission decay
rate in and beyond the dipole approximation. (a) When the dimensions of the QD’s
envelope function (blue circle) are small compared to the variation of the electromagnetic
field, the spontaneous emission decay rate is given by the LDOS, i.e. by the field emitted
from a dipole at r0 which comes back at r0 after interacting with the environment. (b)
Beyond the dipole approximation, it is necessary to know how the field propagates between
all the possible couples of points r and r0 (weighted by the envelope function calculated
in these points), and then integrate all these contributions (eq. 2.10).
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over the QD volume. Once the emitter’s and electromagnetic field’s properties are known
(through the exciton wave-function and the Green tensor, respectively) the decay rate of
a QD beyond the dipole approximation (BDA) can be calculated as
Z
Z
2e2
2
3
(2.10)
|pcv |
d r d3 r0 χ(r, r)χ∗ (r0 , r0 ) · Im[Gpp (r, r0 , ω)],
ΓBDA (ω) =
~0 m20 c2
where we used the same notation introduced in the precedent sections, and no assumption
on the confinement regime is made. To calculate the exciton decay rate is therefore
necessary to evaluate how the field propagates between all the possible couples of points
r and r0 (fig. 2.2b). We note that, if the Green tensor can be considered constant over all
the possible values of r and r0 (which corresponds to the dipole approximation), eq. 2.9
is obtained.
In the derivation of eq. 2.10, the authors assumed that the Bloch vector pcv is constant
over the volume of the emitter, as it is apparent from the fact that the Green tensor is
always projected along the same direction, p, for all the spatial positions r and r0 . This
corresponds to assume that the Bloch functions are equal for each lattice site and they
are not influenced by the strain induced by the interfaces. In a recent paper from the
same group it has been suggested that, for the optically active transitions, these lattice
inhomogeneities cause the main effects beyond the dipole approximation [42], and eq.
2.10 has been accordingly generalized. In appendix 2.B we discuss the influence of the
strain effects on the decay rate of the DF transitions and we show that, for this case, they
constitute a higher-order correction with respect to the effects shown here and based on
eq. 2.10.
The structure of the integral in eq. 2.10 implies that the photonic and excitonic degrees
of freedom are not directly separable as in the dipole approximation theory. Differently
from eq. 2.9, an enhancement of the Green tensor Im[Gpp (r, r0 , ω)] does not necessarily
lead to an increase of the decay rate, in particular if the envelope function has opposite
0
sign
R 3 in r and2 r . Importantly, eq. 2.10 suggests that an excitonic transition for which
d rχ(r, r) = 0 (and thus Γ0 = 0) can have a finite value of ΓBDA if the Green
tensor features strong gradients along the QD. In the following section we first derive a
simplified version of eq. 2.10 valid for the DF transitions, and then we use it to estimate
the enhancement of the DF transitions decay rate in realistic situations.

2.4

Decay rate of dipole-forbidden transitions

Despite its general validity, eq. 2.10 is difficult to handle, for two reasons. First, the
structure of the 6-dimensional integral makes it difficult to recognize the distinct roles of
the emitter and the vacuum electromagnetic field in the decay rate. Second, using eq.
2.10 requires very long computational time since the Green tensor must be known over
the entire QD, and after that the integral must be calculated with numerical techniques.
In order to overcome these problems and also to gain more insight into the physics of the
DF transitions, we derive here a simplified version of eq. 2.10 based on a Taylor expansion
of the Green tensor. A DF transition is defined by the requirement that Γ0 = 0. From
eq. 2.9, this definition implies that
Z
µ ≡ d3 r χ(r, r) = 0.
(2.11)
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This quantity is the term related to the envelope function in the transition dipole moment
(see appendix 2.A). The Green tensor can be expanded in a Taylor series up to the second
order terms,
G(r, r0 ) ' G(r0 , r0 ) + ∇r G|(r0 ,r0 ) · (r − r0 ) + ∇r0 G|(r0 ,r0 ) · (r0 − r0 )+
1
+ ξ T · H [G] |(r0 ,r0 ) · ξ,
2

(2.12)

where r0 is the center of the QD, ∇r indicates the gradient with respect to the first spatial
variable r (and similarly for ∇r0 ), H [G] |(r0 ,r0 ) is the 6 × 6 Hessian matrix of the function
G and ξ is a 6-dimensional vector defined as ξ = (r − r0 , r0 − r0 ). When this expansion
is inserted in eq. 2.10 the following approximate expression for ΓBDA is obtained (the
complete derivation is given in Appendix 2.C):

2e2
2
|pcv | · |µ|2 · G(r0 , r0 )+
ΓBDA =
2 2
~0 m0 c
+2Re [µ∗ Λ] · ∇r G|(r0 ,r0 ) +
+

3
X

(2.13)

Λi Λ∗j ∂ri ∂rj0 G|(r0 ,r0 ) +

i,j=1

+

3
X



∗

Re [µ Ωij ] ∂ri ∂rj G|(r0 ,r0 ) .

i,j=1

For the simplicity of notation we defined the quantity G(r, r0 ) ≡ Im[Gpp (r, r0 )]. We also
introduced the quantities
Z
Λi ≡ d3 r (ri − ri0 )χ(r, r),
(2.14a)
Z
Ωij ≡ d3 r (ri − ri0 ) (rj − rj0 )χ(r, r).
(2.14b)
As shown in appendix 2.A, Λi is the term related to the envelope function in the magneticdipole and electric-quadrupole moments. Similarly, Ωij contains the higher-order terms
in the multi-polar expansion. It is worth noting that a similar result has been recently
used [49] to study the multi-polar and mesoscopic effects on the dipole-allowed (DA)
transitions of semiconductor QDs. In that case only the first two terms of the expansion
were considered, since the other ones are much smaller for a DA transition. In the case
of a DF transition the first two terms and the last one cancel since µ = 0, and the first
non-zero term is
ΓDF
BDA

3
X
2e2
2
=
|pcv | ·
Λi Λ∗j ∂ri ∂rj0 G|(r0 ,r0 ) .
2 2
~0 m0 c
i,j=1

(2.15)

Therefore, because of the fact the decay rate of the DF transition is zero in the dipole
approximation (µ = 0), the decay rate BDA can be still expressed by (a sum of) products
between a field-related quantity, the mixed second derivatives of the Green tensor, and
an exciton-related quantity, the vector Λ.
Equation 2.15 gives clear indications on how the emitter and the electric field contribute to the decay rate of a DF transition. For what concerns the emitter, the figures of
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merit which can increase Rthe DF transition decay rate are the quantities Λi . In the strong
confinement regime Λ = d3 r(r−r0 )χe (r)χh (r), which shows that Λi can be enhanced by
increasing the overall size of the QD. This enhancement of the DF transition decay rate
as the QD size increases must not be confused with the so-called giant-oscillator-strength
(giant-OS) effect [50]. The giant-OS effect arises in large QDs when the Coulomb attraction has a non-negligible effect (weak confinement regime) and the OS of the optically
active states becomes proportional to the volume of the exciton [51]. The size dependence
of the decay rate of the DF transitions is not related to the Coulomb interaction (which
in fact is neglected in the strong confinement regime), but to the presence of the spatial
coordinate in eq. 2.14a. This, in the strong confinement regime, makes the quantities Λi
scale with the QD dimensions. However, when the size of the QD becomes comparable
or larger than the exciton Bohr radius (i.e., the weak confinement regime), these effects
are expected to be reduced.
The figure of merit of the electromagnetic field is given by the mixed second derivatives
of the Green tensor. For a QD embedded in a bulk material the Green tensor can be
computed analytically, and a direct calculation gives
∂ri ∂ G|(r0 ,r0 )
rj0

k3
= δij (2 − δip )
30π

(2.16)

where p is the diagonal component of the Green tensor which has been considered above
(and which corresponds to the direction of the Bloch vector pcv ), k is the optical wavevector
in the material and δij is the Kronecker delta. By assuming Λ = (Λx , 0, 0), the bulk decay
rate becomes
3
2
2 k
0
ΓDF
∝
|Λ
|
∂
∂
G|
=
|Λ
|
(2.17)
x
x x
x
(r0 ,r0 )
Bulk
30π
and the ratio between the decay rate of a DF transition and a DA one is given by
|Λx |2 k 2
ΓDF
Bulk
=
.
|µ|2 5
ΓDA
Bulk

(2.18)

where µ is the envelope function overlap (eq. 2.11) for the DA transition, and we used
k
valid for homogeneous media [2]. As it will be shown in the
the result G(r0 , r0 ) = 6π
DF
−4
for typical QDs.
following, the ratio ΓBulk /ΓDA
Bulk is of the order of 10
A common issue in the observation of transitions involving excited states is the competition between the radiative decay and the phonon-assisted intraband relaxation [52].
As a DF transition involves states of different parity, of which one cannot be the ground
state, spontaneous emission through DF transitions always competes with intraband relaxation to lower energy states. Indeed, at low excitation levels and low temperatures,
carriers quickly relax to the lowest available states and transitions from higher-energy
states are not observed. In practice, transitions from higher energy states (therefore potentially also those corresponding to DF transitions) are easily observed experimentally
by increasing the excitation level and/or the temperature, in order to ensure that the
corresponding states are populated. In this work we therefore focus our attention on the
calculation of the radiative decay rate and we ignore the effects due to the occupation
probability.
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2.5

Spontaneous emission from dipole-forbidden transitions in realistic nanostructures

In this section we illustrate some applications of the formalism developed for the DF
transitions. In section 2.5.1 we describe a simple model for a semiconductor QD - an
InAs cylinder embedded in a GaAs matrix. In the following sections we investigate the
decay rate of the DF transitions of this QD when it is placed in two different kinds of
structures — an L3 photonic crystal cavity and a plasmonic antenna. In both cases a
high enhancement of the DF transition decay rate is obtained. However, as explained in
section 2.5.4, these enhancements have different physical origins.

2.5.1

The disk-shaped QD with infinite barrier

A cylindrical InAs QD with radius R = 10 nm and height L = 10 nm embedded in a
GaAs matrix is considered as a model for our calculations. We notice that, while the value
assumed for the height is larger than the average values of 3-5 nm normally measured for
semiconductor InAs/GaAs QDs [53], higher values of the QD height, consistent with our
assumption, have been reported for structures emitting in the near infrared [54].
The axis of the cylinder is along the z-direction. An infinite potential barrier is assumed
and the Coulomb interaction is neglected because of the small dimensions of the QD.
Although this simplified model is far from a realistic description of the QD (in which the
strain and the real potential barrier play an important role), they can still qualitatively
describe the behaviour of a confined exciton. Under these simplifying assumptions the
effective-mass equation can be solved analytically. The single-particle wave-function is
described by three quantum numbers,
 


z
1
ρ
1
imφ
χn,p,m (r) = Anpm √ e Jm jmp
sin nπ
+
(2.19a)
R
L 2
R πL
n = 1, 2, ... m = 0, ±1, ±2, ... p = 1, 2, ...
(2.19b)
where (ρ, φ) are the polar coordinates in the plane xy, Jm is the m-order Bessel function,
jmp is the pth zero of the Bessel function Jm and the Anpm are normalization constants.
The origin is chosen in the center of the cylinder. The exciton envelope function is given
by the product of the electron’s and hole’s wavefunctions, and the excitonic state is thus
described by six quantum numbers,
χne me pe nh mh ph (re , rh ) = χene me pe (re )χhnh mh ph (rh ).

(2.20)

It is trivial to verify that the DA transitions are the ones for which the electron’s and
hole’s quantum numbers are equal, (ne , me , pe ) = (nh , mh , ph ). The envelope function
overlap µ of all these transitions is equal to 1, since in this simple model the electron
and hole envelope functions are identical. The first dipole-allowed transition is the one
with (ne , me , pe , nh , mh , ph ) = (1, 0, 1, 1, 0, 1). In the following we will refer to it as the
DA transition.
A DF transition is obtained by changing one of the quantum numbers. Different
excitonic states feature different symmetries of the envelope functions and, therefore,
different directions of the vector Λ. For the transition described by the quantum numbers (1, 0, 1, 2, 0, 1) the vector Λ is oriented along the z-direction and is equal to Λ =
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(0, 0, 0.18) × L, while for the DF transition (1, 0, 1, 1, 1, 1) the vector lies in the xy plane
and is equal to Λ = 0.23 × (1, i, 0) × R. By using eq. 2.18, the ratio between the decay
rates of these transitions and that of the DA one can be found to be, for an emission
wavelength of λ = 1300 nm in bulk GaAs, of the order of 10−4 .
The linear dependence of Λ with respect to the dimensions of the QD confirms the
qualitative analysis of the previous section. In the recent years the growth of QDs with
higher aspect ratio - the so-called columnar QDs - has been demonstrated [55–57]. The
height of these structures can be one order of magnitude higher with respect to ordinary
InAs/GaAs self-assembled QDs. Because of the quadratic dependence on the components
of Λ (see eq. 2.15), the decay rate of the DF transitions is expected to much higher in
these structures, making them a good candidate for the observation of the DF transitions.
We remark, however, that the linear dependence of Λ on the QD dimension is valid only
in the strong confinement regime, which is not valid if the QD dimension is larger than
the exciton Bohr radius.

2.5.2

Photonic crystal cavity

The first nanostructure investigated is an L3 photonic crystal cavity (PCC). The PCC
is formed by a triangular pattern of air holes etched in a 320nm-thick GaAs membrane.
The lattice parameter is a = 320 nm and the radius hole is r = 0.3a. By removing three
collinear holes an L3 cavity is formed, as showed in the inset of fig. 2.3c. The fundamental
mode of this single cavity has a wavelength of λP CC = 1287 nm and a Q-factor Q ≈ 4500.
The in-plane electric field components of a PCC mode feature several oscillations in the
plane of the membrane, while along the out-of-plane direction the variation of the field
is weaker. This suggests to choose a DF transition for which the vector Λ lies in the
plane of the cavity as, for example, the transition described by (ne , me , pe , nh , mh , ph ) =
(1, 0, 1, 1, 1, 1). We moreover assume that both the DF and DA transitions are resonant
with the fundamental mode of the cavity. Even if this is not the case for a given QD and
cavity, it gives us the possibility to compare the maximum enhancements experienced by
the two transitions when the cavity and/or the QD energies are tuned. For simplicity, we
assume the Bloch vector pcv to be parallel to the y-direction, since the fundamental mode
of the L3 cavity is mainly y-polarized. However, the calculations can be straightforwardly
extended to the general case in which pcv lies in the xy plane.
When dealing with a dielectric structure (i.e., a real-valued dielectric function) the
Green tensor can be directly calculated from the normal modes of the electromagnetic
field. The imaginary part of the Green tensor is given by [2]
Im[G(r, r0 , ω)αβ ] =

πc2 X ∗
E (r)Ek,β (r0 )δ(ω − ωk )
2ω k k,α

(2.21)

where Ek,α denotes the α-component
of electric field of the k th normal mode. The electric
R 3
field is normalized through d r r (r)E∗ (r)·E(r) = 1, where r (r) is the relative dielectric
permittivity. Given the very small linewidth of a PCC resonance we can safely assume
that only one mode will contribute for each frequency (the leaky modes of the PCC
are neglected). For realistic cavities the delta function can be replaced by a Lorentzian
function, and at resonance (ω = ωk ) we obtain
Im[G(r, r0 , ω)αβ ] = Q
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c2 ∗
E (r)Eβ (r0 ),
ω2 α

(2.22)

where Q is the Q-factor of the cavity.

Figure 2.3: Decay rate enhancement of the DA and DF transitions as the QD is moved
inside the L3 cavity. Both transitions are assumed to be in resonance with the PCC
fundamental mode (λP CC = 1287 nm) and polarized along the y-direction. (a)-(b) Decay rates enhancement (as compared to their values in bulk GaAs) for the DA and DF
transition, respectively. The black dashed cirlces indicate the position of the holes which
have been removed to create the cavity. (c) Absolute value of the decay rate for both
transitions along the line y = 0. The inset shows the geometry of the structure and the
reference frame.
For the GaAs we assume a refractive index of nGaAs = 3.40, while the value of |pcv |2
for InAs is available in literature [44]. The QD is assumed in the center of the GaAs slab
and moved in the xy plane inside the cavity. The DA and DF decay rate are calculated
by using the ordinary dipole approximation and eq. 2.15, respectively. The calculation
shows that the decay rate of the DF transition (fig. 2.3b) can be enhanced by a factor
up to 800 with respect to its value in bulk GaAs. The enhancement experienced by the
DA transition is of the same order of magnitude (fig. 2.3a), although the positions of the
maxima are different, as their position is related with the maxima of the field. Fig. 2.3c
shows the absolute values of the decay rates along the line y = 0 in a logarithmic scale.
Figs. 2.3(a-b) show an interesting phenomenon predicted by eq. 2.15: intuitively
one would expect that the strongest deviations from the dipole approximation theory
would appear where the square modulus of the electric field (and thus the LDOS) has
its maximum variation. Therefore, the decay rate of the DF transition should have its
maxima in correspondence of the points of maximum variation of the DA transition decay
rate. Instead, an inspection of the data shows that these points do not coincide and are
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separated by about 70 nm. The reason for this is that the decay rate of the DF transitions
is not directly proportional to the derivative of the electric field |E|2 , but is related in a
more complex way to the Green tensor derivatives, as shown by eq. 2.15.

2.5.3

Plasmonic dimer antenna

The second structure investigated is a plasmonic dimer antenna (inset of fig. 2.4a). It
consists of two gold nanorods placed on a GaAs substrate and separated by a gap of
30 nm. Each antenna has in-plane dimensions of 250 nm × 50 nm and is 30 nm thick.
This structure supports a localized plasmonic mode at a wavelength of λpl = 1330 nm,
as revealed by a calculation of the LDOS seen by a dipole placed nearby (fig. 2.4a).
Similarly as before, we assume that the exciton can interact only with the x-component
of the plasmonic field (which is depicted in fig. 2.4b), which corresponds to assume that
pcv is oriented along the x-direction. The contribution from the y-component of the Bloch
vector is negligible if the QD is placed in the gap between the antenna, since here the
electric field is mainly x-polarized. Below the gap a strong gradient of the field along the

Figure 2.4: Plasmonic structure investigated. (a) LDOS seen by an emitter placed in
the center of the structure and 25 nm underneath the GaAs surface. The inset shows
the geometry. (b) Absolute value of the x-component of the electric field along the plane
xz and in the center of the structure, for a wavelength of 1330 nm. The red solid lines
indicate the edges of the structure. The dashed white circle indicates one of the positions
in which the decay rates have been calculated (see fig. 2.5).
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Figure 2.5: Decay rate of the DF and DA transitions as a function of the vertical distance
between the QD and the plasmonic structure. The blue dashed line and the red dasheddotted line indicate the decay rate in bulk GaAs of the DA and DF transition, respectively.
The red squares are calculated with eq. 2.15, while the black triangles are calculated with
the full formula given by eq. 2.10.
z-direction is visible. This suggests considering a DF transition for which Λ is oriented
along the z-axis, as, e.g., the one described by (ne , me , pe , nh , mh , ph ) = (1, 0, 1, 2, 0, 1).
We evaluated (fig. 2.5) the decay rate of the DA and the DF transition when the QD
is placed in the center of the structure and moved along the z direction (see white dashed
circle in fig. 2.4b). The two transitions are assumed to be both spectrally resonant with
the plasmonic mode, in order to make a fair comparison of the decay rate enhancements.
The Green tensor of the structure is calculated numerically with FDTD by evaluating
the response of the system to a dipolar excitation placed in different positions. The
parameters used for the numerical calculation are the ones mentioned in the previous
section, and the dielectric function of the gold is an interpolation of tabulated data [58].
The decay rate of the DA transition is calculated by using only the dipolar part of eq.
2.13, while the decay rate of the DF transition is calculated with the formula 2.15. We
have also evaluated, for few positions, the decay rate of the DF transition predicted by
the general formula in eq. 2.10 (black triangles in fig. 2.5), to show that a a second order
expansion of the Green tensor provides a very good approximation even for such strong
varying field.
Fig. 2.5 shows the enhancement of the radiative decay rate for the DA and DF
transitions as the distance between the QD and the plasmonic antenna is changed from
65 nm to 10 nm. We notice that, as the QD gets closer to the surface, the radiative
enhancement will compete with non-radiative processes, which become dominant when
the capping layer is reduced to few tens of nanometers. Fig. 2.6 shows an example of such
effect for a QD sample grown at the NanoLab@TU/e cleanroom facility. In agreement
with the results available in literature [59], the radiative emission is strongly suppressed
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Figure 2.6: (a) Measured photoluminescence spectra from an ensemble of InAs QDs for
different capping layer thicknesses. The original capping layer was 100 nm, and smaller
thicknesses have been obtained with a citric acid wet etching. The capping layer thicknesses are shown in the legend. Each spectrum has been shifted vertically. (b) Total
emitted intensity (obtained by integrating the spectra in panel a) normalized to the intensity from the unetched sample.
for capping layers thinner than 25 nm. The influence of the non-radiative decay can
be reduced by passivating the surface, and capping layers as thin as 18 nm have been
demonstrated [60] to be possible without large degradation of the optical properties of
the QDs. We therefore consider the distance of 15 nm as a limit value for the position
of the QD. At this position the DA transition is enhanced by a factor of about 20 with
respect to its value in bulk GaAs. This enhancement is comparable to the ones commonly
calculated for this kind of structures, and it is due to the enhancement of the electric
field close to the plasmonic cavity. On the other hand, the DF transition is enhanced
by a factor larger than 370, which cannot be explained only as an effect of the field
enhancement. This enhancement is due to the variation of the electromagnetic field along
the QD, which increases ∂z ∂z0 G|(r0 ,r0 ) from its bulk value (eq. 2.16).

2.5.4

Comparison between the plasmonic and PCC structure

In the previous sections we calculated the decay rate of the DF transitions for a cylindrical
QD interacting with a metallic structure and a dielectric cavity. In both cases we obtained
an enhancement with respect to its bulk value of about 102 − 103 . With this enhancement
factor the DF decay rate should be comparable with the bulk decay rate of a DA transition,
and thus experimentally observable. However, despite the numerous experiments carried
on in the last years with semiconductor QDs embedded in PCCs, no observation of the
DF transitions has been reported. We discuss here an explanation for this apparently
contradictory result.
Although the DF decay rates for the plasmonic and PCC structures are of the same
order of magnitude, their ratio with the (maximum) Purcell enhancement of the respective
DA transition are very different: in the case of the plasmonic structure the DF transition
experiences a decay rate enhancement which is almost 20 times greater than the one of
the corresponding DA transition. For the PCC cavity this ratio is about 1.5. This large
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difference suggests a different origin of the two enhancements.
The enhancement of the DF decay rate can be separated into two contributions: first,
the decay rate is increased by the multi-polar effects which are relevant when the field
cannot be assumed constant; these effects do not depend on the absolute value of the field
but only on its variation. Once the decay rate is increased (from the null value that it
would have in the dipole approximation to a finite value) the Purcell effect, which depends
on the square of the vacuum electromagnetic field, provides a further enhancement.
For the case of a dielectric structure this factorization can be shown analytically. The
effective mode volume of the normal mode E(r) is given by
R 3
d r(r)|E(r)|2
1
=
,
(2.23)
V =
2
max ((r)|E(r)| )
max ((r)|E(r)|2 )
where we used the field normalization shown in sec. 2.5.2. By multiplying and dividing
the right term of eq. 2.22 for the mode volume, the Green tensor can be rewritten as
"
 3 #
3
∗
0
n
E
(r)E
(r
)
3
λ0
Q
β
α
Im[G(r, r0 , ω)αβ ] =
×
,
(2.24)
2
2
3λ0 max ((r)|E(r)| )
4π
n
V
where λ0 is the vacuum-wavelength and n is the refractive index of the material. The
well-known expression for the Purcell factor is retrieved in the second factor of the right
term. The first factor, which contains the spatial dependence of the field (but does not
depends on its absolute value), is responsible for the enhancement due to the multi-polar
effects.
The Purcell factor can be obtained by looking at the maximum enhancement of the
DA transition, which is not affected by the multi-polar effects. For the PCC structure, this
values is about 500 (fig. 2.3c). This means that the contribution of the multipolar effects
to the DF decay rate enhancement is about 1.5. The enhancement of the DF transitions
is, therefore, almost entirely due to the the Purcell effect. However, despite the high
values of the Purcell factor calculated for a PCC (up to ∼ 1000 [18]), the experimentally
measured decay rate enhancements are systematically much lower. The current record
for the Purcell factor in a PCC slab containing QDs is about 10 [61]. The origin of this
huge mismatch between the theoretical and experimental values is usually attributed to
fabrication imperfections and to a poor spatial matching between the QD and the cavity
field. Therefore, for realistic values of the Purcell factor, the enhancement of the DF
transitions is drastically reduced respect to the theoretical values calculated in fig. 2.3c.
On the other hand, for the plasmonic structure the contributions from the Purcell
effect and from the field inhomogeneities are of the same order of magnitude. Moreover,
the experimental values of the Purcell factor for this kind of metallic structures are less
sensitive on the fabrication imperfections, and decay rate enhancements as high as 4
have already been demonstrated with InAs QDs and gold bow-tie antennas [62], and
enhancements larger than 1000 have been measured with silver nanocubes and fluorescent
dyes [12].

2.6

Conclusions

We have theoretically investigated the multi-polar effects on the DF transitions of a semiconductor QD. We obtained a simplified expression for the decay rate of these transitions
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which allows us to identify the figures of merit for its enhancement. The figure of merit of
the emitter is given by the dipole moment over the envelope functions, Λ, which can be
increased either by increasing the overall dimension of the QD (in the limit of validity of
the strong confinement regime) or by engineering the exciton envelope functions, in order
to increase their asymmetry. Moreover, the direction of this vector must coincide with
the direction along which the vacuum electric field features the maximum variation. This
variation is quantified analytically by the mixed second derivatives of the imaginary part
of the Green tensor.
We have applied our formalism to the case of a cylindrical InAs/GaAs QD interacting
with two different nanocavities, a plasmonic dimer antenna and a L3 photonic crystal
cavity. The decay rate of the DF transition is enhanced, in both cases, by a factor of
about 102 − 103 with respect to its bulk value. We showed, however, that in the case of
the PCC the decay rate enhancement is mainly due to the Purcell effect and not to the
multi-polar effects. This could represent a problem for the experimental observation of
these transitions, since the measured values of the Purcell factor in PCC structures are
usually much lower than the calculated ones. On the other hand, for the plasmonic dimer
antenna the contribution of the multi-polar effects is higher, because of the high gradient
of the field close to the metallic surface, which makes DF transitions more likely to be
observed in such structures.
However, several issues may limit the experimental observation of DF transitions from
semiconductor QDs in plasmonic structures. As already pointed out above, the requirement of having the QDs close to the surface leads to large nonradiative recombination
rates, which will compete with the DF transition enhancement. This problem can be
partially solved by passivating the surface [60]. Another important limitation is due to
the fact that QDs typically suffer from poor uniformity in wavelength, i.e. the emission
spectrum of two nominally identical QDs features transitions at different frequencies [18].
Therefore, while the system in fig. 2.4 can be in principle realized by burying single QDs
at different depths in different copies of the same structure, a clear observation of new
emission lines (as the QD gets closer to the antenna) may be difficult due to the inherent
differences between the QD emission frequencies. A possible solution would be to work
with the same single QD, and change its distance with respect to the plasmonic antenna
by, e.g., electromechanical systems. This however poses several fabrication challenges,
as the mechanical displacements should be controlled with a precision below 50 nm. An
alternative approach would be to place a QD very close to the plasmonic structure and
to change the antenna and/or QD frequency by some means. This would in principle
allow to verify the appearance of new transition lines as the QD is brought in or out of
resonance with the antenna. However, due to the broadband spectrum of the plasmonic
structures, a very large tuning range (≥ 100 nm) would be required. Due to these several
issues, the experimental study of the effects described in this chapter was not pursued in
this thesis.
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Appendices
2.A

Multipolar moments

In this chapter we introduced the quantities µ, Λi and Ωij to describe the multi-polar
effects on the dipole-forbidden transitions of a semiconductor QD. Here we want to show
the link between these quantities and the ones that are usually introduced in the multipolar expansion of light-matter interaction. When describing the interaction of a quantum
system, such as an atom or a molecule, with light, the decay rate between an excited state
|ei and the ground state |gi can be expressed as a sum of infinite terms [63]. The first
three terms contain the quantities
µ
ei = hg| p̂i |ei ,
e ij = hg| r̂i p̂j |ei ,
Λ

(2A.1b)

e ijk = hg| r̂i r̂j p̂k |ei ,
Ω

(2A.1c)

(2A.1a)

where r̂i and p̂i are the components of the position and momentum operators of the
system along the i-th direction. For an exciton in a semiconductor QD, |ei = |uc i |χc i
and |gi = |uv i |χv i, where |uc/v i are the periodic Bloch functions of the conduction and
valence bands, which oscillate on the length scale of the lattice parameter, and |χc/v i are
the corresponding envelope functions. As explained in the main text, for semiconductor
QDs the periodic Bloch function uv is the one of the heavy holes band, which has the
symmetry of the px or py orbitals, while uc is spherically symmetric [37]. This allows us
to rewrite the dipole moment µ
ei as
µ
ei = hg| p̂i |ei ' huv | p̂i |uc i · hχv |χc i = (pcv )i µ

(2A.2)

where the definition of µ introduced in the chapter, and the facts that huv |uc i = 0 and
that the envelope functions vary slowly along a unit cell have been used. The derivation
of eq. 2A.2 can be found in standard textbooks [37], and a similar approach (assuming
that also the derivatives of the envelope functions do not vary along a unit cell) can be
used to show that
e ij ' huv | p̂j |uc i · hχv | r̂i |χc i + huv | p̂j r̂i |uc i · hχv |χc i
Λ
+ huv |uc i · hχv | p̂j r̂i |χc i + huv | r̂i |uc i · hχv | p̂j |χc i .

(2A.3)

It is trivial to verify that, because of the symmetries of the states and the operators
involved, the second and third term vanish for any choice of i and j. The fourth term scales
with the size of the unit cell, and is thus negligible compared to the first one, which scales
e ij ' (pcv ) · hχv | r̂i |χc i = (pcv ) · Λi .
with the size of the QD. We conclude therefore that Λ
j
j
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fij , which in the general theory of the light-matter interaction describes the
The tensor Λ
electric-quadrupole and magnetic-dipole moments, is here split into the dipole moment
over the envelope functions and the microscopic dipole moment pcv . Similar considerations
e ij .
can be done for the electric-octupole and magnetic-quadrupole moment Ω

2.B

Quantitative estimation of the influence of lattice inhomogeneities

In our derivation we neglected the effects of the lattice strain on the exciton’s wave
function. We assumed, in particular, that the Bloch vector pcv = huc | p̂ |uv i lies in the
plane xy (i.e., the growth plane) and that it is constant along the QD. The absence of
a vertical component pz is due to the symmetry of the heavy hole’s and electron’s Bloch
functions in a bulk semiconductor. These assumptions lead to a simplification of the
dipolar and multipolar terms, as explained in the appendix 2.A. In particular, once the
component of the Bloch vector is fixed and assumed constant (e.g., pcv = px êx ), the
dipolar and multipolar terms become
µ
ex = hχh |χe i px = µ px ,
e ix = hχh | r̂i |χe i px = Λi px .
Λ

(2B.1)

where µ and Λi are defined in the main text.
When considering a heterostructure where the lattice constant and/or the chemical
composition are not uniform, as commonly encountered in self-assembled QDs, both assumptions are in principle not correct. The in-plane component of the Bloch vector px
can vary along the QD, and the vertical component pz can have a local non-zero value in
correspondence of the strained unit-cells. In a recent paper by Tighineanu et al. [42] it
has been suggested that, for the DA transitions, these lattice inhomogeneities (rather than
the envelope-function dipole-moment) cause the main effects beyond the dipole approximation. The reason is that for these transitions the equal parity of the envelope functions
makes the value of Λi (as calculated with eq. 2.14a) small compared to the value of µ.
Other effects, like a variation of the Bloch functions, are therefore necessary to explain
the large value of Λ/µ found experimentally for the DA transitions [38]. However, for the
DF transitions the different parity of the envelope function leads to smaller values of µ
and larger values of Λi , which suggests that the contribution from the envelope functions
to the multipolar moment Λi can overcome the one due to the strain, as assumed in the
derivation of eq. 2.15. In this appendix we justify this assumption by providing a quantitative estimation of these effects for two different cases. For the calculations, we consider
the same DF trasition and plasmonic structure introduced in sec. 2.5.3.
First, we assume that the in-plane component of the Bloch vector has a slow linear
variation across the QD height. We consider only the component px for the sake of clarity.
The calculation of µ
ex is generalized to take in account a position-dependence of px , leading
to
X
µ
ex =
χ∗v (RN )χc (RN )px (RN ),
(2B.2)
N

where the sum is over all the unit cells and RN is the position of the Nth cell. If px (RN )
is not constant, µ
ex can be different from zero even if hχv |χc i = 0. Therefore, the first
38

term of the Taylor expansion in eq. 2.13 (from now on called Γ0 ) may be not negligible
compared to the third term (from now on called Γ2 ). By assuming a linear variation
of px (RN ) across the height of the QD, we can obtain a simple formula to estimate the
magnitude of the two terms,
∆px /px
Γ0
=
Γ2
L

2

Im[Gxx (r0 , r0 )]
∂z ∂z0 Im[Gxx (r0 , r0 )]

(2B.3)

where ∆px /px is the relative variation of the Bloch vector across the height L of the QD
with respect to its average value in the center, px . In fig. 2B.1a we show the results
of this calculation for a QD with L = 10 nm interacting with the plasmonic structure
discussed in section 2.5.3, and for different values of ∆px /px . For reasonable values of
∆px /px < 10% the contribution Γ0 to the decay rate constitutes a negligible fraction of
the total decay rate. Although a more detailed knowledge of the distribution of px would
be necessary to make a precise estimation, this analysis provides a good indication of
the order of magnitude of the effects due to the dipole moment µ
ex induced by lattice
inhomogeneities.
A second case to take in account is a possible non-zero value of the z-component of
the Bloch vector in correspondence of highly-strained unit cells. This is indeed the case
studied in the work mentioned above [42]. For the optically active transition discussed
e are Λ
e zx and Λ
e xz . The first
there, the only non-zero elements of the multipolar tensor Λ
one is very small for the DA transition considered by the authors, because of the equal
parity of the envelope functions along the z-direction. The second term, which would be
zero in absence of strain since pz = 0, gives in fact the main contribution to the multipolar
decay rate when a strained layer is assumed to exist in the QD [42]. We notice that the
e zx corresponds instead to the effects discussed in this paper for the DF transitions,
term Λ

Figure 2B.1: Influence of the strain on the decay rate of a DF transition, for a QD
interacting with the plasmonic structure discussed in the main text. (a) Ratio between
the strain-induced dipolar term of the decay rate (Γ0 ) and the decay rate due to the
envelope-function multipolar moment (Γ2 ) as a function of the relative variation of the
2
e xz /Λ
e zx for different values of the parameter α (see
Bloch vector ∆px . (b) Values of Λ
text) and for different positions of the strained layer across the QD height (L = 10 nm).
.
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i.e., a constant in-plane Bloch vector px multiplied by a dominant contribution from
the envelope functions integral. One could therefore wonder if also for a DF transition
e xz can become important in presence of strain. We define the following two
the term Λ
contributions to the multipolar decay rate,
2

e xz ∂x ∂ 0 Im[Gzz (r0 , r0 )],
ΓInhom
∝ Λ
2
x
ΓEnv
2

2

(2B.4)

e zx ∂z ∂ 0 Im[Gxx (r0 , r0 )].
∝ Λ
z

We notice that the derivatives and the components of the Green tensor are different, since
e couple to different components (and derivatives)
the different elements of the tensor Λ
of the electromagnetic field. To make a fair comparison between the two terms we ig2
e xz /Λ
e zx as a
nore the influence of the electromagnetic field, and we consider the ratio Λ
quantitative estimation of the influence of the two effects. We then need to generalize the
e to take in account a position dependence of the Bloch vector,
calculation of the tensor Λ
X
e ij =
Λ
χ∗h (RN )χe (RN )RN,i pj (RN ),
(2B.5)
N

where RN,i denotes the i-th coordinate of the N-th unit cell. To calculate the components
of the Bloch vector we need the functional expression of the electron’s and hole’s Bloch
function. In order to compare our results with the ones showed in the work of Tighineanu
et al. [42], we assume here the same Ansatz on the Bloch functions (eq. 2 of ref. 42):
the conduction and valence Bloch functions are expanded in a sum of sinusoidal functions
with a z-dependent period a(z). A simple calculation leads to
e xz
< χh |x2 K 0 (z)|χe >
Λ
,
=
e zx
< χh |zK(z)|χe >
Λ

(2B.6)

where K 0 (z) denotes the derivative of the lattice wavevector K(z) = 2π/a(z) along the
z-direction. In their work, the authors assumed K 0 (z) = ∆Kδ(z − zt ), i.e., the periodicity
of the unit cells is broken only along an infinitely thin layer, localized at the height
zt in the QD and normal to the growth direction. We consider a more general case
where the periodicity change is described by K 0 (z) = ∆Kδα (z − zt ), where δα (z − zt ) =
(z−zt )2
√
(α π)−1 e− α2 is a normal distribution which tends to the delta function when the
parameter α approaches zero. This leads to
e xz
Λ
∆a < χh |x2 δα (z − zt )|χe >
=
e zx
a
< χh |z|χe >
Λ

(2B.7)

where ∆a/a is the relative change of the lattice constant along the strained layer at zt .
According to the available experimental data [64], we assume ∆a/a = 0.18. In fig. 2B.1b
2
e xz /Λ
e zx for different values of the parameter α and
we show the value of the ratio Λ
for different positions of the strained layer across the QD height (L = 10 nm). Even
for α ' 0 (i.e. a delta-function-dependent lattice vector variation) and for an optimal
position along the QD, the effect due to the inhomogeneities constitutes less than 3% of
the envelope-functions contribution.
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In this appendix we provided an explicit calculation of the lattice inhomogeneities
effects for two different cases. Of course, other possible cases should be considered, and
each of them would require a dedicated analysis (e.g. in the second term of eq. 2.15 the
simultaneous effect of a slow-varying px and a local non-zero value of pz can be considered
in evaluating the product µ∗ · Λ). However, the results shown in this appendix constitute
a valid quantitative estimation of the order of magnitude of these effects, and the formulas
provided can be easily modified to take in account other cases of interest.

2.C

Derivation of the decay rate for the DF transitions

We derive here the formula for the decay rate of the DF transition (eq. 2.13). When the
Taylor expansion of the Green tensor (eq. 2.12) is inserted in the eq. 2.10, the following
expansion for the decay rate is obtained:
Z

2
3

ΓBDA ∝ G(r0 , r0 ) ·
d r χ(r, r)
Z
Z
3
+∇r G|(r0 ,r0 ) · d rχ(r, r) (r − r0 ) d3 r0 χ(r0 , r0 )
Z
Z
3
+∇r0 G|(r0 ,r0 ) · d rχ(r, r) d3 r0 χ∗ (r0 , r0 ) (r0 − r0 )
Z
Z
1
3
d r d3 r0 χ(r, r)χ∗ (r0 , r0 ) ξ T · H [G] |(r0 ,r0 ) · ξ,
+
2

(2C.1)

where all the notations have been already defined in the main text. In the first three terms
the quantities µ and Λ can be easily recognized. Moreover, because of the reciprocity of
the Green tensor, the equality ∇r G|(r0 ,r0 ) = ∇r0 G|(r0 ,r0 ) holds, and thus the second and
third terms can be added together, resulting in 2Re (µ∗ Λ) · ∇r G|(r0 ,r0 ) . Therefore we just
need to show that the last term of eq. 2C.1 is equal to the last two terms of eq. 2.13. In
order to do this it is convenient to first write explicitly the matrix product,
T

ξ ·H [G] · ξ =

3
X

ri rj ∂ri ∂rj G +

+

i,j=1

ri0 rj ∂ri0 ∂rj G +

ri rj0 ∂ri ∂rj0 G+

i,j=1

i,j=1
3
X

3
X

3
X

(2C.2)

ri0 rj0 ∂ri0 ∂rj0 G.

i,j=1

Here and in what follows we assume that r0 = 0, and we omit it in the derivatives for the
simplicity of notation. When the first term is inserted in the integral of the last term of
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eq. 2C.1 we obtain
1
2

Z

3

Z

dr

d3 r0 χ(r, r)χ∗ (r0 , r0 )

ri rj ∂ri ∂rj G =

i,j=1
3
X

1
∂r ∂r G
=
2 i,j=1 i j
=

3
X

Z

Z

3

d r χ(r, r)ri rj

d3 r0 χ∗ (r0 , r0 ) =

(2C.3)

3
1X
∂r ∂r G Ωij µ∗ .
2 i,j=1 i j

An analogous result can be obtained for the fourth term of eq. 2C.2, and by exploiting
again
of the Green tensor the two terms can be added together, resulting
P3 the reciprocity
∗
in i,j=1 Re [µ Ωij ] ∂ri ∂rj G, which is the third term of eq. 2.13.
Finally, by inserting the second term of eq. 2C.2 in the integral in the last term of eq.
2C.1, we obtain
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The contribution of the third term of eq. 2C.2 can be showed to be equal, and therefore
when these two terms are summed together the last term of eq. 2.13 is obtained.
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Chapter 3
Spin-dependent emission from arrays
of planar chiral nanoantennas
Chiral plasmonic nanoantennas manifest a strong asymmetric response to circularly polarized light and they can alter the circular polarization state of light emitted from nearby
sources, leading to a spin-dependent emission direction. In past experiments, these effects
have been attributed entirely to the localized plasmonic resonances of single antennas, despite the fact that the structures are often arranged in periodic arrays. In this chapter
we demonstrate that, when chiral nanoparticles are arranged in diffractive arrays, lattice
resonances play a primary role in determining the spin-dependent angular emission of
light. We fabricate 2D diffractive arrays of planar chiral metallic nanoparticles embedded
in a light-emitting dye-doped slab. By measuring the polarization state of the enhanced
photoluminescence we first show that the chirality of the unit cell induces a preferential
circular polarization towards the direction normal to the sample plane, and that both
the localized plasmonic resonance and the delocalized lattice mode contribute to this
phenomenon. By further mapping the angle-resolved degree of circular polarization, we
demonstrate that strong chiral dissymmetries occur at the narrow emission directions of
the lattice resonances. We validate these results against a coupled dipole model calculation, which correctly reproduces the main features. Our findings demonstrate that lattice
resonances in diffractive arrays play a primary role into the light spin-orbit effect1 .

3.1

Introduction

Plasmonic nanoantennas can control, manipulate and redirect the emission of light by
providing an interface between plane waves in the far-field and localized emitters in the
near-field [65]. While intrinsically based on the material resonance of free electrons, the
shape and aspect ratio of these structures can be used to tune their performance in
terms of resonance frequency, near-field enhancement and spontaneous emission decay
rate enhancement [66]. Moreover, the antenna shape can impart preferential polarization
on the emission of nearby emitters. Indeed, localized surface plasmon resonances (LSPRs)
supported by anisotropic structures such as nanorods, bowtie antennas, patch antennas
or split rings, can strongly favor particular electric field components [12, 67]. Therefore,
light polarization plays a key role in the behavior of nanoantennas.
1

Part of the results of this chapter have been published in ACS Nano, 10 (3), pp 3389–3397 (2016)
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This strong polarization dependence has led to an increasing interest in the optical
response of chiral plasmonic nanostructures [68] (fig. 3.1). Chiral objects cannot be superimposed onto their mirror image by mere rotations and translations, and interact differently with right-handed (RCP) and left-handed (LCP) circularly polarized light (CPL).
For chiral molecules this interaction is usually described in terms of far-field quantities
like the optical activity, which describes the rotation of incident linear polarization, or
the circular dichroism, which accounts for preferential absorption of right or left-handed
circular polarized light. Several experimental and theoretical studies have shown that
planar chiral2 structures such as gammadions [71] or spirals [72] and 3D chiral structures
like helices [73, 74] can exhibit large optical activity and circular dichroism [75–79], which
makes their use relevant for several research directions. First, such plasmonic antennas
could be used for enantioselective spectroscopy, i.e., discriminating between the two opposite versions (enantiomers) of the same chiral molecule. Indeed, reports [68, 80, 81] have
shown that chiral plasmonic structures can enhance the weak signals obtained from biological chiral molecules. Second, chiral structures are of interest for studying the spin-orbit
coupling of light. For instance, in the field of metamaterials, it has been demonstrated
[82, 83] that a metasurface composed of a chiral planar arrangement of antennas can
induce huge deviations from the Snell’s law for refraction of CPL beams. This leads
to a spin-dependent trajectory of the light, an effect known as photonic spin-Hall (or
spin-orbit) effect [84].

Figure 3.1: Examples of planar (a,b,c) and 3D (d-e) chiral plasmonic structures. (a) Array
of planar chiral structures, whose unit cell is composed by two silver nanorods laterally
shifted along their long dimension (scalebar is 500 nm) [85]. (b) Planar gold heptamer
structures on SiO2 /Si substrate [86]. (c) Planar gold gammadion structures on a glass
substrate [87]. (d) Chiral metal holes milled into a silver layer [76]. (e) Chiral doublelayer twisted-cross structures [75]. All figures are reproduced with permission from the
respective owners.
2

Throughout this chapter, and in agreement with the notation adopted in literature [69, 70], we call
planar chiral a twisted structure whose sense of twist is reversed when it is observed from opposite sides
of the plane to which the structure belongs.
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The effects described above are related to the interaction of plasmonic structures with
light emitted by far-field sources. Another interesting research direction is to investigate
how a chiral or bianisotropic nanostructure alters the far-field polarization state of a
fluorescent source positioned in its near-field. Split-ring resonators, for example, have
been shown to provide spin control [88] of photons emitted from II-VI semiconductor
quantum dots. In a recent experiment performed by Meinzer et al. [85] it was shown that
even a very simple structure (fig. 3.1a), composed of a periodic lattice where each unit cell
has a chiral arrangement of two silver nanorods, gives rise to a substantial asymmetry in
the intensity of LCP and RCP fluorescence intensity emitted from nearby achiral emitters
at a direction normal to the sample plane. The authors proposed that the structures
act as anisotropic antennas: the localized (chiral) plasmonic eigenmode is excited by the
achiral light emitted by the dye, and subsequently the RCP and LCP components are
redirected into two opposite collinear directions.
In the works of Meinzer et al. [85], and Kruk et al. [88], chiral emission properties are attributed to the physics of single antennas. However, the plasmonic structures
were actually arranged in arrays with pitches comparable to the light wavelength. It is
well known that when nanoantennas are arranged in periodic arrays, hybrid plasmonicphotonic modes, with very narrow linewidths, are created [89]. These modes arise from
the radiative coupling between the LSPRs and the wave diffracted in the plane of the
array, called Rayleigh anomaly. This hybridization leads to the formation of sharp optical
resonances in the transmission spectrum of the arrays, usually referred to as surface lattice
resonances (SLRs) [90]. Recent experiments [91] have shown that these hybrid resonances
can strongly enhance the photoluminescence intensity of nearby emitters and, in particular, drastically modify their emission pattern [92]. Therefore, an interesting question,
which is addressed in this chapter, is if and how these collective modes contribute to the
phenomenon of spin-dependent emission.
We designed and fabricated arrays with the same unit cell used by Meinzer et al.
(fig. 3.1a), both for its simplicity and for the possibility to benchmark our results against
theirs. The experimental photoluminescence chiral dissimetries, measured with a lowNA collection optics, are larger than the ones predicted by numerical calculations for
emission normal to the array plane. This suggests that larger dissimetries may occur at
angles different from the normal direction. We experimentally verify such phenomenon
by performing k-space polarimetry measurements [93], which allow reconstructing the
polarization state of the emission over angle.

3.2

Diffractive interaction in particle arrays

Light impinging on an array of particles is diffracted at different angles, according to its
wavelength, the angle of incidence and the array’s pitch. For a certain combination of
wavelength and incident direction, light can be diffracted along the plane of the array.
This condition is called Rayleigh Anomaly (RA) and, for a square array with lattice pitch
a, is obtained for an impinging wavelength λRA such that [96]
2πn q i
= (kx + mkg )2 + (kyi + pkg )2
(3.1)
k=
λRA
where n is the medium refractive index, kxi = k sin θ cos φ and kyi = k sin θ sin φ are the inplane components of the incident light wavevector (θ and φ are the polar and the azimuthal
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angle), kg = 2π/a and (m, p) are integers. For the diffraction order (m, p) = (1, 0) and
incidence along the x-direction (or equivalently the order (0, 1) and incidence along the ydirection) the relation simplifies to λRA /n = a (1 − sin θ). This provides a simple intuitive
interpretation of the RA as a geometric resonance: for normal incidence (θ = 0), the RA
arises when the wavelength of the scattered light is equal to the periodicity of the array.
Light travelling at a grazing angle in a plasmonic array will interact with a large
number of particles. This coupling between the LSPRs of each unit cell, induced by the
RA, creates hybridized modes [95], with either a plasmonic-like character (i.e., field mainly
confined to the particles) or a photonic-like character (i.e., field mainly delocalized in the
array), or a mixture of them, according to the spectral detuning between the LSPR and
the RA. These hybrid modes were first studied by Carron and co-workers in the context of
surface-enhanced Raman scattering [96]. Subsequently, Schatz and co-workers predicted
the existence of extremely narrow resonances in arrays of silver nanoparticles, due to
radiative coupling between the particles. Recent experiments have demonstrated the
presence of these hybrid modes through both extinction [89, 97, 98] and photoluminescence
enhancement [91, 99] measurements.
The spectral response of such diffractive arrays depends sensitively on the relative
detuning between the RA and the LSPR and on the polarizability of the single particles,
and it will not be discussed here in detail. As shown by Auguié et al. [98], when the RA
is at lower wavelengths than the LSPR, little radiative coupling occurs. In this case, the
main effect of the diffractive interaction is a sharpening of the plasmonic-like band as it
approaches the RA wavelength. In contrast, when the RA is at higher wavelengths than
the LSPR, an additional strong and sharp band appears in the transmittance spectra,
at a wavelength close to the RA’s one. This additional feature is usually referred to as
surface lattice resonance (SLR) [95].
As evident from eq. 3.1, the RA (and therefore the SLR) is strongly dispersive, i.e.
its wavelength depends on the excitation angle. Due to reciprocity, we expect also the
emission of fluorophores coupled to the SLR to display strongly angle-dependent and
wavelength-dependent radiation patterns, as demonstrated by Lozano et al. [92]. Such
marked angular effects have triggered the question addressed in this chapter: Besides
strongly reshaping the distribution of intensity over angle, how do SLRs affect emission
circular polarization, and how does this depend on both the lattice and the symmetry of
the unit cell?

3.3

K-space polarimetry

The key technique used in this work is Fourier (or k-space) polarimetry of photoluminescence. In a Fourier microscope information about the angular emission of a source is
obtained by imaging the back focal plane of the collection objective, which is typically
done by inserting a Bertrand lens in a high-NA imaging microscope [100]. Each point
of this plane corresponds to a well-defined k-vector of the light emitted by the source,
which allows reconstructing the relation between light intensity and emission direction
(fig. 3.2b). This one-to-one correspondence, however, is not limited to the total intensity
of the electromagnetic field. In particular, the polarization at each point of the back
focal plane preserves the information about the polarization of the light emitted from the
source at that particular angle. Therefore, by properly analyzing the Fourier image, the
polarization state of light for each emitted k-vector can be retrieved [93].
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Figure 3.2: (a) The three different unit cells considered in this work. The achiral unit
cell is formed by two silver nanorods shifted along their short dimension, while the chiral
versions (D+ and D− ) are obtained by further shifting the rods along their long dimension
to obtain a relative displacement equal to half their length. (b) Schematic of the sample
geometry, the reference frame adopted, and working principle of Fourier spectroscopy.
The state of a polarized light beam is usually described in terms of the so-called
polarization ellipse, which is the path drawn by the electric field vector during one period of
oscillation. Linear and circular polarizations are particular cases of elliptical polarization.
However, using the polarization ellipse implies that the light beam is completely polarized,
that is, all the intensity can be ascribed to a particular polarization state, and it can be
fully suppressed by a properly oriented polarizer. More generally, any light beam can
be described as the superposition of a completely polarized component and a completely
unpolarized one. In an unpolarized light beam the polarization of the electric field is still
well-defined at each point and at each instant in time, but it randomly changes over timescales short compared to detector response times, so that no polarization asymmetries can
be measured in any polarization analysis basis. Unpolarized light is typically emitted from
ensembles of randomly oriented and incoherently emitting light sources, such as in the
case of ensembles of fluorophores that are experiencing Brownian diffusion in a liquid. The
degree of polarization (DP) is used to quantify the portion of the beam intensity which
is completely polarized. A light beam with 0 < DP < 1 is called partially polarized. In a
similar manner, the degree of linear polarization (DLP) and circular polarization (DCP)
quantify the ratio between the linearly and circularly polarized light intensity with respect
to the total intensity.
A convenient description of the polarization state of arbitrary partially polarized beams
is given by the four Stokes parameters Si (i = 0, 1, 2, 3). The common definition of the
Stokes parameters involves phase differences between pairs of orthogonal components of
the electric field [101], which are often not easily measurable. However, with a proper
base transformation the Stokes parameters can be expressed as a function of six polarized
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intensity measurements [101],
S0
S1
S2
S3

= IV + IH
= IV − IH
= I+ − I−
= IR − IL .

(3.2a)
(3.2b)
(3.2c)
(3.2d)

Here, IH , IV , I+ and I− denote the intensities of the linear horizontal, vertical, diagonal
and anti-diagonal components of the polarization, respectively, while IL and IR denote
the intensities of the LCP and RCP components, respectively. All of these quantities can
be obtained by measuring the intensity of the light beam after it passes a polarimeter,
composed of a quarter-wave-plate (QWP) and a linear polarizer (LP). According to the
angle between the QWP and the LP, either a linear or circular polarization state can be
selected. Once the Stokes parameters have been obtained, all other quantities regarding
polarization can be calculated. In particular, the DP, DLP and DCP read
p
S12 + S22 + S32
DP =
,
(3.3a)
S0
p
S12 + S22
DLP =
,
(3.3b)
S0
S3
DCP = .
(3.3c)
S0
For the DCP the absolute value of S3 is commonly used. With our definition the DCP
is a signed quantity which can vary from −1 (light is completely LCP) to +1 (light is
completely RCP). This definition of the DCP will be useful in analyzing the following
measurements.
By combining a Fourier microscope and a polarimeter we can measure the Stokes
parameters for each point of the back focal plane of the objective, i.e., Si = Si (kx , ky ),
where kx and ky are the in-plane components of the light wavevector. Furthermore, by
using different narrow band-pass filters in front of the camera, we can measure the Stokes
parameters as a function of the emission frequency. With such a technique, in conclusion,
it is possible to perform a full characterization of the light emitted by a source in term of
momentum, energy and polarization.

3.4

Sample design

As mentioned in the introduction, for the array’s unit cell we used the design proposed
in ref. [85], i.e., a chiral and achiral arrangement of dimer antennas fabricated on a
glass substrate and embedded in a thin dye-doped polymer layer. We emphasize that,
apart from the small refractive index contrast introduced by the substrate, the structures
considered in this work are not 3D chiral, but they possess a planar chirality. Previous
works have shown that planar chiral structures feature strong asymmetric response for
the transmission of CPL, because the handedness is reversed when they are observed from
opposite sides [69].
The achiral unit cell consists of two identical silver rods shifted along their short
dimension (fig. 3.2a). The chiral structures are obtained by further shifting the rods
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Figure 3.3: Numerical optimization of the sample geometry for the achiral unit-cell. (a-b)
Calculated x-polarized transmittance of the array for (a) different lengths L of the rods
(array pitch a = 480 nm) and for (b) different array pitches (rod length L = 120 nm).
(c-d) As in (a-b) but for y-polarized light. The dashed-dotted lines in panels b and d show
the dispersion relation of the RA. The vertical dashed-dotted lines in panels a and c show
the position of the RA for a = 480 nm. (e-f) Calculated electric fields for the adopted
geometry (see text). The plots show the norm of the electric field, in a plane parallel to
the x-y plane and located in the center of the antenna’s height, for a (e) x-polarized light
at a wavelength of λ = 790 nm and (f) y-polarized light at a wavelength of λ = 740 nm.
Each plot is normalized to its maximum value.
along their long dimension to obtain a relative displacement equal to half their length (60
nm in the geometry we adopted, see below). According to the direction of the shift we
label the dimers D+ and D− , as shown in fig. 3.2a. Fig. 3.2b illustrates schematically
the geometry of the sample, the chosen reference frame and the excitation-collection
configuration used for the k-space polarimetry measurements discussed below.
The geometry of the sample (rods length and array pitch) was optimized using FDTD
simulations to ensure that both the LSPR and the SLR wavelength fall in the emission
band of the dye used in this experiment, λ ≈ 700 − 780 nm (see fig. 3.5f). In order to
account for the real shape of the fabricated rods (see SEM micrographs in fig. 3.6), we
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model them are rounded rectangles with a corner radius equal to half of the rod’s height,
as sketched in fig. 3.3 (in the final design the corner radius is 35 nm). We calculated
normal-incidence transmittance spectra of the arrays for different nanorod lengths, array
pitches and impinging polarizations (fig. 3.3). The transmittance of an x-polarized beam
(fig. 3.3a) shows, for large nanorod lengths, a broad dip, whose spectral position strongly
depends on the nanorod length. This signal is reminiscent of the x-polarized LSPR of
the isolated unit cell. As the nanorod length is reduced, the wavelength of this broad
resonance approaches the RA condition (dotted-dashed line) and its linewidth decreases,
indicating that the mode becomes increasingly photonic, and less plasmonic. This LSPRlike band is instead weakly dependent on the lattice’s pitch (fig. 3.3b). The weak spectral
shift is due to the near-field interaction between adjacent unit cells. We note that also
in this case the linewidth is reduced as the mode approaches the RA condition (dotteddashed blue line). The transmittance band related to the SLR is instead visible for ypolarized excitation (figs. 3.3(c-d)), because the LSPR associated with the short axes of
the nanorods is at a wavelength shorter than the RA (see discussion in previous section).
The spectral position of the narrow dip is strongly affected by the lattice period (fig. 3.3d)
but independent of the nanorod length (fig. 3.3c). The dip’s wavelength lies close to the
RA condition, indicated by the dashed-dotted lines in fig. 3.3(c-d). The broadening of the
SLR band as the lattice pitch decreases (fig. 3.3d) is due to the increasing interaction with
the y-polarized LSPR-like resonance (not visible in our spectral range). The near-field
distribution of the electric field (fig. 3.3(e-f)) confirms our interpretation of the modes.
For an x-polarized excitation the field at λ = 790 nm (fig. 3.3e) is mainly confined at the
plasmonic particles, while for y-polarized excitation and at λ = 740 nm (fig. 3.3f) the field
extends inside the polymer layer far away from the structures, confirming its nature of
hybrid plasmonic-photonic mode. Based on these simulations and on the emission band
of the dye used (fig.3.5f) we set the single rod dimensions to 120 nm × 70 nm × 30 nm
and the array pitch to a = 480 nm in our experiments. The vertical shift between the
rod centers is 130 nm and, in simulations and experiments, the rods are embedded in a
65-nm-thick SU8 polymer layer hosting the dye Rh800.

Figure 3.4: (a) Calculated PL enhancement for a D+ structure with L = 120 nm and p =
480 nm, for different PL polarizations (indicated in the legend) and for emission towards
the glass side. (b) Degree of circular polarization calculated from panel a, which shows
the chiral dissimetries induced by the LSPR and the SLR.
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Having chosen a promising geometry, we evaluated the average of the square modulus
of the electric field in the dye-doped polymer layer for different impinging beam polarizations. Due to the reciprocity theorem, this calculation gives a prediction for the far-field
polarized luminescence enhancement of the dye (averaged over all possible positions in
the polymer slab) for emission normal to the sample plane. Fig. 3.4a shows the calculated
photoluminescence enhancement (PLE) for an array of D+ structures. The predicted xpolarized luminescence enhancement shows a broad feature whose position and linewidth
agree well with the x-polarized LSPR. The y-polarized signal is instead characterized by
a narrow peak, due to the SLR. When considering the right and left handed circularly
polarized components of the luminescence enhancement, a clear difference between the
two signals is visible for both the LSPR and the SLR. The chiral dissimetry is quantified
by the degree of circular polarization (DCP) in fig. 3.4b. Modest values of the DCP,
below 10%, are predicted by the simulations in the spectral range spanned by the LSPR
and SLR. This calculation confirms that our unit cell geometry (optimized to have a
spectral response compatible with the dye chemistry and the setups used) reproduces the
observations of Meinzer et al. [85].

3.5

Sample Fabrication

Fabrication of the samples has been performed at the NanoLab@TU/e cleanroom facility
(for the sample cleaning and electron beam lithography) and at the cleanroom facility
of the AMOLF institute (silver evaporation, lift-off, and dye layer spin-coating). The
fabrication process starts with the cleaning of the glass substrate (24 × 24 × 0.7 mm
coverslide glass, Menzel). The substrate is first immersed for 15 minutes in an ultrasonic
bath, and subsequently cleaned with a H2 O : H2 O2 : N H4 OH base piranha solution at
75◦ C. A positive resist (PMMA 950 A4) is spin-coated on the sample (spinning speed =
9000 RPM, spinning time = 60 seconds, coating temperature = 75◦ C, coating time = 30
minutes), resulting in a 140-nm-thick layer. A 12-nm-thick layer of gold is then deposited
with a thermal evaporator (Edwards Auto306). The purpose of this thin conductive layer
is to prevent accumulation of charge in the sample during the electron beam lithography,
due to the insulating substrate. Square arrays of antennas, with a side of about 300 µm,
are defined through electron beam lithography (30 keV, RAITH150-TWO) with a typical
dose of 400 µC/cm2 (fig. 3.5a). After the exposure, the gold anti-charging layer is removed
by immersing the sample in a KI/I2 solution for 20 seconds. The resist is developed (fig.
3.5b) with a MIBK:IPA=1:3 solution (70 seconds) followed by immersion in IPA for 60 s to
stop development. A layer of 2 nm of chromium is thermally evaporated at an evaporation
rate of 0.5 − 1 Å/s, followed by 30 nm of silver (fig. 3.5c). The chromium layer improves
the adhesion of the silver to the substrate. Lift-off was performed by keeping the sample
in acetone vapour overnight and subsequently immersing it in liquid acetone for one hour
(fig. 3.5d).
In order to deposit a dye-doped layer on top of the fabricated plasmonic structures,
a 10 mM solution of cyclopentanone and Rhodamine 800 (Rh800) was mixed with the
photoresist SU8 (Microchem SU8-2005) in a 1:1 ratio. To decrease its viscosity and obtain
thinner layers, we further diluted 2 ml of this solution with 8 ml of cyclopentanone. The
resulting solution was spun on the sample at a speed of 4000 rpm for 45 s resulting in
a layer thickness of about 65 nm. The sample was finally baked for 2 minutes at 95◦ to
evaporate the cyclopentanone. The dye Rh800 has its absorption maximum at about 680
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Figure 3.5: Process flow for the fabrication of the array of plasmonic antennas (as described in the text). Panel (f) shows the fluorescence emission from the dye Rh800 collected from a region far from the plasmonic structures.

Figure 3.6: (a-c) SEM micrographs of the arrays of (a) achiral, (b) D+ and (c) D−
structures. The scalebars of the main pictures are 500 nm. Below each panel a zoom on
the corresponding unit cell is shown (scalebar is 100 nm).
nm and its emission maximum at about 720 nm, as shown in fig. 3.5f. Figure 3.6 shows
SEM micrographs of the fabricated structure (without the dye layer).
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Figure 3.7: (a) Scheme of the setup used for transmittance measurements. (b) Scheme
of the setup used for low-NA polarization-resolved PLE measurements. (c) Schematic
of the setup for the K-space polarimetry. The laser beam (λ = 620 nm) is focused
on the sample from the glass side and the luminescence is collected on the other side
through a 60x objective. After filtering out the laser with a long pass filter (LPF) and
selecting the desired state of polarization with the quarter wave plate (QWP) and the
linear polarizer (LP), the beam is spatially filtered with a 400 µm diameter pinhole. A
flippable Fourier lens allows to image on the CCD either the plane of the sample or the
back focal plane of the objective. A band pass filter (BPF) in front of the camera allows
acquiring monochromatic Fourier images.

3.6

Sample characterization at normal incidence

We first measured the transmittance spectra of the sample, with the setup shown in fig.
3.7a. A linearly polarized white light from a fiber-coupled (fiber core 50 µm) halogen lamp
(Avalight) is focused on the sample surface, resulting in beam spot of approximately 50
µm. The transmitted light is collected by a low numerical aperture lens (NA = 0.12), and
then focused on a fiber and directed to the entrance slit of a spectrometer (Ocean Optics
2000). The spectra are acquired for T = 100 ms. In order to calculate the transmittance
curves, the signal measured when the structures are illuminated is normalized by a reference signal acquired when the bare substrate is illuminated. Fig. 3.8a shows measured
transmittance spectra of the sample under white light illumination for different impinging
polarizations and different chirality of the unit cell. The transmittance of an x-polarized
(dashed lines) and y-polarized (solid lines) excitation beam shows the signature of the
LSPR and SLR, respectively, in good agreement with the calculations (figs. 3.3(a,c)).
The transmittance curves for the achiral and chiral structures are, even for a linearly polarized input, slightly different: the SLR transmittance minimum from an array of chiral
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Figure 3.8: (a) Transmittance spectra of the sample for y- (solid lines) and x-polarized
(dashed lines) white light illumination and for different chirality of the array’s unit cell,
as indicated in the legend. (b-d) Polarized photoluminescence enhancement (PLE) for
different collection polarizations and for (b) achiral , (c) D+ and (d) D− structures. The
PLE is dominated by the LSPR (SLR) for the x-polarized (y-polarized) collection. The
LCP and RCP components of the PLE are equal for the achiral structure. A D+ structure,
instead, shows a different PLE for the two circular polarizations; the effect is mirrored
for the case of the D− structure. In these measurements the sample is excited from the
polymer side and the signal is collected from the glass side.
structures is blue-shifted by about 10 nm with respect to an array of achiral antennas.
For the LSPR the shift has approximately the same absolute value, but is opposite in
sign. We attribute this spectral shift to the different near-field interactions between the
two silver rods, caused by the different geometry of the achiral and chiral structures unit
cell.
After having identified the expected resonances, we study how the LSPR and SLR
modify the emission spectra of the dye, measuring in a low-NA geometry. The setup is
shown in fig. 3.7b. The sample is pumped from the polymer side with a 620 nm laser and
the luminescence is collected from the glass side by a low-NA achromatic lens (NA=0.12).
After the sample, the laser is suppressed by a long pass filter (LPF, cutting wavelength λ
= 650 nm). The polarization state of the PL is analysed through a polarimeter composed
of a quarter wave plate (QWP) and a linear polarizer (LP). The light is then focused on
a fiber and directed to the entrance slit of a spectrometer. To calculate the polarized
photoluminescence enhancement (PLE), we measured the LCP, RCP, x- and y-polarized
components of the photoluminescence. Each measurement is normalized to a reference
measurement (with the same polarization) taken from a region of the sample without
structures. Figure 3.8(b-d) shows the results for the achiral, D+ and D− structures. For
the array of achiral structures (fig. 3.8b), the polarized PLE shows two distinct features
for the X (red line) and Y (cyan line) polarizations). The wavelengths and linewidths of
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these features agree very well with the transmittance measurements for the corresponding
excitation polarizations. Therefore, we interpret these enhancements as the result of the
interaction between the emitters and the LSPR and SLR of the particles array. Circularly
polarized PLEs show no difference between LCP and RCP light for the achiral structures
(blue and green curves in fig. 3.8b) .
In contrast to the achiral structures, the chiral structures show a clear difference
between the LCP and RCP polarized photoluminescence enhancement. In the wavelength
range spanned by the SLR and the LSPR, an asymmetry of about 20% is observed between
the two circular polarizations. This difference is mirrored when inverting the geometric
chirality of the structure (cf. fig. 3.8c and 3.8d). In addition to confirming the effect of
the LSPR, already reported by Meinzer et al. [85], we demonstrate here that also the
emission from the SLR shows a pronounced asymmetry in the circular polarization of the
light emitted.
We note that even far from any plasmonic resonances, the measured polarized photoluminescence enhancement has a value of about 2. According to the FDTD calculations
(i.e., at fixed source strength), the PLE is expected to be about 1.5 at a wavelength of 650
nm (see fig. 3.4a) when ignoring the pump field enhancement. Numerically evaluating
the enhancement of the electric field at the laser wavelength excitation (λ = 620 nm),
we found a spatially averaged value of 1.4 which leads to an overall expected PLE of
about 2.1 (given by the product of the excitation and emission enhancement), in a good
agreement with the measurements.
While the measured values of the PLE for the LSPR band are in good agreement with
calculations, the signal due to the SLR is broader and weaker than the calculated one (fig.
3.4a). This effect can be attributed to the finite angular acceptance of our setup. As the
emission from the SLR strongly changes in wavelength with angle [92], the sharp peak
calculated for emission normal to the sample is broadened by angular integration over our
lens NA. We also observe that the experimental absolute value of the DCP (∼ 20%) is
higher than the calculated one (∼ 6%). That is, averaging over a finite collection angle
leads to an increase of the DCP with respect to DCP calculated to the normal direction
only, which is possible only if the chiral dissymmetries are higher at larger angles. In order
to verify this hypothesis, we measure the DCP as a function of the angle of emission, by
using the k-space polarimetry technique described in sec. 3.3.

3.7

K-space polarimetry measurements

We now discuss the the polarization of the emitted light as function of the emission angle,
measured with the k-space polarimetry setup shown in fig. 3.7c. We illuminate the sample
with a linearly polarized quasi-monochromatic beam originating from a white-light supercontinuum laser (Fianium). A narrow bandwidth with a central wavelength of 620 nm
is selected by an acousto-optical tunable filter (AOTF, Crystal Technologies). To further
ensure that the pump light has no spectral tail overlapping with the fluorescence we
additionally use a bandpass filter (620-10 nm). The beam is focused on the sample by an
achromatic lens. The power of the laser, measured before the lens, is about 16 µW. The
fluorescence is collected from the other side of the sample with a 60x objective (NA=0.7,
Nikon CFI Plan Fluor) and separated from the excitation light by a 650 nm long pass filter
(LPF). For the measurement of the Stokes parameters, the desired state of polarization is
selected by a polarimeter, composed of a quarter wave plate (QWP) and a linear polarizer
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(LP). A subsequent spatial filter, composed of a 1:1 telescope (ftelescope = 50 mm) and
a 400 µm pinhole, ensures that only the signal coming from an area of about 25 µm
on the sample is collected, so that the array edges for our finite sample fields do not
affect the measurement. The Fourier (or Bertrand) lens (fF ourier = 200 mm) is mounted
on a flippable stage, allowing to image either the real space or the back focal plane of
the objective. Finally, a tube lens (ftube = 200 mm) focuses the light on a silicon CCD
camera (Photometrics CoolSnap EZ). The exposure time of the camera was 60 s for all the
measurements. A set of narrow (FWHM=10 nm) band pass filters, in the range 700-790
nm, has been used in front of the camera to acquire quasi-monochromatic images. For
these measurements, the sample was excited from the glass side and photoluminescence
was collected from the polymer side.
Figures 3.9(a-f) show the intensity distribution in the back focal plane (i.e. S0 , total
intensity) as the emission wavelength varies from 700 nm to 750 nm in steps of 10 nm,

Figure 3.9: (a-f) Angular distribution of the total emitted intensity from the array of
achiral structures, for different emission wavelengths: (a) λ = 700 nm, (b) λ = 710
nm, (c) λ = 720 nm, (d) λ = 730 nm, (e) λ = 740 nm, (f) λ = 750 nm. All plots
are normalized to their respective maximum value. The axes indicate the values of the
in-plane wave-vector, normalized to the absolute value of the corresponding free-space
wave-vector. The maximum value of 0.7 corresponds to the NA of our objective. The
dashed circular segment in (f) shows an example of the fits used to calculate the dispersion
curve. (g) Result of the fitting procedure for all the measured wavelengths in the range
700-770 nm. The solid line is a linear fit to the data, which gives a value of n = 1.52±0.01
for the effective refractive index.
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for the array of achiral structures. All plots are normalized to their maximum, which is
typically of the order of 103 counts. The emission patterns show narrow circular features
whose position strongly depends on the emission wavelength. These emission patterns
are characteristic of the SLR [92] and result from the diffractive coupling of the LSPR
of the single antennas. Each circle corresponds to a single frequency cut through the
dispersion relation ω(k|| ) of the SLR, which is repeated at every reciprocal lattice point
Gm,p = (m, p) 2π
. Each point of a circle represents a wave vector k|| (allowed for that
a
particular frequency) with origin on the corresponding Gm,p point. To verify the role
of the SLR, we fitted the radius of curvature of the observed feature, while keeping the
center of the circle fixed at the corresponding reciprocal lattice vector, as shown in fig.
3.9f. The results of this fitting procedure are shown in Fig. 3.9g. A linear fit of the data
gives a value of n = 1.52 ± 0.01 for the effective refractive index of the SLR. This value
is identical to the nominal value of the refractive index of the supporting glass substrate,
confirming that the SLR is due to diffractive coupling to glass [102]. For λ = 740 nm
(fig. 3.9e) all the circles intersect each other at (kx , ky ) ' 0. This corresponds to a strong
emission into the direction orthogonal to the sample plane and coincides with the second
order Bragg diffraction condition for the SLR [91, 103]. Indeed, in the normal-incidence
transmittance measurements and in the low-NA PLE measurements the signal related to
the SLR appears at λ ' 740 nm.
We note that the sample emission is due to an ensemble of many incoherent and randomly located sources, and therefore light emitted by different molecules do not interfere.
Nevertheless, the patterns observed in figs. 3.9(a-f) show a clear spatial coherence in
the angular spectra. Indeed, as explained by Langguth et al. [104], summing over the
emission of incoherent sources, randomly distributed in a periodic array, still leads to a
spatial coherence of emission. According to a first order Born approximation analysis
in which multiple scattering corrections are neglected [104], the angular distribution of
emission from any single source located anywhere in the unit cell is a pattern of intersecting circles centered at each reciprocal lattice point Gm,p and with radius n = 1.52. At
intersections of these circles interference can occur that can be anywhere between fully
constructive or destructive, depending on exactly where the source is located in the unit
cell. Consequently, the ensemble emission is a set of intersecting circles, exactly as for a
single source, but where the interference contributions at circle intersections average out
[104].
After having characterized the angle-resolved intensity distribution of emission, we
analyze the angular dependence of the polarization properties, in particular the DCP.
Figures 3.10(a-e) show the DCP for five emission wavelengths (700, 720, 740, 760 and
770 nm) and for the case of the achiral antennas. According to its definition a positive
(negative) DCP denotes emission directions for which the RCP (LCP) component of light
is more enhanced. Interestingly, even for the achiral geometry, pronounced asymmetries
between RCP and LCP (up to a maximum value of DCP ' 0.7) are observed for certain
emission angles. The largest absolute values of the DCP are localized along narrow areas
which correspond to the SLR emission directions. Since in absence of scatterers the
emission is unpolarized for all angles in the objective NA, the induced polarization is due
to the LSPR and to the SLR, that is apparent as the set of sharp features. Somewhat
similar effects, i.e., handed optical responses for non-handed structures upon asymmetric
observation conditions, were already reported in both scattering [105–107] and PLE [88]
experiments, and they have been sometimes referred to as extrinsic chirality [105, 106]
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Figure 3.10: Angle-resolved DCP of the emission. The horizontal and vertical axes for
each plot are the same as in fig. 3.9. Each row of the figure corresponds to fixed emission
wavelength, from 700 nm to 770 nm, as indicated in the label. For each row the three plots
correspond, from left to right, to the emission from the achiral, D+ and D− structures.
The colorbar of each plot is indicated on top of it. The black lines in the panels (a-e)
indicate the SLR emission pattern obtained from the data in figs. 3.9(a-f).
and pseudochirality [108]. They are due to the fact that even for an achiral geometry,
the overall experimental configuration, including the oblique collection direction and the
structure, is geometrically chiral. For achiral structures the DCP is antisymmetric for
reflections across the lines kx = 0 and ky = 0. In other words, each emission direction
with a preferential circular polarization is compensated by another (specular) direction
for which the circular polarization is reversed. Overall, the integrated chirality of the light
emitted in the z-positive half-space is zero, even though emission into particular directions
is preferentially handed.
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When considering the chiral structures, the DCP shows striking differences. In the
center and right columns of fig. 3.10 we report the DCP for the D+ (center column) and
the D− (right column) structures, for the same wavelength selection as in the left column.
The color-plots show a clear breaking of symmetry between RCP and LCP emission,
meaning that the DCP averaged over the back aperture now shows a net bias towards
a particular handedness. This handedness is inverted when the geometric chirality is
inverted. Let us focus, e.g., on the case λ = 720 nm (figs. 3.10(b,g,n)). The D+ structures
(panel g) redirect the LCP light (i.e. blue color) to the same directions as the achiral
structures (panel b) but no circular polarized light is present at angles into which the
achiral structure directs RCP light. The D− antennas (panel n) behave in exactly the
opposite way: they emit RCP light at the same angles as the achiral structure, but the
corresponding LCP light at the specular emission angles is absent. Additionally, we note
that for larger wavelengths (figs. 3.10(i,l,p,q)) regions characterized by DCP of opposite
sign respect to the average one appear, which demonstrates even more the strongly nontrivial behaviour introduced by the SLR.
From the Fourier images in fig. 3.9 and fig. 3.10 we conclude that when reporting a
PLE measurement, such as the one by Meinzer [85] and the ones reported in fig. 3.8(bd), it is firstly important to report the lens opening angle, and secondly, that angular
integration tends to obscure handed effects in periodic arrays. Indeed, as the PLE features
strongly change in angle with wavelength, in a high-NA collection optics scenario where
one integrates over (rather than resolves) angle, no marked PLE features would stand out.
The handed PLE asymmetry reported in Figure 3.9 and by Meinzer et al. [85] for a cone
of angles integrated around the normal direction are hence only very modest compared
to the actual angle-resolved PLE asymmetries.
Finally, as the dye used in this experiment is achiral, and the structures that we
study are planar, one does not expect net circular polarization when integrating over all
solid angles. For the achiral structure, a global vanishing of preferential emission helicity
is already evident from the anti-symmetry of the DCP. The planar chiral structures,
instead, redirect light with a preferential circular polarization to the z > 0 semi-space.
In other words, the system formed by the dye and the antennas behaves like an apparent
chiral emitter into one half space. As already pointed out by other authors [85] this
asymmetry towards one semi-space (i.e. z > 0) is compensated by an opposite asymmetry
in the other semi-space. This interpretation is confirmed by comparing fig. 3.10 with
the measurements shown in fig. 3.8(b-d). These show an opposite helicity preference
consistent with the fact that light is collected from opposing sample sides. As a caveat
we do note that the air/glass interface itself introduces a further symmetry breaking,
whereby the above reasoning does not hold above NA = 1 (not reported in our data).

3.8

Comparison to a theoretical model

We now compare the results of our experiment with the prediction of a coupled dipole
model, whose general principles are outlined in sec. 1.5.4. In this specific case, the system
is described by a three-layers structure with refractive indexes nglass = 1.52, nSU 8 = 1.58
and nair = 1. The Green tensors of such stratified structures are calculated numerically
starting from analytical formulas [2]. We simulated arrays with 61× 61 unit cells (i.e. 7442
single dipoles) and with different chirality of the unit cell. The polarizability tensor of a
single rod is calculated by adding two correction terms to the static polarizability of a silver
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Figure 3.11: Calculated angle-resolved DCP of the emission. The horizontal and vertical
axes for each plot are the same as in fig. 3.9(a-f). Each row of the figure corresponds to
fixed emission wavelength, from 700 nm to 770 nm, as indicated in the label. For each
row the three plots correspond, from left to right, to the emission from the achiral, D+
and D− structures. The colorbar of each plot is indicated on top of it.
rod, to take in account the depolarization induced by the accumulated surface charges and
the radiation damping [13, 109]. The static polarizability and the depolarization factor
depend on the rod dimensions, while the radiation damping depends on the environment
in which the dipole is placed (i.e. the three-layers stack, in our case). For the permittivity
of the silver we assumed a Drude model, (ω) = 1−ωp2 /(ω 2 −iωγ), with ωp = 2π·2.321·1015
Hz and γ = 2π · 5.513 · 1012 Hz.
In order to simulate the excitation of the nanoantennas by nearby fluorescent emitters we used, as driving field, several dipolar sources with different polarization and in
different positions inside the SU8 layer. The far-field electric field is calculated separ60

ately for each source. Afterwards, the total far-field polarized intensities are obtained by
summing incoherently the contribution of each source. Finally, the DCP is calculated
according to eq. 3.3c. Moreover, when using eq. 1.23, a gaussian spatial filter is applied
in order to smoothly remove the contribution from dipoles located close to the array’s
edge. Fig. 3.11 shows the results of this procedure for the same set of unit cell chirality and wavelengths used in fig. 3.10. The calculations reproduce quite well the main
results observed in the experiment, i.e., a strongly handed response especially near the
SLR features, whose handedness is greatly affected by the geometric chirality of the unit
cell. Also the symmetries, indicating null net handedness for the achiral unit cell, and
net handed emission otherwise, are clearly reproduced. Discrepancies from the measured
DCP are also evident, in particular in the regions with kx ' 0.7 and ky ' 0, where the
DCP has opposite signs (compare fig. 3.10a and fig. 3.11a) and/or remarkably different values (cfr., e.g., fig. 3.10e and fig. 3.11e). We attribute these discrepancies to the
inherent limitation of the dipole model that inaccurately estimates rod-rod coupling for
closely spaced rods. At close spacing, hybridization physics requires to take into account
the real shape of the fabricated structures. Additionally, even assuming the validity of the
dipole model, the DCP is expected to be highly dependent on the dipole’s polarizability
(and therefore the rod’s dimensions): indeed, as the amplitudes of the RCP and LCP
light depend on a coherent sum of scattered Ex and Ey fields, varying the amplitude and
phase of the polarizability tensor components αxx and αyy quite strongly influences the
far-field polarization state. While from a modelling point of view this poses a challenge,
from a measurement point of view this underlines that k-space polarimetry can sensitively
discriminate between proposed models for the particles polarizability.
The presence of the strongly circularly polarized features in the emission from the
arrays of achiral unit cells (figs. 3.10(a-e) and figs. 3.11(a-e)) can be qualitatively understood by considering the emission pattern of a single x-polarized dipole. In fig. 3.12 we
show the calculated angle-resolved total intensity and DCP for a single p
dipole placed in
the dye layer, for emission towards the glass side. For k|| /k0 < 1 (k|| = kx2 + ky2 is the

Figure 3.12: Far field emission, towards the glass side, of a single x-polarized dipole (black
arrows in both panels) placed in the dye-layer. (a) Total intensity. (b) Degree of circular
polarization.
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in-plane wave vector), no DCP is observed, as expected from a single linearly polarized
dipole [2]. For k|| /k0 > 1, the DCP assumes large values and it is structured in four lobes,
with a zero net circular polarization. The appearance of such large values of the DCP is
due to the nearby interface: indeed, the radiation pattern of a dipole close to an interface
depends on the Fresnel coefficients for reflection and transmission [2]. Beyond the total
internal reflection angle, these coefficients introduce highly nontrivial phase differences
between the electric field components [2], which leads to the strong circular polarization
observed in fig. 3.12b. While for the case of a single dipole these large values of DCP
are obtained only at large wavevectors k|| > k0 , in a periodic lattice the in-plane wave
vector is modified by the addition of a reciprocal lattice vector, and for certain diffraction
orders (m, p) (see eq. 3.1) the emission direction falls inside the objective NA=0.7. In
other words, the effect of the SLR can be qualitatively seen as a sampling of the emission
pattern of the single unit cell at a ring corresponding to k|| /k0 = 1.52, which is then
repeated at every reciprocal lattice vector. This creates the large-DCP areas observed in
measurements and simulations for k|| /k0 < 0.7.

3.9

Conclusions

We investigated the angular distribution of helicity-dependent photoluminescence enhancement from arrays of planar chiral plasmonic nanostructures embedded in a lightemitting dye layer. Despite the achiral nature of the emitters, this system presents a
distinct dissymmetry in the far-field emission between the RCP and LCP light, which
is controlled by the geometrical handedness of the array unit cell. While previous works
have investigated this effect by sampling photoluminescence orthogonal to the plane of the
array (i.e. k ' 0), in this work we found a remarkable and non-trivial distribution of the
DCP into the far-field, characterized by angularly narrow areas of high values of the DCP.
The angular position of these strong chiral dissymmetries coincide with emission direction
of the surface lattice resonances, thus highlighting the important role of diffractive coupling in the light spin-orbit effect. Our findings demonstrate how an array of planar chiral
nanostructures can selectively direct light from achiral emitters into different narrow directions according to the circular polarization state. Moreover, these results demonstrate
that, when studying the spin-orbit effect in a periodic array of plasmonic nanostructures,
k-space measurements are an essential tool, since sampling only the k ' 0 portion of the
angular spectra can not reveal the intricate angle-dependent effects.
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Chapter 4
Coherent atom-phonon interaction
through mode field coupling in
hybrid optomechanical systems
In this chapter we propose and theoretically investigate a novel type of optomechanical
coupling which enables a tripartite interaction between a quantum emitter, an optical
mode and a macroscopic mechanical oscillator. The interaction uses a mechanism we
term mode field coupling: a mechanical displacement modifies the spatial distribution
of the optical mode field, which in turn modulates the atom-photon coupling rate. By
properly designing multimode optomechanical systems, it is possible to achieve situations
in which the mode field coupling is the only possible interaction pathway for the system.
This enables, for example, swapping of a single excitation between the emitter and the
phonon, creation of nonclassical states of motion and mechanical ground-state cooling in
the bad-cavity regime. Importantly, the emitter-phonon coupling rate can be enhanced
through an optical drive field, thus allowing active control of strong atom-phonon coupling
for realistic experimental parameters1 .

4.1

Introduction

Interfacing different quantum systems, such as atoms, photons, and phonons, is a key
requirement for quantum information processing. The well-established framework of cavity quantum electrodynamics (CQED) interfaces photons — ideal for communication —
to natural or artifical atoms (quantum emitters, QEs), whose strong nonlinearities enable quantum processing. Mechanical resonators have also recently come to the forefront
due to their large coherence times and their strong interaction with photons, achievable
through dispersive or dissipative optomechanical coupling [25]. Moreover, the creation
of nonclassical states in macroscopic mechanical systems is appealing for fundamental
studies of quantum physics, such as the controllable creation of single quantum excitations (phonons) [110], detecting the vacuum fluctuations in macroscopic objects [111] and
achieving ground-state cooling of a mechanical resonator [112]. In these contexts, establishing an efficient and controllable interaction between phonons and QEs would be highly
1

Part of the results of this chapter have been submitted online on arXiv.org (arXiv:1610.05153) and
submitted for publication in a peer-reviewed journal.
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beneficial, as it would enable taking advantage of the QE nonlinearity for the creation
and manipulation of phononic quantum states.
Recent proposals to realize such an interaction relies on mainly two approaches. First,
a phonon can directly couple to a solid state QE through the mechanical strain field
created by the resonator, which affects the emitter structure and thereby its properties
[113–115]. Despite the large coupling rates obtainable in specific systems, the interaction
strength is difficult to engineer and to dynamically control. A second class of approaches
involve hybrid optomechanical systems where the mechanics is dispersively coupled to an
optical cavity, which in turn interacts with a QE [116–119]. In these systems, formation of
tripartite entanglement and atom-assisted optomechanical cooling are predicted in the sofar elusive regimes when the optomechanical interaction is nonlinear at the quantum level
[116] or when the emitter-field coupling rate approaches the emitter frequency [118]. In
addition to these artificial systems, QE-phonon interaction naturally occurs in molecules
and solids when the electronic and vibrational degrees of freedom are coupled, leading
to inelastic scattering processes. Natural Raman transitions have been used to transfer
and store a photon’s quantum state in an optical phonon in diamond [120, 121], but the
extremely high frequency and large dissipation rates limit general application for quantum
processing.
In this chapter, we propose a novel optomechanical effect that provides an explicit, engineerable, and optically controllable interaction between a QE and a macroscopic
mechanical oscillator. The interaction is due to a mechanically-induced modification of
the spatial distribution of the optical mode field, which in turn modulates the QE-photon
coupling rate. We term this interaction mode field coupling (MFC). We show that, in
simple multicavity optomechanical systems, MFC is the only possible interaction channel for the system, enabling, e.g., excitation swapping between the QE and the phonon
and mechanical ground-state cooling in the bad-cavity regime. Most importantly, the
interaction strength can be controlled and enhanced by the intensity of the optical field,
resulting in an optically-controlled emitter-phonon coherent manipulation. The effect
(and the resulting Hamiltonian) bears conceptual analogy to Raman-like processes with
trapped ions [122], which have proven powerful in controlling the motional state of single
atoms and ions. The MFC has however two distinct features: It involves large-mass macroscopic mechanical states, and its rate is nonetheless large enough to overcome the large
decoherence rates typical of solid-state QEs.
The chapter is structured as follows. In sec. 4.3 we first discuss the physics of a generic
system in which the emitter-photon coupling depends on a mechanical displacement. We
then address the question of how large field variations can be obtained upon a system
perturbation (sec. 4.4), first in a generic Hermitian eigenvalue problem and then in
realistic coupled-cavity systems which are mechanically perturbed. After having identified
an experimentally feasible structure (sec. 4.4.4), we discuss in detail two of the possible
applications of MFC, i.e., optically controlled QE-phonon swapping (sec. 4.5.1) and
mechanical ground-state cooling in the bad cavity regime (sec. 4.5.2).
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4.2

Master equation of a hybrid optomechanical system

Before going to the details of the model, we discuss the general structure of the Master
equation (ME) that will be numerically solved in different sections of this chapter. The
ME for a system composed of a QE and a cavity mode has already been discussed in sec.
1.4.2, and it reads
i
ρ̂˙ JC = − [ĤJC , ρ̂JC ]+κ [L(â)ρ̂JC ] + Γ [L(σ̂− )ρ̂JC ] + Γ∗ [L(σ̂z /2)ρ̂JC ]
~

(4.1)

where κ is the cavity mode decay rate, Γ is the QE decay rate, and Γ∗ is the QE pure
dephasing rate. We have neglected the additional Lindblad terms in eq. 1.14, since, as
explained in sec. 1.4.2, they are very small at room temperature and optical frequencies.
When describing a quantum system composed of a quantum emitter, a certain number
of optical cavities, and a certain number of mechanical resonators, the ME needs to be
expanded to include also the additional interaction of the mechanical resonators with the
environment. Differently from the case of the optical cavity and the quantum emitter,
for the typical frequencies of a mechanical resonator (at least up to the GHz regime),
and for room or cryogenic temperatures, the coupling with the environment will also lead
to an increase of the resonator population, due to the incoherent transfer of excitation
from the external reservoir to the system. The terms corresponding to the incoherent
decrease and increase of the phonon population are weighted by ΓM (nth + 1) and ΓM nth ,
respectively, where ΓM corresponds to the decay rate of the mechanical resonator when
the environment is at temperature T = 0 and nth is the thermal population of the external
reservoir. The thermal population nth is related to the external temperature and to the
mechanical frequency ΩM by [25]

−1


~ΩM
+1
(4.2)
nth = exp
kB T
where kB is the Boltzmann constant. The ME for a hybrid optomechanical system reads
X
i
ρ̂˙ = − [Ĥ, ρ̂] +
κi [L(âi )ρ̂] + Γ [L(σ̂− )ρ̂] + Γ∗ [L(σ̂z /2)ρ̂] +
~
i
h
i X
h
i
(4.3)
X
+
ΓM,j (nth,j + 1) L(b̂j )ρ̂ +
ΓM,j nth,j L(b̂†j )ρ̂ .
j

j

The sum over i is extended to all the optical cavities considered in the specific model,
while the sum over j is extended to all the mechanical resonators. The Hamiltonian Ĥ
depends on the specific problem addressed. All the calculations have been performed with
the Python framework QuTIP [36], as described in sec. 1.5.5.

4.3

Model

We consider a standard CQED setup, in which a two-level QE is coupled to one mode of
an optical cavity through the Hamiltonian (~ = 1)

ωA
Ĥ =
σ̂z + ωc â† â + g âσ̂+ + â† σ̂− ,
(4.4)
2
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Figure 4.1: (a) Sketch of the proposed concept. An optical cavity (the yellow solid line
denotes its boundaries) defines an electric field (red pattern), which is initially (left part)
zero at the QE position (green symbol). Upon displacement of the boundaries (right
part), the field seen by the QE becomes non-zero and radiative transitions can occur.
(b) Phonon-non-conserving transitions achievable through MFC. A photon red-detuned
(blue-detuned) by ΩM with respect to the cavity can stimulate transitions from |g, mi to
|e, m − 1i (|e, m + 1i). (c-d) Schematic of the frequencies of the three systems involved,
for a red-detuned (c) and blue-detuned (d) cavity.
where ωA and ωc denote the frequency of the QE and the optical mode, respectively, â
is the annihilation operator of the optical field, σ̂±,z are the Pauli operators describing a
two-level QE and rapidly oscillating terms have been neglected. Additionally, here and
below we neglect the zero-point energy of quantum harmonic oscillators. The Hamiltonian in eq. 4.4 is the well-known Jaynes-Cumming Hamiltonian, introduced in sec. 1.4.1.
The coefficient g = −d · E0 (r0 ) is the emitter-field coupling rate, where d is the emitter’s
transition dipole moment and E0 (r0 ) denotes the electric field per photon at the emitter position r0 . We now consider the presence of a mechanical resonator withmass M

and frequency ΩM , whose displacement is described by the operator x̂ = xzpf b̂ + b̂† ,
p
where b̂ (b̂† ) is the phonon annihilation (creation) operator and xzpf = 1/2M ΩM is the
zero-point motion. A typical approach in optomechanics it to assume a dispersive coupling between the mechanics and the optical cavity, i.e. the cavity frequency ωc depends
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on the mechanical displacement x. Such interaction is quantified by the optomechanical
∂ωc
dispersive coupling rate g0 = −
xzpf , (see sec. 1.3.4). Here we are interested in a fun∂x
damentally different situation, in which the mechanical displacement induces a variation
of the spatial distribution of the cavity field (fig. 4.1a), rather than changing the optical
frequency. As a direct consequence of the variation of E0 (r0 ), the emitter-cavity coupling
rate becomes dependent on the mechanical oscillator position, i.e. g = g(x̂). Up to the
first order in mechanical position,
g(x̂) = g(0) +



∂g
x̂ = g(0) + γ b̂ + b̂† ,
∂x

(4.5)

∂g
where we introduced the MFC rate γ =
xzpf , which quantifies the variation of
∂x x=0
the emitter-field coupling due to the mechanical displacement. Inserting eq. 4.5 in the
Hamiltonian in eq. 4.4 leads to




†
†
âσ̂+ + â† σ− .
(4.6)
Ĥ = Ĥ0 + g(0) âσ̂+ + â σ− + γ b̂ + b̂
where Ĥ0 = ω2A σ̂z + ωc â† â + ΩM b̂† b̂. The second term of eq. 4.6 is the standard emitterfield interaction, whose strength is given by the value of g when the oscillator is at the
equilibrium position. The last term of eq. 4.6 denotes a tripartite interaction between
the quantum emitter, the optical field and the mechanical oscillator. Such a Hamiltonian,
therefore, describes a situation in which two different interactions coexist. In the specific
case that at the mechanical equilibrium the field at the emitter’s position vanishes (fig.
4.1a, left part), g(0) = 0 and the only possible interaction channel for the system is the
tripartite one,



Ĥ = Ĥ0 + γ b̂ + b̂† âσ̂+ + â† σ− .
(4.7)
Similarly to the standard Jaynes-Cumming Hamiltonian, this Hamiltonian allows swapping the excitation between the three quantum systems involved, when particular resonant
conditions are satisfied. In the interaction picture, the interaction part of the Hamiltonian
reads


(I)
(4.8)
Ĥint = γ b̂† σ̂+ âei(ΩM −ωc +ωA )t + b̂† σ̂− â† ei(ΩM +ωc −ωA )t + h.c. ,
which allows performing a rotating-wave-approximation and identifying two distinct regimes. For ωc ≈ ωA − ΩM (cavity is red-detuned with respect to the emitter by ΩM , fig.
4.1c), the dominant term is b̂† σ̂− â† + h.c., which describes the excitation of the QE due to
the annihilation of a photon and a phonon (and the reverse process). For ωc ≈ ωA + ΩM
(cavity is blue-detuned with respect to the emitter by ΩM , fig. 4.1d), the dominant term
is b̂† σ̂+ â + h.c., which describes the creation of a phonon and the excitation of the QE
due to the annihilation of a photon (and the reverse process). We describe the system by
|σ, mi, where σ = e, g indicates whether the QE is into the excited (e) or ground (g) state,
and m is the phonon number. According to the energy of the photon involved, therefore,
the transitions |g, mi ↔ |e, m ± 1i are realized, as shown in fig. 4.1b. Figure 4.2a shows
the unitary (i.e. without coupling to an environment) evolution of the system according
to the Hamiltonian in eq. 4.7, assuming that at t = 0 only the emitter is excited and
that ωc = ωA − ΩM . In complete analogy with the Jaynes-Cumming model, the excitation
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Figure 4.2: (a) Lossless time evolution dictated by the Hamiltonian in eq. 4.7, with the
emitter excited at t = 0 and ωc = ωA − ΩM . (b) Evolution of the same system as in (a),
but now with a finite cavity and emitter decay rate, and with a large drive of the optical
cavity.
oscillates at a frequency 2γ between the state in which the QE is excited and the state
formed by one photon and one phonon.
We now split the cavity field into an average amplitude and a fluctuating term, â =
ā + δâ. With this transformation, the Hamiltonian in eq. 4.7 reads


√
†
(4.9)
Ĥ = Ĥ0 + γ ncav b̂ + b̂ (σ̂+ + σ− ) + ĤFluct .
√
where we have assumed ā = ncav real without loss of generality, and ncav denotes the
intracavity average photon number. ĤFluct contains terms with the fluctuations δâ, which
can be neglected if ncav  1. The Hamiltonian in eq. 4.9 describes a coherent interaction
between the QE and the phononic field. The interaction strength can be controlled by the
intracavity photon number ncav . Therefore, by increasing the intensity in the cavity (e.g.,
by external pumping) we can enhance the emitter-phonon coupling at will and overcome
all system losses. Figure 4.2b shows a numerical calculation of the same system as in fig.
4.2a, but now assuming finite decay rates of the optical cavity (κ) and the emitter (Γ)
(ΩM /γ = 103 , κ/γ = 104 , Γ/γ = 25). A square optical pulse is injected into the cavity,
creating a high photon population (filled red area) with a peak value of ncav ≈ 3 · 104 . The
√
system evolves from the state |e, 0i to |g, 1i on a timescale given by ( ncav γ)−1 . After
that the swapping is complete, the external pulse is switched off and the emitter-phonon
interaction strength is suppressed, leaving the system in the long-lived state |Ψi ≈ |g, 1i.
We therefore realized a system in which the excited state of a quantum emitter can be
transferred on-demand and with high fidelity to a mechanical resonator, resulting in the
creation of a nonclassical mechanical state.

4.4

Obtaining large field variations

The conditions required in order to have a hybrid optomechanical system described by
the Hamiltonian in eq. 4.7 are that
(I) the displacement of the mechanical oscillator induces large variations of the
electric field at the emitter position,
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(II) no dispersive coupling occurs between the oscillator and the optical cavity, and
(III) the emitter is placed in a node of the electric field when the mechanical oscillator
is in equilibrium.
These conditions can be reformulated in a more abstract way, which allows addressing
the problem from a generic point of view. The requirement of large variation of the electric field pattern without variation of the frequency corresponds, mathematically, to an
eigenvalue equation where a small perturbation of a Hermitian operator induces strong
changes of the eigenvector without affecting the eigenvalue. Let us consider a 1D Hermitian eigenvalue problem, in the form
(0) (0)
Ĥ0 Ψ(0)
n (x) = En Ψn (x)

(4.10)
(0)

(0)

where Ĥ0 is a Hermitian operator defined on a function space, {En , Ψn (x)} is the set
(0)
(0)
of eigenvalues and eigenfunctions labelled by n and arranged such that En < En+1 , and
x is a spatial coordinate. The superscripts (0) indicate that these quantities are associated with the unperturbed system. We will refer to the eigenvalues and eigenfunctions
as energies and fields, respectively, for brevity. We assume that appropriate boundary
conditions are imposed, so that the energy spectrum is discrete. Furthermore, we assume
that the operator Ĥ0 is symmetric with respect to the origin x = 0. In this case all the
(0)
fields Ψn (x) will be either symmetric or antisymmetric with respect to the origin (the
system being 1D, in the rest of this section we will use only the terms symmetric and
anti-symmetric without explicitly specifying the inversion point).
We now introduce a small perturbation to the system, i.e. Ĥ = Ĥ0 + V̂. The energies
and the fields of the operator Ĥ are obtainable by perturbative expansions in which the
zero-order terms are the unperturbed energy and field,
En = En(0) + En(1) + En(2) + ...

(4.11)

(1)
(2)
Ψn (x) = Ψ(0)
n (x) + Ψn (x) + Ψn (x) + ...

(4.12)

The standard non-degenerate perturbation theory allows to calculate the first-order corrections,
Z
(1)
(0)
(0)
(0)
En = dx Ψ(0)∗
(4.13)
n (x)V̂Ψn (x) = hΨn |V̂|Ψn i
Ψ(1)
n (x)

=

X
k6=n

R

(0)∗

(0)

dx Ψk (x)V̂Ψn (x)
(0)
En

−

(0)
Ek

(0)
Ψk (x)

=

X hΨ(0) |V̂|Ψ(0)
n i
k6=n

k
(0)
En

−

(0)
Ek

(0)

|Ψk i

(4.14)

where we have expressed the results also in the bra-ket notation2 .
We now consider the following question: Which property should the operator V̂ have
(1)
such that, at the first perturbative order, the energy is not changed (i.e., En = 0)
(1)
while the correction Ψn (x) to the field pattern is large? A sufficient condition to obtain
(1)
(0)
(0)
(0)
(0)
En = hΨn |V̂|Ψn i = 0 is that the states |Ψn i and V̂ |Ψn i have opposite symmetry,
which means that the operator V must be anti-symmetric. The same condition can also
lead to large field variations at the first perturbative order. Indeed, large terms in the sum
2

With abuse of notation, we use the same symbol V̂ for the operator acting on the function space
and the operator acting on the abstract space.
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(0)

(0)

of eq. 4.14 appear when, for closely spaced unperturbed energies (i.e., |En − Ek | ≈ 0),
(0)
(0)
the matrix element hΨk |V̂|Ψn i does not vanish. For many operators Ĥ0 of physical
(0)
interest3 , the following oscillation theorem holds [123]: the symmetry of a state Ψn (x)
(0)
(0)
is opposite to the ones of the energetically closest states Ψn+1 (x) and Ψn−1 (x). We
can therefore obtain large perturbative corrections if, in the sum in eq. 4.14, the terms
characterized by the smallest absolute values of the denominator (i.e., k = n ± 1) have a
(0)
(0)
(0)
non-vanishing numerator, hΨn±1 |V̂|Ψn i =
6 0. Due to the opposite symmetry of |Ψn i and
(0)
|Ψn±1 i, this requirement implies again that V̂ must be anti-symmetric. We note however
that this condition is in general not sufficient to guarantee large field variations at the first
(0)
perturbative order, because for particular positions x it can happen that Ψn±1 (x) = 0, or
the terms relative to k = n ± 1 in the sum in eq. 4.14 can interfere destructively. We also
note that the similar arguments imply that, at the first perturbative order, large energy
variations and small field variations are obtained if V̂ is symmetric.
As a simple example, we show in fig. 4.3a the fields and energies of the first four
eigenstates of the operator Ĥ0 = −∂x2 + U (x), where U (x) = 0 for |x| < L/2 and ∞
otherwise. As expected, the fields are alternately even and odd. If an antisymmetric
perturbation V̂ = Ax is added, the field patterns are strongly perturbed (fig. 4.3b), while
all the energies are constant for small values of A (fig. 4.3c). The values of Ψ2 (x) and
Ψ3 (x) at x = 0 as a function of the parameter A are shown in fig. 4.3d. For the field

Figure 4.3: (a) First four eigenstates of a 1D potential well with infinite barriers. The
spacing between the horizontal lines is proportional to the energy spacing. (b) Same as
in (a), but with a perturbation V̂ = Ax (A = 100). (c) Perturbed energies versus the
parameter A. (d) Value of the fields Ψ2 (x) and Ψ3 (x) at the origin x = 0 as a function of
the parameter A.
3

More specifically, for operators that are linear combinations of derivative operators up to the second
order and multiplication by a function, like, i.e., the Hamiltonian of a quantum particle in a 1D potential,
or the operator of the 1D Helmoltz equation. The eigenvalue equations obtained with these operators
are both particular cases of the Sturm–Liouville problem, for which the oscillation theorem holds [123].
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Ψ2 , which is zero at the origin when there is no perturbation, a large linear variation is
obtained around the point A = 0, while for the field Ψ3 , which is maximum at the origin
when there is no perturbation, a quadratic behaviour occurs. The latter is an example
of what is described above: even for anti-symmetric perturbations, the field in a certain
point may have no first-order perturbative corrections.
We now come back to the original problem, i.e., obtaining large electric field variation in an optical cavity due to a mechanical perturbation of the cavity structure. The
previous analysis suggests to consider an electromagnetic environment symmetric for reflections through a particular plane and to perturb it with a mechanical resonator whose
displacement pattern is antisymmetric for reflections through the same plane. Moreover,
the magnitude of the field variation will scale with the inverse of the frequency spacing
between the unperturbed modes, which suggests looking for systems where such spacing
can be made arbitrarily small. As will be shown in the next sections, all these requirements are readily obtained in systems composed of two or more coupled cavities, when a
mechanical resonator affects in an equal and opposite way cavities which are symmetrically placed with respect to the system center. In such systems the frequency spacing is
dictated by the optical interaction, which allows obtaining very large values of the MFC
rate.

4.4.1

One Fabry-Perot cavity

Before considering coupled-cavities systems we briefly analyse a simpler structure composed by a 1D Fabry-Perot (FP) cavity with mechanically-compliant mirrors. We assume
an emitter to be located at a fixed position x0 . An anti-symmetric perturbation of the
system is obtained when the two mirrors are displaced by the same distance xM and in
the same direction (keeping the emitter fixed), which corresponds to a trivial rigid displacement of the cavity. For perfectly reflecting mirrors, the field and frequency of the
n-th mode of a 1D FP cavity are En (x) = En sin (πnx/L) and ωn = 2πcn/L, respectively,
where L is the cavity length and we assumed the mirrors to be located at x = 0 and
x = L. The dispersive optomechanical coupling due to the displacement of each single
ωn
xzpf . We define gn (x0 ) = −d · En (x0 ) as the Rabi coupling rate
mirror is |g0,n | =
L
between an emitter placed in x0 and the mode En . The variation of the field seen by the
emitter upon mechanical displacement can be readily calculated, leading to
 nπx 
∂gn (x0 )
nπ
0
= d · En
cos
,
(4.15)
∂xM xM =0
L
L
which is maximum (in absolute value) at x0 = L/n. Therefore, the MFC rate involving
the n-th mode reads
γn ≡

∂gn (x0 )
∂xM

xzpf = −d · En
L

xM =0,x0 = n

nπ
g max g0,n n
g max |g0,n |
xzpf = π n
=π n
,
L
ωn
ω1

(4.16)

where we have defined the maximum Rabi coupling rate between the emitter and the n-th
mode, gnmax ≡ −d · En , and we used the fact that ωn = nω1 . The MFC rate scales with the
inverse of the fundamental frequency ω1 , which also corresponds to the frequency spacing
between the FP modes, in agreement with the general results of sec. 4.4. This drastically
limits the values of the MFC rate achievable with a single cavity, since in the visible and
near-IR range ω1  gnmax . Moreover, any effort to reduce ω1 reduces both gnmax and g0,n .
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Large values of the MFC rate can be obtained only in the ultra-strong-coupling regime
of the CQED (ω1 ∼ gnmax ), which so-far has been approached only in particular systems
operating at far-IR and microwave frequencies [124, 125].

4.4.2

Two-cavity system

We now consider the simplest example of a coupled-cavity system, i.e., two identical
optical cavities, denoted right (R) and left (L), interacting with each other at a rate J, as
in the well-known membrane-in-the-middle setup [126, 127] (fig. 4.4a). The cavities have
frequencies ωR = ωL = ωc . The coupling between the cavities leads to the formation of two
optical supermodes, denoted â− and â+ , with opposite spatial symmetries. Based on the
analysis in the previous section, large variations of the field are expected if a mechanical
vibration perturbs the two cavities in an equal and opposite way, such that ωR,L = ωc ±∆.
This can be realized through the movement of the semi-transparent middle membrane,
which creates equal and opposite variations of the cavity lengths. However, it can be
obtained in a more generic way (as discussed in appendix 4.A), by having each of the
optical cavities dispersively coupled, at a rate g0 , to a separate mechanical resonator, and
letting these two resonators interact with each others with a rate JM . Such interaction
creates two mechanical supermodes, with different symmetries and, therefore, different
interactions with the optical cavities. The anti-symmetric mechanical supermode √
has
equal and opposite dispersive interaction with the two optical cavities with a rate ±g0 / 2.
At resonance (ωL = ωR ), the optical supermodes frequencies are ω± = ωc ± J and
they have equal intensity in the two cavities. In fig. 4.4a we schematically depict the
mode profile of â− (solid red line). For small detuning (∆/J  1) the frequencies ω± are
constant (fig. 4.4b), i.e. dispersive coupling is absent. The intensity of the supermodes
in the two cavities is instead strongly affected by the detuning (the dashed black line in
fig. 4.4a sketches the intensity of mode â− upon detuning ∆/J = 1)
We now assume a QE to be located in the left cavity and interacting with rate g
with the single-cavity uncoupled optical mode. Because of the mechanically-induced field

Figure 4.4: (a) Two identical cavities interact at a rate J through a membrane. The
optical supermodes â− is schematically depicted (solid red line). Membrane displacement
(x) detunes the two cavities by ±∆, changing the supermode intensity distribution (the
dashed black line is the ampltitude of â− for ∆/J = 1). (b) Frequencies of the supermodes
versus ∆/J. (c) Coupling rates between a QE located in the left cavity and the two
supermodes (normalized to the coupling rate g with the uncoupled mode of the cavity L)
versus ∆/J.
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modulations described above, the coupling rates g (±) between the QE and the supermodes
â+ and â− depend on the mechanical displacement. In fig. 4.4c we plot g (±) (normalized
by the coupling rate g) versus ∆/J (which maps the mechanical displacement). We note
that the maximum variation of the coupling rates is at ∆ = 0, i.e., in the same region
where dispersive coupling between the mechanical mode and the supermodes is absent.
In this system, therefore, we realize the conditions (I) and (II) discussed above. The
value of γ can be calculated analytically (see appendix 4.A), and reads γ = gg0 /(4J). As
expected from our general analysis, γ scales as the inverse of the frequency spacing 2J
between the optical modes. Intuitively, this is due to the fact that, for weakly interacting
cavities (J → 0), small deviations from the resonance condition (∆ = 0) quickly lead to a
localization of the supermodes into the single cavities, resulting in a strong field variation.
The two-cavity system, however, does not satisfy the requirement (III), because g (±) 6= 0
at the point of maximum variation of g (±) , and therefore the tripartite MFC interaction
will compete with the Rabi emitter-photon interaction (eq. 4.6).

4.4.3

Three-cavity system

In order to overcome the main limitation of the two-cavity system, we now consider the
presence of an additional optical cavity labelled target (T), as schematized in fig. 4.5a.
The target cavity interacts with the two lateral cavities with a rate J, leading to the
formation of three optical supermodes denoted â0 , â+ and â− . When the three cavities
are resonant, the mode â0 has zero field in the cavity T and opposite field amplitudes
in the lateral cavities (solid blue line in fig. 4.5a) [128, 129]. A QE placed in cavity T,
therefore, does not interact directly with the mode â0 . We first focus on the optical part of
the system. Similarly as before, large field variations are expected for an anti-symmetric
perturbation, which in this case is obtained when the lateral cavities are detuned by
±∆ and the cavity T is unperturbed. When ∆ 6= 0, the frequencies of the supermodes
â± behave similarly to the two-cavity system (fig. 4.5b), while the frequency of â0 is
unaltered. Importantly, for ∆ 6= 0, the field of â0 in the cavity T assumes a finite value
(fig. 4.5a, dashed black line for the case ∆/J = 1). This translates into a large modulation
of the coupling rate g (0) between â0 and the QE around the value g (0) = 0, as shown in fig.
4.5c. This detuning scheme realizes all the three conditions required to achieve mode field
coupling. Therefore, if such detuning could be realized with the vibration of a mechanical
resonator, the system will be described by the pure tripartite Hamiltonian in eq. 4.7.
In the particular implementation sketched in fig. 4.5a the desired mechanical vibration
can be obtained by rigidly connecting the two membranes, so that their motion affects the
lateral cavities in equal and opposite ways. In more generic systems, it can be obtained by
having each of the optical cavities dispersively coupled to a separate mechanical resonator
at a rate g0 , and having the central resonator interacting with the lateral ones at a rate
JM . Among the three mechanical supermodes which will be formed, one has
√ equal and
opposite dispersive interaction with the lateral cavities with a rate ±g0 / 2, and null
interaction with the cavity T. The detailed explanation of this mechanism is provided in
appendix 4.B, and further details about the influence of the other mechanical supermodes
are discussed in appendix 4.C. Here we do not focus on a particular implementation,
but we simply assume the existence of a mechanical mode, described√by the operator b̂
and with frequency ΩM , which is dispersively coupled at a rate ±g0 / 2 with the lateral
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cavities. In a frame rotating at ωc , the Hamiltonian of the three-cavity system is
ˆ † âL + ∆â
ˆ † âR + ΩM b̂† b̂ + ωA − ωc σ̂z +
Ĥ = −∆â
L
R
2
h
i
†
+ J âT (âL + âR ) + h.c. + g (âT σ̂+ + h.c.) ,

(4.17)


√ 
ˆ = g0 / 2 b̂ + b̂† . The first two terms describe the dispersive coupwhere we defined ∆
ling of the mechanical mode with the two lateral cavities. The second row accounts for
the interaction between the optical modes and the Rabi interaction between the emitter
and the cavity T. Notably, this Hamiltonian does not show any explicit signature of the
tripartite interaction between QE, cavity mode and phonons. The presence of a tripartite
interaction can be shown by diagonalizing the optical part of the Hamiltonian. This can
be performed under the approximation that the mechanical resonator evolves at a much
ˆ as a
slower rate than the optical interaction (i.e. J  ΩM ). This allows treating ∆
4
quasi-static variable [127] in the diagonalization . By introducing the optical supermodes
ˆ
â− , â+ and â0 , and keeping terms up to the first order in ∆/J,
we obtain
q
ˆ 2 (n̂+ − n̂− ) + ΩM b̂† b̂ + ωA − ωc σ̂z +
Ĥ = 2J 2 + ∆
2

g
gg0 
b̂ + b̂† (â0 σ̂+ + h.c.) + √ [(â+ − â− ) σ̂+ + h.c.] ,
+
2J
2

(4.18)

where n̂± = â†± â± (full details of the derivation are given in appendix 4.B). The first term
gg0
.
of the second row of eq. 4.18 shows explicitly the tripartite interaction, with γ =
2J

Figure 4.5: (a) Three identical cavities. The cavity T interacts with the lateral ones, at
a rate J, through two membranes. The supermode of interest, â0 (solid blue line), has
no field in the central cavity. Upon a rigid movement of the two membranes, the lateral
cavities are detuned by ±∆ and the mode â0 acquires a nonzero electric field in the central
cavity (dashed black line for the case ∆/J = 1). (b) Frequencies of the supermodes as
a function of ∆/J. (f) Coupling rate between a QE located in the cavity T and the
supermode â0 (normalized to the coupling rate, g, with the uncoupled mode of the cavity
T) as function of ∆/J.
4

This approach bears strong analogy with the Born-Oppenheimer approximation, which allows separating the motion of the atomic nuclei and the electrons in a molecule due to their very different evolution
timescales. Here, photons play the role of the electrons and phonons play the role of the nuclei.
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The last term describes a Rabi interaction between the emitter and â+ and â− . A pure
tripartite interaction can therefore be obtained for large supermode separation (J  ΩM )
and tripartite resonance (ωA ≈ ωc ±ΩM ). Additionally, in order for the emitter to interact
with the optical supermodes (and not the uncoupled ones), we require that J  g.
While the Rabi interaction between the emitter and â+ and â− can be suppressed for
J  ΩM , these optical supermodes are still coupled to the emitter, since their field at the
emitter position is not zero. For large optical losses κ > g, the supermodes â± are weakly
coupled to the QE and therefore they introduce additional decay channels (denoted Γ(±) ),
which become relevant when the other decay channels are small. This effect is important
in understanding some of the features shown below about the swapping fidelity and the
ground-state cooling, as for these the effective total decay rate Γ + Γ(+) + Γ(−) is the
relevant one. The decay rates Γ(±) can be calculated as follows. If a QE is resonant with
an optical mode and weakly coupled to it at a rate g 0 , the QE decays into the optical
mode at a rate 4g 02 /κ [18], where κ are the optical losses. In presence of a large spectral
κ2 /4
g 02 κ
g 02
·
≈ 2 . In our case,
detuning δ  κ, the decay rate is modified into 4
κ δ 2 + κ2 /4
δ
√
√
√
cavity, while the
δ = 2J ± ΩM ≈ 2J and g 0 = g/ 2 (g is the coupling with uncoupled
√
amplitude of the modes â± in the cavity T is reduced by a factor 2, see appendix 4.B).
Therefore,
g2κ
Γ(±) =
.
(4.19)
4J 2
As mentioned in sec. 4.3, one of the key features of the proposed mechanism is the
possibility of enhancing the coupling rate by increasing the amplitude of the optical mode
of interest. In a three-cavity system it is critical to selectively pump the supermode â0
without feeding the other two optical supermodes, since this would enhance the decay rates
Γ(±) discussed above and introduce additional large dissipation for the QE. This selective
pumping can be obtained by exploiting the different symmetries of the supermodes: When
the system is not perturbed by a mechanical displacement, the supermode â0 features
zero electric field in the target cavity and equal and opposite field amplitudes in the
lateral cavities. Therefore, selective excitation can be achieved by pumping the two lateral
cavities at a frequency ωc with equal field amplitude E and opposite phases. The cavity
populations under this pumping scheme can be calculated by writing the equations of
motion for the three cavity field amplitudes (neglecting the presence of the QE and the
2E
and
mechanical mode) and looking for the steady state. This results in āR = −āL =
κ
āT = 0, where we assumed equal cavity losses κ. By comparing these results with eqs.
4B.5 in appendix 4.B, we see that only the mode â0 is driven, while the population of the
other two modes remains strictly zero.

4.4.4

Realistic implementation of the three-cavity system

A realistic implementation of the three-cavity system is based on a photonic crystal nanobeam and is shown in fig. 4.6. A single cavity is formed by a local smooth perturbation of
the photonic crystal lattice constant, which results in co-localized optical and mechanical
resonances (fig. 4.6a, top and bottom panel respectively) that are coupled through radiation pressure and the photoelastic effect [112, 130]. Three of such defect cavities can be
placed on the same nanobeam (figs. 4.6(b-c)), leading to the hybridization of both the optical and mechanical modes. The interaction rate J is controlled by the cavity separation.
75

Figure 4.6: Numerical characterization of the proposed structure (see text for details).
(a) y-component of the electric field (top) and mechanical displacement (bottom) pattern
of the colocalized optical and mechanical modes of a single defect cavity. (b-c) Three
identical cavities on a nanobeam, separated by two periods. The position of the three
cavities is marked by the vertical grey dashed lines. (b) Electric field pattern of the three
optical supermodes, when the mechanical modes are at rest. (c) Displacement pattern of
the three mechanical supermodes.
The top plot of fig. 4.6b shows the simulated electric field pattern of the optical mode of
interest (â0 ), which features zero electric field in the central cavity when the mechanical
resonator is at rest. The modes â+ and â− (middle and bottom plot of fig. 4.6b) differ
in the relative sign between the field in the lateral cavities and the field in the central
cavities. The top plot of fig. 4.6c shows the displacement pattern of the mechanical mode
of interest (b̂0 ) which provides the required detuning on the lateral cavities. Similarly to
the optical case, the supermodes b̂+ and b̂− (middle and bottom plot of fig. 4.6c) differ
for the oscillation phase between the central and the lateral cavities.
Out of the many conceivable possibilities, we consider the case in which the structure is
made out of diamond, and with a nitrogen vacancy (NV) center as QE. We first designed
the single cavity structure (fig. 4.6a), which is realized by quadratically tapering the
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lattice constant across 9 lattice periods, from the unperturbed value of a = 225 nm to the
central value of a’=0.8a = 180 nm. The design is inspired by the one proposed recently
by Lee et al. [131]. The holes have elliptical shape, with semiaxes equals to ax = 0.32a
and ay = 0.55a. The height of the nanobeam (along the y-direction) is h = 400 nm, and
the thickness is 200 nm. The structure supports an optical mode with frequency ωc = 475
THz and Q factor Q ≈ 3 ·105 and a co-localized mechanical mode with frequency ΩM =
14 GHz, as indicated in fig. 4.6a (top and bottom plot). The dispersive optomechanical
coupling between the optical and mechanical modes has been calculated by evaluating
the moving-boundary and photoelastic contributions separately (as discussed in ref. 130)
and amounts to g0 ≈ 4 MHz. The emitter-field coupling g is calculated by numerically
evaluating the electric field per photon E0 (r0 ) at the emitter position and by using the
value of the NV dipole moment available in literature [132]. This results in g/2π ≈ 20
GHz. We notice that we did not perform any systematic optimization on our design, and
therefore the optical Q factor and optomechanical coupling rate could be further increased
by carefully optimizing the design parameters (e.g., by tapering also the holes semiaxes)
as discussed by other authors [130].
After having chosen a design for the single cavity, we considered three identical defect
cavities on the same nanobeam, separated by an equal distance d, defined as the number
of unperturbed periods between two adjacent cavities. For each distance d, we calculated
the coupled optical and mechanical modes of the system. Fig. 4.7a shows the frequencies
of the three optical supermodes versus the cavities separation d. The frequency of the
mode â0 is expected to be independent of the cavity interaction J (and therefore the
cavity distances). The small frequency deviations can be due to either the finiteness
of the mesh size (which makes the cavities slightly different from each other) or to the
breakdown of the coupled-modes theory for very short cavity distances. We notice that
this does not affect our theoretical model, since the mechanical movement does not change
the rate J. In fig. 4.7b we show the estimated optical interaction rate J as a function
of the inter-cavity
√ distance. For each distance d, J has been estimated by the formula
|ω+ − ω− | = 2 2J.

Figure 4.7: (a) Frequencies of the three optical supermodes as a function of the cavities
separation (i.e. number of periods). (b) Optical interaction J (extrapolated from the plot
in panel d, see text) versus cavity separation.
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4.5

Applications of the three cavity system

In this section we discuss two possible applications of the three-cavity system, namely the
excitation swapping between a QE and the mechanical resonator and the possibility of
mechanical ground state cooling in the bad-cavity limit, that is, when the cavity linewidth
κ is larger than the mechanical frequency ΩM . All the numerical simulations are based on
the Hamiltonian in eq. 4.17 (with or without a large driving of the optical cavities, see
below), which ensures that the calculated behaviour can occur in a realistic scenario. The
parameters used are {ωc , ΩM , g, g0 , κ} = 2π·{4.7·105 , 14, 20, 0.004,1} GHz and J = 18g,
corresponding to the ones calculated in the previous section for the diamond nanobeam
structure, and with a cavity separation of one period.
As explained above, the MFC rate can be enhanced by selectively pumping the mode
â0 with a large optical drive. However, solving a full quantum model with a large pumping of the optical cavities is computationally extremely challenging, because of the large
dimension required for the Fock spaces. We therefore solve a transformed version of the
Hamiltonian in eq. 4.17, obtained through a displacement of the cavity operators. That
is, we replace the operators by the sum of a steady-state amplitude and a fluctuating operator, âi = āi + δâi , where i = L, R, T. Substituting into the Hamiltonian and rearranging
the terms we obtain
ˆ † δâL + ∆δâ
ˆ † δâR + ΩM b̂† b̂ + ωA − ωc σ̂z +
Ĥ = −∆δâ
L
R
2


†
+ J δâT (δâL + δâR ) + h.c. +
(4.20)
r


h


i
g0 ncav †
b̂ + b̂
δâ†L + δâL + δâ†R + δâR
+ g (δâT σ̂+ + h.c.) + √
2
2
p
where we have defined ncav /2 = |āR | = |āL | and we used the fact that, with the pumping
scheme described in sec. 4.4.3, āR = −āL and āT = 0. This Hamiltonian is still fully
equivalent to the original one, since no terms have been neglected. For n = 0, eq. 4.17 is
re-obtained (with the cavity operators replaced by their fluctuations). The Hamiltonian
has been solved numerically by either setting ncav = 0 (for the case in which the mode â0
is not externally pumped) or setting a fixed value of ncav (continuous optical pumping of
the system). To address the case of a square-pulse excitation, we first calculated the time
evolution of the optical fields amplitudes āR (t) and āL (t)) upon the external pumping.
From them, we calculate the population of the mode â0 , ncav (t), which is used as a timedependent parameter in solving the Hamiltonian.

4.5.1

Emitter-phonon swapping

One of the most interesting effects predicted by the Hamiltonian in eq. 4.7 is the possibility
of swapping a single excitation between a QE and a phonon (or, similarly, the creation
of a QE-phonon entangled state). We verify here that the three-cavity system can indeed
reproduce this dynamics. We focus on the case of a red-detuned cavity (ωc = ωA − ΩM ).
For now we neglect the mechanical losses, since they are typically much lower than the
ones of the optical mode and the QE [130].
The unitary evolution of the system starting with the emitter excited (fig. 4.8a) agrees
perfectly with that expected by the MFC Hamiltonian (eq. 4.7, cf. fig 4.2c). The swapping
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Figure 4.8: (a) Lossless evolution of the three cavity system starting from an excited atom
and without pumping the optical mode. (b) As in (a) but assuming losses for the QE and
optical cavity . The mode â0 is continuosly pumped until t ≈ 8 ns.
gg0
= 2π· 0.11 MHz predicted
time, T = 4.5 µs, corresponds exactly to the value of γ =
2J
by our formula. This confirms that, for a realistic choice of parameters, eq. 4.18 correctly
describes the system dynamics, and that purely tripartite QE-photon-phonon interaction
is obtained in a three-cavity system. In order to overcome the system losses, unavoidable
in an experimental setting, the coupling rate can be enhanced by selectively pumping the
optical mode â0 . Fig. 4.8b shows the evolution of the same system as in fig. 4.8a, now
with a finite cavity decay rate κ/2π = 1 GHz and assuming a conservative emitter decay
rate Γ/2π = 0.05 GHz, as measured for NV centers in photonic crystal structures [131].
The mode â0 is continuously pumped to a steady-state population of ncav = 5 · 104 , shown
to be experimentally feasible in diamond [130]. At t = 0 the QE is excited and interacts
√
√
with the mechanical mode with a coupling rate γ ncav . At t ≈ π/2γ ncav the pump is
switched off and, after a short transient (due to the finite cavity lifetime), the interaction
is suppressed, leaving the system in a long-lived state with phonon population nb ≈ 0.8.
The Wigner quasi-probability distribution of the mechanical resonator state at t = 14 ns,
(fig. 4.9a) is negative in a finite region of the phase space, thus confirming the creation
of a nonclassical state of the mechanical degree of freedom.
The swapping fidelity5 can be made arbitrarily close to one by either increasing the
√
population of mode â0 (fig. 4.9b) or by reducing the QE decay rate (so that Γ  γ ncav )
and the optical losses κ of the supermodes â± , which, as discussed above, introduce
additional decay channels for the QE (fig. 4.9c). This decay is negligible when Γ(±) 
√
√
γ ncav ⇒ κ  2g0 J ncav /g (vertical dashed-dotted line in fig. 4.9c). Due to the coherent
nature of the MFC, pure dephasing of the QE is also expected to decrease the swapping
fidelity. As shown in fig. 4.9d, the QE decay Γ and pure dephasing rates Γ∗ play a similar
√
role in determining the swapping fidelity, and Γ∗  γ ncav is required as well to achieve
unity fidelity.

5

The fidelity is generally used as a measure of “closeness” of two quantum states, and is defined
in terms of the density matrices of the two states. In this case it is simply defined as the maximum
achievable phonon population.
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Figure 4.9: (a) Wigner quasi-probability distribution of the mechanical resonator state
after the swapping in fig. 4.8b (at t = 14 ns). The position (x) and momentum (p)
axis are in normalized units. (b-c) Fideliy of the emitter-phonon swappining, defined as
the maximum phonon population achieved. (b) Fidelity versus emitter decay rate Γ and
√
field amplitude ncav of the mode â0 , for κ/(2π) = 1 GHz. The dashed line indicates
√
√
Γ/γ = ncav . (c) Fidelity versus emitter decay rate Γ and cavity losses κ, for ncav =
√
5 · 104 . The horizontal dashed line indicates Γ/γ = ncav . The vertical dashed-dotted
√
line indicates κ = 2g0 J ncav /g. (d) Fidelity versus emitter decay rate Γ and emitter pure
√
dephasing rate Γ∗ , for κ/(2π) = 1 GHz and ncav = 5 · 104 . The horizontal dashed line
√
√
indicates Γ/γ = ncav . The vertical dashed line indicates Γ∗ /γ = ncav .

4.5.2

Ground-state cooling of the mechanical mode

The MFC Hamiltonian in eq. 4.9 bears strong analogy with the Hamiltonian of trapped
ions [122]. In such a system, sideband cooling of the mechanical motion of a ion can be
achieved by pumping the system with a laser beam which is red-detuned with respect to
the frequency of an electronic internal transition of the ion [133]. Cooling of a macroscopic
mechanical resonator can instead be achieved with a cavity optomechanics setup [25]:
here, red-detuned impinging photons are absorbed into the cavity upon annihilation of a
phonon, thus cooling the mechanical motion. Ground-state sideband cooling of mechanical
resonators has been recently demonstrated experimentally [112, 134]. The main limitation
of this cooling mechanism is that, in order to achieve the mechanical ground-state, it
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Figure 4.10: Mechanical cooling achievable with the MFC. The colorplots show the steady
state phonon population achievable with continuous optical pumping versus the emitter
√
decay rate Γ and the field amplitude ncav of the mode â0 . We consider mechanical losses
ΓM /2π = 50 kHz and finite thermal phonon occupation nth = 4. All the other parameters
are the same as in the previous section, and we consider the case of κ = 10 ΩM (panel a)
and κ = 0.7 ΩM (panel b).
requires the good-cavity regime, in which the optical losses are smaller than the mechanical
frequency (κ  ΩM ). This condition is often difficult to reach because of cavity fabrication
imperfections. Intuitively, this requirement is due to the fact that if the cavity lineshape is
too broad, the impinging photon can be absorbed into the cavity through other excitation
pathways, which involve either no change or an increase of the phonon number. This
effectively leads to the Doppler limit of cooling, due to excess quantum noise [135, 136].
The strong similarity between the MFC Hamiltonian and the Hamiltonian of trapped
ions suggests that also MFC can be used to cool the mechanical state, with the important
difference that now the role of the mechanical motion of the ion is replaced by a macroscopic mechanical resonator. The cooling cycle goes as follows: a laser pumps resonantly
the cavity that is red-detuned with respect to the QE by the mechanical frequency (as
sketched in fig. 4.1c). The QE is therefore excited upon annihilation of a phonon, and
the excitation is subsequently dissipated through the QE decay. Importantly, this cooling
mechanism does not require the good-cavity regime as in the standard optomechanical
approach, but it instead requires a good QE, i.e. Γ  ΩM , which is often easier to satisfy.
We have verified this idea by performing numerical calculations of the steady-state
phonon population in the three-cavity system for finite mechanical losses (ΓM /2π = 50
kHz) and thermal phonon occupation nth = 4, which, for the mechanical frequency considered, corresponds to a temperature T ≈ 3 K. The color-coded map in fig. 4.10a shows
the steady-state population as a function of Γ and ncav , for κ = 10 ΩM . As expected,
ground-state cooling is possible for Γ/ΩM . 1. Phonon populations lower than 0.1 can
be achieved with ncav ≤ 103 and realistic QE decay rates. The increase of the phonon
population for high values of ncav is attributed to the onset of the ultra strong coup√
ling regime, since γ ncav approaches ΩM . For small values of Γ, the QE total decay
rate is dominated by the additional decay channels due to the supermodes â± (which
are Γ± = g 2 κ/(4J 2 ) ≈ 0.11 · 2π GHz for the current parameters), which explains the
saturation of the phonon population for Γ/ΩM < 10−2 . Indeed, for lower optical losses
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(κ = 0.7 ΩM , fig.4.10b), Γ± is reduced and the saturation of the phonon population starts
for lower values of Γ/ΩM .

4.6

Conclusions

In conclusion, we have investigated a new kind of emitter-photon-phonon interaction in
hybrid optomechanical systems, based on the mechanically-induced variation of the spatial
electric field pattern. The coupling rate γ can be particularly strong in weakly-coupled
multicavity systems, as it scales inversely with the optical coupling rate J. In particular, as
we showed, using coupled cavity systems leads to coupling rates much larger than the ones
obtainable in a single Fabry-Perot cavity [117–119], where the ultra-strong coupling regime
(g ≈ ωc ) is required to have comparable effects. For large optical drives, this mechanism
leads to an emitter-phonon coherent interaction whose coupling strength is controlled by
the optical intensity. Different applications, such as emitter-phonon excitation swapping
and mechanical ground-state cooling are possible with feasible experimental parameters.
Differently from strain-based methods [113–115], the proposed coupling mechanism is not
limited to a specific choice of the solid-state emitter and material system, and it could even
be applied to atoms trapped near a mechanical resonator [137, 138]. Moreover, it provides
strong quantum nonlinearity without requiring the single-photon strong optomechanical
coupling regime (g0  κ). In perspective, the optically controlled coherent emitterphonon interaction introduced here paves the way for, e.g., the control of spontaneous
phonon emission, creation of nonclassical states of motion and phonon lasing.
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Appendices
4.A

Derivation of mode field coupling rate for the
two-cavity system

In this appendix we show the details of the tripartite interaction in the two-cavity system.
The model is schematically depicted in fig. 4A.1. We consider two identical optomechanical systems, denoted left (L) and right (R), each composed of an optical cavity with
frequency ωc and a mechanical resonator with frequency ΩM . In each system, the cavity and the resonator are dispersively coupled at a rate g0 . We describe the two optical
cavities with the annihilation operators âL and âR , and the two mechanical resonators
with annihilation operators b̂L and b̂R . The two optical cavities are coupled with a rate
J, while the two mechanical resonators are coupled with a rate JM . Finally, a two-level
emitter is placed in the left cavity, and interacts with the field âL with a coupling rate g.

Figure 4A.1: Schematic of the two-cavity system. Two identical optical cavities (each
denoted by a couple of red mirrors) interacts with each other at a rate J. Each cavity is
dispersively coupled to a separate mechanical resonator with an optomechanical coupling
rate g0 . The resonators are identical and have frequency ΩM . The two mechanical resonators are additionaly coupled to each other with a rate JM . An emitter is placed in the
left optical cavity and interacts with its optical modes with a coupling rate g.
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The full Hamiltonian reads
h

i
h

i
Ĥ = ωc − g0 b̂†L + b̂L â†L âL + ωc − g0 b̂†R + b̂R â†R âR +

 ω
A
†
†
+ΩM b̂L b̂L + b̂R b̂R +
σ̂z +
2



+J â†R âL + h.c. + JM b̂†R b̂L + h.c. + g (σ̂+ âL + h.c.) .

(4A.1)



We now introduce mechanical supermodes, b̂± = √12 b̂L ± b̂R . Substituting in the
Hamiltonian, we obtain




g0
g0
†
Ĥ = ωc − √ (x̂+ + x̂− ) âL âL + ωc − √ (x̂+ − x̂− ) â†R âR +
2
2
ωA
†
†
(4A.2)
+ (ΩM + JM ) b̂+ b̂+ + (ΩM − JM ) b̂− b̂− +
σ̂z +
2


+J â†R âL + h.c. + g (σ̂+ âL + h.c.) .
where we have defined the adimensional position operators of the mechanical supermodes
x̂± = b̂†± + b̂± . The mechanical mode b̂− interacts
√ dispersively with the modes âR and
âL with equal and opposite coupling rate, ±g0 / 2. In the following, we will neglect
the presence of the mechanical supermode b̂+ . For simplicity,
we replace b̂− → b̂ and
g0  †
ˆ
(ΩM − JM ) → ΩM . We moreover define the operator ∆ = √ b̂ + b̂ . The new Hamilto2
nian reads
ˆ † âL + ∆â
ˆ † âR + ΩM b̂† b̂ + ωA − ωc σ̂z +
Ĥ = −∆â
L
R
2
(4A.3)


†
+J âR âL + h.c. + g (σ̂+ âL + h.c.) .
where we also switched to a frame rotating at frequency ωc 6 . Assuming a quasi-static
ˆ valid in the limit J  ΩM , we can treat ∆
ˆ quasi-statically and
approximation for ∆,
diagonalize the optical part of the Hamiltonian [127]. The optical supermodes are defined
by
â+ = αâL + βâR , â− = βâL − αâR ,

(4A.4)

ˆ
where α and β are functions of J and ∆,
p
ˆ 2 + J2 + ∆
ˆ
∆
J
, β = r p
.
α = rp
2
2
2
2
2
2
2
2
ˆ
ˆ
ˆ
ˆ
∆ +J +∆ +J
∆ +J +∆ +J
In the supermode basis, the Hamiltonian is




q
q
σ̂z
†
2
2
2
2
ˆ
ˆ
Ĥ = ωc + J + ∆ â+ â+ + ωc − J + ∆ â†− â− + ωA + ΩM b̂† b̂+
2
+ gβ (σ̂+ â− + h.c.) .
This is obtained by a unitary transformation Ĥ → Û (t)Ĥ Û † (t) − iÛ (t)
h

i
exp −iωc t â†L âL + +â†R âR + σ̂+ σ̂−
6
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(4A.5)

(4A.6)

∂ Û (t)†
, with Û (t) =
∂t

ˆ
Up to the first order in ∆/J,
α and β read
!
!2
ˆ
ˆ
∆
1
∆
1
1+
α= √
+O
, β=√
2J
J
2
2

ˆ
∆
1−
2J

!
+O

ˆ
∆
J

!2
.

(4A.7)

ˆ as
By inserting these expansions in the Hamiltonian in eq. 4A.6, and expressing again ∆
†
a function of b̂ and b̂ , we obtain




q
q
†
ˆ 2 â+ â+ + ωc − J 2 + ∆
ˆ 2 â†− â− + ωA σ̂z + ΩM b̂† b̂+
Ĥ = ωc + J 2 + ∆
2
g
g
(4A.8)
+ √ (σ̂+ â+ + h.c.) + √ (σ̂+ â− + h.c.) +
2
2


gg0  †
gg0  †
+
b̂ + b̂ (σ̂+ â+ + h.c.) −
b̂ + b̂ (σ̂+ â− + h.c.) .
4J
4J
The second row describes the Rabi
√ interaction of the emitter with the two optical supermodes, with a coupling rate g/ 2. As mentioned in the chapter, in the two-cavity system
this interaction is unavoidable and it is due to the fact that both optical supermodes
have nonzero field in both cavities for all finite detunings. The third row describes the
tripartite interaction between the emitter, the phonon and the optical supermodes. The
gg0
coupling rate is recognized to be γ =
.
4J

4.B

Derivation of mode field coupling rate for the
three-cavity system

In this appendix we show the details of the tripartite interaction in the three cavity
system, and show that it behaves as predicted by the Hamiltonian in eq. 4.7. The
model is schematically depicted in fig. 4B.1. We consider three identical optical cavities,
denoted left (L), target (T) and right (R), each of them dispersively coupled at a rate
g0 with a separate mechanical resonator, in a similar fashion to the two-cavity system
in the previous appendix. The three mechanical resonators are assumed identical and
with frequency ΩM . We describe the three optical cavities with the annihilation operators
âL , âT and âR , and the three resonators with annihilation operators b̂L , b̂T and b̂R . The
optical cavity T is coupled to the cavities L and R with a rate J, while the mechanical
resonator b̂T is coupled with a rate JM to the resonators b̂R and b̂L . Finally, a two-level
emitter is placed in the target cavity, and interacts with the field âT with a coupling rate
g.
The full Hamiltonian reads

i
X h
X †
ωA
†
σ̂z +
Ĥ =
ωc − g0 b̂i + b̂i â†i âi + ΩM
b̂i b̂i +
2
i=L,R,T
i=L,R,T
(4B.1)
h
i
h 

i
†
†
+ J âT (âR + âL ) + h.c. + JM b̂T b̂R + b̂L + h.c. + g (σ̂+ âT + h.c.) .
The mechanical part of this Hamiltonian can be diagonalized by introducing the supermodes



1 
1
1
1
1
b̂0 = √ b̂L − b̂R , b̂+ = √ b̂T +
b̂R + b̂L , b̂− = − √ b̂T +
b̂R + b̂L . (4B.2)
2
2
2
2
2
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Figure 4B.1: Schematic of the three-cavity system. Three identical optical cavities (each
denoted by a couple of blue mirrors) are arranged such that the central one interacts
with the two lateral ones with a rate J. Each cavity is dispersively coupled to a separate
resonator with an optomechanical coupling rate g0 . The resonators are identical and have
frequency ΩM . The central mechanical resonator is additionaly coupled to the other two
mechanical resonators with a rate JM . An emitter is placed in the central optical cavity
and interact with one of its optical modes with a coupling rate g.
The transformed Hamiltonian reads




√
√
Ĥ = ΩM b̂†0 b̂0 + ΩM + 2JM b̂†+ b̂+ + ΩM − 2JM b̂†− b̂−
h
i
X †
ωA
†
+ωc
âi âi +
σ̂z + J âT (âR + âL ) + h.c. + g (σ̂+ âT + h.c.) +
2
i=L,R,T

 g
 g
g0 
0
0
+ √ x̂0 â†R âR − â†L âL + (x̂+ − x̂− ) â†L âL + â†R âR − (x̂+ − x̂− ) â†T âT ,
2
2
2

(4B.3)

where we have defined the adimensional position operators of the mechanical supermodes
x̂± = b̂†± + b̂± and x̂0 = b̂†0 + b̂0 . The last row of eq. 4B.3 shows that the mechanical
supermodes affect the three optical cavities in different way. The mode b̂0 , in particular,
has equal and opposite interaction with the lateral cavities. We now focus only on this
mechanical supermode with the assumption that the interaction of the other mechanical
modes with the system is negligible (see next appendix). For simplicity, we redefine b̂0 → b̂
and x̂0 → x̂. Moreover, we switch to a reference frame rotating at the frequency ωc 7 . The
new Hamiltonian reads
ˆ † âL + ∆â
ˆ † âR + ΩM b̂† b̂ + + ωA − ωc σ̂z +
Ĥ = −∆â
R
L
2
i
h
†
+ J âT (âR + âL ) + h.c. + g (σ̂+ âT + h.c.) ,

(4B.4)

√
ˆ = g0 / 2x̂. For J  ΩM , we can treat ∆
ˆ quasi-statically and
where we defined ∆
diagonalize the optical part of the Hamiltonian [127]. The optical supermodes are defined
The according = unitary transformation is Ĥ → Û (t)Ĥ Û † (t) − iÛ (t)
h

i
exp −iωc t â†L âL + â†T âT + â†R âR + σ̂+ σ̂−
7
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∂ Û (t)†
, with Û (t) =
∂t

by
â0 = −âL + βâT + âR
â+ = ηâL − âT + µâR
â− = µâL + âT + ηâR

(4B.5)

ˆ and J,
where , β, µ and η are functions of ∆
= r

1

2 ,
ˆ
2 + ∆/J

ˆ
∆/J

2 .
ˆ
2 + ∆/J

β=r

(4B.6)

ˆ J) = µ(−∆,
ˆ J). Their expressions are more complicThe functions η and µ satisfy η(∆,
ated and not reported here. The Hamiltonian in the supermode basis reads
q
q
†
2
2
ˆ
ˆ 2 â†− â− + ΩM b̂† b̂ + + ωA − ωc σ̂z +
Ĥ = 2J + ∆ â+ â+ − 2J 2 + ∆
(4B.7)
2
+ gβ (σ̂+ â0 + h.c.) + g [σ̂+ (â+ − â− ) + h.c.] .
ˆ
Up to the first order in ∆/J,
the functions β and  are
!3
ˆ
ˆ
∆
1 ∆
1
+O
β=√
, = √ +O
J
2J
2

ˆ
∆
J

!2
.

(4B.8)

ˆ as
By inserting these expansions in the Hamiltonian in eq. 4B.7, and expressing again ∆
†
a function of b̂ and b̂ , we get
q


ωA − ωc
†
†
2
2
ˆ
Ĥ = 2J + ∆ â+ â+ − â− â− + ΩM b̂† b̂ + +
σ̂z +
2


(4B.9)
g
gg0 †
b̂ + b̂ (σ̂+ â0 + h.c.) + √ [σ̂+ (â+ − â− ) + h.c.] .
+
2J
2
The first term of the second row describes the mode field coupling between the emitter,
gg0
the phonon and the supermode â0 , with a coupling rate γ =
. The second term
2J
of the second row describes a Rabi interaction between the emitter and the other two
optical supermodes. The effect of these terms is negligible when the spectral
separation
√
between the supermodes is much larger than the mechanical frequency ( 2J  ΩM ) (see
numerical simulations in the chapter).

4.C

Role of the other two mechanical supermodes in
the three-cavity system

In the derivation of MFC provided in the previous appendix we assumed that, once
the mechanical modes are hybridized, only the mechanical supermode of interest (b̂0 )
is relevant for the system dynamics. To verify this assumption, we perform additional
numerical calculations based on the Hamiltonian in eq. 4B.1, i.e. by considering explicitly
the three uncoupled mechanical and optical modes. As in the main text, we focus on the
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Figure 4C.1: (a) QE-phonon swapping fidelity versus the mechanical interaction JM and
the mechanical losses ΓM . All the other parameters are the same as in the main text
and the QE losses have been neglected. The system is pumped with ncav = 5 · 104 . The
√
dashed-dotted vertical line indicates the condition ΓM = γ ncav . (b) Horizontal cut of
panel (a) for the lowest value of JM (solid blue line) compared with the fidelity calculated
for the same mechanical losses but in the MFC model with one cavity and one resonator
(green dashed line), see eq. 4.7 of main text.
case of a red-detuned cavity (ωc = ωA − ΩM ) and we calculate the evolution of the system
starting from an excited QE. We use the same parameters as in the chapter, and we
vary both the mechanical interactions JM and mechanical losses ΓM . As shown in fig.
4C.1a, the QE-phonon swapping fidelity does not depend on the mechanical interaction
JM even for large mechanical losses ΓM  JM , confirming that the other two mechanical
supermodes are not involved in the system dynamics. This is due to the fact that the other
two mechanical supermodes interact with the optical cavities in a way which does not lead
to any tripartite interaction (see eq. 4B.3), and their presence is therefore negligible for
proper choice of frequencies. Decrease of the fidelity is only observed if the mechanical
√
losses become larger than γ ncav 8 . In fig. 4C.1b we compare the swapping fidelity
versus ΓM for the case of a three-cavity system (i.e. a horizontal cut of panel a) with the
same graph calculated for a system composed by one optical cavity and one mechanical
resonator, where the MFC is introduced ad-hoc (i.e. eq. 4.7). The identical behaviours
indicate that a large ΓM introduces only additional losses but does not make the system
interact with the other mechanical supermodes. The small deviation in the fidelity for
√
ΓM /(γ ncav ) < 1 is due to the additional losses present in the three-cavity system due to
the optical modes â± .

4.D

Example of Python code for the Master equation
calculations

Here we report the code of one of the Python scripts that have been used to solve the
Master equation for the three-cavity system. In particular, this script reproduces the
calculation shown in fig. 4.8a. Moreover, it can also been used to calculate the evolution
of the system for a large steady-state amplitude of the supermode â0 , by changing the
8

In this calculations we are assuming an environment temperature T = 0. For finite temperatures,
the fidelity is expected to decrease already earlier, due to the increased decoherence rate.
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value of the variable na0 .
import matplotlib.pyplot as plt
import numpy as np
from qutip import *
from math import *
#%% Defining all the
NLeft = 2 # number
NRight = 2 # number
NTarget = 2 # number
M = 2
# number

parameters
fock states
fock states
fock states
fock states

for
for
for
for

cavity LEFT
cavity RIGHT
cavity TARGET
PHONON

g_single = 20*(2*pi) # Rabi coupling for the single cavity
g0 = 0.004*(2*pi)
# Dispersive Optomechanical coupling
J=18*g_single
#Interaction between cavities
gamma = g_single*g0/(2*J) #Expected value of gamma according to the parameters
OmegaM = 14*(2*pi) # Mechanical frequency;
wa = 470000*(2*pi) # Atom frequency (close to the NV center frequency)
wc = wa - OmegaM; # We set a red-detuned cavity
NNLeft=0; #Initial state of left cavity
NNRight=0; #Initial state of right cavity
NNTarget=0; #Initial state of target cavity
MM=0;
#Initial state of mechanical resonator
# Define intial state, start with atom excited
psi0 =
tensor(basis(NLeft,NNLeft),basis(NRight,NNRight),basis(NTarget,NNTarget),basis(2,1),
basis(M,MM))
DecayRateAtom = 0.0 # decayrate atom
DephasingAtom = 0.0 #dephasing rate atom
DecayRatePhonon = 0.0 # decayrate phonon
DecayRateCavity = 0.0 # decayrate cavity
na0 = 0 # Number of photons in the mode a0
#Define the amplitudes of the cavities LEFT RIGHT and TARGET according to the
number of photons in the mode a0
SSaL = -sqrt(na0/2)
SSaR = sqrt(na0/2)
SSaT = 0
expT = (2*pi)/(4*gamma*sqrt(na0+1)) #Calculate the expected value for the
swapping period, in nanoseconds
#The interaction between atoms and optical modes slightly changes the energies
of the system, and the tripartite resonant condition may need to be
adjusted.
#With this formula I take it in consideration. Tipically, OmegaM_Renorm=0.999
OmegaM. This effect is negligible for realistic losses.
OmegaM_Renorm =(1+(g0**2-g_single**2)/(2*J**2) + g_single**4/(4*J**4))*OmegaM
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T=3*expT # Timespan used, in nanoseconds
sizeT=200000 # Number of bins in which the timespan is divided.
tlist =np.linspace(0,T,sizeT) #These are the true times
#%% Create Hamilonian and Solve
# Create Operators
aL = tensor(destroy(NLeft),qeye(NRight),qeye(NTarget),qeye(2),qeye(M))
#Annihilation operator for LEFT cavity
aR = tensor(qeye(NLeft),destroy(NRight),qeye(NTarget),qeye(2),qeye(M))
#Annihilation operator for RIGHT cavity
aT= tensor(qeye(NLeft),qeye(NRight),destroy(NTarget),qeye(2),qeye(M))
#Annihilation operator for TARGET cavity
sm = tensor(qeye(NLeft),qeye(NRight),qeye(NTarget),destroy(2),qeye(M)) #SIGMA
MINUS operator for atom
sz =
tensor(qeye(NLeft),qeye(NRight),qeye(NTarget),(destroy(2).dag()*destroy(2)
-destroy(2)*destroy(2).dag()),qeye(M)) #SIGMA Z operator for atom
b = tensor(qeye(NLeft),qeye(NRight),qeye(NTarget),qeye(2),destroy(M))
#Annihilation operator for phonons
# Define the Delta operator
Delta = (g0/sqrt(2))* ( b+b.dag())
#Hamiltonian
H0 = ((wa - wc)/2) * (sz) + (-Delta)*aL.dag() * aL + Delta*aR.dag() * aR +
OmegaM_Renorm*b.dag() * b
H1 = g_single*(sm*( np.conj(SSaT) + aT.dag()) + sm.dag()*(aT+SSaT))
H3 = J*( aL*aT.dag() + aL.dag()*aT +aR*aT.dag() + aR.dag()*aT)
H2 = -Delta*((SSaL*aL.dag() + np.conj(SSaL)*aL)-(SSaR*aR.dag() +
np.conj(SSaR)*aR))
H=H0+H1+H2+H3
#List of Lindblad operators
c_op_list = []
if sqrt(DecayRateAtom)>0.0:
print("adding decay atom ")
c_op_list.append(sqrt(DecayRateAtom) * sm)
if sqrt(DephasingAtom)>0.0:
print("adding dephasing atom")
c_op_list.append(sqrt(DephasingAtom) * sz)
if sqrt(DecayRateCavity)>0.0:
print("adding decay cavities")
c_op_list.append(sqrt(DecayRateCavity) * aT)
c_op_list.append(sqrt(DecayRateCavity) * aR)
c_op_list.append(sqrt(DecayRateCavity) * aL)
if sqrt(DecayRatePhonon)>0.0:
print("adding decay phonon")
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c_op_list.append(sqrt(DecayRatePhonon) * b)
#Solve Hamiltonian
output = mesolve(H, psi0, tlist,c_op_list, [],args=[])
#Calculate Expectation Values
n_a = expect(sm.dag() * sm,output.states)
n_b = expect(b.dag() * b,output.states)
n_T = expect(aT.dag() * aT,output.states)
n_R = expect(aR.dag() * aR,output.states)
n_L = expect(aL.dag() * aL,output.states)
#Calculate the population of the mode a0
dd = expect(Delta,output.states) #Exp. value of delta
#Supermode coefficients
beta = (dd/J) / (np.sqrt(2+(dd/J)**2))
epsilon = 1 / (np.sqrt(2+(dd/J)**2))
alpha = -epsilon;
a0 = alpha*aL + beta*aT + epsilon*aR
n_C0 = np.zeros(np.size(beta))
for i in range(0,np.size(beta)):
n_C0[i] = np.real(expect(a0[i].dag() * a0[i],output.states[i]))
#%% PLOT
plt.rc(’font’, family=’arial’,size=32)
fig, axes = plt.subplots(1, 1, figsize=(8,5))
plt.plot(tlist/1000, n_a, ’g’, label="Emitter", linewidth=2.0)
plt.plot(tlist/1000, n_b, ’b’,label="Phonon", linewidth=2.0)
plt.plot(tlist/1000, n_C0,’ro’,label=r"Mode $a_0$",markevery=20*1000/250000.0)
axes.legend(numpoints=3,handlelength=1.5,loc=’upper center’,
prop={’size’:28},bbox_to_anchor=(0.8, 0.96),fancybox=True, shadow=True,
ncol=1,handletextpad=0.1)
plt.xlabel(’Time ($\mu$ s)’, labelpad=-10)
plt.ylabel(’Occup. probability’)
axes.get_xaxis().majorTicks[0].label1.set_horizontalalignment(’left’)
axes.get_yaxis().majorTicks[0].label1.set_verticalalignment(’top’)
plt.xlim(0, T/1000)
xticks = axes.xaxis.get_major_ticks()
xticks[0].label1.set_visible(False)
axes.set_xticks([0,1,2,3,4,5,6])
axes.set_xticklabels([’0’,’1’,’2’,’3’,’4’,’5’,’6’])
axes.set_yticklabels([’0’,’0.2’,’0.4’,’0.6’,’0.8’,’1.0’])
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Chapter 5
Active control of the optical field in
double membrane photonic crystal
waveguides
In this chapter we theoretically and experimentally investigate a nano-opto-electro-mechanical
system which allows controlling the spatial distribution of the electromagnetic field of localized modes. The system is based on a double-membrane photonic crystal waveguide.
The bending of the top membrane, induced by an electrostatic force, creates a spatial profile of the effective refractive index, which affects the localization of the electromagnetic
modes. Large modulations of the optical quality factor are predicted by both theory and
numerical calculations, and confirmed by experimental measurements. The investigated
device represents a first step towards the experimental investigation of the mode-field
coupling proposed in chapter 4.

5.1

Introduction

The capability of controlling the optical modes lies at the heart of cavity quantum electrodynamics and light-matter interaction. Specifically, a reversible and post-fabrication
tuning of the frequency of an optical cavity mode is commonly required to change the
spectral overlap between the cavity and a quantum emitter and, therefore, to control
the light-matter interaction strength [31, 139]. Such tuning can be readily obtained by
changing the refractive index of the cavity material by, e.g., thermal [140, 141] or carrierinjection effects [142]. Another class of approaches relies on mechanically perturbing the
cavity structure itself. In particular, micro and nano opto-electro-mechanical systems
(MOEMS and NOEMS, respectively) have been often used as an elegant and reliable
solution to implement spectral control on devices such as vertical cavity surface emitting
lasers [143] and, recently, photonic crystal cavities [144–148]. In these systems a mechanical displacement leads to a change of the field resonant frequency, while the field spatial
distribution is weakly or not at all altered.
There is no fundamental reason, however, why NOEMS cannot be designed to provide
control over the spatial shape of the electromagnetic field. In fact, the possibility of spatially shaping the field on-demand is quite attractive in various contexts. The interaction
between a quantum emitter and the electromagnetic field could indeed be controlled by
the spatial alignment (rather than the spectral one) between the emitter and the field,
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thus leading to a novel platform for the spontaneous emission control. Moreover, modification of the field profile can lead to a change of the mode volume V and/or the optical
quality factor Q, which also determine the light-matter interaction strength (e.g., Purcell
enhancement scales as Q/V). Additionally, a mechanical control of the Q factor has important applications in the field of dissipative optomechanics [149] and Q-switched lasers
[150]. Few demonstration of a mechanical control of the optical Q factor are available in
literature. In a proposal by Le Thomas et al., the displacement of a mechanical mirror,
located far enough from the surface of a cavity to avoid evanescent coupling, introduces
a suppression of radiating modes due to interference effects, resulting in a modulation of
the Q of a factor . 2 [151]. A different approach involves using a MOEMS to change the
distance between a nanobeam photonic crystal cavity and a lossy waveguide. Modulations
of the cavity Q factor of about 15% have been demonstrated in such a system [152]. We
note that both these systems are based on a closed cavity whose structure is not changed
by the mechanical displacement, and the Q factor modulation is achieved by controlling
one of the loss channels.
In chapter 4 we have proposed a multi-cavity system where the optical field can be controlled by tiny mechanical displacements. As the structure heavily relies on the spectral
alignment between cavities, its control will require relatively complex tuning structures.
As a first investigation of the concept of mode-field coupling, in this chapter we theoretically and experimentally investigate a simpler mechanically-compliant double-membrane
photonic crystal (PhC) structure in which the spatial distribution of the optical field
is greatly affected by the mechanical displacement of a membrane. In particular, we
demonstrate that large variations of the quality factor Q can be obtained by increasing
or decreasing the localization of the optical modes along a photonic crystal waveguide.
The chapter is structured as follows. In sec. 5.2 we describe the physics of a singleand double-membrane photonic crystal waveguide, and we provide an intuitive explanation of the mechanism which leads to large field modulation upon mechanical bending of
the membranes. In sec. 5.3 we investigate the proposed design with both finite element
method (FEM) calculations and a theoretical model based on an envelope function formalism. Both approaches predict that the mode field patterns are indeed highly sensitive
to small mechanical displacements, and that extremely large variations of the Q-factors
are obtainable. After presenting the fabrication process of the device (sec. 5.4) and the
setup used for the measurements (sec. 5.5), we discuss the experimental results (sec. 5.6),
together with the main limitations of our device with respect to the ideal system.

5.2
5.2.1

Device
Single-membrane photonic crystal waveguide

A PhC slab, made of a triangular lattice of air holes milled in a dielectric membrane,
features a bandgap for TE-like electromagnetic modes (i.e., electric field mainly polarized
along the membrane plane), while no bandgap is present for TM-like modes. In this
structure, light is confined in the plane by the photonic crystal and in the vertical direction
(z) by total internal reflection. A waveguide can be realized by a linear defect, obtained
by removing an entire line of holes, which creates TE-like guided modes propagating along
the defect direction. For a 170-nm-thick GaAs slab, with a lattice period of a = 370 nm
and a filling factor of 0.35, three TE-like guided modes are formed inside the photonic
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Figure 5.1: Single-slab PhC waveguide with and without terminations (details in the
text). (a) Dispersion curve of a single-slab PhC waveguide. The grey area is the light
cone, while the green upper and lower areas are the continuum of modes of the bulk
photonic crystal. Three guided modes lie inside the band gap, labelled according to the
symmetry of the y-component of the electric field along the xz plane. (b) Geometry of
the waveguide unit cell. (c-e) Electric field (y-component) for the first (c), second (d) and
third (e) guided mode. (f) LDOS of a 10-µm-long waveguide terminated in bulk GaAs.
The inset shows a sketch of the geometry. (g-i) In-plane electric field (y-component) for
the first three confined modes (as labeled in panel f) which originate from the fundamental
guided mode of the waveguide.
bandgap (fig. 5.1(a,c-e)). The guided modes have a flat dispersion at the edge of the first
Brillouin zone (kX = π/a), which results in a slow light group velocity vg = ∂ω/∂k. This
has important consequences on, e.g., enhancing the interaction between the band-edge
guided modes and quantum emitters embedded into the waveguide [153], as the Purcell
factor scales as FP ∝ 1/vg [18].
A common approach to treat a slab PhC structure is the effective index method [154],
in which the electric field is decomposed in an in-plane component and an out-of-plane
component, E(r) = E(x, y)φ(z). The function φ(z) represents the spatial profile of the
guided modes of the slab (without the PhC pattern), whose propagation is described by
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an effective refractive index ñ which accounts for the reduction of the light phase velocity
in the slab with respect to the vacuum. The effective refractive index depends therefore
on the slab thickness and on the material refractive index. For the slab considered in fig.
5.1 (170-nm-thick GaAs membrane in air), ñ = 2.66 at a vacuum wavelegth λ = 1300 nm.
E(x, y) corresponds instead to the field of the same PhC structure but infinitely extended
along the z direction and embedded in a fictious material with a refractive index equal to
ñ.
In the rest of this chapter we will focus only on the lowest guided TE-like mode
(denoted even (1) in fig. 5.1a). If the structure is terminated without a proper tapering
(e.g., by simply ending the PhC pattern, as shown in the inset of fig. 5.1f), the waveguide’s
ends behave as weakly reflecting mirrors. This gives rise to multiple reflections of the
guided mode and creates a discrete set of localized modes, as apparent from a calculation
of the LDOS seen by an emitter placed close to the waveguide center (fig. 5.1f). The mode
frequencies are close to the bandedge frequency of the corresponding guided mode. The
field patterns of the localized modes (figs. 5.1(g-i)) are characterized by small oscillations
on the spatial scale of the unit cell (that are reminiscent of the guided mode pattern),
which are modulated on a larger scale dictated by the waveguide’s length. The largescale field modulations are reminiscent of the modes of a Fabry-Perot cavity. As will be
shown later, for these modes the optical losses are mainly due to the in-plane losses at
the waveguide edges.

5.2.2

Double-membrane photonic crystal waveguide

We now consider the case of two identical PhC waveguides, parallel to each other and
separated by a small distance z0 (fig. 5.2b). The hybridization of the fundamental guided
modes of each slab creates two guided supermodes, with a symmetric (S) and antisymmetric (AS) vertical field distribution (insets of fig. 5.2a). The corresponding dispersion
curves are similar to the one of the single-slab guided mode, but they are spectrally separated (fig. 5.2a). Similarly to the single-membrane case, we can decompose the mode
fields in an in-plane and an out-of-plane component and introduce two different effective
refractive indices ñi (i = S,AS) for the S and the AS modes.
As in the case of a single slab, we consider an abrupt termination of the structure (fig.
5.2b). When the membranes are parallel, ñS/AS is uniform along the waveguide and the
structure can be described, similarly to the single membrane, as a Fabry-Perot cavity with
weakly reflecting mirrors. Two sets of localized modes are formed, with approximately the
same in-plane profiles as the single membrane (fig. 5.1(g-i)) but with different symmetries
of the vertical field distribution. Each set of localized modes (S or AS) is spectrally close
to the bandedge frequency of the corresponding guided mode. Importantly, for a double
membrane structure the effective refractive indices ñS/AS depend exponentially on the gap
between the slab. Intuitively, this is due to the fact that the frequency splitting between
the S and AS modes depends on the overlap between the fields of the uncoupled slabs,
and the electric field of each mode decays exponentially outside of the slab. Therefore,
if the membrane separation is changed by keeping them parallel to each other, such that
the new gap is z0 (1 − p) (where p is an adimensional parameter), the effective refractive
indices are given by
ñi (p) = ñ∞ + (ñi,z0 − ñ∞ ) eγz0 p
(5.1)
where i = S,AS, and ñi,z0 and ñ∞ denote the effective refractive index when the slabs
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Figure 5.2: Double-slab photonic crystal waveguide. (a) Dispersion curve of an infinitely
extended waveguide. The grey area is the light cone, while the red and blue lines are
the dispersion curves of the anti-symmetric and symmetric fundamental guided mode,
respectively. The filled red (blue) area is the continuum of the anti-symmetric (symmetric)
modes of the bulk photonic crystal. The insets show schematically the field distribution
in the waveguide unit cell for the anti-symmetric and symmetric modes. (b) Sketch of the
geometry of two parallel PhC waveguides with terminations (the gap and the membranes
thicknesses are not in scale). (c) Sketch of the working principle of the structure (realized
by L. Midolo). As the two membranes are bent towards each others, the symmetric modes
are pushed towards the waveguide center.
p
separation is d = z0 and d = ∞, respectively [155]. The parameter γ = (ω/c) ñ2∞ − 1
is the spatial decay of the single-slab electric field along the z-direction. We note that
the effective refractive index of the S modes (ñS,z0 ) is larger than the one of the single
slab modes (ñ∞ ), while the opposite holds for the AS modes. Therefore, when the gap is
reduced, the effective refractive index of the S modes increases, while the opposite holds
for the AS modes. This result into a spectral blue-shift and red-shift of the AS and S
modes, respectively.
For the case of a doubly-clamped beam under a uniform applied load, the membranes
are bent along the waveguide direction (x in this case) in such a way that they are not
anymore parallel to each other. In this case, the effective refractive indices ñS/AS acquire
a spatial dependence, ñS/AS = ñS/AS (x). Specifically, for a given bending profile of the top
membrane described by a function ξ(x) (normalized such that max(ξ)=1), and assuming
that also the bottom membrane bends in a specular way (as in fig. 5.2c), the variation of
the effective refractive index is given by
ñi (x, p) = ñ∞ + (ñi,z0 − ñ∞ ) eγz0 pξ(x) .

(5.2)

For a parabolic-like bending profile ξ(x), a region in the middle of the membrane is formed
where, for the S modes, the effective refractive index is higher than its surroundings, while
the opposite holds for the AS modes (fig. 5.3). This results in a large, yet gentle, spatial
modulation of ñ2S/AS , which induces a strong localization of the S modes at the center of the
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Figure 5.3: Squared effective refractive index of the S and AS modes in a double membrane
structures, calculated from eq. 5.2, for the bending profile discussed in sec. 5.3 and for
different values of p.
waveguide (fig. 5.2b), while the AS modes are pushed towards the waveguide termination.
Besides providing a variation of the electromagnetic field patterns, this device is expected
to also decrease or increase the optical losses, when the field is pushed towards the center
or the ends of the waveguide, respectively.

5.3

Modelling

The effects qualitatively described in the previous section have been investigated with
numerical simulations and a theoretical model based on an envelope function approximation. The theoretical model, as well as the ‘bended waveguide’ concept, were originally
proposed by L. Midolo during is PhC work at TU/e. The calculations presented here have
been carried out by the author of this thesis. As the numerical and theoretical analysis
provide complementary information, we first discuss the details of both methods, and
then we present and compare the calculation results in sec. 5.3.3. For the modelling, we
consider a GaAs structure with a lattice constant a = 370 nm, and extended for 28 periods along the x direction. The thickness of the slabs is 170 nm, and the gap is z0 = 200
nm. The membrane bending is implemented through the analytical solution of the onedimensional Euler-Bernoulli equation of a doubly clamped beam under a uniform load,
(L2 − 4x2 )2
, where L is the waveguide length.
resulting in a deformation function ξ(x) =
L4
The displacement of each point of the membrane, with respect to the parallel condition,
is given by z0 pξ(x). We consider deformations of the structure up to a maximum value
of p = 0.33, which translates in a decrease of the distance between the centers of the
two slabs equal to one third of the initial gap. As explained later, this represents the
maximum displacement achievable in the fabricated structures.
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5.3.1

3D Finite element method

The frequencies, Q-factors and field profiles of the optical modes of the double membrane
structure have been calculated using 3D FEM eigenfrequencies simulations. The structure

Figure 5.4: Geometry of the double-membrane photonic crystal structure simulated with
FEM (Comsol). Only one eighth of the structure is simulated, while proper symmetry
conditions are applied on the internal boundaries (green, red and blue surfaces).
is symmetric for reflection along the three axis, which allows us to simulate only one
eighth of the geometry, as depicted in fig. 5.4. By imposing symmetric or anti-symmetric
boundary conditions on the internal surfaces (the blue, red and green surfaces in fig. 5.4),
eigenmodes with different symmetries of the y-component of the electric field are selected.
As we are dealing with the fundamental guided mode of the waveguides, we fix a symmetric
condition on the xz plane (red surface). Both symmetries are instead considered for the
other two reflection planes, in order to calculate the S and AS modes, as well as modes
with different parities along the x-direction. Once the complex eigenfrequencies ω̃n of the
system are known, the Q-factors are calculated through Qn = Re[ω̃n ]/(2Im[ω̃n ]).

5.3.2

Envelope function model

As mentioned before, the electric fields of the localized modes (fig. 5.1(g-i)) feature fast
oscillations on the spatial scale of the photonic crystal unit cell, modulated on a larger
spatial scale. This observation suggests that these modes can be described within an
envelope function model, in which only the slow field modulation is taken into account.
In particular, we utilize the model introduced by Charbonneau-Lefort et al. [156] and
Painter et al. [157], which is here briefly summarized (a detailed derivation is provided in
appendix 5.A). In a lossless periodic medium, such as a 3D photonic crystal, the electric
field modes satisfy the equation
(∇ × ∇×) Em,k (r) =

ωm (k)2
(r)Em,k (r),
c2

(5.3)

where m is the band-index, k is the wave vector, (r) is the periodic dielectric constant,
c is the speed of light and ωm (k) is the band-structure of the unperturbed system. The
electric field can be written as Em,k (r) = exp (ik · r) um,k (r) where um,k (r) is the Bloch
function1 , which has the same periodicity of the dielectric function. We now introduce a
1

We note that, formally speaking, the Bloch function is the whole product exp (ik · r) um,k (r). However, following the nomenclature used by some authors [156], and for brevity, in this chapter we will use
the term Bloch function to refer to the periodic part um,k (r).
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perturbation in the dielectric function, described by an adimensional function ∆(r), such
that ˜(r) = ∆(r)(r) is the new dielectric function. We assume that ∆(r) varies slowly
along the photonic crystal unit cell. We want to calculate the fields and frequencies of
the perturbed systems, i.e., the eigenfields Eα (r) and eigenvalues α2 /c2 of the equation
(∇ × ∇×) Eα (r) =

α2
∆(r)(r)Eα (r).
c2

(5.4)

A generic solution can be written as a linear combination of the unperturbed solutions,
XZ
Eα (r) =
dkf˜m (k)Em,k (r)
(5.5)
m

where the sum runs over all the bands and the integral is over the first Brillouin zone.
The functions f˜m (k) are expansion coefficients to be determined. In a weak perturbation
scenario the coupling between different bands can be neglected. That is, we assume that
the mode Eα results from the mixing of unperturbed modes corresponding to different
wavevectors but belonging to the same band. We therefore drop the band index m
everywhere in the
R following (in particular ωm (k) → ω(k)), and the perturbed mode
reads Eα (r) = dkf˜(k)Ek (r). We define the envelope function as the inverse Fourier
R
transform of f˜(k), i.e., f (r) ≡ dkf˜(k)eik·r . The physical meaning of the envelope
function can be highlighted with the assumption that the perturbation couples only modes
with wavevectors k near a band-edge (such as kX in fig. 5.2a). In this case we can rewrite
the perturbed electric field as
Z
Z
˜
Eα (r) = dkf (k)Ek (r) ≈ dkf˜(k)eik·r ukX (r) = f (r)ukX (r),
(5.6)
where we have used the fact that, near a band-edge (k ≈ kX ), the Bloch functions are
approximately equal (uk ≈ ukX ). The meaning of the envelope function is now clear:
it modulates the Bloch function of the band-edge mode, and it replaces the bulk term
exp (ikX · r). This envelope formalism bears strong analogy with the envelope theory
for defects in semiconductors, which describes how the electronic Bloch functions of a
periodic crystal are modulated in presence of a perturbation of the crystal periodicity,
such as a heterostructure [158]. It can be demonstrated (see appendix 5.A) that the
envelope function f (r) satisfies a generalized eigenvalue equation given by
h
→
− i
ω 2 (−i ∇) f (r) = α2 ∆(r)f (r),
(5.7)
→
−
where ω 2 (−i ∇) is an operator obtained from ω 2 (k) by replacing each wave vector component kj by the derivative operator −i∂j (j = x, y, z). We now apply this result to our
specific case, i.e., a structure which is periodic only along one direction (x), and perturbed
along the same direction, i.e. ∆(r) → ∆(x). Eq. 5.7 is replaced by
 2

ω (−i∂x ) f (x) = α2 ∆(x)f (x).
(5.8)
An analytical form for the squared dispersion relation ω 2 (k) is needed. Near the bandedge
kX , ω 2 (k) can be approximated by a parabolic function,
ω 2 (k) ' ω 2 (kX ) +

1 d2 ω 2
2 dk 2
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k=kX

(k − kX )2 .

(5.9)

By replacing this expression in eq. 5.8, we get

2

1
d
1  2
2
−i
−
k
f
(x)
=
α
∆(x)
−
ω
(k
)
f (x)
X
X
2m∗
dx
c2

(5.10)

where we have introduced the effective mass m∗ defined as
1
1 d2 ω 2
= 2
m∗
c dk 2

.

(5.11)

k=kX

We look for solutions of eq. 5.10 of the form f (x) = Γ(x)exp (ikX x). By substituting in
eq. 5.10, we obtain an equation for Γ(x),


c2 d 2
2
2
− ∗ 2 + α (1 − ∆(x)) + ω (kX ) Γ(x) = α2 Γ(x),
(5.12)
2m dx
which is a 1D Wannier-like equation. By using eq. 5.6, we see that the meaning of
the function Γ(x) is that it modulates the unperturbed electric field at the band-edge,
Eα (x) = Γ(x)EkX (x), and it therefore describes the large-scale modulations observed in
fig. 5.1(g-i). Equation 5.12 allows a more formal explanation of the field modulations
qualitatively described in sec. 5.2.2. For the case considered here, the perturbation function is ∆(x, p) = ñ2 (x, p)/ñ2z0 where the numerator is given by eq. 5.2 and p parametrizes
the membrane bending. As the membranes bend with a quasi-parabolic profile in the
center, we can approximate ∆(x, p) ≈ ∆0 (p) + ∆2 (p)x2 (see fig. 5.3) . By substituting
this value in eq. 5.12, we obtain



c2 d 2
2
2
(5.13)
− ∗ 2 − α ∆2 (p)x Γ(x) = α2 ∆0 − ω 2 (kX ) Γ(x),
2m dx
which, apart for the presence of α (i.e., the eigenvalue to be found) in the left hand side,
is equivalent to the Schrödinger equation of a quantum harmonic or reversed oscillator,
according to the sign of ∆2 (p). For the sake of discussion, we can temporarily replace α
by a fixed guess value α0 in the left hand side. For the S modes, ∆2 (p) is negative and it
decreases with increasing membrane bending (fig. 5.3). Equation 5.13 describes therefore
a harmonic quantum oscillator, with equi-distant eigenvalues given by
2
αN
= α̃(N + 1/2) + β 2 (kX ) + α02 (1 − ∆0 ),
(5.14)
p
where we defined α̃ = α0 2|∆2 (p)|/m∗ and N is an integer. As the membranes deformation increases, |∆2 (p)| increases as well, and the frequency spacing between the modes
increases. Moreover, the increasing potential term −α02 ∆2 (p)x2 in eq. 5.13 promotes the
localization of the eigenfunctions at the origin x = 0. For the AS modes the term ∆2 (p)
is positive and it increases with increasing membrane bending. Equation 5.13 describes
in this case a reversed harmonic quantum oscillator, in which the modes feel a repulsive
potential at the origin x = 0, and are therefore pushed towards larger values of |x|.
In the device discussed here, besides having a smooth perturbation of the periodic
system described by ∆(x), we additionally need to take into account the abrupt periodicity termination introduced by the waveguide edges. This requires imposing appropriate
boundary conditions to eq. 5.12, such that the envelope function and its derivative match
those of a propagating wave in the bulk medium at the waveguide edges. We assume
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that the waves inside the waveguide couple with only one mode of the bulk, written
as EB (x) = ΓB exp (ikB x), where kB is the light wavevector in the bulk and ΓB is the
amplitude. We can therefore impose boundary conditions at the edges of the waveguide,
Eα (±L/2) = EB (±L/2) and Eα0 (±L/2) = EB0 (±L/2), where the prime sign denote derivation with respect to x. Note that we are treating the fields as scalars, which corresponds
to assume that the electric field of the guided mode is linearly polarized. The modes
considered here are mainly y-polarized, which justifies this ansatz. However, the validity
of this approach can be confirmed only by comparison with full 3D simulations. The
boundary conditions simplify in
Γ0 (±L/2)
= i(kB − kX ).
Γ(±L/2)

(5.15)

In eq. 5.15 we have neglected a term proportional to u0kX (±L/2)/ukX (±L/2), based on
the fact that the Bloch functions at the band edge are slowly varying functions.
Summarizing, the envelope function model allows calculating the field envelopes and
frequencies of the modes of a perturbed periodic structure for frequencies near a bandedge. The details of the original periodic structure are summarized, in eq. 5.12, by the
band-edge frequency β(kX ) and the curvature of the dispersion curve, introduced through
the effective mass m∗ . The perturbation is instead described by ∆(x). Once these three
quantities are known, eq. 5.12 is solved with the boundary conditions described above.
The obtained complex eigenvalues are used to extrapolate the frequencies and losses of
the modes of the perturbed structure. We have solved numerically eq. 5.12 for the S
and AS modes of the double membrane structure described in sec. 5.2.2. The effective
masses, calculated from the bandstructures in fig. 5.2a, are m∗S ≈ 14 and m∗AS ≈ 76,
while the calculated effective refractive indices for a gap of z0 = 200 nm are ñS = 2.71
and ñAS = 2.62.

5.3.3

Discussion of the numerical and theoretical results

We now discuss and compare the results of the calculations based on FEM and on the
envelope function model. Figure 5.5 shows the mode patterns (y-component of the electric field) of the S modes calculated with FEM for different bending (all the electric field
patterns, here and in the following, are normalized to their maximum value, and the colorscale is the same as in fig. 5.1). As the membranes are progressively bent, the electric
field of each mode is squeezed and pushed towards the waveguide center, in agreement
with what expected from the discussion in the previous section. The frequencies of the
optical modes are plotted in fig. 5.6a as solid lines, compared to the frequencies calculated
with the envelope function model (dotted-dashed lines). Both calculations show that the
spacing between the modes, which is initially unequal, increases and becomes uniform as
the membranes are bent. Figure 5.6b shows the dependence of the optical Q-factors on
the membrane displacement. The envelope function model predicts an extremely large
increase of the Qs, due to the reduced in-plane losses at the waveguide edges. The FEM
calculations agree quite well with the envelope function predictions for small membrane
displacements. In this regime the optical losses are therefore well described by the boundary conditions in eq. 5.15, which means that the in-plane losses at the waveguide’s edges
constitute the main source of dissipation. The discrepancy between the two models for
displacements larger than 30 nm is due to the fact that, when the modes are strongly
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Figure 5.5: In-plane electromagnetic mode profiles (Ey component) of the first three symmetric modes of the double membrane structure, for different bending of the membranes.
∆z denotes the variation of the distance between the centers of the two waveguides (with
respect to the unbent case, in which the gap is z0 = 200 nm).
confined to the waveguide center, the out-of-plane losses begin to dominate as a result
of coupling to states into the light cone, which are not considered in the 1D envelope
function model. Figure 5.7 shows that the modification of the spatial pattern of the electric field is described very well by the envelope function model, even in the regime of

Figure 5.6: Frequencies (a) and Q factors (b) of the S modes for increasing displacement of
the membranes, calculated with FEM (solid lines) and with the envelope function model
(dotted-dashed lines). The inset in panel (a) shows a zoom on the leftmost part of the
plot. The horizontal axis denotes the variation of the distance between the centers of the
two waveguides with respect to the unbent case.
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Figure 5.7: Comparison between the prediction of the envelope function model and the
FEM simulations for (a) p = 0 and (b) p = 0.33, and for the first S mode. The blue lines
indicate the FEM-calculated electric field (y component) along the waveguide axis (i.e. a
horizontal cut of fig. 5.5, top row) while the green lines are the corresponding solutions
of eq. 5.12.
large bending. Interestingly, even taking into account the out-of-plane losses, the FEM
calculations indicate that the Q-factor can be mechanically tuned by more than two order
of magnitudes for the first two optical modes.
When considering the AS modes (fig. 5.8), a completely different trend is obtained.
When the membranes are bent towards each other, the modes are pushed away from the
waveguide center and they localize at the edges, as predicted by eq. 5.13. Interestingly,
the field patterns of the first two modes become identical for large bending (rightmost
panels of fig. 5.8), apart for the phase difference between the two lobes (as necessary

Figure 5.8: In-plane electromagnetic mode profiles (Ey component) of the first four antisymmetric modes of the double membrane structure, for different bending of the membranes. ∆z denotes the variation of the distance between the centers of the two waveguides
(with respect to the unbent case, in which the gap is z0 = 200 nm).
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Figure 5.9: Frequencies (a) and Q factors (b) of the AS modes for increasing displacement
of the membranes, calculated with FEM (solid lines) and with the envelope function model
(dotted-dashed lines). The insets in each panel shows a zoom on the leftmost part of the
corresponding plot. For the inset of panel b we plotted only the curves corresponding to
the first two modes, for clarity. The horizontal axis denotes the variation of the distance
between the centers of the two waveguides with respect to the unbent case.
since the mechanical perturbation does not break the symmetry of the system along the x
axis). Similar behaviour occurs for the third and fourth modes and, in general, each pair
[n,n + 1] of modes (with n odd) becomes degenerate for large mechanical bending. This is
also confirmed by the dependence of the mode frequencies on the membrane displacement
(fig. 5.9a): Both the FEM calculations (solid lines) and the envelope function model
(dotted-dashed lines) predict that the frequencies of the first and second mode (black and
red lines) become degenerate after a bending of the waveguide center of about 2 nm, while
the frequencies of the third and fourth mode (green and blue lines) become degenerate
at a bending of approximately 7 nm. After that each pair of modes become degenerate,
the spacing between pairs of degenerate modes increases with increasing bending. The
mode degeneracy as the membranes bend can be understood by considering that for the
AS modes a repulsive potential is formed at the waveguide center, which therefore creates
two potential wells for x > 0 and x < 0. Each potential well supports localized modes,
whose frequency spacing increases with the membrane bending. The 1st and 2nd modes
of the bent structure (fig. 5.8, rightmost panels) can be therefore interpreted as two
hybridized modes originating from the fundamental mode of the two potential wells, and
similarly for the 3rd and 4th mode.
As a result of the localization of the modes at the waveguide edges, the optical Q
factors (fig. 5.9b) strongly decrease when the membranes are bent. Once again, the
prediction of the FEM calculations and the envelope function model agree quite well for
the first two modes (red and black lines).
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5.4

Sample fabrication

The double membrane photonic crystal waveguide described in the previous section has
been fabricated with the cleanroom facilities available at NanoLab@TU/e, in Eindhoven.
A layer of high density InAs quantum dots is additionally embedded in the middle of the
top membrane, in order to have an internal source to excite the optical modes. Bending
of the slabs can be achieved electromechanically, by applying a static voltage between the
membranes. Such mechanism is obtained, in this case, by doping the two membranes in
order to form a p-i-n diode: by reverse biasing the diode, charges are accumulated on
the membrane faces, resulting in an electrostatic attractive force. A static deformation
of the structure is therefore achieved as a result of the balance between the applied
electrostatic force and the restoring elastic force. However, the electrostatic force scales
as (1/∆z)2 , while the restoring mechanical force scales as ∆z, where ∆z is the intermembrane gap. Intuitively, we can expect that for sufficiently small values of ∆z, the
elastic force cannot anymore compensate the electrostatic one, and the membranes will
collapse on each other. This limit is commonly referred to as pull-in. In particular,
for the case in which the membranes are always parallel during the bending, it can be
demonstrated that the minimum gap achievable, before the pull-in sets in, is ∆zP I =
(2/3)z0 , which is called pull-in distance [159]. In our structure the membranes are not
parallel to each others while bending, but since the deformations are small respect to the
membrane lengths we expect the pull-in distance to be quite close to ∆zP I . This explains
why in the simulations above we considered a maximum value of p = 0.33.
As shown by the plot in fig. 5.2a, the dispersion curve of the S modes (blue curve) is
quite close to the continuum of the AS modes (red area). For the numerical calculations
this does not represent a problem, since the two sets of modes are orthogonal to each
other and they can always be clearly identified. Moreover, due to the orthogonality, the
localization of the S modes in the terminated waveguide is not affected by the spectral
quasi-overlap with the continuum of the AS modes. However, in the real structures this
may constitute a problem, for two reasons. First, due to fabrication imperfections, there
can be a cross-talk between the S and AS modes, which could sensitively affect the Q
factor of the localized modes. Second, as the membranes bend, the S modes are expected
to red-shift and the AS modes to blue-shift. This means that, eventually, the localized S
modes will overlap with the continuum of the AS modes, thus making the analysis of the
acquired photoluminescence spectra quite difficult. To avoid this problem we implemented
a minor modification to the waveguide design. In the original design, the width of the
waveguide, defined
√ as the distance between two holes across the waveguide axis (see fig.
5.10b), is W = 3a. By shrinking the waveguide width the frequencies of the guided
modes are increased (fig. 5.10a, blue lines for different values of W). At the same time,
the upper limit of the continuum of the AS modes (red lines) is almost not affected by
this modification, since it depends mainly on √
the properties of the bulk PhC. Based on
these calculations, we used a value of W = 0.9 3a for the fabricated structures.
In the remainder of this section we describe the general steps of the sample fabrication,
while further details can be found in the PhD thesis of L. Midolo [159] and T. Xia [160].
Before showing the full fabrication process, we discuss the geometry adopted to obtained a
flexible bridge with the required bending profile. In the first part of the research we tested
the possibility of realizing double bridge flexible structures, similar to the theoretical
model (see e.g. fig. 5.2d). While the realization of such geometry is generally possible,
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Figure 5.10: Variation of the dispersion curve of the S guided mode as a function
of the
√
waveguide width W (blue curves). The widths are expressed in units of 3a. The red
curves denote the corresponding position of the upper limit of the continuum of the AS
modes.
the final structures are typically affected by buckling [160, 161] when the length of the
bridges is L & 9 µm. The buckling is due to the internal stress of the materials, which
is built-in during the epitaxial growth. When some of the material layers are removed,
this large compressive or tensile stress acts on the bridge ends and introduces flexural
deformations. Figure 5.11 shows SEM micrographs of three fabricated structures with
increasing length of the bridges. In the middle and right panel (L = 9 µm and L = 14 µm)
a marked upward bending of the upper membrane is visible. Such situation is extremely
detrimental for the effects investigated here, since the variation of the effective refractive
indices scales exponentially with the distance between the membranes. From the inset
of fig. 5.11c, it is clearly visible that the gap in the waveguide center is almost doubled
with respect to the designed one. The buckling is reduced and almost absent for shorter
bridges (fig. 5.11a, L = 8 µm). However, for these structures, we also observed a very
low spectral tuning (∆λ . 1 − 2 nm) of the optical modes upon applied voltage, which is
likely due to the large stiffness of such short bridges. As the voltage that can be applied
to the p-i-n junction is limited by the breakdown voltage of the diode (which is typically
in the range 7 − 10 Volts in these structures), we need a bridge design which can feature
reasonably good bending profiles for realistic voltages.
We therefore used the design showed in fig. 5.12. Here, a large pad with four small

Figure 5.11: SEM micrographs of fabricated double flexible bridges structures. The length
of the bridges is (a) 8 µ m, (b) 9 µm and (c) 14 µm. Inset of panel c shows a zoom on
the central part of the double bridge.
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bridges is fabricated in the top GaAs layer, forming a flexible membrane. The bottom
GaAs layer is instead not etched in any bridge shape. The colorplot in fig. 5.12 shows
the downward mechanical bending of the structure when a voltage of 3.5 Volts is applied
between the top and bottom membranes. A parabolic bending profile is achieved in the
top membrane along the x-direction. Additionally, four rectangular trenches are realized
near the point in which the four bridges are linked to the substrate. As discussed by Iwase
et al. [161], introducing these small trenches can help releasing the internal stress which
causes the buckling. With this technique, we were able to fabricate suspended bridges
with no buckling, even for lengths up to L = 20 µm. A first drawback of this bridge
design is that, differently from what assumed in the modeling of the system, only the
upper membrane will bend downward, while the lower membrane is static. However, as
long as the deformations are small compared to the length of the beam, we expect no
fundamental difference between the two cases, since in the effective refractive index will
anyway vary in a quasi-parabolic way. A second drawback is given by the fact that the
two waveguides now have different terminations: the upper one is terminated abruptly
in air, while the lower one is terminates in GaAs. This introduces large deviations from
the simple boundary conditions used above. Finally, as apparent from fig. 5.12, when the
top membrane is bent also the waveguide ends are displaced, which leads to a strongly
reduced bending contrast between the edges and the center of the waveguide. This is
expected to reduce the magnitude of the observed effects, as discussed below in sec. 5.6.1.

Figure 5.12: Calculated bending profile of the structure used in this work, under a voltage
of 3.5 V applied between the top and bottom layer. The white dashed line indicates the
direction of the PhC waveguide.

5.4.1

Wafer growth

The first fabrication step consists of an epitaxial growth of a layered GaAs/AlGaAs structure performed with a molecular beam epitaxy (MBE) reactor in ultra high vacuum conditions. The layer stack is described in fig. 5.13a. The growth starts with an undoped
(100) GaAs substrate. A 1.5-µm-thick layer of Al0.7 Ga0.3 As is deposited, followed by the
bottom GaAs membrane (170 nm), a second Al0.7 Ga0.3 As layer (200 nm) and the top
GaAs membrane (200 nm). The top membrane is 30 nm thicker than the bottom one to
compensate for undesired etching introduced by the several fabrication steps. The top
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membrane contains a layer of high-density self-assembled InAs quantum dots, emitting
at around 1.3 µm at room temperature. The top 70 nm of the bottom membrane are
p-doped and the bottom 70 nm of the top membrane are n-doped, with a nominal doping
concentration of n = p = 2 · 1018 cm−3 . The wafer used in this work has been grown by
F.W.M. van Otten (TU/e). Figure 5.13b shows a SEM micrograph of the cross section
of the wafer, in which the different materials are visible.

Figure 5.13: (a) Design of the layer stack of the wafer. (b) SEM micrograph of the grown
wafer (the black area at the top of the picture is the air side). The inset shows a zoom
on the top part.

5.4.2

Definitions of the contacts and the bridge

In order to bias the two doped regions of the embedded p-i-n junction, metallic contacts
need to be deposited on top of the corresponding layers, which therefore requires a proper
etching of the layered structures at different depths. We first realize the via to the ndoped layer (fig 5.14c). A 50-nm-thick SiN layer is deposited on top of the sample, and
subsequently a positive optical resist (HPR504, layer thickness ∼ 700 nm) is spin-coated.
The resist is exposed in correspondence of the red areas of fig. 5.14a with blue light
(wavelength 400 nm, Karl Suss MA6 optical lithography machine). After development,
the pattern is transferred to the SiN layer by a CHF3 /O2 reactive ion etching (RIE).
The SiN layer is then used as a mask for the wet-etching of the GaAs, perfomed with
a solution of diluted citric acid (CA) and hydrogen peroxide (CA:H2 O2 =40:1). As no
selectivity is available between intrinsic and n-doped layer, the etching times need to be
carefully optimized in order to reach exactly the n-doped layer interface. The SiN layer
is then removed with diluted hydrofluoric acid (HF).
The vias to the p-doped layer (fig. 5.14d) are realized in a similar way. Since in this
etching step also the shape of the bridge which will host the top waveguide is defined,
we preferred to use electron beam lithography (EBL) rather than optical lithography, to
exploit the better versatility of the EBL in terms of mask designing. A positive resist
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Figure 5.14: (a) Lithography masks used to open the vias to the n-doped layer (red
ares) and p-doped layer (blue areas). (b) Lithography mask used for the definition of the
metallic contacts. (c-g) Schematic flowchart of the fabrication process, as described in the
text. (h) EBL mask used to realize the PhC waveguide and the stress-release trenches.
The green area indicates the exposed pattern, while the blue color indicates the area
etched during the via to the p-doped layer (see inset of panel a).
(ZEP520A) is spin-coated on the sample and, after alignment with the previous lithographic step, the blue areas in fig. 5.14a are exposed. Besides opening large areas for
the metallic contacts, the negative image of a large (12 × 8 µm) pad and four thin arms
(0.8 × 3 µm) are defined (inset of fig. 5.14a). After development of the resist, a combination of dry-etching (SiCl4 RIE) and wet etching (HF 5%) is used to reach the top of the
bottom membrane.
After having defined the vias to both the n- and p-doped layer, the metal contacts
(fig. 5.14e) are realized through optical lithography. A negative optical resist (MaN 440)
is spin-coated on the sample and then exposed everywhere except for the yellow areas in
fig. 5.14b. After resist development, a layer of titanium (50 nm) is thermally evaporated,
followed by a layer of gold (200 nm). Finally, lift-off is performed. Note that, with the
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mask shown in fig. 5.14b, a metallic contact is also defined on top of the upper membrane.
This can be used to additionally bias the top part of the upper membrane (if doped) [148],
but it has not been used in this work.

5.4.3

Fabrication of the photonic crystal structure and release
of the bridge

The PhC structure is realized through electron beam lithography. A thick (400 nm) layer
of SiN is deposited on the sample, followed by a spin-coating of a positive e-beam resist
(ZEP520A). The PhC pattern and the stress-release trenches are exposed (fig. 5.14h),
after that the dose of each feature has been corrected to avoid proximity effects. After
resist development, the pattern is transferred to the SiN layer with an RIE process based
on pure CHF3 . The patterned SiN layer is then used as a mask to perform an inductively
coupled plasma (ICP) dry-etching. The etching time is calibrated in order to reach the
bottom AlGaAs layer (fig. 5.14f). In this way, both membranes are patterned with the
PhC design during the same step. The sacrificial AlGaAs layers are etched with HCl
solution (at a temperature of 1o C), which is selective with respect to the GaAs. Finally,
the sample is dried and the SiN mask removed by RIE with a CF4 plasma.
The drying process (after the sacrificial layers removal) is particularly critical. Once
the HCl has been replaced with water, a liquid layer forms in the regions previously
occupied by the AlGaAs, and a strong capillary force arises between the two membranes.
Such forces can be strong enough to lead to the adhesion of the membranes during the
drying process. After adhesion, the membranes cannot be separated anymore, due to
several short-range forces acting between the surfaces. To avoid this problem, we utilized
a critical point drying machine (Leica EM CPD300). After the HCl etching and water
rinsing, the sample is immersed in isopropanol (IPA), and then inserted in the machine.
Here, the IPA is replaced by liquid CO2 . The pressure is increased to the supercritical
fluid point of CO2 , where distinct liquid and gas phases do not exist. The pressure is then
lowered to bring the CO2 to its vapour phase, so effectively drying the sample. Figure
5.15 shows an optical microscope image and SEM micrograph of fabricated structures.

Figure 5.15: (a) Optical microscope image of a fabricated device. The electric contacts
(golden rectangles) are labelled according to the doped layer on which they lie (n or p).
(b) Tilted SEM micrograph of a fabricated structure. (c) Zoom on the edge of the bridge
in panel (b).
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5.5

Experimental setups

The samples have been first pre-characterized in a µPL setup, to check that the photoluminscence (PL) spectra show the expected features. Moreover, this step allows to check
quickly (in particular, quicker than a SEM inspection) the yield of the fabrication process
in terms of number of devices whose membranes did not collapse, since, for a collapsed
structure, the µPL spectrum is dominated by the QDs emission. After this preliminary
measurements, the sample is transferred into a different µPL setup, whose cryostat is
equipped with two RF probes, in order to apply a voltage on the sample (for this experiment we used only one of the two probes). Apart for the electrical probes, the structure
of the two setups is identical and sketched in fig. 5.16, while minor differences occur
in the optics specifications. A continuous wave diode laser (λ = 785 nm) is collimated

Figure 5.16: Schematic of the setup (see text for the details). DM = Dichroic Mirror.
BS1, BS2 = 92:8 Transmission:Reflection Beamsplitters. M1, M2, M3 = Mirrors. LPF =
Long pass filter. CCD = Charge-Coupled Device.
by a lens and then focused on the sample by a near-infrared microscope objective. The
pre-characterization µPL setup is equipped with a 100x objective (Mitutoyo, numerical
aperture NA = 0.6), while the RF-probes-µPL setup is equipped with a 50x objective
(Mitutoyo, NA = 0.42). The sample is placed on a XY movable stage controlled by piezomotors. The PL from the sample is collected through the same objective, separated from
the reflected pump laser by a shortpass dichroic mirror (DM, cutting wavelength λ = 1000
nm), further filtered by a long pass filter (LPF, cutting wavelength λ = 1000 nm) and sent
to the entrance slit of a spectrometer (Horiba-Jovin Yvon FHR 1000). Here the light is
spectrally resolved by either a low-resolution or high-resolution grating and then detected
by a liquid nitrogen cooled InGaAs array. With the high-resolution grating a spectral
resolution of about 40 µeV and a spectral window of about 9 nm are obtained. A white
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lamp and a charge-coupled device (CCD) are additionally used to image the sample plane.
An external DC source is used to apply a voltage difference between the two fingers of the
electric probe. The current flowing between the probe fingers is monitored by measuring
the voltage drop across a 10 Ω resistance.

5.6

Results and discussion

Figure 5.17 shows the PL spectrum from a selected device (from now on denoted device
#1 ), acquired in the pre-characterization setup with an impinging laser power of P = 1
mW and integration time of 1 s. The PhC lattice constant is a = 385 nm. The spectrum
is dominated by two sets of peaks, corresponding to the AS and S localized modes of
the waveguides. The S and AS modes are separated by about 50 nm, in good agreement

Figure 5.17: Photoluminescence spectrum from a double waveguide structure (device #1),
acquired with a in impinging power of P = 1 mW and integration time of 1 s. The insets
show a zoom on the AS (left) and S (right) modes.
with the simulations. The set of modes at λ ≈ 1350 nm originates from the AS modes
of the bulk photonic crystal structure. At lower wavelengths (λ ≈ 1100 ÷ 1200 nm) the
spectrum is dominated by higher-order modes of the structure, which originate from the
higher-order guided modes of the corresponding infinite waveguide. The two insets of fig.
5.17 show zooms on the AS and S sets of modes. For the S modes a clear Fabry-Perot-like
spectrum is visible. For the AS modes, instead, the spectrum is not easy to interpret: it
shows only two peaks, and the linewidth of the high-wavelength peak is larger than the one
of the low-wavelength peak. This indicates that the ideal expected behaviour of the modes
may be spoiled in the real structures by, e.g., random structural disorder of the photonic
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crystal. Indeed, as these modes originate from the slow-light part of the dispersion curve,
their frequencies and mode profiles are expected to be particularly sensitive to fluctuations
of the hole distances and radii [162, 163]. Moreover, additional localized modes may be
created by the structural disorder, with frequencies close to the bandedge frequency [164].
Because of these issues, the identification of the modes of interest in the PL spectrum is
not always straightforward. In several structures investigated we found that, most of the
times, when the PL spectra of a device feature the expected Fabry-Perot-like behaviour,
the modes also behave in a good agreement with the theoretical prediction when the
membrane is bent. Viceversa, if the spectrum is originally unclear (as for the AS modes
of device #1, fig. 5.17), the behaviour of the modes in terms of wavelength spacing and
Q factor variation is often not monotonic and with no particularly marked effects.
We now discuss the results of the electromechanical tuning of the S and AS modes of
device #1. The device has been measured at a room temperature and atmosphere, with a
typical impinging laser power of P ≈ 30 µW and integration time of 30 s. In fig. 5.18 we
show the results of the electrostatic tuning of the S modes. Similarly as in the previous
sections, we label the modes with increasing integer numbers for increasing frequencies.
When the membranes are not bent (lowest plot of fig. 5.18a), a set of four unequally spaced
modes is visible in the spectrum. The first and second modes are very close together and
they almost overlap. When an increasing voltage is applied to the membranes all modes
red-shift, and the wavelegnth spacing between them increases. Moreover, a sharpening of
the mode linewidths is clearly visible. For each applied voltage we extracted the position
and linewidth of the optical modes by performing a multi-peaks fit and describing each
mode lineshape with a lorentzian function. As shown in fig. 5.18b, the Q factor of all
modes increases for increasing applied voltages. For the first mode, a modest increase
of the Q of about 20% is obtained, while for the second mode the increase of Q is of a
factor of about 4.5 (calculated from the lowest to the highest point). The initial apparent
decrease of the Q factor of the second mode is likely due to the fact that, until a voltage of
2 Volts, the first and second modes are almost overlapping, making a correct estimation
of the linewidths difficult. An increase of a factor of more than 2 is obtained for the Q
factor of the third mode, and small effects are visible also for the fourth mode for high
voltages.
The fact that the observed effects are due to the modulation of the electric field
patterns discussed above is confirmed by fig. 5.18c, in which we plot the wavelength
separations between the modes as a function of the applied voltage. The wavelength
separation between the first and second mode (λ12 ) becomes equal to the separation
between the second and the third mode (λ23 ) for high voltages. Moreover, both λ12 and
λ23 clearly approaches the value λ34 although, due to the limitations of the real device, we
cannot achieve the situation in which λ34 = λ23 . While these results match the expected
behaviour of the S modes, the enhancement of the Q factors is reduced with respect to the
numerical predictions, in particular for the first mode. The reason for these deviations
are discussed in the next section.
In fig. 5.19 we show the results of the electrostatic tuning of the AS modes of the
device #1. A decrease of a factor 2 of the sharpest peak is obtained (red curve in fig.
5.19b), while no clear trend is observed for the Q factor of the mode at larger wavelength
(black curve in fig. 5.19b). This is also due to the fact the original Q factor is already quite
low, and therefore a precise estimation of the Q factor variation is difficult. Moreover, the
spacing between the modes (fig. 5.19c) increases, in contrast to what expected from the
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Figure 5.18: (a) Photoluminescence spectra of the S modes of device #1, for increasing
applied voltage. The voltage of each spectrum is indicated next to it. The vertical
separation between the spectra is proportional to the difference between the corresponding
voltages. The solid grey lines indicate the spectral position of each of the four modes.
The modes are labeled according to the decreasing wavelength, i.e. λ1 > ... > λ4 . (b) Q
factors of the four modes extracted from the fits on the spectra in panel a. (c) Wavelength
spacings between the modes.
theory. As already mentioned before, we attributed these deviations to the large influence
of structural disorder on the slow-light localized modes.
In fig. 5.20 we show the results of the electrostatic tuning of the AS modes of a
different device, denoted device #2. This second device is nominally identical to the first
one (apart for the lattice constant that is a = 380 nm), but it is fabricated separately.
This may introduce small differences between the devices due to, e.g., slightly different
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Figure 5.19: (a) Photoluminescence spectra of the AS modes of device #1, for increasing
applied voltage. The voltage of each spectrum is indicated next to it. The vertical
separation between the spectra is proportional to the difference between the corresponding
voltages. The solid grey lines indicate the spectral position of the two modes. The modes
are labeled according to the decreasing wavelength, i.e. λ1 > λ2 . (b) Q factors of the two
modes extracted from the fits on the spectra in panel a. (c) Wavelength spacing between
the modes.
etching depths during the fabrication of the vias to doped region or, in general, change
of the machines calibration in time. Two modes are clearly visible and well-separated in
the spectrum. When the structure is bent (fig. 5.20a) the two modes blue-shift and their
wavelength separation quickly decreases until, at 2.75 Volts, the modes completely overlap
(see also fig. 5.20c). For both modes a strong decrease of the Q factor, of more than a
factor 3, is obtained (fig. 5.20b). For voltages higher than 2.95 Volts, the mode intensity
becomes too low and the linewidth cannot be estimated accurately. Both the wavelength
spacing and the Q factor variation are in agreement with the expected trends. A further
proof of the spatial variation of the field patterns is also given by the strong decrease of
the photoluminescence intensity as the voltage is increased: in the experiments we acquire
the signal from the waveguide center (collection spot diameter ∼ 2 − 3 µm), and the AS
modes are expected to be pushed to the waveguide ends as the voltage increases, thus
explaining the reduced counts.

5.6.1

Limitations of the real devices

In the measured structures we observed a deviation with respect to the theoretical results,
both in terms of the initial Q factors (i.e. when the structure is not bent) and of the
Q factors modulations, which are expected to be of at least two orders of magnitude for
the first S/AS mode. A primary cause of this deviation is constituted by the structural
disorder in the photonic crystal structure, which is due to the fabrication imperfections
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Figure 5.20: (a) Photoluminescence spectra of the AS modes of device #2, for increasing
applied voltage. The voltage of each spectrum is indicated next to it. The vertical
separation between the spectra is proportional to the difference between the corresponding
voltages. The solid grey lines indicate the spectral position of the two modes. The modes
are labeled according to the decreasing wavelength, i.e. λ1 > λ2 . (b) Q factors of the two
modes extracted from the fits on the spectra in panel a. (c) Wavelength spacing between
the modes.
and, ultimately, to the resolution of the electron beam lithography system. We evaluated
the amount of disorder in our structures through an SEM inspection. Figure 5.21a shows
a SEM micrograph of a fabricated PhC slab. The position and radius of each hole are
automatically calculated through a MATLAB script (red circles in fig. 5.21a). From
them, we calculate the distribution of the hole radii and lattice periods, shown in fig.
5.21b and 5.21c, respectively. The histograms are fitted with a Gaussian distribution
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Figure 5.21: (a) SEM micrograph of a large bulk PhC, with nominal lattice constant
a = 430 nm. The red circles denote the positions and sizes of the holes automatically
detected by the script. (b-c) Histograms of the holes radii (b) and periods (c) distributions
extracted from the figure in panel a. The red curves indicate gaussian fits, whose expected
values µ and standard deviations σ are indicated in each figure. (d-e) FEM-calculated
frequencies (d) and Q factors (e) of the first four S modes of a structure in which structural
disorder is added, with the same standard deviations as the measured ones.
(red lines), which allows extracting the standard deviation σ of the distributions and,
therefore, to quantify the disorder. We found a value of σ = 1.70 nm for the radius
distribution, and of σ = 3.81 nm for the period distribution. In order to understand the
effects of such amount of disorder on the phenomena discussed here, we repeated the same
FEM simulations shown before by artificially adding structural disorder. The disorder is
obtained by randomly shuffling the positions and the radii of the holes according to
Gaussian distributions having the same standard deviations as the measured ones. The
in-plane symmetries of the device are not anymore exploited in the simulations, while the
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symmetry along the z-direction is retained. This means that we assume that the disorder
of the PhC pattern of the top slab is transferred to the bottom slab, as expected from
our fabrication process. Figures 5.21d and 5.21e shows the frequencies and Q factors
of the first four S modes for increasing mechanical bending and a particular realization
of the disorder. A general increase of the intermode frequency spacing is still obtained,
although it is not anymore monotonic. Importantly, the Q factor enhancement (fig. 5.21e)
is strongly suppressed with respect to the structures without disorder, in particular for
the first mode. This calculation suggests that the structural disorder sets an upper limit
for the maximum Q factor achievable in our devices, and any attempt to increase it by
localizing the modes at the waveguide center results in a saturation of Q, as shown both by
the calculations in fig. 5.21e and by the behaviour of the first S mode in the measurements
in fig. 5.18b.

Figure 5.22: Bending profile along the waveguide direction for an ideal structure (green
solid line) compared to the bending profile achievable in our bridges (blue line). For both
cases we assume a pull-in limited bending.
An additional limitation of the real devices with respect to the ideal one is the obtainable bending profile. As explained in secs. 5.2.2 and 5.3, the large field modulations
are due to a different bending of the slab center and slab edges. In particular, for the
calculations shown above we have assumed that the waveguide ends are fixed, while the
waveguide center is displaced until the pull-in condition is reached. Specifically, this
amounts to a maximum displacement of the waveguide center of 66 nm. The bridge
design used for the experiments allows a quasi-parabolic bending along the waveguide
direction but, as a result of the good flexibility of the structure, the waveguide ends are
also displaced (fig. 5.12). This leads to a strongly reduced bending contrast between the
edges and the center of the waveguide, as shown in fig. 5.22. To estimate the impact of
this sub-optimal bending profile, we performed FEM simulations in which the top membrane is bent according to the profile shown as blue line in fig. 5.22. The results of these
simulations (not shown here) indicate that, at the pull-in condition, the enhancement of
the Q factor of the first S mode is reduced by approximately a factor of 10 with respect
to the case of the ideal bending profile (green line in fig. 5.22). We note that additional
fabrication imperfections, such as the imperfect verticality of the holes or residual surface
roughness, likely further reduce the maximum Q factors as compared to the calculations
of fig. 5.21e.
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5.6.2

Overcoming the limitation due to the disorder

As the disorder sets a maximum value for the optical Q factors, larger Q modulations
for the first S mode can be obtained by lowering the initial value of Q. In general, a fine
tuning of the optical losses of a PhC structure can be obtained by a careful modification
of the position and the radius of each hole [165]. However, the phenomena investigated
in this work are strongly related with the system periodicity, and therefore any large
deviation from the ideal periodic system will cancel the expected behaviour. We thus
implemented a gentle perturbation of the waveguide by quadratically tapering the lattice
constant from its value at the center of the waveguide (a) to a different value at the
waveguide edges (a0 ), as shown in fig. 5.23a. This kind of design is usually referred to
as heterostructure [166]. Previous works have shown that by choosing a0 < a the modes
are strongly localized at the waveguide center and extremely large Q factors are obtained
[166]. This is due to the fact that the frequency of propagating band-edge modes in a
waveguide with lattice constant a lies in the bandgap of a waveguide with lattice constant
a0 < a. Here, we use the opposite effect: by gradually increasing the lattice constant (so
that a0 > a), the electric field of the first S mode is more delocalized along the waveguide
and, in particular, it features larger field amplitudes at the edges (fig. 5.23a for the case
a0 = 1.02a). We performed FEM calculations of heterostructures with different values
of a0 and with structural disorder added to the PhC pattern, with the same standard
deviations measured above. For unbent structures, the Q factor of the first S mode
strongly decreases as a0 increases (fig. 5.23b, blue curve), as a result of the increasing
delocalization of the mode along the waveguide. When the structure is maximally bent
(fig. 5.23b, green curve), an enhancement of Q of approximately one order of magnitude is
obtained for 1.02a ≤ a0 ≤ 1.06a. For a0 > 1.06a, the mode becomes too much delocalized
and only a small enhancement of Q occurs. Therefore, the simulations show that the
heterostructure design could lead to large enhancements of the Q factor of the first S
mode even for realistic disorder.
We fabricated and measured heterostructures with different values of a0 in the promising range. In fig. 5.23(c-d) we show the experimental results for a heterostructure with
a0 = 1.02a and a = 375 nm. As a consequence of the increased linewidths and delocalization of the higher-order modes, only the fundamental S mode is visible here. The
initial value of the Q factor is Q ≈ 700, much lower than the ones obtained without the
tapering. An increase of almost a factor of 3 is obtained as the the membrane is progressively bent. For the highest voltages, the AS modes of the bulk photonic crystal, which
are blue-shifting due to the bending, become visible in the spectrum. This limited the
experimental tuning range in this particular device since, when the mode of interest overlaps with the bulk AS modes, the extraction of the precise value of the optical linewidth
becomes difficult.

5.7

Conclusions

We have proposed, theoretically discussed and experimentally demonstrated a photoniccrystal-based NOEMS in which a mechanical bending of a membrane induces large variations of the optical fields spatial pattern. The evolution of the wavelength spacing
between the optical modes, as the membrane is bent, is in good agreement with the expected behaviour, proving that we are effectively shaping the refractive index felt by the
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Figure 5.23: (a) Electric field (y-component) of the first S mode of a double membrane
heterostructure, in which the lattice constant is quadratically tapered from the value a
at the center to the value a0 = 1.02a at the edge. (b) FEM-calculated Q factor of the
first S mode of an heterostructure for different values of a0 , and for unbent (blue line)
and maximally bent (green line) membranes. Disorder is added to the PhC pattern, with
the same standard deviations measured in real structures. (c) Photoluminescence spectra
from a fabricated double membrane heterostructure with a0 = 1.02a and a = 375 nm for
different applied voltages. (d) Q-factors extracted from the spectrum in panel c, versus
the applied voltages.
modes and introducing a harmonic-oscillator-like or reversed-oscillator-like optical potential. As a consequence of moving the electric field far away or close to lossy boundaries,
large modulations of the Q factor are obtained. Despite the several limitations of the fabricated devices with respect to the ideal structure, we were able to achieve experimental
mechanical modulations of the optical Q factor up to a factor 4.5, which are much larger
than the ones obtained with other approaches [151, 152].
The main limitations in the fabricated devices is the structural disorder. The disorder
is inherently related to the fabrication process, and it affects the device performances
in term of both the mode spacing and the maximum Q factors achievable. If larger Q
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factors modulations are desired (but not large absolute values), the disorder-induced limit
can be partially circumvented by designing heterostructures in which the initial value of
Q is lower, as we showed. The effects discussed here are also strongly affected by the
sub-optimal bending of the bridge. An optimization of the bridge design may therefore
be highly beneficial for future applications and for a more reliable spatial shaping of the
refractive index.
These results represent the first step towards the mechanical control of the emitterphoton interaction. Indeed, even if not shown here, a more precise control of the bending
pattern of the top membrane could lead to large variations of the spatial field pattern
without change of the optical frequencies. This would allow changing the local density of
states felt by a quantum emitter by changing the spatial overlap with the optical field,
rather than the spectral one, and therefore leading to a novel platform for the control of
the spontaneous emission.
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Appendices
5.A

Derivation of the envelope function equation

We derive here eq. 5.7. The derivation follows closely the one proposed by CharbonneauLefort et al. [156] and Painter et al. [157]. We remind that Bloch functions relative to
the same wave vector are orthonormal with respect to (r), i.e.
Z
1
dV u∗m0 ,k (r)(r)um,k (r) = (2π)3 δm,m0 ,
(5A.1)
Vcell Vcell
where Vcell is the volume of the unit cell. This implies that the unperturbed electric field
modes are orthogonal to each other,
Z
dV E∗m0 ,k0 (r)(r)Em,k (r) = δm,m0 δ(k − k0 ).
(5A.2)
R
By inserting the expression for the perturbed mode, Eα (r) = dkf˜(k)Ek (r), in eq. 5.4,
and by using the unperturbed solutions of eq. 5.3, we get
Z
Z
2
2
dkf˜(k)ω (k)(r)Ek (r) = α
dkf˜(k)(r)∆(r)Ek (r).
(5A.3)
We remind that here ω(k) is the dispersion curve of the unperturbed system (for the band
m), and α is the frequency of the perturbed solution. We multiply both sides of eq. 5A.3
by E∗k0 (r) and integrate over all the volume,
Z
Z
0
2
0 ˜ 0
2
˜
ω (k )f (k ) = α
dkf (k) d3 r u∗k0 (r)e−i(k−k )·r (r)∆(r)uk (r)
(5A.4)
where we have expressed the electric field through the Bloch functions, and used eq. 5A.2
on the left hand side. The spatial integral on the right hand side can be simplified under
0
the assumption that the term ∆(r)e−i(k−k )·r varies slowly compared to the periodicity of
the Bloch functions,
Z
Z
Z
0
3
∗
−i(k−k0 )·r
3
∗
(r)∆(x)uk (r) ≈ d r uk0 (r)(r)uk (r) · d3 re−i(k−k )·r ∆(r)
d r uk0 (r)e
Z
0
3
≈ (2π)
d3 re−i(k−k )·r ∆(r)
(5A.5)
where we have approximated uk0 ' uk , which is a good approximation for wavevectors
close to a bandedge. We can therefore rewrite eq. 5A.4 as
Z

Z
0
2
0 ˜ 0
3 2
ik·r
ω (k )f (k ) = (2π) α
dr
dkf˜(k)e
∆ (r) e−ik ·r .
(5A.6)
123

We now introduce
the envelope function, defined as the inverse Fourier transform of f˜(k),
R
i.e. f (r) ≡ dkf˜(k)eik·r . Eq. 5A.6 can therefore be rewritten in terms of the Fourier
transform of the product f (r)∆(r),
Z
2
3
2
ω (k)f˜(k) = (2π) α
drf (r)∆ (r) e−ik·r = (2π)3 α2 F[f (r)∆(r)](k)
(5A.7)
where we have relabelled k0 → k and the functional F gives the Fourier transform of its
argument. Applying the inverse Fourier transform to both sides, we obtain
→
−
ω 2 (−i ∇)f˜(r) = α2 ∆(r)f (r)
which is the generalized eigenvalues equation shown in the main text.
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Summary
Light-matter interaction in nanophotonic structures
In the last century there has been a tremendous progress in the understanding of
how light and matter interact. Besides improving our knowledge of the fundamental
laws of physics, these advances have also led to important applications, in particular in
the fields of communication and sensing. While the landmark experiments in classical
and quantum optics were all based on naturally available radiative emitters (such as
atoms and molecules) and on optical cavities with characteristic dimensions much larger
than the light wavelength, the recent advances in nanofabrication and characterization
methods have changed such a paradigm: Nowadays, it is possible to realize and investigate
structures with dimensions comparable or smaller than the wavelength of visible light.
Light generation itself is not anymore limited to natural sources: artificial emitters, such
as semiconductor quantum dots, allow the precise control of the emission wavelength and
the source position. In this new exciting regime, typically referred to as nanophotonics,
light and matter are structured at the same length scale, and new fascinating phenomena,
with peculiar features different from the ordinary light-matter interaction, are expected.
Investigation of nanophotonic structures therefore represents an important field of research
for both fundamental studies and possible future applications.
A key objective of the nanophotonics field is to achieve full control over the generation,
manipulation and propagation of light through the use of artificial nanostructures. To
this aim, plasmonic nanostructures and dielectric photonic crystals (PhC) represent two
complementary approaches. A plasmonic antenna can indeed strongly collect impinging
light and localize it on sub-wavelength volumes. Conversely, it can be used to efficiently
radiate localized light to the far-field. However, plasmonic resonators are usually affected
by strong ohmic losses and therefore they are not ideal for storing and guiding light. On
the other hand, PhC structures (like cavities or waveguides) are characterized by very low
optical loss and are therefore ideal platforms to store or guide photons.
This thesis focuses on the theoretical and experimental investigation of novel types of
light-matter interaction in plasmonic and dielectric nanostructures. Both the theoretical
and experimental part of this work required extensive numerical simulations, performed
either with commercial solvers or with dedicated scripts. For the experimental part,
samples have been fabricated using different techniques such as electron beam and optical
lithography, dry and wet etching, and metal deposition, available at the NanoLab@TU/e
cleanroom facility and at the AMOLF Institute (Amsterdam). The characterization of
the samples has been performed with different methods, such as micro-photoluminescence,
k-space polarimetry and extinction/reflectivity measurements.
In the first part of the research we investigated how plasmonic antennas can affect the
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emission properties of nearby quantum emitters. The spontaneous emission dynamics of
a quantum emitter is dictated by the vacuum electromagnetic field surrounding it. In the
dipole approximation framework, one assumes the emitter to be pointlike with respect
to the spatial variation of the electromagnetic field, which is an excellent approximation
for atoms in free space and emitting in the visible part of the spectrum. However, for
mesoscopic emitters and the strongly varying fields typical of photonic nanostructures,
this approximation may eventually break down, giving rise to a richer emission dynamics
and to the appearing of new spectral lines. In chapter 2 we theoretically investigated
these effects for the case of a semiconductor quantum dot (QD). We first derived a simple
formula which allows calculating the decay rate of a dipole forbidden transition as a
function of the QD envelope function and the derivatives of the Green tensor, and then
we applied it to the case of a InAs/GaAs QD interacting with a plasmonic and a PhC
structure. Our calculations showed that for a QD close (∼25 nm) to a plasmonic dimer
antenna the forbidden transition decay rates are highly enhanced (∼ ×400), and become
comparable to the dipolar transition’s rate, which instead only experiences the ordinary
Purcell enhancement (∼ ×20).
Besides controlling the emitter’s decay rate, plasmonic antennas can also affect the
polarization state of the emitted light. Anisotropic structures such as nanorods or bowtie
antennas have been shown to strongly favour particular electric field components. In
chapter 3 we experimentally showed that chiral plasmonic antennas, arranged in periodic
arrays, can strongly influence the circular polarization state of an ensemble of achiral
emitters. Most importantly, our results showed that strong chiral asymmetries occur not
at the emission direction normal to the array’s plane, but at large emission angles and
in angularly narrow areas, dictated by the lattice pitch. These effects, ignored in earlier
experiments, are due to the collective lattice modes created by the diffractive interaction
of the single antennas. Our results demonstrate that, when studying the spin-orbit effect
in a periodic array of plasmonic nanostructures, k-space measurements are an essential
tool, since sampling only the k ' 0 portion of the angular spectra cannot reveal the
intricate angle-dependent effects.
In the second part of the research we investigated a novel type of emitter-field interaction in mechanically-compliant optical cavities. In chapter 4 we focused on a class
of systems where the spatial distribution of the optical field is greatly affected by the
mechanical displacement of a moving part, while the optical frequency is weakly or not
at all changed. As the coupling between an emitter and an optical mode is proportional
to the amplitude of the electric field at the emitter’s position, a mechanically-induced
spatial modulation of the electric field directly affects the emitter-field coupling, and it
establishes an effective coupling between the emitter and the phonons, i.e. the quanta
of the mechanical oscillator. We demonstrated that, by coupling three optical cavities,
it is possible to realize a unique system in which this mechanism, termed mode field
coupling, is the only possible interaction for the atom-photon-phonon tripartite system.
We showed that, with state-of-art experimental parameters, this interaction allows excitation swapping between a two-level system and a phonon. Moreover, by using this
effect, ground-state cooling of the mechanical resonator is possible even in the bad-cavity
regime. Importantly, the strength of the interaction can be controlled by varying the
intensity of the optical field, thus opening the way to optically-controlled atom-phonon
coherent swapping and manipulation.
In order to make a first step in the experimental exploration of the mode field coup140

ling, in chapter 5 we experimentally investigated an optical structure where the spatial
profile of the optical mode is affected by a mechanical bending. The device consists of
a double-membrane photonic crystal waveguide: two parallel membranes, separated by a
small distance, support coupled optical modes, whose effective refractive index depends
on the gap between the membranes. When the top membrane is bent (via an applied electrostatic voltage) a spatial modulation of the refractive index is obtained. This pushes
the modes towards either the center or the edge of the waveguide, depending on their
symmetry. Since the leakage at the waveguide’s ends constitutes the main source of loss,
large modulations of the optical quality (Q) factors are obtained as a consequence of the
field redistribution. We experimentally observed Q-factor modulations up to a factor larger than 4, which represents a record value for the mechanical control of the Q-factor in
photonic crystal structures. We discussed the main limitations of the real devices with
respect to the ideal ones, and we showed how the limitation due to the disorder can be
overcome by designing a heterostructure with a lower initial value of the Q-factor.
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